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Abstract

This dissertation investigates optimization approaches for solving a problem coined the
colorectal cancer screening problem (CRCSP). This problem aims to identify a screening strategy
for testing an asymptomatic population to maximize the benefit of screening through either
monetary or societal means. The CRCSP includes two types of uncertainty, exogenous and
endogenous uncertainty, where the decision variables impact the probabilities associated with the
uncertainty outcomes. The decisions all have discrete values making the problem at best a mixed
integer problem. We investigated solving the CRCSP through two different approaches. The first
approach, simulation optimization, integrates a microsimulation (MSM) model within a
derivative-free optimization (DFO) framework to search for the optimal screening strategy for the
simulated population. The second approach uses mathematical programming, specifically
stochastic programming (SP), as the framework to model and solve the problem.

To implement the simulation-optimization approach, an MSM of the colorectal cancer
progression was first reconstructed, and its outputs were verified using literature data. A
comprehensive study of DFO solvers was then performed to identify the solver that is best suited
to efficiently and reliably solve combinatorial optimization problems. It was found that the
commercial solver TOMLAB/glcSolve, an implementation of the dividing hyper-rectangles
(DIRECT) algorithm, performs best for combinatorial problems with a low number of decision
variables. The next best solver is the derivative-free line search (DLF) algorithm. This solver
shows a similar performance to that of glcSolve. As the number of decision variables increases,
however, DFL outperforms glcSolve. Using glcSolve, an optimal screening strategy was identified
that provided a 31% improvement in quality-adjusted life-years (QALY) gained while only
increasing the overall costs by 5 % compared to the currently recommended strategy. The DFO
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framework was then used to analyze the impact of different simulation assumptions and parameter
values on the overall optimal screening strategy and the optimal solution. The study showed that
the optimum screening strategy identified was most sensitive to the changes in the relative risk
(RR) associated with the transition probability of colorectal cancer (CRC), followed by the
compliance modeling and willingness to pay ratio (WTP). Changes in the RR changed screening
frequency and the screening starting and ending ages. Compliance modeling mainly impacted the
screening modality. When WTP changed, the screening start age was affected.

The CRCSP was modeled in two different ways using an SP framework. The first way was
to represent the CRCSP as a two-stage SP (TSSP), where the type I endogenous uncertainty caused
the problem to be a mixed integer non-linear program (MINLP). Two different direct linearization
procedures were then applied to the MINLP, and the resulting models and their solution times
were assessed, finding a size versus solution time trade-off for the two linearization procedures.
The solution of times of both models were found to be significantly dependent on the size of the
scenario set, leading to an investigation of efficient scenario set construction methodologies to best
represent the rare-event region of the uncertainty space. The results revealed that the distance-
based clustering methods, k-means and x-means, provided very stable and accurate scenario sets
compared to a number of sampling schemes.

The second approach to the CRCSP represented the problem as a multi-stage SP (MSSP).
The uncertainty was modeled differently than in the TSSP to maintain computational tractability.
However, this change led to not having a closed-form expression to calculate the benefits of
screening. This problem was overcome by integrating a machine learning (ML) model within the

MSSP formulation to estimate the screening benefits. The data to train the ML model was gathered



from the MSM reconstructed from literature. The resulting formulation allowed for a

computationally tractable and easily solvable MSSP for the CRCSP.
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CHAPTER 1
INTRODUCTION

Colorectal cancer (CRC) is the third most common and the second most deadly form of
cancer worldwide, according to the World Health Organization'. Deaths associated with CRC are
closely linked to how far cancer has progressed within the individual, with the late stage 5-year
survival rate for CRC being around 12 %, while the early-stage 5-year survival rate is upwards of
90 %. This attribute indicates that the early detection of CRC and its precursors can be an effective
mitigation strategy to reduce the overall impact of CRC on society. Early detection can be achieved
for CRC, and most forms of cancer, by screening an asymptomatic individual using some
screening test(s) throughout an individual’s life.

The identification of the best, personalized screening strategy can be formulated as an
optimization problem. Here, the objective is to reduce the overall health and economic impact of
CRC on society. The optimal decisions are the best screening strategies identified based on the
individual’s risk factors. This optimization problem will be referred to as the CRC screening
planning problem (CRCSP) for the rest of the document. A typical quantification metric used in
literature to assess health impacts is quality-adjusted life years gained due to screening?. Quality-
adjusted life years are the years an individual lives discounted by the health state that individual is
in for that year. The usual measure of economic burden is the total cost associated with CRC
treatment and screening.

A screening strategy is defined as what screening test(s) to perform and at what age(s) to
perform these tests. Screening tests for CRC can be divided into three major categories: endoscopy,
fecal chemical/DNA tests, and virtual endoscopy’. The currently recommended screening

strategies have been developed for the general population, only considering the familial history
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and race as risk factors®. However, specific lifestyle-related risk factors, such as obesity and
physical inactivity, have been shown to be strongly linked to the development of CRC, more so
than in any other form of cancer®. The link between the specific lifestyle-related risk factors and
CRC development suggests that personalized screening strategies, which consider these risk
factors, may reduce the economic and health impacts of CRC compared to a one-size-fits-all
approach to screening.

Most studies that address the CRC screening planning problem utilize a what-if analysis
approach by postulating several screening strategies and evaluating the economic and health
impacts of these strategies using CRC microsimulations. In these studies, the researchers define a
predetermined set of variables, e.g., the screening start ages, the screening test frequencies, the
screening test type, and the screening ending ages, and evaluate some or all of the unique

combinations of them?%’.

Though easier-to-implement and quicker-to-solve than rigorous
optimization problems, these analyses likely lead to sub-optimal solutions due to the incomplete
evaluation of all potential screening strategies.

There are many uncertainties associated with CRC progression and the CRCSP. All
existing models are only estimations of the progression of CRC, as a complete understanding of
the progression of the disease is not known®'!. All data used to estimate the parameters of these
models are based on a single point in time for each patient, as ethically, doctors must remove the
potentially harmful lesions if detected, making dynamic monitoring of the disease impossible.
When screening, there is no guarantee that a screening test will detect the pre-cancerous lesion, or
the test may detect a lesion when there was none in the first place. These screening outcomes may

be observed due to technical error associated with the test sensitivity and specificity or human

error in diagnosing these lesions at the time of screening'?. In addition, individuals do not always
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show up at the recommended ages for screening, introducing more uncertainty when trying to

develop a screening strategy.

1.1 Objectives

This dissertation will:
(1) Determine optimal screening strategies for CRC using two different approaches:
simulation optimization and stochastic programming.

(2) Compare the effects of the optimization approaches on the optimal solutions.

1.2 Organization

Chapter 2 provides a literature review of screening studies for CRC and stochastic
programs with decision-dependent uncertainty. It also provides background information on
methodologies used in Chapters 3 and 4. The simulation-optimization approach for solving the
CRCSP is presented in Chapter 3. Section 3.1 describes the MSM used to simulate the progression
of and the process of screening for CRC, as well as the verification study for the MSM. In Section
3.2, a study determining the most efficient derivative-free optimization (DFO) algorithm for
combinatorial problems is presented and applied to the CRC MSM. A sensitivity analysis of the
MSM is presented in Section 3.3, where different model parameters and assumptions are varied to
analyze their impact on the optimal screening strategy. Finally, the results of the simulation
optimization are presented in Section 3.4. Chapter 4 presents two stochastic programming (SP)
models to model and solve the CRCSP. A two-stage stochastic programming (TSSP) model is
presented in Section 4.1, where the model formulation is outlined in Section 4.1.1, and a study to
determine efficient scenario construction methodologies is given in Section 4.1.2. As an extension

to the TSSP, Section 4.2 presents a data-driven multi-stage stochastic programming model for
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solving the CRCSP, and the results of the SP approach are given in Section 4.3. Finally, the overall

conclusions and future work are presented in Chapter 5.
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CHAPTER 2

BACKGROUND

2.1 Simulations and Colorectal Cancer

Microsimulation models (MSMs) are used as tools to study stochastic processes by a wide
variety of disciplines, ranging from transportation planning to health care. A microsimulation is
broadly defined as a tool used to study social policy by simulating the effects on individual units,
whether as small as individual people or as large as a corporation'®. As computational power
increased, so did the ability to investigate and better understand what drives stochastic processes.
The healthcare sector has greatly benefited from such models. The use of MSMs has provided
insight into the spread of diseases'* and individual disease progression, areas that were previously
only studied after the event happened. The study of cancer progression and the effects of screening
and treatments have been a significant area for utilizing microsimulation models.

The MSM models aim to simulate the progression of CRC, or natural history, within an
individual. The accepted pathway for modeling CRC is through the adenoma-carcinoma
pathway'>, for which a visual representation is given in Figure 2.1. The pathway begins in a healthy
individual with a non-visible, precancerous lesion, known as an adenoma. The adenoma usually
grows in size. However, there is evidence'® that suggests a non-visible, or flat, adenoma can
progress directly to a cancerous state, though rare. For those adenomas that do not transition
immediately, the likelihood of the adenoma becoming cancerous increases with the size of the
adenoma. However, not all adenomas transition to a cancerous state; these are called non-
progressive adenomas. Once an adenoma transitions to a cancerous state, it progresses through the

stages of cancer.
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Figure 2.1 Adenoma-carcinoma progression sequence

Due to the uncertain nature of CRC’s progression, it is treated as a stochastic process in
the natural history section of the MSM. The three most common ways of structuring the natural

1724

history to model the stochastic process are using a Markov Chain to step through time' ", using

25,26’ and

a discrete event simulation with the events being various progression stages of the disease
finally modeling the whole process as a continuous time model®!!. The parameters of the natural
history model are used to describe CRC progression, i.e., the probability of developing an
adenoma, the risk of an adenoma becoming cancerous, or a case of CRC becoming symptomatic.
The model parameters can be estimated with a single value or a distribution. Of the available CRC
models, the three most prominent in the US are a part of the US’s National Institutes of Health
(NIH) Cancer Intervention and Surveillance Modeling Network (CISNET)?’. These models are
Microsimulation Screening Analysis Colorectal Cancer Model (MISCAN-Colon)'?, Simulation
Model of Colorectal Cancer(SimCRC)?%, and Colorectal Cancer Simulated Population model for
Incidence and Natural history (CRC-SPIN)?.

The earliest of the three models, MISCAN-Colon was developed in 1999 by Erasmus
University Medical Center and Memorial Sloan Kettering Cancer Center. This model follows a

Markov Chain framework in which the probabilities to transition from state to state are fit

parameters. The risk factors considered in MISCAN-Colon include obesity, diet, physical activity,
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multivitamin use, aspirin use, and hormone replacement therapy. These risk factors only affect the
development of adenomas and were included based on various clinical studies that analyzed the
risk of each factor?®>°. Additionally, risk factors pertaining to age, sex, and race were included
and affect all aspects of CRC progression, not just adenoma development. The calibration method
used is based on an adaptation to the Nelder and Mead simplex algorithm to minimize the deviation
of simulated statistics, e.g., age-specific adenoma prevalence, CRC incidence by age, or CRC
stage, to data taken from clinical trials**~° and the US NIH’s Surveillance, Epidemiology, and End
Results (SEER) database®'. The minimization problem uses the model parameters as the decision
variables.

Developed by the University of Minnesota and Massachusetts General Hospital, SImCRC
was the next model to be developed in 2000. The structure of SimCRC follows a discrete event
simulation framework, generating the times at which the movement from one health state to the
next occurs to simulate the adenoma-carcinoma pathway. The risk factors incorporated into
SimCRC are the same as those found within MISCAN-Colon, using the same sources to identify
their effect. The method and clinical data used to calibrate model parameters are also similar to
MISCAN-Colon. However, the objective of SimCRC’s calibration differs from MISCAN-Colon.
It is assumed that the calibration datasets (prevalence and number of adenomas by age and sex,
location and size/histology of adenomas/carcinomas, and stage and location-specific incidence of
CRC by age, sex, and race) follow a multinomial distribution. The log-likelihood values of the
parameters for the distributions are then calculated from the data and the modeled output. The
objective of the simplex algorithm is to minimize the difference between the two log-likelihood

values.
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Finally, CRC-SPIN by the RAND Corporation was developed most recently of the three
in 2010. The CRC-SPIN is implemented in a continuous time structure, with the progression of
CRC as a continuum rather than discrete states as the other two MSM. The model simulates the
ages at which adenomas occur within an individual and describes the adenoma growth over time,
generating a size at which the adenoma becomes cancerous. Once cancerous, CRC-SPIN then
describes the growth of the cancer and ties the stage of CRC with its size. The risk factors
incorporated are age and sex, with race incorporated as a new risk factor with revisions to the
model. CRC-SPIN authors utilized a Markov Chain Monte Carlo (MCMC) calibration method to
estimate the parameter values. With this method, Rutter et al.>> employ expert opinion to base the
prior parameter distributions and incorporate them into the MCMC for calibration. They then use

various clinical trials'”377

and the SEER database as their calibration points for output statistics
of their Markov chain, i.e., adenoma prevalence, total adenoma per individual, total cases of
preclinical cancer based on the size of adenoma, age and sex distribution of CRC cases. Posterior
distributions of the parameters are then constructed from the converged MCMC approach, where
the acceptance probability of a new point in the approach is a function of the estimated likelihood
given the calibration points.

In conjunction with the section modeling the natural progression of CRC, many CRC

microSimulations&9,24~26,58, 10,12,18-23

also include a section within the model for the prevention and
early detection of CRC through a screening component. This component allows for a defined
screening strategy to be applied to a population, or a specific group of individuals sharing similar
characteristics called a cohort, to analyze the effects of the screening. The strategy includes the
screening test(s) type(s) performed and the ages at which to screen the population. Usually, the

12,26

screening section considers screening possible in discrete one-year increments' ~-°, where the ages
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can be explicitly defined?® or implicitly defined by specifying the ages to start and end screening
and the frequency at which the screening tests should occur®. The screening components include
different sensitivities and specificities for the various screening tests used based on the size of the
adenoma or if the adenoma is cancerous or not, with the sensitivities being based on expert opinion
or clinical trials’*%2. Upon a positive result of the given screening test, appropriate clinical
measures are then performed, e.g., a polypectomy is performed on positive screening for a
colonoscopy, or a diagnostic colonoscopy is scheduled after a positive stool sample test’. The
follow-up clinical measures disrupt the natural progression of CRC within the model, creating a
modified lifetime for the individuals. The model can then simultaneously compare individual
lifetimes without screening and the lifetimes with screening® or compare the overall effect of
screening on the population/cohort!'?2?® under study with a reference population/cohort to see the
benefits or drawbacks of the defined screening strategy.

Once a model is calibrated, it is validated to ensure the models accurately represent the
progression of CRC and not just replicate the results of the calibrated data. Data from clinical trials
or databases that were not used for the model calibration are used to validate the models, e.g., two
studies were used for the initial validation of CRC-SPIN %4 The verification experiments are
performed by replicating the conditions presented by the data. For CRC-SPIN, MISCAN-Colon,
and SimCRC, one validation test® used was to simulate a cohort of 65-year-olds and compare the
prevalence and size of the adenomas present within the simulated cohorts with the results of a
clinical trial'’.

One main focus in screening strategy studies is the cost-effectiveness analysis of different
screening strategies® 1923266671 These studies are performed using a what-if-analysis, where the

effects the screening strategy has in the prevention or early detection of CRC are compared with a
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lifetime with no screening, the natural history, or compared against the effects of another screening
strategy. To quantify cost-effectiveness, researchers evaluate the costs attributed to cancer and
screening for a population divided by the quality-adjusted life years gained by the population. The
quality-adjusted life years gained are calculated by weighting the life years gained by an individual
by the stage of cancer at diagnosis, making more advanced stages of CRC a lower quality of life.
Cost-effectiveness analysis for screening strategies has been used for assessing both new screening
techniques’? and theoretical screening techniques to understand the most impactful attribute of a

screening test or strategy’>. Zauber et al.”?

investigated the cost-effectiveness of using a CT
colonography as a screening test compared with the recommended CRC screening strategies. Their
evaluation used the three CISNET models to determine the cost-effectiveness of screening
strategies using a CT colonography. The results revealed that screening strategies using CT
colonography were not cost-effective and strictly worse than the recommended strategies, given
the price of the CT colonography. Haug et al.”? investigated the cost-effectiveness of a hypothetical
screening test versus FOBT. The hypothetical test had a higher sensitivity for detecting CRC but
could not detect adenomas. They used the SImCRC model to determine the cost-effectiveness of
the two tests, showing that the test was not cost-effective compared to FOBT. The study concluded
that new tests should be able to detect the presence of adenomas to be considered an effective
screening test.

The previous studies have been useful in assisting policymakers in determining better
screening strategies to suggest to the general population. However, the method used for choosing
the screening strategies does not allow for a comprehensive evaluation of potential screening

strategies. The work by Knudsen et al.?, which studied one of the largest numbers of potential

screening strategies, only considered 204 unique potential strategies. If every unique strategy were
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considered based on the range of variables defined within the study, around 1,800 CRC screening
strategies would have been evaluated. By only evaluating 11% of the strategies, there is likely a
better screening strategy than the ones considered. With a rigorous optimization methodology, all

potential screening strategies could be considered rather than only a subset.

2.2 Derivative-free Optimization and Simulation Optimization Applications to Cancer
Screening

Derivative-free optimization (DFO), also called black-box optimization or simulation-
optimization, is a form of optimization in which the DFO algorithm has no information on
the derivative of the problem at hand or the problem itself is too complex to use
mathematical optimization’. Instead, these algorithms rely on search heuristics based on
improving the current best set of decision variables. The general framework for DFO is

Black-box
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|
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demonstrated in

Figure 2.2. Each DFO algorithm begins with a specified initial set of decision variables or

uses some sampling method to generate a set. The variable sets are passed to the problem, model,
or simulation treated as a black-box model. The only information known by the algorithm is the
corresponding objective value for any set of decision variables. With the decision variables
evaluated, the objective function values are then passed back to the DFO algorithm, where the
algorithm-specific search heuristic begins. The search heuristic uses the input-output pairs of the
evaluated variable sets and corresponding objective function values to determine the next set(s) of

decision variables to evaluate. This process is iterated until a termination criterion has been
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reached. The termination criteria can range from a maximum number of black-box evaluations to

a minimum search step size or exceeding a specified wall time.

Black-box
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Figure 2.2 Derivative free optimization flowchart

The use of DFO for solving optimization problems tends to be reserved for problems in
which the exact formulation of the problem is unknown, part(s) of the problem is represented by a
simulation model, or the problem is computationally expensive to evaluate. Therefore, the
solutions obtained with DFO are not guaranteed to be the global optima of the problem”®. Without
the guarantee of converging to a globally optimal point, DFO may be considered a worse option
than mathematical programming. However, due to its flexibility, DFO can be applied to a wide
range of problems, providing at least a locally optimal solution to a problem that may be
computationally intractable for a mathematical programming approach.

Simulation optimization has been widely used to determine optimal screening strategies

for many forms of cancer, including cervical’®, breast’’, and prostate’’ cancers, to reduce the
impact of cancer and due to the availability of natural progression simulation models of these
forms of cancer. Bertsimas et al.”” developed and presented an approach to determine screening
strategies that performed well under multiple simulation models. The approach utilized an

undefined, iterated local search heuristic that was applied to three simulation models for prostate
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cancer from the CISNET consortium. The screening strategy was defined as the starting age,
ending age, and frequency of screening and the cut-off values for medical intervention of preostate-
specific antigen (PSA) tests as a function of age. Using the approach, they generated a Pareto
optimal set of screening strategies, with the two objectives being the maximization of the average
quality-adjusted life expectancy (QALE) across the three models and the maximization of the
minimum of the three QALE values of the models given the same screening strategy. It was found
that all of the strategies generated by their approach performed better than the previous, expert-

generated screening strategies. Rauner et al.”

developed an optimization framework to generate
screening strategies for chronic disease that maximized quality adjusted life years gained and
minimized cost. Their framework was used to generate the Pareto optimal set of breast cancer
screening strategies. This framework looks from the policy maker’s point of view to determine the
percentage of a population to screen for a disease and how often screenings should occur, including
a penalty term if a screening strategy exceeds an annual budget. To solve for the Pareto optimal
set, they utilized a multi-objective implementation of Ant Colony Optimization. The study found
over 5,000 screening polices that outperformed the current recommended screening policy for
breast cancer, suggesting that policy makers should urge a higher compliance rate for older age
women. McLay et al.”® performed a simulation-optimization study to generate dynamic age based
screening strategies for cervical cancer. The simulation-optimization was performed using
OptQuest for a total number of life time screens ranging from 1 to 22 to determine the optimal
ages screening should be performed. The resulting age-based screening strategies showed similar

benefits to current, fixed interval, screening strategies while reducing the total number of screens

in an individual’s lifetime. These three studies all demonstrate that the use of DFO methods are
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able to generate screening strategies for cancer that may be better than the current
recommendations for the given cancer type.

However, even with the availability of high-fidelity simulation models of CRC, there have
not been simulation-optimization studies to investigate optimal CRC screening strategies. In
addition, the simulation optimization studies on other cancers selected a DFO algorithm without a
study to verify that the selected DFO algorithm reliably solves the underlying problem to
optimality. The ten solvers reviewed in Section 2.2.1 were all chosen due to their ability to handle
a fully discrete set of decision variables, as the decisions when generating CRC screening strategies
have all discrete choices. From the 10 solvers identified, two utilize local search (DFL and
NOMAD), six are global search algorithms (DEAP-GA, CMA-ES, SimAnneal, GpyOpt, and
TOMLAB/glcSolve and glcDirect), and two employ hybrid search (MIDACO and RBFOpt). Most
models use the direct search method, with only three solvers utilizing model-based searches
(RBFOpt, GpyOpt, and NOMAD). Additionally, only three solvers follow the same search path at
every iteration (TOMLAB/glcSolve, TOMLAB/glcDirect, and DFL), while the remaining seven

solvers rely on random number generation for their search path.

2.2.1 Derivative-free Optimization Solver Information

There have been four major reviews’>’8% of the available DFO algorithms with the past
10 years, comparing their search strategies and performances over a wide array of test problems.
The DFO algorithms can be classified based on the general search strategy used to determine the
next set of decision variable values for the black box model to evaluate. These classifications,
defined by Boukouvala et al (2016) based on the search domain considered by the algorithm, are
local, global, and hybrid search. In addition to search domain, DFO solvers can be classified by

the methods in which the next set of decision variables are determined, these can be either direct
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search or model based. Model based search uses a surrogate model of the objective function to
determine the next trial point, whereas direct search uses the previous set of decision variables to
generate a new set of decision variables. They can also be described by if an algorithm’s search is
deterministic, or if the search requires the use of random numbers. The details of the DFO solvers

used in this work are presented in the following sections.

2.2.1.1 Local Search Algorithms

Local search algorithms only generate samples within a specific region around the current
best solution. This attribute allows these algorithms to converge more quickly to a solution, but
can also make it much harder for them to escape local optima. For non-convex objective functions,
this can cause the algorithm to converge to a local optimum instead of finding the global optimum.
For this reason, local search algorithms are often used with a multi-start approach to reduce the
risk of being trapped in a local minimum®. Local search is especially useful in cases where the

objective function is convex due to its’ ability to quickly and efficiently arrive at the optimum.

2.2.1.1.1 DFL (Derivative-Free Line search) Solver

The core of the DFL solver is a line search algorithm®'. The algorithm can be used to solve
constrained MINLPs and is initialized with a given starting point and a starting step size, and then
generates lines in the positive and negative direction from the current best solution. These lines
correspond to each of the given decision variables. The algorithm then evaluates points by
discretizing the line given the initial step size to check for an improvement in objective function
value given the current decision variable. If no improvement is found, the step size on the line is
decreased, and the decision variables are revaluated. If there is no improvement for the current
best objective function value by the time the algorithm reaches the minimum defined step size, the

process is repeated for the remaining decision variables. If an improved solution is found, the step
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size is increased, and the algorithm repeats the search from the new point. This process is repeated
until a defined stopping criterion is met, i.e., the maximum number of function evaluations,
minimum step size for all search directions, or the total number of iterations. For DFL, defining
the minimum step size for each discrete variable is necessary as the solver does not automatically

set those values for the user.

2.2.1.1.2 NOMAD (Nonlinear Optimization by Mesh Adapted Direct Search) Solver

The underlying algorithm within the NOMAD solver is the mesh adapted direct search
(MADS) algorithm® to solve constrained MINLPs. After the starting point is chosen, the sample
space around the starting point is discretized by a mesh. This mesh creates potential evaluation
sites at the intersection points of the mesh and begins with a very coarse grid. With the grid
constructed, the algorithm then generates two sets of potential new points, one set for a “poll” step
and one set for a “search” step. The algorithm iterates over these two steps adjusting the mesh size
and updating the best current solution until the stopping criteria, e.g., the maximum number of
black-box model evaluations, minimum mesh size, or convergence on a user defined solution, are
met.

The two different steps contribute to the effectiveness of this algorithm. The search step
generates a set of new points for the algorithm to consider for the optimal solution. The set of new
points is randomly generated from the entire search space using the current grid to define potential
points, making this step the global search aspect of the algorithm. These points are then evaluated,
and their objective function values are compared to the current best solution. If this search fails to
produce a better solution, the mesh size is reduced, and the poll step is called. The poll step
generates a set of trial points that are within a set distance of the current best solution. Once again,

these points are evaluated, and their objective function values are compared to the current best
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solution. When the search or poll step generates a new best solution, the current best point is
updated, and the mesh size is increased, creating a coarser grid. If a better solution is not found by
either the poll or search step, the mesh becomes finer, and the best solution remains unchanged.

After these updates are completed, the algorithm begins a new iteration.

2.2.1.2 Global Search Algorithms

Global search algorithms sample from the entire domain and therefore have a higher
potential of escaping a local optimum than local search algorithms. While global optimality is not
guaranteed, global search algorithms can usually find the global optimum more often than local
search methods for non-convex functions’. This larger sample area, however, tends to increase
the number of iterations and/or black-box model evaluations it takes for a global search algorithm

to converge.

2.2.1.2.1 DEAP — GA (Distributed Evolutionary Algorithms in Python Genetic Algorithm)
Package

The DEAP package® contains a variety of evolutionary optimization algorithms, such as
particle swarm, differential evolution, and genetic algorithm. All of the algorithms in the package
are stochastic and follow some of the same general trends. This section focuses on the genetic
algorithm (GA) implementation of the DEAP package, as GA, by default, can handle discrete
decision variables.

Genetic algorithms®* are inspired by the evolution of a population and its adaptation via
survival of the fittest to solve bounded MINLPs. For GA, the population is a set of different
decision variable sets, with the fitness of each set of decision variables within the population being
defined based on the objective function. A genetic algorithm is initialized with a randomly

generated population of sets of decision variables, or gene sets, with each decision variable being
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a gene that is described by a string of bits. Each gene set is then evaluated using the objective
function, storing the objective function value as the gene set’s fitness value. The algorithm
attempts to cull the weaker solutions by populating the next generation with the previous
generation’s gene sets dependent upon their relative fitness. After the new generation has been
populated, random changes across the gene sets are produced through performing genetic methods.
The two methods used are called mutation and crossover. The mutation operator takes an
individual and randomly swaps the bits within the gene set producing a new set. The crossover
operator resembles mating, where two “parent” gene sets produce two “offspring” gene sets. The
offspring gene sets are chosen by randomly selecting a position in the parents’ genes and swapping
the remainder of the set with the other parent’s set. The process then iterates until a maximum
generation or number of function evaluations is reached, or the population is said to have a
converged fitness value defined by some predetermined tolerance. In addition to the ending
criteria, the algorithm requires defining the probabilities associated with the occurence of

crossover and mutationfor each generation.

2.2.1.2.2 CMA-ES (Covariance Matrix Adaption Evolutionary Strategy) Solver

Stochastic in nature, CMA-ES falls within the category of an evolutionary algorithm, in
which the algorithm randomly generates a new set of trial points, or generation, based on a current
set of trial points. Initially, this algorithm was implemented to solve bounded nonlinear programs
(NLPs)**. Similar to the genetic algorithm, the new set of trial points is created through mutation
of the current set. This mutation, however, is performed by sampling from a multivariate normal
distribution and adding the sample to each current solution in the current generation. The normal
distribution has a mean of zero and a covariance that is updated at each generation to improve

subsequent generations to find better solutions. Though it was initially created for continuous
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problems, one implementation of CMA-ES* was constructed in MATLAB to discretize the
domain and extend the algorithm to mixed-integer and pure integer problems. For the mixed-
integer implementation of CMA-ES, it is necessary to define the “stairwidth” parameter for the

discrete or integer decision variables.

2.2.1.2.3 SimAnneal (Simulated Annealing) Solver

The SimAnneal solver searches for the optimal solution using a simulated annealing
algorithm®’ for solving bounded MINLPs. This process seeks to mimic the metallurgical process
of annealing, where metal is heated and then allowed to cool slowly to relieve internal stresses and
strengthen it. To mimic this process, the “temperature” of the algorithm is cooled over time. In this
case, the value representing the “temperature” is related to the probability of accepting a solution
worse than the current one and is synonymous with the acceptance rate of the worse solutions by
the algorithm.

At each iteration, the algorithm takes the current value, or initial value for the first iteration,
and generates a new sample based on a user-defined approach to determine a step size to move
away from the current solution, or state. The user approach allows the sampling strategy to be as
simple as generating uniform random numbers or as complex as incorporating problem-specific
knowledge for the sampling procedure. The new sample is then compared with the previous
solution. If the new state has a better objective function value than the previous state, it replaces
that state. However, an inferior solution is not immediately rejected; instead, it could be accepted
as the new state of the system with a probability based on the current temperature of the algorithm.
The higher the temperature, the greater the odds that an inferior solution is accepted. Accepting
inferior solutions allows the algorithm to step into regions away from the current local minimum.

Once the generated solution has either been accepted or rejected, the temperature is decreased, and
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the entire process is repeated until the temperature reaches a predetermined value. For SimAnneal,

it is necessary to define the total number of steps, and the start and end temperatures.

2.2.1.2.4 GpyOpt (Gaussian Process in Python Optimization) Solver

GpyOpt®® is an optimization solver based around a Gaussian Process (GP) framework in
Python called Gpy. It uses a Bayesian optimization® algorithm for solving constrained MINLPs.
In Bayesian optimization, the objective function is represented by a surrogate model built using a
Gaussian process surrogate model. The surrogate model is updated after every sampled point using
Bayesian statistics. An acquisition function is used to determine the next sample point. There are
several different types of acquisition functions that GpyOpt can employ, with the default the
expected improvement function. The next sample point is determined by maximizing the
acquisition function of the GP model. The acquisition function has a balance of exploitation versus
exploration, in which the optimal point for the acquisition function for an iteration may be a point
to refine the GP model within a poorly fit region or a point that is expected to improve the current
best solution. For GpyOpt, the termination criteria are a user-defined maximum number of function

evaluations or the identification of the same point by the acquisition function in subsequent

iterations.

2.2.1.2.5 TOMLAB/glcSolve and TOMLAB/glcDirect solvers

TOMLAB is a commercial optimization toolbox implemented within MATLAB, with a
wide array of different solvers. The solvers used for this dissertation are glcSolve and glcDirect”.
Both solvers implement a form of the DIRECT (Dividing hyperRECTangles) algorithm®!. This
algorithm partitions the solution space into smaller and smaller hyperrectangles, evaluating these

rectangles by the solution found in its midpoint. The algorithm selects the hyperrectangles to

investigate further by considering their size and the midpoint function values. Both solvers are
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designed to solve constrained MINLPs, with the implementations of DIRECT allowing for both

integer and continuous variables. By nature, both solvers do not use any random values.

2.2.1.3 Hybrid Search Algorithms

Hybrid search algorithms rely on neither purely local nor purely global search heuristics.
These algorithms use global methods to identify regions where the optimum is most likely to
reside. Once these regions have been identified, hybrid algorithms improve their efficiency and
decrease their runtime by utilizing local search methods to refine their solutions. This strategy
allows hybrid search algorithms to escape local optima while benefiting from faster convergence

times.

2.2.1.3.1 MIDACO (Mixed Integer Distributed Ant Colony Optimization) Solver

At its core, MIDACO utilizes a mixed integer Ant Colony Optimization (ACO) algorithm
to solve constrained MINLPs. It generates new trial solutions via a multi-kernel Gaussian
distribution and handles constraints using a penalty function®’. In ACO, the algorithm attempts to
mimic the actions of ants foraging for food. The algorithm starts with an initial point from which
a number of solutions, or ants, are generated. From the generated ants, a set of the best solutions
are stored in solution vectors along with their respective penalty functions. The solution vectors
are utilized to construct the multi-kernel Gaussian distribution that is sampled to produce the next
generation of ants to evaluate. If the best solution from the current generation is better than the
worst value saved in the solution vector, it replaces that value, and the distribution is updated. For
the penalty function, the oracle penalty method®® is utilized. This method allows MIDACO to test
solutions that slightly violate constraints but seem to be in a promising region by creating slack

variables that penalize the objective function.
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The algorithm evaluates the change in the average objective function value of the ants at
each iteration. Once the change drops below a threshold, the algorithm is considered to be in the
final stage. At that point, a set of local solvers are used to fine-tune the answer. These include a
pseudo-gradient-based backtracking line search and a mixed integer sequential quadratic
programming algorithm®*. The local search methods of the final step allow MIDACO to converge
to a solution much faster than with a pure ACO algorithm. The solver runs until a termination
criterion is reached; the criterion can be the maximum number of function evaluations, maximum
computation time, or maximum consecutive function evaluations that yield no improvement in the

best solution.

2.2.1.3.2 RBFOpt (Radial Basis Function Optimization) Solver

RBFOpt is a framework that utilizes radial basis functions® (RBF) to solve bounded
MINLPs by generating an RBF surrogate model of the objective function. It then uses this
surrogate model with a mixed integer linear program (MILP)/MINLP solver. The default
algorithm, Metric Stochastic Response Surface, begins by taking initial points based on the
selected initialization sampling strategy, e.g., at the extreme bounds of the search space or Latin
Hypercube Sampling”. Once the initial points have been chosen, the iteration step starts. The
iteration step begins by training, or generating if this is the first iteration step, an RBF model based
on the current data set. The user can define what RBF model to use; however, the solver chooses
the model with the best fit. Each iteration step is made up of global search and local search, or
refinement, phases. The ratio of these phases is controlled by a parameter established by the user,
with the default being five global, iterative step, searches to one local, refinement step. The default

global search uses a genetic algorithm to generate the trial points using a global RBF representation
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of the objective function. A new refinement step begins when a sufficient number of global
searches have been completed since the last refinement step.

For the refinement step, the algorithm is seeking to improve upon the current best local
solution. This improvement is achieved by using a variation of the trust region method, creating
an RBF model to represent the region around the current best solution. An optimization problem
is constructed using the RBF model of the region nearest the current best solution. The solution to
this optimization problem provides the next sample point. The new point and its objective function
value evaluated using the black-box model are added to the solution set. If there is an improvement,
this new sample point replaces the point in the set with the worst objective value for both the local
and the global RBF models. The radius of the trust region is adjusted based on the previous sample,
and the process repeats. Once the refinement step ends, all new points that have been evaluated
are added to the main solution set. The iteration and refinement steps continue to alternate until

either the maximum number of iterations or wall time has been reached.

2.3 Stochastic Programming

Stochastic programming (SP) is a mathematical optimization framework used to determine
optimal decisions under uncertainty. The simplest case of SP is known as a two-stage stochastic
program (TSSP). In this problem, there are two sets of decisions, the first stage decisions or the
here-and-now decisions, and the recourse actions, the corrective actions taken after the uncertainty
is realized. The uncertainty is incorporated into the SP framework by constructing scenarios that
represent the uncertainty information. The scenarios represent different sets of realizations of the
uncertainty. The solution for a TSSP is the first stage decisions that maximize, or minimize, the

expected value of the objective function over all scenarios®’.
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Two-stage SPs can be extended into multi-stage stochastic programs (MSSPs). This
extension allows sequential decisions to be made at multiple stages or time points as uncertainty
is gradually realized. After a decision is made for a stage, the uncertainty associated with that stage
is realized, creating new scenarios. Figure 2.3 demonstrates a time horizon for a three-stage MSSP.
The different time points represent the times at which the uncertainty is realized. At the beginning
of the horizon, a decision, the initial decision, is made. At proceeding time points, both recourse

actions and decisions can be taken dependent on the current realization of uncertainty®’.

Realization of Realization of

Uncertainty Uncertainty
/__\I

I I I
Stage 1 Stage 2 Stage 3

Initial decision Recourse actions Recourse actions
Stage 2 decisions

Figure 2.3 Example planning horizon for a three-stage stochastic program

2.3.1 Stochastic Programming and Scenario Construction

A general formulation for a two-stage stochastic program (TSSP) is presented in Eqns. 2.1-
2.4°%. In this problem, the objective is to minimize the value of Z, where x are the first stage
decision variables, y are the second stage decision variables, or recourse actions, and w is the
problem uncertainty where it can take on any value within the uncertainty space defined by the
probability space (w, Q, p), where p(w) is the probability measure of outcome w. The function
f(x) defines the contributions of the first stage decisions to the objective, ]Ew(Q(x, a))) is the
expectation of the function Q(x, w) that defines the contributions of the second stage problem to
the objective over the uncertainty of the problem, and h, (x) defines the constraints for the first

stage of the problem.
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MinZ = f(x) + E, (Q(x, ) = f(x) +f (0)Q(x, w)dw 2.1

wEQ
s.t. hy(x) <0 2.2
Q(x, w) is determined to be the optimal values of the second-stage optimization problem
given in Eqns. 2.3 and 2.4, where g(x, y, w) defines the contribution of the second stage problem
to the objective value given the first stage decisions, uncertainty realization, and the recourse
actions taken and h,(x,y, w) defines the constraints of the second stage problem.
min Q(x,w) = g(x,y, ) 2.3
s.t. hy(x,y) <0 2.4
The SP problem quickly becomes computationally intractable in this form (Eqns. 2.1 -2.4)
due to the integral over an optimization problem. To remedy this, the problem can be written to
approximate the expectation operator, as shown in Eqn. 2.5. It should be noted that in the case of
a finite number of realizations of (), this is an exact representation of the expectation over the
second stage problem. The approximation relies on the introduction of set S, where elements of
set S,s € S, are used to index over a finite vector of realizations of ), referred to as scenarios,

denoted by w;.

E, (00 @) = ) p(w)Q(,v) 25

SES

This approximation then allows the TSSP (Eqns. 2.12.4) to be written in, what is called,

the deterministic equivalent formulation, Eqns. 2.6-2.8, which is more computationally tractable

formulation.
} N 2.6
MinZ = f(x) + ) plws)g(x,ys ws)
SES
s.t. hy(x) <0 2.7
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hy(x,y5, ws) < 0 Vs€ES 2.8

However, when the total number of possible realizations is too high or the domain of () is
continuous, a set of scenarios must be constructed to represent the uncertainty space properly or a
solution approach must be taken to provide a quality approximation of the true solution. One such
approach is Sample Average Approximation (SAA)”. In SAA, it is assumed that the full, or a
sufficiently large, scenario set can be employed for the second stage problem. Then, a subset of
the scenarios is generated and used to determine the first stage decisions; those decisions are then
fixed and used to solve the second stage problem to estimate the contribution of the second stage
decisions to the objective function value. This process is iterated a number of times where the best
solution over all iterations is chosen to be the approximated solution.

Several methods have been proposed to generate scenarios efficiently. Hoyland and
Wallace'® present a scenario tree construction methodology to generate scenarios for SPs with
any number of stages. They base their methodology around matching specified statistical
properties of the problem uncertainty. To generate the tree, they formulate an optimization problem
to determine the uncertainty realizations, x, and the corresponding probability of occurrence, p.
The objective function minimizes the sum of a distance measure, such as the square norm, between
the properties of the original distribution/data and the resulting scenario tree, including a weight
factor to allow for emphasis of a given statistical property if there are trade-offs between the
properties. To expanding the approach to a multi-stage problem, the authors introduce state
dependent variables, such as stage specific mean or standard deviation, that track the realizations
of uncertainty over time.

Calfa et al.'"! propose a data-driven optimization approach for scenario generation. The

work presents an approach to solving the Distribution Matching Problem (DMP). This problem
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aims to determine the optimal uncertain parameter realizations and values to best match marginal
empirical distribution and the marginal moments of the uncertain parameters. The study discusses
two methodologies, one for TSSPs and another for MSSPs, as well as five formulations of the
DMP, three NLPs, and two linear programs (LPs). The NLP decision variables include the
probabilities of each scenario and the values of the uncertain parameters, with the models differing
based on how the moment matching is evaluated, i.e., using the L, L?, or L*-norms. The LP
decision variables, however, only include the probabilities of the scenarios, requiring the values of
the uncertain parameters to be set prior to solving DMP. The first step of the approach for the
TSSP is to collect the data needed to construct the empirical cumulative distribution function
(ECDF) for each uncertain parameter. Then, the ECDFs are approximated with closed form
expressions and utilized in a formulation of DMP proposed in the paper. The approach for the
MSSP extends it by incorporating the estimation of conditional moments, followed by time series
forecasting to construct the ECDFs, and then solving an NLP of DMP on a node-by-node basis. A
secondary approach for the MSSPs determines uncertain parameter values at the nodes all at once
and only the scenario probabilities are estimated using an LP of the DMP.

Scenario reduction approaches have also been studied extensively within the literature.
Pflug (2001)'%? presents an optimization approach for scenario reduction. The objective function
of the approach is to minimize the Wasserstein distance between the reduced set and the original
distribution. The approach is used to generate a scenario tree representation of the uncertain
process within the problem. Included in the approach is the ability to incorporate constraints within
the tree construction to satisfy relationships and correlations present in the uncertain process.

Dupacova et al.!% and Heitsch and Romisch (2003)'% presented two heuristic algorithms

for scenario reduction on a discrete and finite distribution of scenarios that follow a scenario-tree-
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like structure for convex SPs. The algorithms reduce the scenarios through the removal, backward
heuristic, or addition, forward heuristic, and reweighting. They provide bounds for Monge-
Kantotorovich mass transportation problem that provides the optimal weighting of a reduced
scenario distribution to minimize the upper bound of the Fortet-Mourier metric. The algorithms
presented in these works are the basis of the SCENRED tool found within the GAMS library.
Further studies!® 1% were performed and used for the improvement and release of the SCENRED2
tool. Heitsch and Rémisch (2007)!% extended their original work from the upper bound to the
direct usage of the Fortet-Mourier metric to improve the resulting quality of the reduced scenario
set. The work reveals that using the Fortet-Mourier metric improves the reduced scenario set
compared to the upper bound of the metric because the order of the metric is increased, implying
a more stable solution for TSSPs. Heitsch et al.!% investigate the stability of MSSPs with respect
to filtration distances in addition to L,-distances. The study found that only accounting for L,.-
distances for stability based scenario reduction, though enough for TSSPs, are not sufficient for
MSSPs, and the addition of filtration distance should be considered to attain stable reduced

197" in which a scenario

scenario sets for MSSPs. This finding paved the way for a later study
reduction algorithm is presented that accounts for both metrics within the optimization problem.
The algorithm recursively removes a single node from the original scenario tree. Their findings
demonstrated that the incorporation of the filtration distance into the problem provided a noticeable
reduction in the final number of scenarios on the tree when compared to just using the L,.-distance.

Li and Floudas (2014)!% present the optimal scenario reduction, OSCAR, framework. This
framework is an optimization-based approach for determining a reduced scenario set. Like

Dupacdova et al.!®, the framework considers the Kantorovich distance between the original and

reduced scenario set. In the objective function, however, OSCAR also considers the difference
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between the model output for the reduced and full sets and the best and worst performing scenarios.
The objective function is formatted so that each metric can be assigned a different weight to
emphasize one metric over another. One drawback of this framework is the computational power

)19 extend their

required to calculate Kantrorovich distance. In a later study, Li and Floudas (2016
original framework to account for this drawback through a sequential scenario reduction approach
that can quantify the quality of the reduced scenario set even when the original scenario set is too
large to evaluate through factorial combination. A further extension by Li and Li'!’ removed the
necessity that the scenarios be generated from the factorial combination by incorporating
clustering within the reduction algorithm.

Karuppiah et al.!'! propose a heuristic approach for scenario reduction using a MILP. The
objective is to minimize the number of scenarios chosen for the reduced set. The decision variables
are which of the original scenarios to include in the reduced set and the probability assigned to the
included scenarios. To ensure a non-trivial solution, constraints were imposed to require that the
probability of occurrence for each unique realization for each uncertain parameter remains the
same between the original scenario set and the reduced scenario set.

It is unclear which of the various scenario set construction approaches would be the most
effective for a problem. Hence, a number of studies evaluate different scenario construction
approaches. Park et al.!'? aim to find the best scenario reduction method assuming the full scenario
set was known. They tested four scenario construction methodologies, importance sampling,
random sampling, the fast forward selection (FFS) algorithm utilized in the SCENRED tool 1%~
105,107 and their proposed stratified scenario sampling (SSS) approach. The methods were

compared and evaluated on a two-stage stochastic power network investment problem. The study

used three criteria, the expected cost of the naive solution (ECNS), the solutions generated by the
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methods, and a regret measure. It concluded that the FFS and SSS methods provide solutions that
closely match the objective value of the true solution with a significant reduction in solution time,
the decisions determined by FFS closely match those of the full scenario set, and finally, the
proposed SSS method provides less accurate solution than FFS but a lower worst-case regret than
FFS.

Li et al. (2020)'"® reviewed nine scenario construction methodologies used in the energy
systems SP literature. They outlined the characteristics of the methods and assessed them based
on the solution stability. They concluded that, in general, sampling-based methods were fast and
simple, but the methods scaled and performed poorly when the problem uncertainty began to
increase in dimensionality. Forecasting-based methods, methods where scenarios are generated
from models trained using historical data, were found to accurately capture the trends in the data,
such as correlations of variables and nonlinear relationships. However, as with many data-driven
methods, forecasting-based scenario construction methods only perform as well as the available
data. Lastly, the authors concluded that optimization-based methods provide a high degree of
accuracy for the scenario space approximation for a wide range of problems, with the drawback
that as the SP increases in complexity, the optimization problem to construct the scenarios also
becomes more computationally demanding to solve.

Recently, Seljom et al.!'* evaluated six scenario construction methodologies. The methods
included were 1) random Monte Carlo sampling, 2) iterative sampling, where a large number of
scenario sets are constructed and the overall distance from the first four moments is used to
determine the best set, 3) k-means clustering algorithm, 4) a constrained k-means algorithm that
constrains the size of the clusters, 5) an optimization-based method for minimizing the distance of

distribution moments and correlation, and 6) an optimization-based method for minimizing the
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Wasserstein distance. To evaluate the quality and stability of the constructed scenario sets, the
authors compare the methodologies based on the error in the distribution representation and the
quality of the solution. The distribution error was measured in two ways. When the distribution
error is measured based on moment matching, it was found that the iterative sampling scheme
provided the lowest error. However, when the distribution error was evaluated using the
Wasserstein distance, both k-means clustering algorithms performed the best. The evaluation of
solution quality only compared the random sampling, iterative sampling, and the moment
matching optimization methods due to temporal constraints. For the solution quality comparison,
the authors noted that the optimization methodology performed the best providing the lowest and
most stable optimality gap of the three methods. Additionally, they concluded that the iterative
sampling approach yielded more stable solutions than random sampling. These reviews provided
a good rule of thumb which scenario construction methodology performs well with respect to the
metric deemed most important for the approximation of the scenario space. However, the only
study to consider the impacts of rare events on the scenario construction methodology was Park et
al.!'? through their evaluation of the regret-based metric.

Though much of the scenario construction literature has neglected the assessment of the
impact of rare events within the scenario set, a handful of studies have investigated the
incorporation of rare events within an SP or at least assessed the impact a given set scenarios had
on decision variables. Ehrenstein et al.'!> propose a two-step scenario reduction algorithm for a
multi-objective supply chain planning problem with extreme events to reduce the number of
scenarios while including rare events. The algorithm utilizes the SAA approach but exploits the
structure of the scenarios with rare events. The authors only use two scenarios instead of sampling

n scenarios for the reduced scenario set, the worst case scenario, where all possible disruptions for
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the supply chain happen at once, and the nominal case, where no disruptions occur. They then
generate upper and lower bounds for the objective of the problem. The problem is then solved
using an augmented epsilon constraint method to find the Pareto-optimal solution by using the
two-scenario reduced set to determine the first-stage decisions and the full scenario set with the
fixed first-stage decisions to obtain the second-stage decisions. The results revealed that the
approach approximated the true trade-off solutions while reducing the solution time by around
99%.

Garcia-Herreros et al.!'®

used a specialized solution approach using a strengthened Benders
decomposition. First, the problem formulation was tightened using the convex hull of disjunctive
constraints. The tightened problem was then solved using a multi-cut Benders decomposition to
provide as much information as possible to the master problems from the subproblems. One way
the authors strengthened the algorithm was to include information from the most probable
scenario, where the supply chain is fully operational, in the master problem. The included
constraints provided a better lower bound as the included information from the scenario had a
sizeable impact on the overall solution. The second way the algorithm was strengthened was to
ensure that a strong set of Benders cuts were included during each iteration. The strong cuts were
generated by solving an LP that ensures the generation of Pareto-optimal dual multiplies for the
sub-problems. The authors also included an approach to calculate the bounds on the penalties
accrued for infeasible decisions due to using a reduced scenario set. The results showed that the
solution approach reduced solution time by nearly 20 times that of solving the model directly, and
the bounds and solutions produced by the reduced scenario set were very similar to that of the full

scenario set problem. Both of these approaches, however, are problem specific and cannot be

utilized for every problem.
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Feng and Ryan'!!7 presented a heuristic scenario reduction methodology that extends the
FFS algorithm!'%-195:197 to incorporate the impact scenarios have on decision variable values, but
not solely evaluating rare-event cases. The proposed methodology first requires optimal second-
stage decisions to be determined for the full, or very large, scenario set to calculate the objective
function as if each scenario were a deterministic problem given a set of feasible first-stage
decisions. Next, the objective values of the set of scenarios are scaled to have similar magnitudes,
and then a clustering method is applied to generate a specified number of clusters. Finally, the
reduced scenario set is constructed using the FFS algorithm to select a single scenario from each
cluster. The authors compared their approach to the original FFS algorithm on the stochastic
reliability unit commitment problem. The results revealed that their proposed method constructed
a scenario set with similar solutions to the ones obtained by the FFS. The solutions were also more
reliable, i.e., they had lower shortages, and their method generated the scenario sets quicker than

FFS.

2.3.2 Uncertainty Types within Stochastic Programming Framework

Uncertainty within an SP can be broken into two main classifications, exogenous and
endogenous''®. Exogenous uncertainties refer to the uncertainties the decision-maker has no
control over, such as the weather. On the other hand, endogenous uncertainty refers to the
uncertainties that a decision-maker can impact, such as production rate from an oil well or the
failure rate of a supply networkwork linkage. Endogenous uncertainty has been further classified
into type I and II based on how a decision impacts the uncertainty!'!*>!. Type I endogenous
uncertainty, also referred to as decision-dependent probability, occurs when the decisions impact
the probability or the distribution of uncertainty. For example, if a planner invests in the

strengthening of a network link the probability of failure will be reduced. In Type II endogenous
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uncertainty, the decisions impact the timing of the realization of the uncertainty. As an example,
the production rate of an oil well would vary based on when and what pump type a field developer
installed a well. It should be noted that type I and II endogenous uncertainties can occur

122 where decisions affect the

simultaneously, resulting in type III endogenous uncertainty
realization timing and the distribution of the uncertainty. The CRCSP problem includes both
exogenous and type I endogenous uncertainties.

A majority of the focus in the literature thus far has been on solving problems with
exogenous and/or type Il endogenous uncertainty. However, in recent years, there has been an
increase in problems incorporating type I endogenous uncertainties within the SP literature, though
it is relatively sparse compared to problems with other forms of uncertainty. Though theoretical

models have been discussed prior!?*124

, the first study to explicitly model this form of uncertainty
is Ahmed!?. The problem investigated was a p-choice location planning problem, where the
probability of using a given location is based on the fraction of that location’s utility compared to
the system’s overall utility. The author presented a solution approach to a class of one-stage SPs
that used Luce’s choice axiom for the probability measure for each scenario. The approach
implemented a branch and bound algorithm where a reformulation of the 0-1 hyperbolic program
at every node was performed and a genetic algorithm to generate the lower bounds.

One of the most common problem types incorporating type I endogenous uncertainty is
disaster planning over a given network!?®'**. The first of the studies that investigated this problem
was Peeta et al.'?6, where the problem aimed to strengthen a highway network subject to linkage
failures due to natural disasters. The probability of linkage failure due to the disaster is known and

can be reduced by investing resources for a link. The problem was formulated as a TSSP, where

the first-stage decisions were the resource allocation for the network strengthening, and the
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second-stage problem minimizes the traversal costs from an origin to a destination of the network
given the disaster realization. The authors approximated the objective function using a first-order
Taylor series expansion to solve the problem. The reformulation led to a knapsack problem that
could be solved directly, and the solution produced was guaranteed to be a local optimum. As a
follow-up, Du and Peeta'?” extended this problem by incorporating the uncertainty of the disaster
severity. A new solution approach was developed for this problem, called the Two-Stage Heuristic
Algorithm. The approach split the TSSP into two separate problems and iteratively solved them
until solutions to both problems converged. The algorithm could quickly converge to a feasible
solution approximating the optimal solution for moderate-level disasters. However, the approach
underestimated the solution for the high severity disasters and overestimated it for low severity

disasters. Laumanns et al.'*! revisited Peeta et al.’s original study'%¢

and proposed a reformulation
that could be directly solved without introducing non-linear terms. They proposed a technique
labeled the distribution shaping technique for SPs, where binary decision variables impact the
probability of an outcome. The technique derives a polyhedral characterization of the probability
distribution that scales the probability measure up or down depending on a linear relationship
between the binary variables. This reformulation and a proposed scenario bundling technique
allowed the authors to solve the problem in a matter of seconds compared to the original solution
times, which were on the order of minutes.

In the thesis of da Costa Flach'?3, the motivation was to solve the resource allocation
problem for strengthening a network to reduce the failure probability under disasters and the
following disaster response transportation problem after the realization of the disaster. Much like

Peeta et al.'?°, this problem was formulated as a TSSP, with the first-stage decisions being the

network strengthening decisions and the second-stage decisions the disaster response. The
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uncertainty was the probability of a network link failing when a disaster occurs, where the
probability of failure could be reduced by allocating resources to strengthen that link. The study
investigated different problem reformulations, applied a cut generation algorithm, and developed
a scenario generation schema to solve the problem. The reformulation technique to eliminate the
effects of type I endogenous uncertainty relied on the decision variables being binary and the
expression for the probability of failure for each link being linear. Da Costa Flach proposed using
the property of logarithms and introducing a new variable to represent the natural logarithm of the
scenario probability to linearize the probability measure. A set of piecewise linear terms was used
to approximate the exponential function to convert the log-probability to an estimated scenario
probability. The cut generation algorithm iteratively solved the linearized model adding more
piecewise linear cuts to approximate the exponential function until the solution converged to an
accepted error level. For scenario generation, da Costa Flach proposed the use of importance
sampling to reduce the number of scenarios needed to obtain a stable estimate of distribution
properties. The results revealed that, given the proposed approaches, models of different sizes
might be solved directly to within 1% global optimality within a reasonable time. At the time, most
studies only solved this class of problems through heuristic approaches to obtain good answers
rather than optimal.

Medal et al.'?® presented a model for resource allocation for disaster protection of a
resource network. The problem was once again presented as a TSSP, where the first-stage
decisions were the protection resources allocated to the various facilities in the network, and the
second-stage decisions correspond to the transportation of goods to meet demand post-disaster.
The probability of capacity reduction realizations and the possible network configurations were

impacted by the protection level given to each node and arc in the network as governed by the first
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stage decisions. They reformulated the problem to eliminate the inherent nonlinearity within the
objective functions of SPs with type I endogenous uncertainty with multiple decision variables in
the first stage, allowing them to solve the problem to optimality with the L-shaped decomposition

135 A greedy algorithm was used to solve the model. Capitalizing on their model’s

methodology
properties, namely the submodularity of their model, the authors incrementally allocated protection
based on the marginal benefit. The greedy algorithm solved the model substantially quicker than
the decomposition method and was found to yield solutions that were at worst 5% off from the
true solution.

Bhuiyan et al.!** further investigated the problem in Medal et al.!*® by allowing the
construction of the network itself. The problem, once again, was formulated as a TSSP. The first-
stage decision variables were the resource allocation for protection and construction of links from
facilities to demand locations. The second-stage decisions were the distribution decisions after a
disaster. Due to the introduction of the network design in the first stage, the solution approach
from the previous work!?® was not applicable. The model was linearized using a similar
procedure!?®; however, extra linearization constraints were needed due to the transportation
problem now being dependent on the first-stage decisions. The solution methodology used an
accelerated Benders decomposition, where the acceleration was achieved by introducing multiple
cuts per iteration. The additional cuts were analyzed to determine the combination of cuts that
resulted in faster solution times. They concluded that multiple optimality cuts, trust region cut,
Pareto-optimality cut, master problem node limit, and introducing a valid inequity formed the best
combination.

Krasko and Rebennack!*® presented a model for allocating resources to mitigate and

prevent post-wildfire destruction from debris flow and provide emergency response routing within
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a network. First, the study presented an MINLP to minimize the expected damage due to debris
flow, where the probability and the damage associated with the scenario are functions of the
mitigation decision variables. This model is then combined with an emergency response problem
to form a TSSP. The first stage problem allocates resources to reduce damage and the probability
of scenarios where debris flow cause damage occur and also allocates emergency response vehicles
across a network. The second stage problem is a multi-period vehicle routing problem to respond
to the debris flow given the first stage decisions. The objective is to minimize the expected cost of
the damages associated with the disaster, where the value of life is included to assign a monetary
value to the emergency vehicle routing problem. The MINLP model was solved using the global
solver BARON'3®,

Escudero et al.!*? presented a three-stage SP for natural disaster mitigation with type-1
endogenous uncertainty and an algorithm to solve the problem. The objective was to minimize the
costs associated with disaster preparation and response, including penalties due to shortage of
demand and going over budget. The first-stage decisions include investments to obtain more
accurate estimates of the scenario probabilities, thus introducing type-1 endogenous uncertainty,
and the allocation and capacity modification of commodities within the supply chain. The second-
stage decisions reinforce facilities to protect against disruption and include a second round of
commodity allocation and capacity modifications. The third-stage decisions correspond to the
disaster response of supplying commodities to the demand points in the network. The Cluster Dual
Decent Algorithm (CDDA)was developed to solve the resulting problem, the algorithm relies on
duality theory to improve incumbent solution. The CDDA starts first by solving for solutions of a
relaxed version of the problem. From there two iteration schemes are used, and inner and an outer.

The inner iteration seeks to identify local optimum through evaluating the impact to dual value of

55



the problem by selecting an additional facility. On the other hand, the outer iteration seeks the
global solution by restructuring the solution generated by the inner iteration by adjusting capacity
levels by solving the dual problem. The CDDA was shown to solve the problems at worst ten times
faster than CPLEX while achieving around a 1% increase in the objective function value.

A second problem modeled with type I endogenous uncertainty in the literature regards
maintenance planning and scheduling'*”'*. One of the first studies to do so was by Ekin'*7, where
the author presented a form of the planning and scheduling of an integrated maintenance and
production planning problem. The problem was modeled as a TSSP, where the first-stage decisions
involved system maintenance, and the second-stage decisions were production planning. The
objective was to minimize the cost associated with maintenance and production. In this study, the
percentage of the product that was on specification was modeled as a continuous uncertain
parameter whose distribution parameters were dependent on the first-stage decisions. Ekin utilized
an approach coined augmented probability simulation'*’ to solve the problem due to the problem’s
objective function not having a closed-form expression. This study demonstrated that a continuous
distribution, such as the normal distribution, can be included within an SP problem even when the
uncertainty is decision-dependent, and it provided a solution approach.

Leo and Engell'*® presented a model that considers both production planning and plant
maintenance, where the estimated remaining useful plant life depends on the plant operations. The
probability of the remaining years of services was described through survival analysis. A
degradation trajectory was incorporated into the survival analysis based on the operating
conditions of the plant. If the plant operated at full capacity, the degradation rate was greater than
if it operated at half capacity, causing the failure to occur faster. The problem was formulated as

an MINLP and solved using three different approaches using BARON with a custom branching

56



scheme, a generalized Benders decomposition algorithm, and the Global Optimization Algorithm
(GOP)'*!. The study concluded that the Benders decomposition was the most efficient solution
approach when considering both global optimality and the solution time.

Yin et al.'*®

presented a study that aims to determine the optimal maintenance schedule for
a large scale wind farm that maximizes the revenue. The model is formulated as a TSSP where the
first stage actions are the timing of the maintenance decisions and the second stage variables are
the resulting power produced from the wind farm. In the problem, the power generated from a
wind turbine depends on that turbine's availability and the surrounding turbines to consider wake
effects. The probability of turbines being available depends on the first stage maintenance actions.
Due to the interrelated complexities associated with the maintenance decisions, power generation,
and the wake effects, along with the non-linearities and non-convexity of the problem, the authors
employed a DOF, particle swarm optimization, to solve the problem. The solution revealed that
by incorporating the wake effects seen in large scale wind farms, an increase in the expected net
revenue can be observed and that the implementation of a maintenance strategy, regardless of the
incorporation of the wake effects, results in a substantial increase in the net revenue.

Supply chain resilience and production planning is another problem with type I endogenous
uncertainty!?>142-1%5 Huy et al.!#? investigated system reliability and cost minimization for meeting
power demands. The study considered the probability of a forced outage to be dependent on the
operating conditions. A TSSP was developed to model the problem, where the operating
conditions, units that are online, and the operating state were determined in the first stage, and the
production rate of the units was determined in the second stage to meet demand. The scenario

probability calculations were highly nonlinear due to the dependency on the operating conditions.

To solve the problem, the authors presented a heuristic algorithm referred to as the adaptive
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reliability improvement unit commitment (ARIUC) algorithm. In this algorithm, the probabilities
were first assumed to be constant, and the problem was solved to obtain an initial solution. Then,
the reliability of the system was evaluated, and the decision-dependent probabilities were
reintroduced into the problem. At this point, the algorithm entered into a dual-loop to improve the
solution if the system reliability did not match the termination criteria. In the loop, the algorithm
determined and replaced units highly sensitive to generation capacity with units uncommitted from
the previous solution. The problem was solved again for the second stage values, with the resulting
solution evaluated for convergence of the system reliability. The authors concluded that the
incorporation of the type I endogenous uncertainty provided a solution that reduced the overall
cost and the loss of load probability associated with the system.

Another power generation expansion planning problem was presented by Zhan et al.'*?,
where the electricity price depended on investment decisions. The study modeled the problem as
an MSSP where, at each stage, a decision may be made to invest in increasing power generation
capacity. The objective was to maximize the net revenue of the power generation system. In the
model, the outcomes at each stage could be either a high or a low electricity price, where the
probabilities of the different outcomes were a function of the cumulative power generation
capacity of the system. The problem was reformulated to eliminate the nonlinearity due to the
decision-dependent probability. The reformulation represented the continuous 0 -1 variable of the
probability of an outcome by approximating the value using a sum of binary variables and an error
term. These new values were then directly linearized with the continuous variables of the objective
function yielding a linear model. The authors solved the nonlinear MSSP using BARON and
approximated linear MSSP using CPLEX. The results showed that the approximate linearization

was solved much faster than the original nonlinear model, while the difference in the solutions was
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negligible. Additionally, they found that incorporating type I endogenous uncertainty provided
better solutions than the model with only exogenous uncertainty.

The study by Ma et al.'** modeled a power grid resilience problem under uncertainty as a
TSSP with type I endogenous uncertainty. The objective was to minimize the investment and
expected downtime/repair costs given a grid-disrupting event. The first stage decisions consisted
of line hardening, additions of distributed generation units, and adding line switches within the
grid. The second stage decisions were operational and used to mitigate the weather disruption for
the grid. The uncertainty included the grid load, wind-based disruption events, line repair time,
and line damage status. The line damage status was impacted by the first-stage line hardening
decisions, while the other sources were unaffected by the decisions. Two progressive hedging (PH)
algorithms were proposed to solve the model. The first one solved each scenario problem
independently and aggregated the individual solutions. The second PH algorithm performed a
scenario bundling procedure to reduce the number of scenarios. The results revealed that PH could
solve large-scale models of up to 123-bus distribution systems and yielded higher quality solutions
with scenario bundling.

Tong et al.!¥

studied a supply chain planning problem for the oil sector under product
demand and yield uncertainties. The model was formulated as a TSSP where the first stage
decisions defined switiching between the operational mode and the second stage decisions were
the production considerations to meet demand, the problem also included CvaR constraints for
meeting product demand. The study employed a Markov chain to describe the product yield
fluctuations, where the fluctuation probabilities were tied to the operational switching decisions.

The author presented an iterative solution heuristic based on the SAA approach to provide several

solutions with varying degrees of risk aversion. The study found that by utilizing a Markov chain
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representation of yield fluctuation, the model could reduce both costs and the risk of not meeting
demand than using a uniform distribution.

In a study by Hellemo et al.'??>, a general procedure was introduced to incorporate
continuous distributions within a TSSP where the first stage decisions were the parameters of the
endogenous uncertainty’s probability distribution. The example problem used was a capacity
expansion problem to meet power generation demand, where either the demand or unit cost was
stochastic. The first stage decisions impacted the probability of the scenario occurrence and the
capacity expansion decisions, while the second stage decisions defined the system production. The
paper presented three approaches for modeling decision-dependent probabilities within SPs. The
first was linear scaling of a uniform distribution where decisions impact the scaling factor. The
second approach employed a convex combination of probabilities where decisions impacted the
weight of each probability in a mixture model. The third approach used an approximation or the
direct expression for a CDF where distribution parameters were decision variables. The authors
investigated the impact the three approaches had on solution time and quality of BARON as the
approaches provided the solver with specific problem information. They also employed a
generalized Benders decomposition (GGBD) approach to solve the problem. The results revealed
that providing insight about the model to the solver (BARON) improved its performance even with
the complexities of type I endogenous uncertainty, demonstrating that problems with type I
endogenous uncertainty could indeed be solved directly. The authors note that BARON was often
much slower than the GGBD approach, however the results of the GGBD were not included in the
study.

A few studies considered problems that do not fit into any of the problem groups discussed

up to now'*!*8 One such problem was studied by Chen et al.'*, who combined a system
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reliability problem with a process synthesis problem. The object was to minimize the total
annualized cost while considering the possibility of system failure. The problem was formulated
as a TSSP where the first stage decisions determined which process to use, the number of unit
redundancies, and the sizing of the process equipment. The second stage decisions defined the
operational decisions of the overall process. The probability of the system being down was
modeled as a type I endogenous uncertainty, where the system reliability was dependent on the
redundancies for each unit, resulting in a disjunctive and nonlinear optimization problem. The

solution approach modified the existing Logic-based Outer Approximation (LOA)!4%150

algorithm
to account for the mixed-integer decision variables. The authors compared how the system design
and operation changed when the problem was formulated as deterministic process synthesis,
stochastic process synthesis, and a stochastic process synthesis with reliability using a test case.
The results showed that incorporating system reliability provided a system with the highest profit,
demonstrating the value of incorporating the system reliability within the process synthesis
problem.

Bhuiyan et al.'*” investigated the impact of incentive uncertainty regarding landowners
following through on forest fire prevention and mitigation. The problem was formulated as a
TSSP. In the first stage, a budget was allocated to provide monetary incentives to landowners for
fuel reduction treatment on their land. The second stage of the problem represented the damage
seen by a wildfire given the fuel reduction outcome. The budget allocation in the first stage
impacted the probability that the landowners would implement a fuel reduction strategy, resulting
in type I endogenous uncertainty in the model. The probability of a landowner implementing the

fuel reduction procedure was estimated using logistic regression. Three different models were

constructed, (1) a risk-based allocation model, where the budget allocation was decided based on
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risk measures for each land owner, (1) a uniform allocation model, where a landowner was offered
the same budget as all the other landowners, and (3) a hybrid allocation model, where a
predetermined subset of landowners was offered a fixed amount while the remaining were offered
an amount based on the risk. The authors reformulated the probability measures using the
probability chain approach!?®, and the second stage estimated damage was evaluated using a
simulation model for all possible scenarios. The resulting model was solved using Gurobi. The
results showed that the risk-based allocation model was the most effective approach for reducing
wildfire damages.

Zhang et al.'*® presented a TSSP with type I endogenous uncertainty to determine the
surveillance strategy for prostate cancer patients within different cohorts and ages at diagnosis.
The objective was to maximize the QALY gained through surveillance from a set of a
predetermined list of strategies, determining which strategy to assign to which cohort. In this
problem, the probability of detecting a later stage of prostate cancer was a function of the first
stage decision variables and the probability of not detecting cancer in the previous period. The
model was then linearized and solved using Benders decomposition to achieve a solution within a
two-hour wall time restriction. The solutions had a higher gain in QALY than the recommended

one-size-fits-all strategy to monitor prostate cancer remission.

2.3.3 Cancer Care Related Applications

The application of stochastic programming can be found in a wide range of fields, spanning
from investment planning to medical decision making. However, the literature on the use of
stochastic programming for cancer-related problems is relatively sparse. In addition to Zhang et
al.'®, Alvarado and Ntaimo'’! presented three stochastic programming formulations for

scheduling chemotherapy appointments to minimize patient wait time and nurse overtime. The
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decisions were the nurse schedules and times to schedule the patients. They considered the
uncertainty of the appointment length, patient’s level of care needed, or acuity level, and the total
number of available nurses. They employed a mean-risk form of stochastic programming, which
favors risk-averse decisions. The study showed that the SP formulation could generate better
solutions than current deterministic scheduling algorithms.

There have been several applications of using an SP framework for cancer
treatment!>15315%_ Sir er al.'> investigated the radioactive dosage from radiotherapy, maximizing
the radiation delivered to the affected tissue while minimizing dosage to healthy surrounding tissue
over a treatment timeline. The objective was achieved by determining the radiation dosage regime
for each appointment. The uncertainties were the setup position, which quantifies the location of
the tumor in relation to the peak intensity of the treatment beam, and the radiation dosage at each
sub-volume within the tissue. The study showed that the resulting treatment plans were
improvements over the typical non-adaptive treatment plans.

Aside from cancer treatment, Vieira et al.!> applied an SP formulation to a radiotherapy
staff allocation problem to maximize patient throughput. The decisions were where the staff was
allocated to provide necessary services for radiotherapy. The uncertainties were the waiting time,
processing time, and delay of the various operations. The study found that using their formulation,
the throughput of patients could be increased by around 6 % for the case study. There are various
other cases of applying SP for problems associated with treating or allocating treatment resources
for cancer. However, to the best of our knowledge, there has been no SP formulation to determine
optimal screening strategies for the early detection or prevention of cancer.

We hypothesize that SP would be an effective choice for modeling and solving the CRCSP.

An SP framework can represent decision-dependent uncertainties through the use of scenario
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generation. This characteristic of SPs is well suited for determining optimal CRC screening
policies because much of the uncertainty within the CRC screening planning problem is decision-
dependent. The compliance to the screening test is based on the test chosen'¢; the health state at
which a screening test detects depends on the individual and that individual’s age. Finally, the
positive or negative results can depend on the test type used!®. All of these points can be properly

modeled within a SP framework.
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CHAPTER 3

SIMULATION OPTIMIZATION APPROACH

This chapter introduces the simulation optimization framework developed to solve the
CRC screening planning problem. The overall framework (given in Figure 3.1) can be separated
into a CRC natural history model and a screening section, which are implemented in a CRC
microsimulation (MSM), and an optimization component, which generates various screening
strategies that are passed to the microsimulation. For each strategy, the microsimulation constructs
a cohort of individuals and their life histories without screening using the CRC natural history
model. Then, each individual is screened according to the strategy altering their life history. The
microsimulation is repeated multiple times for statistical significance. At completion, the
microsimulation computes the cohort’s expected gain in life span and expected costs associated
with screening and cancer, which are passed to the optimization component for evaluation. Details

of the MSM are presented in Section 3.1.
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Figure 3.1 Simulation optimization framework for the CRC screening planning problem

The optimization component utilizes a DFO solver because the derivatives of the objective
function, which is calculated using the CRC microsimulation is not available. As outlined in
Section 2.2.1, there are numerous DFO solvers that can be employed to solve the CRC screening
problem in a simulation-optimization framework. Therefore, the performance of these DFO
solvers were compared using two test problems, optimization problems with similar characteristics
to the CRC screening problem, and the results of these comparison study is discussed in Section
3.2. Next, a study was performed to investigate the impact that simulation assumptions and

parameters

3.1 CRC Simulation

Of the microsimulation models within CISNET for colorectal cancer, Colorectal Cancer
Simulated Population model for Incidence and Natural history (CRC-SPIN) is the most recently

developed, in 2010, by the RAND Corporation'®’. This simulation model can be broken into two
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different components, a natural history component and a screening component. The natural history
component aims to recreate the progression of CRC within an individual free of any intervention
and it is formulated as a continuous time model. The screening component allows for the disruption
of the natural progression of CRC by early detection of CRC, or an adenoma, by the means of a
screening test. Together the microsimulation creates two timelines per individual, relating to their

life with and without screening, and compares the two to evaluate the effects screening had.

3.1.1 Natural History Creation Based on CRC-SPIN

The natural history portion begins by generating individual characteristics to define an
individual. These defining characteristics are the individual’s sex, age at the start of the simulation,
age of death from sources outside of CRC, and CRC related risk parameters. Both sex and initial
age at the beginning of the simulation are based around the desired population to model, with the
percentages of the population described by age and sex combined to create an empirical cumulative
distribution. Where random numbers are generated from a Uniform(0,1) distribution, the value
corresponds to the resulting age and sex from the empirical distribution of the population. An
individual’s age of death from causes outside of CRC are generated using the U.S. life tables as a
source for survival rate information based around the individual’s initial age. This is determined
by generating a value from a Uniform(0,1) distribution and incrementally stepping forward year
by year until the survival rate is no longer greater than the generated value. Finally, CRC related
risk factors are assigned through simulation specific parameter values, these parameters are
denoted by ay;, a1, and a,j, where k € {1,2,3,4} signifying different age bins. Of these values,
only one is individual specific, a,;, which represents an individual’s baseline risk for developing

an adenoma. This parameter is generated through the use of two more simulation specific
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parameters, a, and 0y, as a randomly assigned value where ay;~Normal(ay, 62). Values for
aiand a,j, correspond to sex based risk and age based risk respectively.

Once an individual has their defining characteristics specified by assigning appropriate
parameter values, the next step of the natural history model is to generate the ages at which the
individual develops adenomas, if any. CRC-SPIN treats the occurrence of adenomas within an
individual’s life as a Nonhomogeneous Poisson Process, with the instantaneous risk of developing
an adenoma, 1;(t), modeled as a function of time as defined in Eq. 3.1. Where §(...) is an

indicator function equal to 1 when the expression given is true and 0 otherwise, seXfemare = 1 or
sexXmaie = —1,and A = {20,50, 60, 70,120} marks the ages that separate the four age bins.

k=1 j=2

4 k
P;(t) = exp <a0i + a;sex; + z §(4, < age;(t) < Ap.q) {agei(t)aZk + z Aj(azjq - azj)}> 3.1

Using the expression for instantaneous risk, the total number of adenomas developed, N,

can be treated as a homogenous Poisson Process across an interval (0,T] by means of integration,

or N~Poisson ( [ OT Y(u)du = lP(T)), where the expression for W(T) can be found in Eq. 3.2

4 e%2k min(Ay.1.age;()) _ e%2kAk k
(&) = e%oitaisex; E é(age;(t) > Ak)( p >exp E A]-(azj_l - (ij) 3.2
2k n
=1 =2

Equation 3.3 describes the distribution related to an event occurring some AT amount of

time from an arbitrary time point, ¢t.
F(AT) =1 — exp (—(l,v(t + AT) — ‘P(t))) 33

Adenoma occurrence dates for the individual, as well as total number of adenomas

developed within a lifetime is simulated following the algorithm given in Figure 3.2.
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START
1. SETt =20
2. GENERATE u~Uniform(0,1)
3. LETW(t+At) =¥(t) —In(1—u)
4. SOLVEFOR t + At = ¥~ 1(¥(t) — In(1 —w))
5. IFt+ At > 120 END
6. SETt=t+ AT
7. STORE t

8. GO TO STEP 2

Figure 3.2 Algorithm for generating adenomas within an individual

CRC-SPIN assumes that each adenoma is independent of others. As such, each adenoma
has its own identifying characteristics. The first of the characteristics is the location of the adenoma
within an individual. The location is assigned randomly according the distribution of adenomas
found in Pickhardt er al.>?, where 8 %, 23 %, 24 %, 12 %, 24%, and 9 % of the adenomas occur in
the cecum, ascending colon, transverse colon, descending colon, sigmoid colon, and rectum,
respectively. The growth of an adenoma is set to follow the Janoschek model describing the
diameter of adenoma j for individual i over time, d;;, as given in Eq. 3.4, where dis the

maximum adenoma size, set to 50 mm, dyis the minimum adenoma size, set to 1 mm, and 4;jis

individual i’s jth adenoma’s specific growth rate.
dij(t) = doo - (doo - dO)e_Aijt 34

The adenoma specific growth rate is determined by generating the time it takes for that

adenoma to reach a diameter of 10mm, t;¢,,,m, and back calculating the growth rate from the
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Janoschek’s growth model. CRC-SPIN assumes tig;,m 1s distributed by the cumulative
distribution function found in Eq. 3.5, where f;; and [, are simulation parameters where [ is the

adenoma’s location, colon or rectum.

F (tiomm) = exp <— (tlzm)_ﬁz> 3.5

In the simulation, each adenoma is allowed to progress to cancer according to a log-normal
probability distribution based around the size of the adenoma, s, and age at which the adenoma
initiated, a. The cumulative distribution is shown in detail in Eq. 3.6, with y; and y, being
simulation parameters that are categorized by the adenoma’s location and the individual’s age and

®(...) being the standard normal cumulative distribution.

3.6

F(s,a) = @ (1“(1’15) +y.(a— 50))

0.5

Since the age at which the adenoma is initiated is already defined, the size at which the

adenoma becomes cancer is generated by Eq. 3.7.

Spreclin = ]/_ g0:5m-72(a=50) 3.7
1

Where n~Normal(0,1). With the size at which the adenoma becomes cancerous, an age
is then back calculated using Eq. 3.4 for when the individual develops cancer from that specific
adenoma. CRC-SPIN is then designed to assign a Sojourn time for that case of undetected or
preclinical cancer. The Sojourn time, ST, is the interval between the cancer initiation and clinical
diagnosis of that cancer, and is generated from a log-normal distribution with parameters ¢ and v,
or ST~LogNormal(§,v). The parameters v and § are found using Eqns. 3.8 and 3.9 respectively,
where p and 7 are simulation parameters that are categorized by the location of the adenoma within

the individual.
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v=4In(?+1) 3.8

§=In(u) — %ln(r2 +1) 3.9

If the age at which the adenoma becomes cancerous occurs before the individual dies of
causes outside of CRC, the simulation treats that adenoma as a cancer from that point onward. In
doing so, the size of the adenoma/carcinoma is no longer based around the Janoschek model.
Instead, a size of the cancer at clinical detection is generated from a size distribution that is
estimated from data obtained through the Surveillance, Epidemiology, and End Results (SEER)

9158 where

database. This data used are the diagnosed cases of colorectal cancer from 1975-197
the stage of CRC and the size of the tumor were recorded. The distribution of the data was
estimated using the fit function of the python package scipy in Python 3.5. Due to the skewed
nature of the data, the distributions considered for the estimated distribution were: truncated
normal, generalized beta, log-normal, and gamma, using a chi-square test as the determination of
best fit. The histogram of the data and the best estimated distribution is shown in Figure 3.3. It was
determined that a generalized beta distribution, with parameters a = 4.17, a = 6.98, location =
—0.04, and scale = 1.34, was the best fit, with a chi-square test p-value of 0.9999. With the size
of the cancer at detection determined, an exponential growth model for the cancer is fit using the
Sojourn time, ST, size of the cancer at clinical detection, s.;;,, and the assumption that a detectible

cancer begins at the size of 0.5mm. The cancer’s growth rate, 7,.4,,cer, 1S calculated as shown in

Eq. 3.10.

1

Sclin\ST
Teancer = ( (():1511) 3.10
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Figure 3.3. Distribution fitting for 1975-1979 CRC SEER data

Stage of cancer is assigned through a multinomial logistic regression (MLR) model, as was
used by Rutter et al.’. This model uses the predictor variable as the size of the cancer at detection
and the dependent, categorical variable as the stage of cancer, Stage I-IV. The MLR model uses a
linear predictor function and takes the form shown in Eqns. 3.11-12, with f3,, ; being a regression

coefficient corresponding to the nth term of the predictor function for the i-th category.

exP(ﬁo,i + ﬁl,iSCRc)
1+ %3 1 exp(Boj + PrrScrc)

Pr(stage =i € {1,2,3}|size = s¢pc) =

3
Pr(stage = 4|size = scpc) = 1 — Pr (stage = k|size = Scgc) 3.12
k=1

The values for each regression coefficient was determined through the use of Maximum
Likelihood Estimation (MLE)" utilizing CRC specific size and stage data from the SEER
database!>®. Figure 3.4 displays the resulting fit of the MLR model as along with the data used to

develop the model. The resulting fit shows a relatively poor fit at the lower range of sizes, however
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after a size of about 20 mm we see the MLR model performing very well in representing the rest

of the data.
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Figure 3.4 Multinomial logistic regression fit of CRC stage to size of the cancer

The final portion of CRC-SPIN’s natural history section is the determination of death due
to CRC. The model used to represent the hazard from cancer was the Cox’s proportional hazard
model'® is found in Eq. 3.13.

H(t) = exp(XB + v¢) 3.13

Where X denotes a vector of covariates of the individual, B represents the hazard
coefficient vector for the associated covariates of the individual, and y, represents the temporal
hazard vector associated with time interval (¢t — 1, t], with t being the time since diagnosis. The
covariates that were considered were those based on CRC-SPIN’s initial model, age at diagnosis
and sex of the individual. In addition to the covariates, a total of eight hazard models are developed

based on whether the cancer is located in colon or rectum and the stage at which the cancer is
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detected. The parameters of the model were estimated through the use of the NIH’s CANSURV ¢!
software, with the data used for regression being CRC survival data from 1975 to 1979 within the
SEER database!>®. With the hazard model constructed, the expression for the probability of
survival up to interval (t — 1,t], found in Eq. 3.14, is used to generate the length of time lived

after CRC diagnosis.

t t

S(t) = 1_[ exp(—H()) = 1_[ exp(—exp(XB +vi)) 3.14

i=1

After the age of death due to CRC has been calculated for each of the adenomas developed
by the individual, the simulation re-evaluates the size at detection for each of the carcinomas
present. It determines the age at which the individual has the first clinically detected case of CRC
and determines the size of all other preclinical cancers present at that age, evaluating the stage
associated with the cancer based on the reduced size. The newly evaluated stage for each instance
of CRC is then bounded by the stage that instance of CRC would be, were it detected from
symptomatic means. This is done to ensure the probability of the new stage being more advanced
than the stage if it were detected through symptoms. For the evaluation of assignment of age of
death due to CRC, the age is determined by the instance of CRC that is the most advanced stage
at the time of detection, shown in Figure 3.5. If there are more than one instances of CRC at the
most advanced stage, the earliest age of death from CRC is taken. Finally, the individual’s lifespan
is updated, choosing the earlier of the age of death due to sources outside of CRC and age of death

due to CRC.
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Figure 3.5 Example timelines demonstrating the model’s determination of CRC stage at detection.

A total of 23 input parameters are used in the CRC-SPIN model. These parameters’
distributions were determined through a Markov Chain Monte Carlo calibration technique®2. In
their work, Rutter and Savarino reported the prior distributions used for each parameter, the mean,
the 2.5 % quantile, and the 97.5 % quantile of the posterior distribution, and the overlap of the
posterior distribution with the prior distribution. As a way of estimating these posterior
distributions, a wide array of probability distributions were evaluated using those four reported
values. The parameters used to describe the trial distributions were evaluated by minimizing the
sum of the square errors from the reported values. The distributions were ranked based on the sum
of the square error around the reported values, and the distribution with the lowest error was used
for each parameter. These parameters are listed with their associated use within the model in Table

3.1.

75



Table 3.1 CRC-SPIN’s parameter list

Parameters Associated model use
Qp, 0, A1, A1, Az 2, A2 3,02 4 Adenoma risk
Brc: B Brr P Adenoma growth*

Vl,c,m; Vz,c,m; Vl,c,f; yz,c,f
Yirm V2 rm Vl,r,f' )/Z,T,f

Transition from adenoma to carcinoma**

Uer Tey Uy Ty Sojourn time*

* Location specific: r = rectum, c=colon
** Location and sex specific: r = rectum, c=colon, m=male, f= female

With all of the individual sub-components of the natural history combined, the
microsimulation generates an individual’s lifetime, identifying all major events pertaining to CRC
within the lifetime. A chart summarizing the flow of the natural history section for a single
individual is given in Figure 3.6. This process can then be repeated a number of times to generate
an entire cohort of people. Individual and population level trends from this unscreened cohort can
then be calculated, e.g. annual CRC incidence rate, annual CRC death rate, number of adenomas

in the population, or average number of adenomas developed by an individual.
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Figure 3.6 CRC microsimulation natural history component flowchart for a single individual
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3.1.2 Verification of Implemented CRC Microsimulation

The first verification performed was to confirm the created CRC microsimulation the
properly simulated adenomas within the individuals. Two outputs were investigated: 1) the rate of
occurrence of adenomas within a population as a function of age, 2) the average number of
adenomas within a 65 year old individual, given the individual had at least one adenoma, and the
number of adenomas and their locations per 1,000 individuals generated.

To investigate the rate of occurrence of adenomas, a cohort of 15 million males were
simulated, using the same individual base-line risk, a, ;, for each individual, storing the ages at
which an adenoma was developed. A normalized histogram of the ages was then constructed, a
plot of the instantaneous risk of developing an adenoma, Eq. 3.1, was then overlaid on the
histogram, seen in Figure 3.7. The generated distribution of ages, very closely fit the instantaneous
risk function (solid orange line), confirming the implemented algorithm (Figure 3.2) provided a

similar age distribution to that defined by Rutter and Savarino®.

Age of adenoma occurrence

0.030 4

0.025

o
o
]
=

Frequency

0.010

0.005

Figure 3.7 Adenoma occurrence verification
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With the age distribution verified, we then had to verify the number of adenomas generated
was approximately correct. This was verified by values presented in Table 3.2. This table
investigates the total number of adenomas by size and location within a cohort of 1,000, 65-year-
old individuals, showing a general under estimation of the number of adenomas generated. In
addition to those adenoma totals, the average number of adenomas within a 65-year-old, given that
individual has at least one adenoma, was calculated. It was reported'®? for CRC-SPIN for this value
to be 1.8 adenomas, the value that was calculated from the CRC-SPIN recreation was
1.72 (£0.04). In general, the CRC model underestimates the total number of adenomas while
accurately representing the rate of adenoma occurrence compared with CRC-SPIN. However,
within the verification of CRC-SPIN®, it was noted that CRC-SPIN on average overestimated the
number of adenomas present. Thus the slight underestimation of the total number of adenomas
developed is an acceptable deviation from CRC-SPIN, overall showing the created CRC
microsimulation having a comparable simulation of the adenoma occurrence and growth to that of

CRC-SPIN.

Table 3.2 Total adenomas by size and location

Location Size Reported®® Recreation
Rectum 1-5mm 14 11.3(£0.6)
6 — 9 mm 9 6.8 (£0.3)
> 10 mm 27 18.8 ( 0.8)
Colon 1-5mm 315 287.1 (£13.0)
6—9 mm 112 102.0 (+4.5)
> 10 mm 68 73.2 (£3.1)
Total 1-5mm 329 298.3 (£13.5)
6—9 mm 121 108.8 (+4.8)
> 10 mm 88 92.1 (= 3.8)
Total 538 4992 (+21.6)

The second set of tests were performed to verify 1) the transition of adenomas to cancer
and 2) cancer stage and location distribution at diagnosis. The sub-component of the transition

probability of an adenoma to transition into CRC was verified through the simulation of 15 million
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individuals, collecting the sizes at which adenomas transitioned to a cancerous state. Since the
expression for transition probability, Eq. 3.6, is defined by location of the adenoma, sex of the
individual, and age at which the adenoma developed, the stored transition sizes were broken into
16 sub-groups around those definitions. A histogram was then generated for each of the sub groups
overlaying the corresponding cumulative distribution function, normalized to the maximum
possible size of an adenoma. An example chart is displayed in Figure 3.8, showing the cumulative
transition probability of an adenoma that developed in the colon of a female at age 45 as a function
of size, similar plots of various ages for males and females for both colon and rectum can be found
in Appendix A. The fit of this plot suggests our transition size is a valid representation of that

found in CRC-SPIN.
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Figure 3.8 Cumulative transition probability of colon cancer for a 45 year-old female
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To verify the distributions of clinically detected CRC, the same simulated 15 million
people were used. When an individual was diagnosed with CRC, the location and the stage were
stored. It has been reported® that approximately 30 % of all cases of CRC come from rectal cancer,
the proportion of rectal cancer cases found from the created model was 29 % (4 0.001), showing
our model provides a good representation of location distribution of CRC cases. The resulting
distribution of the CRC stages at clinical detection for the created model and reported values of
CRC-SPIN found in Table 3.3. The stage distribution of the created CRC model match that of
CRC-SPIN’s reported values, with slight deviation in Stage I and Stage III. However, the reported
values of CRC-SPIN fall within the created model’s 95% confidence interval. Both tests confirmed

the CRC model properly represented the location and stage distribution of clinical cases of CRC.

Table 3.3 CRC stage breakdown
Cancer Stage CRC-SPIN reported values’ Created model values

Stage 1 18 18 (+.1)
Stage 11 36 37 (£.1)
Stage II1 27 26 (+.1)
Stage IV 19 19 (+.1)

The final verification tests involved the interactions of each of the subcomponents of the
natural history model, investigating 1) average dwell times, or time needed to become cancerous,
of the adenomas, 2) CRC incidence of a cohort, and 3) adenoma prevalence and CRC incidence as
a function of age. All of these were tested by simulating 1,000 cohorts of 1,000,000, 55-year old,
individuals, with each cohort having a different input parameter set generated from our fit
simulation parameter distributions.

The dwell times investigated were the time it took for an adenoma to reach a cancerous
state after it initially developed, the time it took for a cancerous adenoma to be clinically detected,

also known as the Sojourn time, and the overall time for a cancerous adenoma to be clinically
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detected after the adenoma develops. This calculation only considered the dwell times for
clinically detected cases of CRC across all iterations. From the values collected the mean, median,
and the interquartile range were calculated and compared to published!®? values for the CRC-SPIN
model, presented in Table 3.4. The close match for our adenoma to a cancerous state dwell time is
very promising, as it has been noted'®? that this dwell time has a very large impact on the screening
efficacy. Matching these dwell times help confirm our model’s representation of the progression
of CRC in an individual. It should be noted that the mean and the median value for our recreated
sojourn time are swapped from the published results. However, as the sojourn time is log-normally
distributed, the median value should always be lower in value than that of the mean value, and it

is believed these values were unintentionally swapped when reported.

Table 3.4 Dwell time information

Dwell time CRC-SPIN Recreated

values'®? values
Adenoma to cancerous state
Mean 24.2 25.01 +-0.003
Median 23.0 23.38
Interquartile range 16 - 31 15.50-32.92
Sojourn time
Mean 1.6 1.97 +- 0.0004
Median 2.0 1.59
Interquartile range 1-2 0.94 -2.51
Overall
Mean 25.8 26.98 +-.003
Median 24.0 25.37
Interquartile range 17-33 17.52 — 34.88

The cumulative CRC incidence investigates the fraction of the cohort that has been
clinically diagnosed with CRC. To calculate the cumulative CRC incidence, the simulated cohorts
were separated into two sub groups, one where no adenomas are present at age 55 and the other
where an adenoma or preclinical cancer is present at age 55. Incidence was tracked for ages 55

through 85 for each sub-group as well as the number of individuals alive in each sub-group. For
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this test, the risk of death from CRC was removed in accordance to the reported results'®? for CRC-
SPIN. The generated cumulative incidence values were then plot against CRC-SPIN values, this
comparison can be seen in Figure 3.9. The plot shows a good representation of the progression of
CRC in the population without adenomas or preclinical CRC at age 55, but a moderate deviation
for the representation of CRC progression in the population that had CRC precursors at or before
age 55 is seen starting at around age 65. The general trend is still seen for both sub-population with
respect to the cumulative CRC incidence, however the deviation for the population that had
adenomas/preclinical CRC prompted the further investigation of the adenoma prevalence and

clinical incidence rate.

Cumulative CRC incidence
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Figure 3.9 Cumulative CRC incidence'®?

The adenoma prevalence of a cohort measures the fraction of the population that has at
least one adenoma developed at a given age, and clinical incidence rate of CRC denotes the total
new cases of CRC diagnosed within the year. The number of individuals that had a clinically

detected cancer was tallied based on age, and were then normalized to represent the rates per
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100,000 individuals. The generated values along with their 95 % confidence interval were then
plotted next to reported values'®? for CRC-SPIN, the plots can be found in Figure 3.10 and Figure
3.10 for adenoma prevalence and CRC incidence respectively. From the adenoma prevalence plot
we notice a good match with ages less than 55 and greater than 80, then the range in-between,
which was to be expected from the results presented in Table 3.2. It is also noted, by Figure 3.10,
that the clinical incidence rate shows a similar deviation as that found in Figure 3.10. This deviation
is likely a result from the under-estimation of adenomas presented in Table 3.2. The model over
estimates the adenoma prevalence for the population ranging from age 55 to 80, but the total
adenomas found at age 65 is lower than expected. This could easily contribute to the decrease seen
in CRC incidence starting at age 65. Without a lower number of adenomas, that reduces the risk
of an individual developing CRC. Although the model under-estimates CRC incidence in the later
stage, while in general over-estimating the adenoma prevalence, the model was deemed acceptable
deviation from reported values for the sake of our use within an optimization framework. This
acceptable deviation was determined as the dwell times show that we still more or less capture that
CRC progression within an individual’s life time, meaning we should see reasonable results while

applying our methodology for optimal screening determination.
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Figure 3.10 Adenoma prevalence as a function of age!®?
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Figure 3.11 CRC incidence as a function of age'®?
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3.1.3 Screening Component Implementation

The screening component of the simulation, depicted in Figure 3.12, takes two inputs, an

individual’s life history, generated by the natural history section, and a screening strategy. For this

implementation, a screening strategy is defined by a screening test type, a screening frequency,

and a starting and ending age for screening. The compliance rate for screening is incorporated into

the model as a parameter that depends on the screening test employed. At the end of the screening

component, a modified life history for the individual is generated by having the screening strategy

to disrupt the natural progression of CRC within the individual. The screening timeline, for

simplification purposes, is discretized in to one year increments, assuming that a screening test

captures every event that happens within the year.
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Figure 3.12 Flow chart of the screening and surveillance portion of the microsimulation.

There are two types of screening tests incorporated in the microsimulation: endoscopic and

fecal tests. Each test has corresponding sensitivities and specificities associated with it'®3, outlined
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in Section 3.1.4. For endoscopic tests, colonoscopy and sigmoidoscopy are included. The only
difference between the two comes from the reach of the test, where the colonoscopy can screen
the entirety of the colon, but sigmoidoscopy can only reach to the end of sigmoid colon, or about
30 % of the entire colon!”. For fecal tests, fecal immunochemical test (FIT) is included, where the
test has a reach of the entire colon.

The screening component preforms two major actions depending on if the test is an
endoscopic test or a fecal test. For the fecal test, the action starts with determining the age at which
the individual has the test performed. From there, the number of adenomas the individual has at
that age is evaluated. If there are no adenomas, a check for a false positive test result is performed
via a random Uniform(0,1) value and comparing this value with the defined specificity of the test.
For the visual tests, colonoscopy and sigmoidoscopy, the specificity is assumed to be 1.0, meaning
there are no false positives. However, for the FIT the specificity is defined to be 0.93'°. If the value
is greater the specificity, a false positive test occurs. If at least one adenoma has developed within
that person, a random Uniform(0,1) value is generated and compared to the sensitivity associated
with that adenoma’s current state, i.e., the size of the adenoma or if it has reached a cancerous state
or not, providing a positive result if at least one adenoma, or cancer, is found. When a positive
result is returned, a diagnostic colonoscopy is scheduled for that individual the same year, with the
assumption that the individual is 100 % complaint with the diagnostic colonoscopy.

The endoscopic tests are the actions that actually modify an individual’s life history. The
initial evaluations are similar to that of the fecal test, determining the age of the individual and the
presence of adenomas given the age. However, because we assume a perfect specificity there is no
chance of a false positive. Each adenoma present at the time of screening is evaluated for detection

based on the adenoma’s state and location in the colon. If an adenoma is found prior to transitioning

87



to a cancerous state, a polypectomy is preformed, removing the adenoma from the individual. The
adenoma removal also removes all remaining life events, such as transitioning to a cancerous state,
associated with that adenoma from the individual’s life history. Finally, if the endoscopic test being
performed was a sigmoidoscopy and at least one adenoma was found, a diagnostic colonoscopy is
scheduled with similar assumptions as in fecal test.

The screening component preforms these tests as defined by the input screening strategy.
These strategies are limited to only allowing one screening test type to be chosen at a time, however
this does not restrict the use of a diagnostic colonoscopy after positive test results. If a diagnostic
colonoscopy or polypectomy is performed for any of the tested screening strategies, the individual
is placed within a given risk category as defined in Table 3.5. The individual is then placed on
surveillance screening with the time in between tests dependent on the risk category they were
placed in. If the individual is diagnosed with cancer at any point within the screening process, they
become ineligible for further screening. Once the individual reaches the end of screening age, an
updated screened life history is output allowing a comparison to the natural life history of the

individual to assess the effect of screening.

Table 3.5 Surveillance screening risk categories, definition, recommended range, and the used
screening period 164163

Recommended Screening
Risk category Category definition range (years) period (years)
Low 1 — 2 adenomas (< 1cm) 5-10 7

3 -10 adenomas (< 1lcm)
High OR 3 3
1 adenoma = 1 cm

Special > 10 adenomas 1-3 2
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3.1.4 Description and sources of model parameters

Four metrics, three associated with monetary costs and one based on QALY, are used to
assess the effectiveness of a screening strategy. For each year of life, an individual has monetary
cost and QALY values, which are discounted at an annual rate of 3%. The sum of the discounted
values over the entire simulated cohort is utilized to assess the effectiveness of a given screening
strategy. The monetary costs include screening and CRC treatments. The screening costs depend
on the test type '°6. The treatment costs include the initial diagnosis, continuing treatment, and
death associated with CRC 6. The annual QALY uses a weight associated with the health state
that the individual is in for a given year '®’. Additionally, there is a disutility associated with the
endoscopic screening test modalities: a single decrement of 0.0055, or approximately two days, to
that year’s weight. A summary of the states and the associated weights and costs is in Table 3.6,

alongside the costs for different screening tests.
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Table 3.6 Annual QALY weights associated with CRC and related treatment costs, and
screening costs

Health state Quality adjustment '¢’ Cost for the year ($) '
Healthy 1.0 0
Adenoma 1.0 0
Undiagnosed CRC 1.0 0
Diagnosed CRC stage 1
Initial detection 0.88 33,332
Continuing treatment 0.95 2,721
CRC death (year before) 0.3 61,312
Non-CRC death 0.95 15,106
Diagnosed CRC stage 11
Initial detection 0.82 46,330
Continuing treatment 0.95 2,537
CRC death (year before) 0.3 61,138
Non-CRC death 0.95 13,213
Diagnosed CRC stage 111
Initial detection 0.76 56,678
Continuing treatment 0.76 3,626
CRC death (year before) 0.3 64,421
Non-CRC death 0.76 17,480
Diagnosed CRC stage IV
Initial detection 0.3 74,278
Continuing treatment 0.3 11,239
CRC death (year before) 0.3 86,458
Non-CRC death 0.3 46,934
Screening test Screening disutility Cost per test ($) '
FIT None 30
Colonoscopy 0.0055 870
w/ polypectomy 0.0055 900
Sigmoidoscopy 0.0055 270
w/ polypectomy 0.0055 300
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The detection rate of CRC and its precursors depends on the test used and the state of the
disease. For a FIT, the detection rates for an adenoma < 10 mm, an adenoma = 10 mm, and CRC
are 6 %, 35 %, and 88 %, respectively °. For a colonoscopy, the CRC detection rate of CRC is
taken to be 100 %, with the adenoma detection rate as defined in Eqn. (1) 32, where DR is the
detection rate and s is the size of the adenoma in mm. A sigmoidoscopy uses the same detection
rates as a colonoscopy. However, if the location of the adenoma or cancer is past the Sigmoid

colon, the detection rate is 0 % regardless of stage.

DR =1 — (0.34 — 0.035s + 0.000952) 3.15

3.2 DFO Algorithm Determination

75.168 that the performance of a DFO solver can greatly

It has been shown in previous work
depend on the problem needing to be solved. This section aims to determine the DFO solver that
is best suited to solve the CRCSP, a test problem that shares similar characteristics to those of the
CRC screening problem was constructed. The performance of ten DFO solvers that can handle

combinatorial optimization problems, outlined in Section 2.2.1, were evaluated using this test

problem and confirmed by using the CRCSP.
3.2.1 Evaluation of selected DFO Solvers on a Test Problem

3.2.1.1 Definition of the Test Problem

The DFO algorithms were used to solve several instances of a test problem that share the
characteristics of the CRC screening problem. The number of decision variables was varied to
explore the impact of problem dimensions on the performance of the solvers. The decision
variables within the test problem are x;, for i = {0,1, ..., N} where N depends on the test instance.

The test problem instances, all nonlinear combinatorial programs, are given in Eqns. 3.16-3.22
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(centered test problem), and in Eqns. 3.16-3.21 and 3.23 (off-centered test problem). They utilize
a modified three dimensional, N = 3, (Eq. 3.22) and N-dimensional, N = {3,6,9}, (Eq. 3.23)
Ackley function '® as the objective (Eq. 3.16). The Ackley function is chosen due to its numerous
local minima, a feature that is believed to be present within the CRC screening problem. Variable
y;i, for i = {1,2,..., N}, is introduced to achieve symmetric solutions where the centered test
problem has N = 3 and the off-centered test problem has N € {3,6,9}. This variable (y;) is
calculated by rounding decision variable x; to the nearest multiple of five (Eq. 3.17). Equation
3.18 defines the variable (a) that changes the objective function’s maximum and minimum values.
Similar to the screening problem, this variable can take on three values as restricted by the
categorical variable x, (Eq. 3.21). Because the CRC screening problem is a combinatorial
problem, the remaining decision variables x;, for i = {1,2, ..., N}, are restricted to integer domains,
as shown in Eq. 3.22.

For visualization purposes, a two dimensional (2-D) continuous version of the objective
function, F(x) is rendered in Figure 3.13 (A) — (C) for the centered test problem with bounds
presented in Eq. 3.22. The numerous local minima and the global minimum located at the center
of the feasible region are the inherent features of the Ackley function. The plots (A), (B), and (C)
of Figure 3.13 show the effect that the decision variable x, has on the shape of the objective
function and the global minimum. As the value of x, increases from -1 to 1, the range of F(x) also
increases, with the greatest range and the smallest global minimum value corresponding to x, =
1, shown in plot C (Figure 3.13). The effects that variable y; has on the symmetry of the problem
is illustrated by the numerous flat regions within each plot of Figure 3.13. Finally, the bounds
defined in Eq. 3.22 affect the location of the minima, with these bounds placing the minimum in

the center of the feasible region.
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min F (x) = ~2aexp (—b %i(ym) ~exp (%i cos(cya) +a+tep(t) 3.16

i=1

=1
sty = 5[";] i={12,.., N} 3.17
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Figure 3.13 Continuous 2-D version of the centered test problem A) surface plot with xo, = —1, B)
surface plot with xo = 0, C) surface plot with xo = 1.

Three instances of the off-centered test problem are constructed using the bounds given in

Eq. 3.23 (replacing Eq. 3.22 of the centered problem). The global optima of these test instance are
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near the boundary of the feasible region in contrast to the first instance where the global optimum
is in the center of the feasible region. A rendering of 2-D continuous form of the off-centered test
problem can be found in Figure 3.14 (A) — (C) for bounds consistent with Eq. 3.23. The only
difference between Figure 3.13 and Figure 3.14 are the shift the bounds have on the location of
the problem’s global minimum.

X1, X4, %7 € {—8,-7,...,56}

X, X5, Xg € {—56,—55, ...,8}
X3, X6, X9 € {—32,-31,...,32}
A

3.23

Fo 2

S s
= > 30
4 =10 T o 40 o

Figure 3.14 Continuous 2-D version of the off-centered test problem A) surface plot with xo = —1, B)
surface plot with xy = 0, C) surface plot with xy = 1.

3.2.1.2 Experimental Setup for the DFO Solvers Applied to the Modified Ackley Function
Test Problem
The termination criterion for all DFO solvers was set to 1,000 model evaluations. The
evaluation limit was chosen to provide a low computational budget but a large enough one to allow
for the more efficient solvers to identify the optimum. For the domain given in Eq. 3.22, all solvers
evaluated the randomly generated point x, = 0,x; = 0,x, = 25,x3 = 16 as their initial point,
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except for TOMLAB/glcSolve and TOMLAB/glcDirect where the initial point cannot be chosen
and is set to xo = 0,x; = 0,x, = 0,x3 = 0. For the domain given in Eq. 3.23, every solver
evaluated xo = 0,x, ; = 24,x,; = —24,x3; = 0 as the initial point, to provide each solver the
same starting point as TOMLAB/glcSolve and TOMLAB/glcDirect. For solvers that require a set
of initial points (instead of a single location), i.e., DEAP-GA, GPyOpt, MIDACO, CMA-ES, and
RBFOpt, the same starting point was placed inside that initial set. If a DFO solver terminated
before reaching 1,000 model evaluations, e.g., the local solvers may converge to a solution, a
multi-start approach was used until 1,000 model evaluations were reached. The different starting
points were generated randomly from a discrete uniform distribution covering the range of each
decision variable.

Default algorithmic parameters and settings were used for each solver, except for DEAP-
GA and SimAnneal solvers, which require a set of user-defined parameters. The default parameters
are used to evaluate the out-of-the-box capabilities of the solvers. Table 3.7 summarizes the
versions of the solvers used within the study. For DEAP-GA solver, the population per generation
was set to 50, the next generation was selected via a roulette process, the mating method used a 2-
point crossover with a probability of occurrence of 50%, and the mutation rate was set to 25%.
The SimAnneal solver used the default settings for starting temperature and ending temperature,
25,000 and 2.5, respectively. The movements between states were defined such that each value for
Xo can be chosen with equal probability for the new state, and the step size for the remaining
variables was set via random sampling from a Uniform(-16,16) distribution, corresponding to plus
or minus a quarter of the entire range of the variable’s bounds. If the step size were to exceed a

decision variable’s bounds at any state, the step size was adjusted to the bound that is exceeded.
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Table 3.7. Solver versions used within the study

Solver Version Solver Version
SimAnneal 0.4.2 CMA-ES 3.33.integer
DFL NA TOMLAB/glcSolve 8.5
DEAP-GA 1.2.2 RBFOpt 4.0.2
MIDACO 6.0 NOMAD 3.8.1
TOMLAB/glcDirect 8.5 GPyOpt 1.2.5

For solvers that allowed decision variables to explicitly be defined as categorical variables,
i.e., NOMAD and GPyOpt, x, was defined as a categorical variable. For the rest, three binary
variables, xg 1, X > and, x, 3, were defined where a value of xq; = 1 represents xo = —1, xp, =
1 represents xo = 0, and x5 = 1 represents x, = 1. A new constraint, given in Eq. 3.24, was
added to the optimization problem instances. For the solvers that can only handle unconstrained
optimization problems, a null evaluation was returned as the objective function value to the solver
when this constraint (Eq. 9) was violated. The RBFOpt solver could not handle a null value,
instead, an output of 102, a large enough value compared to the objective function values to
represent infinity, was returned. The implementation of MIDACO solver had a limit on the number
of decision variables it can handle, therefore, x, was treated as a categorical variable. The test
problems were solved twice using TOMLAB solvers, glcSolve and glcDirect, once x, defined as
a categorical variable and once using the binary variables (xg 1, Xo > and, x, 3) with the additional
constraint, Eq. 3.24. The DFL solver was only used to solve the first instance of the test problem
twice, first using categorical then using the binary decision variable definitions. Based on the
results, it was concluded that the decision variable x, should be defined as a categorical variable
for the second instance of the test problem for the DFL solver. The test problem instances were

implemented in Python 3.5.
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xb'l + xb’z + xb'3 =1 3.24

Both NOMAD and DFL solvers were run using compiled executables, accessing Python
3.5 for the test problem. The CMA-ES and TOMLAB solvers were run using MATLAB R2015b,
accessing Python 3.5 for the problems. The remaining solvers were implemented in Python 3.5,
all on an Intel Xeon E5-2650 2.30 GHz processor.

Two initial criteria were used to evaluate the performance of the solvers. Three additional
criteria were defined to compare the local search solver performances. The top-performing solvers
were evaluated using two additional criteria. The first criterion for all solvers was the absolute
percent difference from the optimum (Eqn. 3.25) and how it changes as a function of the total
number of objective function evaluations.

yi —yopt

yopt

% dif f = 3.25

In Eq. (10), y; is the current best-identified solution by the solver for function evaluation

opt

i, and y°P* is the global minimum of the function. The second criterion was the solution time,
which includes the time the solver took to generate and perform the 1,000 function evaluations.

For the local search solvers, the first additional performance criterion was the percentage

improvement given a starting point, given by Eqn. 3.26,

vy = f(xo) 3.26
yopt — f(x0)

where f(x,) is the function value at the starting point x, y* is the best-identified solution

% improvement =

by the solver using the starting point x,, and y°P¢

is the global minimum of the function. The
second and third additional criteria for local solvers are the number of times % improvement

was equal to one and the number of times % improvement was equal to zero for the various

starting points tested. Finally, the criteria to evaluate the top performers are the percentage of
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instances in which the solver identified the global minimum and the number of function

evaluations needed to identify the global minimum.

3.2.1.3 Results of the Modified Ackley Function Tests

3.2.1.3.1 Comparison of the Solution Times

The times taken by solvers to generate and evaluate the 1,000 functional calls are
summarized in Table 3.8. The results in Table 3.8 reveal that the solution times were comparable
to each other for all solvers, aside from three outliers RBFOpt, NOMAD, and GPyOpt, with
GPyOpt being the most extreme. The outlier solvers construct an approximate model of the
objective function and solve an optimization problem using it to generate the next point to evaluate,
which in turn takes more time than direct search algorithms. The differences in solution times of
RBFOpt, NOMAD, and GPyOpt are a direct outcome of the efficiency of each solver in generating
the approximate model and in solving the resulting optimization problem. The approximate model
building times are a significant portion of these solvers’ run time and make them less efficient than
the direct search solvers when the evaluation of the black-box model is not computationally
expensive. However, when the objective function becomes more computationally expensive to
evaluate, the time disparity between model-based and direct search algorithms has less of an

impact on the total solution time.
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Table 3.8. Evaluated DFO solution times (wall time) for the centered test problem (total of 1000 function

calls).
Wall Time Wall Time
Solver Solver
(h:mm:ss) (h:mm:ss)
SimAnneal  0:00:04 CMA-ES  0:00:05

DFL  0:00:04 TOMLAB/glcSolve  0:00:06

DEAP-GA  0:00:05 RBFOpt  0:03:22
MIDACO  0:00:05 NOMAD  0:07:59
TOMLAB/glcDirect ~ 0:00:05 GPyOpt  4:37:05

3.2.1.3.2 Comparison and Analysis of the Local Search Solvers

The solvers DFL and NOMAD were the local ones. Figure 3.15 shows the absolute percent
difference from the optimum as a function of total black-box evaluations for the centered test
problem. The NOMAD solver utilizes random numbers within the search step of the solver;
therefore, we performed a series of 50 runs, each reaching 1,000 function evaluations, to assess its
performance. In Figure 3.15, the line denoted “Best NOMAD” shows the run that converged on to
the optimal solution the fastest, “Worst NOMAD” shows the run that, after the 1,000 evaluations,
had the worst gap, and “Median NOMAD” shows the median case of the 50 runs. The median case
is determined by evaluating the median value of the absolute percent difference from the optimum.
Suppose multiple runs end with the same value of this criterion. In that case, we evaluate the area
under the absolute percent difference curve as a function of evaluations and take the run with the
median value. For the DFL solver, it was found that the performance was superior when model
implementation used a categorical variable, both in terms of locating the optimum as well as
general search direction rather than implementing the model using a set of binary variables. The

improvement is due to DFL perturbing a single variable at a time, therefore violating the constraint
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in Eq. 3.24 when attempting to vary the binary variables. This causes DFL never to change the set

of binary category variables and instead only to stay on the starting value.
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Figure 3.15 Change in absolute percent difference from the optimum with the number of function
evaluations for the local search solvers (DFL and NOMAD) on the centered test problem with the
domain of: x4, x5, x3 € {—32,-31, ..., 32}.

The percent improvements obtained from 30 different starting points by each solver are
compiled in Table 3.9, where the average improvement by each solver, number of times the solver
found the optimum, and the number of times the solver failed to yield any improvements are
presented. The metrics for NOMAD report the median per each starting point, with the 2.5 and
97.5 percentiles included in parenthesis. The results in Table 3.9 support the previous conclusions
that DFL is more effective using a categorical variable than a set of binary variables for solving
the test problem, yielding about a 15% increase on the average improvement and halving the

number of times DFL was unable to improve from the starting point. Overall, the performance of
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NOMAD is better than that of DFL for all criteria in Table 3.9. Average improvement over 30
different starting points for NOMAD and DFL for the centered test problem. The large range of results
observed for NOMAD (20.6% to 43.5% improvements at 2.5 and 97.5 percentiles) prompted the
question of whether the starting point or the random seed had a more significant effect. We
calculated the variance of the average improvement for each starting point based on the random
seed and compared it with the variance of the average improvement for each seed based on the
starting points. The variance for each starting point was 0.032, while the variance for each random
seed was 0.004. These results suggest that the starting point has a more significant effect on the

performance of NOMAD compared to the random seed.

Table 3.9. Average improvement over 30 different starting points for NOMAD and DFL for the
centered test problem

DFL DFL
NOMAD Categorical Binary
21.5%
Average improvement 17.8% 3.1%
(20.6%, 43.5%)
Number of times 5 1 0
optimum located (1.45, 9)
Number of times with 2 5 10
no improvements (1, 4)

The absolute percent difference from the optimum per function evaluation for the off-
centered test problem is presented in Figure 3.16, with the local solver specific evaluation criteria
in Table 3.10. Based on the comparative analysis of the DFL’s performance on both model
implementations of the centered test problems, only the model implementation using the
categorical variable is included for the off-centered test problem. As can be seen from Figure 3.16,

DFL performs well, finding the optimum on the first starting point. However, from Table 3.10, we
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note that DFL was only able to find the optimum once out of all 30 starting points. Table 3.10
reveals a notable increase in the average improvement for the off-centered problem when
compared to the centered problem (Table 3.9). This improvement, however, may be a result of the
starting points generated for the new bounds. On average, the objective function values of the new
starting points were 10% greater than the ones obtained for the centered test problem giving the
two solvers a larger opportunity to improve the objective function values. Overall, our findings
show that DFL is likely to converge on to a local optimum. However, if the starting point for DFL
is close to, or on a local optimum, DFL generally fails to improve that solution for functions that
have numerous local minima with many symmetric solutions. Alternatively, NOMAD has the
ability to significantly improve a solution that is close to a local minimum, but drastic improvement
is not always guaranteed for these types of problems.
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Figure 3.16 Change in absolute percent difference from the optimum with the number of function
evaluations for the local search solvers (DLF and NOMAD) on the off-centered test problem with
the domain of: x; € {—8,—-7,...,56},x, € {—56,—55, ...,8},x3 € {—32,-31, ...,32}.
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Table 3.10 Average improvement over 30 different starting points for NOMAD and DFL for the
off-centered modified Ackley function

NOMAD DFL
. 37.1% o
Average improvement (29.4%, 51.1%) 26.0%
Number of times 5 1
optimum located (2,10.8)
Number of times with 3
no improvements (1.2, 5) 4

3.2.1.3.3 Comparison and Analysis of the Global Search Solvers

Global search solvers have the tendency to rely heavily on random values to search the
entire domain. As such, four out of six of the global search solvers tested fall into the stochastic
search category and were, therefore, run for 50 times. TOMLAB/glcSolve and
TOMLAB/glcDirect, however, were only run once due to their deterministic nature. Figure 3.17
plots the change in absolute percent difference from the optimum with the number of function
evaluations for each solver. In Figure 3.17, the values observed for solvers SimAnneal, DEAP-
GA, CMA-ES, and GPyOpt are the median values of the 50 runs of the respective solver.

Of the stochastic solvers, GPyOpt was the only solver that consistently found the optimal
value within the allotted number of function evaluations. Interestingly and contrastingly to other
studies ">1%8 solver CMA-ES yielded the worst average performance, which we speculate may be
due to the number of symmetric solutions for the test problem. The symmetric solutions create flat
regions within the problem in a near checkerboard manner; see Figure 3.13Figure 3.14. The
function values in these flat regions change abruptly, creating a jagged surface. The CMA-ES
relies on updating its covariance matrix with the objective values from the set of all trial points to
effectively explore the solution space. If most, or all, of the trial points share a similar objective

value, no new information is available CMA-ES for update the covariance matrix. Hence, the
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CMA-ES solver does not have additional information regarding the direction of the global
minimum and generates random samples for the search, similar to the behavior of SimAnneal.
The comparison between TOMLAB/glcSolve and TOMLAB/glcDirect and the remaining
solvers are of little value for the centered test problem because TOMALB/glcSolve and
TOMLAB/glcDirect start their search at the center of the feasible region, which is very close to
the global optimum. However, the two solvers and the different decision variable implementations
of the DIRECT algorithm can be evaluated against each other. For the DIRECT algorithm, it is
noted that, due to the curse of dimensionality, efficiency suffers as the number of variables
increases °!. This can be seen through the comparison of glcSolve-bin and glcSolve-cat, as the
glcSolve-cat, where the model utilizes the categorical variable, identifies the global optimal much
quicker than the glcSolve-bin where binary variables were employed. It should be noted that for
the model with the categorical variable, glcSolve and glcDirect behaved identically, following the
same solution path. A difference is noticed, however, when comparing the solution paths for the
model with the binary variables. Figure 3.17 reveals that glcSolve locates the global minimum in
nearly 1/10" of the total function evaluations than it took for glcDirect to find the global minimum.
glcDirect attempted to evaluate points that violated the equality constraint associated with the
binary variables (Eqn. 3.24) during the initial function evaluations suggesting potential difficulties

in the handling of equality constraints.
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Figure 3.17 Change in absolute percent difference from the optimum with the number of function
evaluations for the global search solvers (glcSolve-bin & cat, glcDirect-bin, SimAnneal, DEAP-
GA, CMA-ES, and GPyOpt) on the centered test problem with the domain of: x4, x5, X3 €
[-32,-31,...,32].

The DFO performances in terms of absolute percent difference for the off-centered test
problem can be seen in Figure 3.18, with the absolute percent difference from the optimum for the
stochastic search based solvers corresponding to the median value of the 50 runs. The two
TOMLAB solvers outperform the remaining global search solvers. GPyOpt was the only other
solver that found the solution at least half the time. For SimAnneal and DEAP-GA, there was very
little change between the two versions of the test problem. SimAnneal was not able to improve the
initial solution considerably on either version, and DEAP-GA converged to the same solution for
both problems. On the other hand, CMA-ES located a solution with 33 % difference for the oft-
centered problem compared to 129 % for the centered one, a significant improvement. The

difference could be due to the location of the global optimum, in the corner of the search space for
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the off-centered problem (see Figure 3.14). The global optimum is located in a region with a steep
decrease in objective value, and the region surrounding the optimum is equal in objective value
(see Figure 3.13). Due to this, the likelihood of the solver overshooting the optimum and finding
similar solutions is decreased by the reduction of symmetric solutions surrounding the optimum
from shifting the bounds. Similar arguments could be made regarding GPyOpt performance; if the
acquisition function for GPyOpt were to sample from the region around the global minimum, it
would be sampling the points of the same value. These samples could suggest that instead of a
sudden decrease in values, a flat region would be present instead. This could drive the acquisition
function to sample the local minima rather than sampling what could seem like an entire region of

poor-quality solutions.
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Figure 3.18 Change in absolute percent difference from the optimum with the number of function
evaluations for the global search solvers (glcSolve-bin & cat, glcDirect-bin, SimAnneal, DEAP-
GA, CMA-ES, and GPyOpt) on the off-centered test problem with the domain of: xq €
{-8,-7,...,56},x, € {—56,-55, ...,8},x3 € {—32,-31, ..., 32}.
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3.2.1.3.4 Comparison and Analysis of the Hybrid Search Solvers

A plot presenting the absolute percent difference from the optimum versus the total number
of black-box evaluations can be found in Figure 3.19 for the first test problem. For both RBFOpt
and MIDACO, 50 runs were performed. The best run is marked with a dotted line, the worst is
marked with a dashed line, and the median of the runs is marked with a solid line in Figure 3.19.
The same plot for the second test problem is given in Figure 3.20.

Both figures reveal that, on average, MIDACO finds the optimum quicker than RBFOpt.
Because RBFOpt constructs a surrogate model, it generally requires more function evaluations to
build an accurate enough model to identify the region where the optimum lies. For both test
problems, RBFOpt was able to provide a better solution in the worst case. However, those
solutions still had a substantial gap from the true optimum. The categorical variable in the problems
was represented using a set of binary variables for the model solved by RBFOpt as per its
requirements. RBFOpt cannot solve constrained optimization problems. Hence, a very large
objective function value was returned for infeasible functions calls (i.e., when Eq. 3.24 was
violated) generated by RBFOpt, which potentially resulted in a poor fit surrogate model around
the neighborhood of the points that violate the constraint. Shifting of the bounds for the problem
had no substantial effect on either of the solvers’ performance, and they were both able to reliably
find the optimum solution. Across the 50 runs, MIDACO was able to find the global optimum 38
times for both test problems. For RBFOpt, there was a slight increase in performance for the off-
centered problem compared to the centered one, from 39 runs to 43 runs in which the global

optimum was found.
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Figure 3.19 Change in absolute percent difference from the optimum with the number of function
evaluations for the hybrid search solvers (MIDACO and RBFOpt) on the centered test problem
with the domain of: x4, x5, x3 € [-32,-31, ...,32].
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Figure 3.20 Change in absolute percent difference from the optimum with the number of function
evaluations for the hybrid search solvers (MIDACO and RBFOpt) on the off-centered test problem
with the domain of: x; € {—8,-7,...,56},x, € {—56,—55,...,8},x3 € {—32,-31, ...,32}.
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3.2.1.3.5 Effect of Problem Dimension

Figures Figure 3.21, Figure 3.22, andFigure 3.23 present the absolute percent difference
from the optimum versus the number of function evaluations for the four, six, and 10 variable
variants of the off-centered test problem. The values used in the plots for the solvers that utilize
random values (CMA-ES, DEAP-GA, GPyOpt, MIDACO, NOMAD, RBFOpt, and SimAnneal)
use the median of 50 different runs to assess the solvers’ average performance.

The solver DFL exhibited the best performance with the increase in the number of
variables. As with the 4-variable off-centered problem, DFL was able to identify the optimum on
the first starting point for the 7- and 10-variable versions of the off-centered problem. However,
the same trend for DFL was observed in that the first starting point was the only starting point
from which the solver converged to the optimal solution. Though none of the other solvers were
able to identify the optimum on average as the variables increased, some solvers were able to
identify the optimal solution a percentage of the time. For the seven-variable problem, RBFOpt,
NOMAD, CMA-ES, and MIDACO were able to identify the optimum 30 %, 26 %, 12 %, and 6
% of the time, respectively. For the 10-variable problem, only NOMAD was able to identify the
optimum more than once at 12 % of the time. The solvers, MIDACO and DEAP-GA, were the
only other solvers that identified the optimum once out of the 50 runs.

The performance of each solver was expected to worsen with an increase in the number of
variables while leaving the same computational budget in place. This trend was observed for each
of the solvers. The decline in performance for both GPyOpt and RBFOpt can be attributed to the
increase in solution space, creating a need for a higher number of function evaluations to construct
a reliable approximate model. However, the computational budget did not allow these solvers to
identify the optimal solution's neighborhood correctly. As mentioned in Section 3.2.1.3.3, the
decline of performance for the glcSolve and glcDirect can be attributed to the DIRECT algorithms

109



noted decline in performance as the variables increase °!. Solvers that use evolutionary methods,
DEAP-GA, SimAnneal, CMA-ES, and MIDACO, also suffer as their ability to search the solution
space effectively is severely hampered by the computational budget. Out of the four, DEAP-GA
performed the best on average as the number of variables increased. Although, both MIDACO and
CMA-ES performed better on the 7-variable problem in the identification rate of the optimum.
Although solvers, DFL and NOMAD, exhibited diminishing performance with increasing problem
dimensionality, their performance was the most robust. We hypothesize that because these solvers
utilize local search that converges relatively quickly, the multi-start approach allowed for the

convergence to multiple local minima within the allotted computational budget.
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Figure 3.21 Change in absolute percent difference from the optimum with the number of function
evaluations for all solvers on the 4-variable off-centered test problem.

110



175%

[y
(%
e
X

=
N
2
xX

=
(=]
o
xX

75%

50%

25%

Absolute Percent Difference from Optimum

0%

+#g|cSolve - cat
+glcSolve - bin
—+glcdirect - bin
#DFL

CMA-ES
£MIDACO
<©RBFOpt
©-GPyOpt
-<¢SimAnneal
©NOMAD
»¥DEAP-GA

1

10 100 1000
Number of Function Evaluations

Figure 3.22 Change in absolute percent difference from the optimum with the number of
function evaluations for all solvers on the 7-variable off-centered test problem.
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Figure 3.23 Change in absolute percent difference from the optimum with the number of
function evaluations for all solvers on the 10-variable off-centered test problem.
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3.2.1.3.6 Comparison of the Best Performing Solvers

Solvers were considered the best performers if they were able to identify the global
optimum at least 50% of the time for the problems with four variables, most similar to our CRC
screening test problem. These solvers are DFL, NOMAD, GPyOpt, TOMLAB/glcSolve, and
RBFOpt. Given the performances of TOMLAB/glcSolve and TOMLAB/glcDirect when solving
both test problems using the categorical and binary variables, TOMLAB/glcSolve was selected for
this comparison. Table 3.11 outlines the number of evaluations in which the solver identified the
global minimum, the percentage of runs where the solver located the optimum, and the number of
invalid function evaluations. For solvers other than DFL and TOMLAB/glcSolve, the values in
parenthesis are the best and worst cases, where the global minimum was still identified. DFL and
TOMLAB/glcSolve use deterministic search algorithms; therefore, the percentage of runs is not
an applicable metric.

From the six solvers, TOMLAB/glcSolve solved our test problems quickest for both the
centered and off-centered problem at 3™ and 37" function evaluations, respectively. In the best
case, GPyOpt identified the optimal in under half of the evaluations needed by TOMLAB/glcSolve
for the off-centered problem in 14 evaluations; however, the wall time necessary for GPyOpt to
run for such a simple test problem was significantly longer than TOMLAB/glcSolve. MIDACO
was second in identifying the optimum with the fewest function evaluations for the centered test
problem with a median value of 256 evaluations and third for the off-centered problem with a
median of 176 functional evaluations. Its hybrid search scheme allowed for quick identifications
of potentially promising regions, then refining those regions for better solutions. Unfortunately,
due to MIDACO’s heavy reliance on random values for the identification of promising regions, it
performed worse compared to the other solvers on reliably solving the problem, only solving 76
% of the cases for both test problems.

112



Table 3.11. Percentage of instances in which a solver found the global optimum, the evaluation
number in which the solver found the global optimum, and the total invalid solutions the solver
generated for A) the centered test problem and B) the 3 variable off-centered test problem

A) Centered Test Problem

Percentage of runs Evaluation # optimum Median number of

optimum located identified at invalid evaluations
DFL N/A 935 N/A 0
NOMAD 98 % 317 (26, 673) 0
GPyOpt 78 % 410 (36,997) 0
TOMLAB/glcSolve 100 % 3 NA 0
MIDACO 76 % 256 (32,904) 0

RBFOpt 78 % 433 (70, 966) 237

B) 3 Variable Off-centered Test Problem

Percentage of runs Evaluation # optimum Average number of

optimum located identified at invalid evaluations
DFL N/A 44 N/A 0
NOMAD 98 % 189 (42, 806) 0
GPyOpt 94 % 312 (14, 982) 0
TOMLAB/glcSolve 100 % 37 N/A 0
MIDACO 76 % 176 (61, 895) 0

RBFOpt 86 % 456 (49, 1000) 256

Behind TOMLAB/glcSolve and DFL, NOMAD was the next most reliable of the solvers
for the problems, finding the optimum 98 % of the time for both test cases. NOMAD and DFL,
being local search solvers, require a multi-start approach to reach the allotted computational
budget. These two solvers’ performance relies heavily on the starting point, where DFL identified
the optimum at evaluation 935 for the centered test problem and 44 for the off-centered problem.
The performance of GPyOpt also depends on the starting points. Despite this dependence, GPyOpt
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located the optimum for 78% runs for the centered test problem and 98% for the off-centered
problem. The performance of RBFOpt was similar for both test problems, with a slight increase in
the percentage of runs, from 78% to 86%, the optimum was located for the centered problem and
off-centered problem. Due to its inability to handle constraints and categorical variables explicitly,
RBFOpt required 433 function evaluations (the second-highest) for the centered and 456
evaluations (the highest) for the off-centered problem.

For this 4-variable combinatorial test problem, six solvers reliably identified the optimum
solution within the computational budget. TOMLAB/glcSolve was found to be the quickest in the
identification of the optimum for a combinatorial problem with a large number of symmetric
solutions and numerous local minima. The solvers MIDACO and NOMAD were the next best two
solvers for this problem. GPyOpt may not solve the problem quickly, but it is a top solver for
reliably identifying the optimum solution. Finally, DFL and RBFOpt were able to solve the
problem to optimality, but they experienced difficulties due to the symmetry of the problem.
Furthermore, RBFOpt returned 256 infeasible solutions due to its inability to handle constraints,
while the other five solver had none. Overall, TOMLAB/glcSolve performed the best out of the
solvers used and is recommended for solving combinatorial optimization problems with numerous
symmetric solutions and multiple local minima for a small number of variables. The TOMLAB
suite, however, is a commercial solver package; if an open-source solver is preferred, the NOMAD
solver is recommended. If the computational budget allows, the GPyOpt solver also shows promise
for these types of problems. However, if the problem has a high number of variables, the solvers
that should be considered are the open-source solvers NOMAD and DFL. For these, applying a
multi-start approach with a space-filling sampling method would likely yield the most reliable

results.
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3.2.2 Evaluation of Selected DFO Solvers on CRC Screening Problem

3.2.2.1 CRC Screening Problem Description

The aim of the CRC screening problem is to identify a screening strategy for a defined
population that maximizes the health benefits, quality-adjusted life years (QALY), of screening
for CRC while minimizing the costs associated with CRC and screening. The decision variables
are the screening test type, x;, screening period, x,, screening start age, x5, and screening end age,
x4. The objective (Eq. 3.27) is to minimize the expected value of the difference between the total
cost incurred due to CRC with screening and without screening, incorporating the QALY gained
due to screening as a reward for gaining quality years of life for the simulated cohort. The
expectation is approximated through the averaging of the total cohort costs calculated for each of

the |N| simulation iterations.
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X3 < Xy 3.33

x1 €{Colonoscopy, Sigmoidoscopy, FIT} 3.34
x,e{1,2, ...,40} 3.35
x3€{20,21, ...,65} 3.36
%,€{50,51, ...,85} 3.37

In Eq. 3.27, ci]"n is the total incurred cost due to screening and treatment of CRC of

individual i within the cohort, set I, for simulation iteration n, where the superscript j can either
be Nat, denoting the lifetime where no screening strategy is implemented, or Scr, denoting the

alternate lifetime in which a screening strategy is implemented. The variable y;,, is the QALY

gained due to screening for individual i € I = {0,1, ..., |I|} of the simulated cohort for the n*"

iteration of the microsimulation. For each decision variable set, the total incurred cost and QALY

gained are calculated using the microsimulation, explained in Section 3.1. In Eq.3.28, cl] n 18

S,j

c,j
im» and costs due to cancer treatment, c”{ over the

defined as the sum of screening costs, ¢
individual i’s lifetime j. Eq. 3.29 calculates y; ,using QALY lived by individual i for lifetime j in
simulation iteration n. The value of the QALY lived for the individual are based upon the health

sJj .cJ
. 9C" )
in’~in

state of the individual pertaining to the progression of CRC. The values of ¢ and yl.{n are
determined by the microsimulation, and these relationships are represented by Eqns. 3.30 - 3.32.
Equation 3.33 is a logical sequencing constraint ensuring that the starting age, x5, for a screening
strategy is less than or equal to the ending age, x,. The domain for each decision variable are

presented in Eqns.3.34 - 3.37.
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3.2.2.2 Experimental Setup for the CRC Screening Problem

For each solver, the termination criterion was set to a maximum of 350 microsimulation
evaluations, which allowed exploration of the search space within a reasonable computational
time. The same screening strategy, a colonoscopy every 10 years starting at age 50 and ending at
age 85, was used as the starting point for each solver, except for TOMLAB/glcSolve, which does
not allow a choice for the starting point. For those solvers that initialized a random set of starting
points, e.g., DEAP-GA, RBFOpt, and GPyOpt, the starting strategy was seeded within the initial
set of points. We utilized a multi-start approach for solvers which converged before 350
evaluations from the specified starting point (e.g., DFL, and NOMAD) using a sequence of
randomly pre-generated starting points. The solvers TOMLAB/glcSolve and TOMLAB/glcDirect
perform identically when the problem is modeled using a categorical decision variable, as such,
only results from TOMLAB/glcSolve are included in the analysis. The default parameter settings
were used for the solvers as much as possible. When necessary, the parameters were set as detailed
in Section 3.2.1.2 . The expected value in the objective function was estimated using 400 iterations
of the CRC microsimulation, with each iteration having an identical random seed across all solvers.
For each microsimulation evaluation, the cohort population was set to 1,000,000 males. A cohort
of a single-sex was chosen to provide a screening strategy based on similar risk factors. A previous
study (Meester et al., 2018) revealed that grouping cohorts by similar risk factors potentially allows
for a more effective screening strategy than using a screening strategy for a generalized population.
The entire cohort was initialized at birth, and each individual was tracked until age 100 or death,
whichever condition occurs first. The compliance to screening was assumed to be 100 %, and the

only screening tests performed to be the tests defined by the input screening strategy.
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3.2.2.3 Results of the DFO Solver Evaluation for CRC Screening Problem

Table 3.12 displays the identified best screening strategy and its objective value, as well as
the function evaluation at which the solver identified the solution for each of the tested DFO
solvers. The ending age column shows a range rather than a single value, due to the symmetry
present within the problem creating identical screening strategies within the range. It should be
noted that the global optimum for this problem is unknown, and determining this value would
require the evaluation of 19,644 unique screening strategies, or approximately 750 days’ worth of
computational time. As such, we will be referring to the minimum identified value as the optimum

value, even though we cannot guarantee it is the global solution.

Table 3.12. The best-identified solutions, the evaluation number at which the DFO solver
identified the solution and the number of invalid evaluations

Objective Evaluation
Value Screening  Screening Starting Ending  Number Invalid
Solver (Billion $) Test Period Age Age Identified Evaluations
DFL} -10.29 Colonoscopy 11 38 82-85 115 0
NOMAD] -10.29 Colonoscopy 11 38 82-85 207 2
DEAP-G -10.13 Colonoscopy 11 28 83-85 40 50
GPyOp -10.11 Colonoscopy 13 37 76-85 229 1
SimAnnea -10.12 Colonoscopy 13 39 78-85 194 50
glcSolv -10.29 Colonoscopy 11 38 82-85 106 0
CMA-ES]} -10.19 Colonoscopy 9 39 75-83 27 66
MIDACO} -10.29 Colonoscopy 11 38 82-85 112 2
RBFOp -10.06 Colonoscopy 10 28 78-85 346 107

The set of optimal solutions for the CRC screening problem was found to be a colonoscopy
every 11 years, starting at the age of 38 with the ending age ranging from 82 to 85. The value of
the objective function at the optimum was -10.29 billion dollars. The four solvers that identified

the optimum were DFL, NOMAD, TOMLAB/glcSolve, and MIDACO, with each identifying the
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solution at the 115%™, 209" 106", and 112" function evaluations, respectively. The remaining
solvers identified solutions that were within 3 % of the optimum. RBFOpt ended with the largest
absolute percent difference and the highest invalid evaluation count (i.e., infeasible solutions) at
2.24 % and 107, respectively. The solution was identified at evaluation 346 and had an objective
value of -10.06 billion dollars, suggesting to begin screening with a colonoscopy at age 28, every
10 years, with an ending age ranging from 78 to 85. The second-best performing solver, CMA-ES,
identified a solution with an objective value of -10.19 billion dollars, absolute percent difference
of 1.0 %, despite its second-highest number of invalid evaluations, 66. The screening strategy
suggested to start screening with a colonoscopy at age 39 and screening every 9 years, ending
screening from ages 75 to 83. The remaining three solvers, DEAP-GA, SimAnneal, and GPyOpt,
had objective values of -10.13, -10.12, and -10.11 billion dollars, respectively. The solutions were
identified at evaluations 40, 194, and 229 for DEAP-GA, SimAnneal, and GPyOpt, respectively.
SimAnneal and DEAP-GA both came in third for the total invalid number of evaluations at 50,
where GPyOpt only had one invalid evaluation.

We compare the performance of the solvers using two criteria. The first one is the change
in the absolute percent difference from the optimum, given in Eqn. 3.38, with an increase in the
number of function evaluations.

yi —yopt

yopt

% dif f = 3.38

In Eq. 3.38, % dif f is the relative change and y;is the current best-identified solution by
the solver for function evaluation i, and y°P¢ is the optimum value. The second criterion aims to
assess and compare the quality of the solutions, i.e., the screening strategies, generated by the

solvers. We utilize QALY gained, total CRC treatment cost, total screening cost, preclinical CRC
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incidence rate as a function of age, clinical CRC incidence rate as a function of age, and CRC

death rate as a function of age to compare the effectiveness of the identified screening strategies.

3.2.2.3.1 Comparison of Required Simulation Evaluations to Find the Best Solution

The improvement of the absolute percent difference from the optimum as the number of
function evaluations increases is plotted in Figure 3.24 for all solvers. Both NOMAD and DFL
quickly identified a solution with an absolute percent difference under 5 %, with DFL reducing
the difference to 2.2 % on evaluation 10 and NOMAD reducing the difference to 4.8 % on
evaluation 11. Both solvers were able to identify the optimum, DFL was the third-fastest solver
identifying the optimum at evaluation 115, and NOMAD was the slowest solver at finding the
optimal at evaluation 207. The next solvers to identify solutions with an absolute percent difference
under 5 % were TOMLAB/glcSolve, CMA-ES, and DEAP-GA. TOMLAB/glcSolve reduced the
difference to 2.4 % on evaluation 36, CMA-ES reduced the difference to 1.0 % on evaluation 27,
and DEAP-GA identified a solution with a 1.5 % difference at evaluation 40. Despite the quick
identification of these solutions, both CMA-ES and DEAP-GA were unable to further improve
their solutions for the remainder of the allotted budget. Consistent with results in Section 3.2.1.3
and the findings by Ploskas et al. (2018), TOMLAB/glcSolve identified the optimum the fastest at
evaluation 106. Both GPyOpt and RBFOpt required a fair number of evaluations to construct a
model that is able to identify points that improve the solution, similar to the observations in Section
3.2.1.3 . GPyOpt and RBFOpt required 118 and 102 evaluations, respectively, to identify a
solution within 5 % of the optimum. GPyOpt, however, was able to identify a solution within 5.7
% at evaluation 20, where RBFOpt located a solution within 10 % at evaluation 90. Neither
RBFOpt nor GPyOpt converged to the optimum within the computational budget. MIDACO, third

to last for the initial identification of a solution with a less than 5 % difference, found a solution
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with a 4.5 % difference at evaluation 57. However, MIDACO solved the problem second out of
all of the solvers at evaluation 112. SimAnneal performed the worst, breaking the 5 % difference

threshold at evaluation 123.
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Figure 3.24 Change in absolute percent difference from the optimum with the number of function
evaluations for all solvers for the CRC screening problem.

The computational budget was imposed to favor the solvers that efficiently explored the
solution space, identifying regions that are promising for containing the optimum. Figure 3.25 (A)
and (B) depicts the exploration of the solution space by the best, TOMLAB/glcSolve, and worst,
DEAP-GA, solvers in terms of solution space explored. Plots showing the solution space explored
by all solvers and each solver individually can be found in the supplementary material. The shape
of the markers in Figure 3.25 correspond to the screening test type used, where a square denotes
colonoscopy, a star denotes sigmoidoscopy, and a circle denotes FIT. The color of the markers is
indicative of that point’s objective value, with cooler colors being a lower objective value. Markers
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that are pure black have an objective value of greater than $0/1,000,000 people. From Figure 3.25
(A), it can be seen that TOMLAB/glcSolve is very structured in its search path and is able to
explore the solution space while exploiting the current best solution to sample solutions within that
region. For DEAP-GA, Figure 3.25 (B), the random nature of the search strategy causes large gaps
within the search space. Even when it found a good solution, DEAP- GA struggled to explore that
area within the computational budget. Both SimAnneal and GPyOpt performed as two solvers that
better explored the solution space. Unfortunately, due to its expansive exploration, GPyOpt was
unable to identify the optimal solution within the budget. Similarly, SimAnneal was unable to
identify the optimal solution as the process to generate new trial points is random, meaning it was
unable to improve any identified promising solutions. One of the common traits shared by the
solvers that found the optimum, MIDACO, NOMAD, DFL, and TOMLAB/glcSolve, was that they

were all able to readily explore the region around a promising solution.
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Figure 3.25 Exploration of the solution space with point markers corresponding to screening test type,
square denotes colonoscopy, star denotes sigmoidoscopy, and circle denotes FIT, while color
represents the objective function value. A) Most expansive solution space explored by the
TOMLAB/glcSolve solver. B) Least explored solution space by the DEAP-GA solver.

Figures Figure 3.26 Figure 3.27 depict the progression of the absolute percent difference

with the number of microsimulation evaluations for each of the starting points for DFL and
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NOMAD, respectively. The first difference in the behavior of the two solvers can be seen just by
the number of starting points needed by DFL to reach the 350 evaluations. DFL reaches
convergence criterion for each run at a much lower number of evaluations in comparison to
NOMAD when using default parameters. On average, the number of evaluation points per run for
DFL was 44.3, while NOMAD had an average of 85.5 evaluations before termination due to
reaching the minimum grid size. In Section 3.2.1, DFL was found to underperform due to its
inability to escape local minima; however, for the CRC screening problem, DFL outperformed
NOMAD. Given the four starting points that NOMAD used, NOMAD was only able to identify a
better solution than DFL on a single run, Run 4. Of those four starting points, DFL located the
optimum twice while NOMAD only located the optimum once. Furthermore, DFL was able to
locate the optimum from four out of the eight of the starting points. A key search feature in
NOMAD allows for any solution on the grid to be chosen as the next trial point. This allows the
solver to escape local minima, which may also be the reason NOMAD was outperformed by DFL,
as DFL stays within a local region of the incumbent solution, gradually moving along the search
space improving the solution. This performance suggests that the CRC screening problem may be

more well behaved than the test problems used in Section 3.2.1.
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Figure 3.26 Change in absolute percent difference from the optimum with the number of
function evaluations for the DFL solver using a different starting point for each run.
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run.
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Figure 3.28 (A) and (B) present a 3-D surface representation of the objective function value
scaled from $ to $ per 1,000,000 individuals. The color of the points represents the screening
period, where a colder color represents less time in between screens and a warmer color represents
more time in between screens. The shape of the points are similar to that in Figure Figure 3.25.
Objective values greater than $0/1,000,000 people are all places within the same plane on the plot
to discourage skewed bounds. Figure 3.28-(A) depicts the surface free of any scaling, while Figure
3.28-(B) applies log transformation to the objective function value (Z axis) to better visualize the
global and local minima. The surfaces constructed from each solver’s evaluations for both the
unscaled and the log-scaled values can be found in the supplementary material. The shape of the
CRC screening problem is smoother than our initial belief, with fewer than expected local minima
observed. There is still a small degree of symmetric solutions within the problem. The surface
demonstrates some discontinuities in the objective values, with more expected to be seen with an
increase of evaluations. Overall, the CRC screening problem, though still challenging, is more well
behaved than initially thought. The behavior of the problem allows for the solvers to find solutions

within a 3 % difference from the optimal solution.
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3.2.2.3.2 Comparison of the Solutions’ Impact on CRC

Overall, each solver was able to obtain a solution that was within 2.5 % of the optimal
objective value within the given computational budget. However, due to the competing terms of
the objective function, i.e., reduction of total financial burden by minimizing cost versus reduction
of the societal burden by maximizing the QALY gained, these solutions could vary greatly in the
way that the overall reduction of burden is achieved. The further details of the top identified
screening strategies are presented in Table 3.13., where strategy A is the optimal one identified by
solvers DFL, NOMAD, MIDACO, and TOMLAB/glcSolve. Strategies B-F are identified by
solvers CMA-ES, DEAP-GA, SimAnneal, GPyOpt, and RBFOpt, respectively, and strategy G is
the current recommendation for the general population. In Table 3.13. are the values calculated by
the simulation for the given screening strategy, including the QALY gained, the total cost of cancer
care, and the total cost for the screening for a cohort of 1,000,000 men. All best-identified strategies
(A-F) in Table 3.13. suggest a significantly earlier starting age for screening than the current
recommendation, strategy G, while the screening frequencies are all relatively similar to strategy
G. Unsurprisingly, the test of choice is a colonoscopy. Given perfect screening compliance, a
colonoscopy is the most comprehensive and accurate test among available tests, even if it is the
most expensive one °. Additionally, there is no need to perform a follow-up test on positive
colonoscopy, unlike the other considered tests. The screening and treatment costs of the optimal
strategy, strategy A, is around 5% higher than those of the strategy G, while the increase in the
QALY gained is over 30%. For the QALY gained, the optimal strategy has the third highest value
of all identified strategies. All of the strategies yield at least a 25 % increase in QALY gained
compared to strategy G. The costs for treatment of cancer of all strategies is lower at least by 50

% than strategy G, with the optimal being only the fourth lowest cost. On the other hand, the
gy p g
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screening costs of the identified strategies using DFO solvers are nearly double that of the currently

recommended strategy.

Table 3.13. Screening strategy description and outcome

Screening
Screening Start End QALY Cancer Cost  Cost (Million
Name Test Period Age Age gained (Million §) $)

A Colonoscopy 11 38 82-85 100,854 314.48 1,307.69
B Colonoscopy 9 39 75-83 100,569 306.50 1,417.88
C Colonoscopy 11 28 83-85 104,960 279.85 1,938.42
D Colonoscopy 13 39 78-85 97,720 413.48 1,093.45
E Colonoscopy 13 37 76-85 98,475 415.36 1,177.44
F Colonoscopy 10 28 78-85 105,343 265.53 2,067.44
G Colonoscopy 10 50 80-85 76,498 871.15 660.08

The primary purpose of screening is to detect CRC at an early stage or to prevent CRC
entirely by removing the adenoma before it becomes cancerous. To assess the benefit of a
screening strategy solely on cost and QALY gained may not provide a complete view of its effects.
The change in preclinical CRC rates, clinical CRC rates, and death rates due to CRC with each
screening strategy are presented in Figure 3.29 (A), (B), and (C), respectively. These plots show
the annual rates of the respective statistic as a function of the age of the cohort. Preclinical and
clinical CRC rates represent the number of individuals who develop or are diagnosed with CRC at
each year, respectively. In each plot, the black line represents the projected rate given no screening.
Figure 3.29 reveals that each screening strategy drastically reduces the rates. The strategy with the
minimum reduction of the rates, strategy E, still yields 70 %, 73 %, and 63 % reduction of the
cumulative total cases for preclinical CRC, clinical CRC, and death due to CRC, respectively.
Strategies F and C show the greatest cumulative reduction of all three measured rates, with C
showing a greater reduction in the later ages of the cohort due to a later ending age screenings.
Comparing strategy C to strategy A reveals a 4 % increase in QALY gained for the population.

The percentage reduction of the cumulative total cases are very similar for both strategies A and

129



C, with Strategy C providing a 2 %, 1%, and 1% improvement from Strategy A in the reduction
of the cumulative cases preclinical CRC, clinical CRC, and death due to CRC, respectively.
However, screening and total costs of strategy C are 48 % higher than those of strategy A. The
increase in cost is attributed to the extra screen recommended by the earlier starting age. Strategy
A, as well as strategies B, D, and E, suggest starting screening in the age range from 37 to 39. This
range corresponds to the ages in which the proportional development of adenomas in the
population begins to slow, allowing for screening tests to detect these precursors prior to becoming
cancerous, greatly benefiting the QALY gained. We plotted the total number of adenomas present
in the simulated male cohort with no screening strategy implemented in Figure 3.30. The
secondary axis in Figure 3.30 shows that the annual percent change in total adenomas reaches a
change of about 8 % in the ages 37 to 39. The large decrease in total adenomas present in the
population after the age of around 75 is consistent with the age at which much of the population

begins to die via causes outside of CRC.
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3.2.3 Study Findings

The results of this study were two fold. The first take away was a confirmation that the
application of optimization methodology was able to determine CRC screening strategies that
outperformed the currently recommended strategies. The best strategy identified from the DFO
framework showed an increase in QALYG from screening by over 30 % while only raising the
costs by around 5 %. The second take away was the DFO solvers that were best suited to solve the
CRCSP. The two top performing solvers, TOMLAB/glcSolve and DFL, were able to identify a
high quality solution in the fewest number of evaluations. GlcSolve was able to identify the region
of a high quality solution quickly, though the convergence to the best solution would take longer.
On the other hand, DFL was quick to converge on the locally optimal solution, but relied heavily
on the starting point for the solver. If coupled together within the DFO, a combination of glcSolve
and DFL would reliable be able to identify high quality, and locally optimal, solutions with a low

number of function evaluations.
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33 Simulation Sensitivity Study

Simulation optimization identifies solutions that exploit the structure and interactions of
the simulation in order to generate the best desired output. If parameters or assumptions made

within the simulation are modified, the optimal solution should also change.

3.3.1 Experimental set up

The DFO framework, determined in Section 3.2, exploits the CRC microsimulation to
locate an optimum screening strategy considering the intrinsic simulation properties. The
properties considered in the analysis are screening compliance implementation, the willingness-
to-pay (WTP) ratio, and the risk ratio associated with the probability of an adenoma transitioning
to a cancerous state. Additionally, the optimization problem is modified to include surveillance
screening decisions variables to assess their impact. This study assesses the impact of different
assumptions within microsimulations to understand how they affect the recommended policies as
well as the optimal outcomes. Using the DFO framework, we study the effects of screening
compliance modeling, the monetary value of a gain in lifespan, and adjusting the relative risk
associated with a segment of the CRC progression pathway on the optimal screening strategy. We
also assess the resulting screening and surveillance strategy when the surveillance decisions are
included within the optimization problem. The results provide insight into how CRC
microsimulation assumptions may result in selecting one screening policy over the others and
highlights the importance of carefully assessing the assumptions in healthcare policy

recommendations.

3.3.1.1 Optimization framework
The microsimulation was wrapped within a DFO framework to determine the optimal

screening strategy for each of the tested parameters or assumptions. The framework uses two
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solvers within the study. The first solver is glcSolve, from the commercial optimization suite
TOMLAB. 1t is used for investigating the compliance models, WTP ratio, and relative risk.
GlcSolve utilizes the DIRECT (Dividing hyperRECTangles) algorithm®!, a global search DFO
algorithm®® that divides the search space into smaller hyper-rectangles, evaluating the quality of
them by assessing the objective value of the midpoint. The second solver is an implementation of
the DFL (Derivative-Free Linesearch) algorithm®!, a local search DFO algorithm® that aims to
improve a solution by perturbing each decision variable individually by a given step size, slowly
reducing the step size until a minimum step is reached. For integer variables this minimum step
size is one. DFL was solely used to investigate the impact of incorporating surveillance decisions
into the optimization problem. DFL was also used to refine the final solutions for each of the study
to ensure local optimality of the solution.

The two solvers were chosen due to their ability to quickly and reliably converge to near
optimal solutions for combinatorial problems!”’. In a previous study, it was found that for a low
number of decision variables, glcSolve was able to identify the best solution for this optimization
problem in under 500 evaluations. In the same study, it was found that DFL outperforms glcSolve
as the number of decision variables increase when the computational budget is under 500
evaluations. The algorithmic parameters of glcSolve and DFL were kept at default values, and the
maximum evaluations were set to 500 for the solvers, prior to solution refinement using DFL for
each assumption or parameter value tested. During the refinement of the solution, DFL was

allowed to run until the minimum step size was reached to ensure the solution is locally optimal.

3.3.1.1.1 Optimization problem

The optimization problem, Eqn. 3.39-3.43, aims to identify the screening strategy that

balances the gain of life from screening and the overall cost incurred due to CRC and screening
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170 The decision variables are the screening test type (x;), period (x,), starting age ( x3), and
ending age (x,). The objective function, Eqn. 3.39, minimizes the difference in total cost
associated with CRC treatment and screening for a cohort for which the screening
recommendation, c5¢", is implemented and the same cohort without screening, c)?¢, while
rewarding the gain in life from screening, y,,, with a WTP ratio per QALY gained ($/QALY),
WTP , when screening was implemented. In Eqn. 3.39, n is the n -th iteration of the
microsimulation, and N is the total number of replications. Eqn. 3.40 calculates the change in
QALY between the screened and unscreened cohort. The cost incurred and the QALY lived by the
cohorts are calculated as part of the microsimulation (Eqn. 3.41). Eqn. 3.42 enforces that the age

at which screening begins is less than when it ends, and the bounds for each decision variable are

defined in Eqn. 3.43.

N
1
min E(ct(xy, x5, X3, %)) ~ NZ cSer — cNat — (WTP)y,, 3.39
n=1
S.t. 1 _ .Scr _ ., Nat
Yn= Yn In nenN 3.40
C7]; = f(x1, X2, X3, %,)
n € N,j e {Scr,Nat} 3.41
Yo = h(x1, %2, X3, X4)
X3 < Xy 3.42
x1 € {Colonoscopy, Sigmoidoscopy, FIT}
x, € {1,2,...,40}
3.43

x5 € {20,21, ... 65}

x, € {50,51, ... 85}
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3.3.1.2 Case Studies

The DFO algorithms used in the study assume that all inputs into the algorithm either have
low noise or are deterministic. To decrease the noise of the output for the simulation, all analyses
were carried out for a cohort of 1,000,000 males born in 1990, with the simulation replicated 400
times (N=400) to obtain a stable output value. The same simulated population was used to provide

consistency amongst the evaluated screening strategies.

3.3.1.2.1 Screening compliance implementation

The study considered four compliance models for screening. The first is perfect
compliance, where every individual is always compliant with the set screening strategy. The
second utilizes a flat compliance rate, which states that an individual is either always compliant
or never compliant based on the test type. The third is a strict annual compliance model, where an
individual can always, sometimes, or never be compliant. If an individual is sometimes compliant,
they can only be screened on the years set by the screening strategy. For example, if the strategy
requires a screening every 10 years starting at age 50, the individual can only be screened ages 50,
60, ..., etc. unless they undergo surveillance screening. The final compliance model is /oose
annual compliance, where an individual may always, sometimes, or never be compliant. In the
loose annual compliance case, a sometimes-compliant individual may undergo a screening test any
year after the defined time between screens has passed. For example, if an individual is to wait 10
years in between screens, a test may occur 10, 11, ..., etc. years after the previous test unless the
individual undergoes surveillance screening. The compliance rates employed are compiled in
Table 3.14. As is evident, the compliance models increase in complexity, allowing better modeling
of the compliance behavior and enabling the assessment of the effect on the screening

recommendations.
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Table 3.14 Adherence rates by test modality and screening model implementation.

Flat Compliance '*° Annual Compliance "’
Always  Sometimes Annual
Test modality Adherence rate compliant Compliant adherence rate
Colonoscopy 38 % 31% 31 % 38 %
Sigmoidoscopy 38 % 31% 31% 38 %
FIT 67 % 40 % 29 % 50 %

3.3.1.2.2 Changes in willingness to pay ratio

The willingness to pay ratio (WTP) is ratio defined to be the maximum amount of money
that a decision maker is willing to pay to gain a unit of utility, in this study QALYs. In our
formulated optimization problem, the value of the WTP ratio is used to control the trade off
between minimizing the overall cost and maximizing the gain in QALY by providing a monetary
value to the change in QALYs due to screening. The CRC treatment and screening cost-
effectiveness studies include WTPs in the range of $20,000 — 100,000 per QALY®*!"!. We
employed WTPs of $20,000/QALY, $50,000/QALY, $75,000/QALY, and $100,000/QALY using
the loose annual compliance model. These values allowed us to investigate the range of WTPs for
observing a general trend of its effect on the solution. The loose annual compliance model was

chosen because it more realistically represents the individual compliance behavior.

3.3.1.2.3 Relative risk of adenoma transitioning to cancer

Modifying the relative risks (RRs) within the adenoma-carcinoma sequence enables
assessing the impact an increase or decrease in the severity of the different parts of the CRC disease
progression has on the optimal screening strategy for a cohort. For this study, we modified the RR
associated with the probability of an adenoma transitioning into cancer. Three risk levels were

considered, (1) base case, RR = 1.0, (2) 20 % increase, RR = 1.2, and (3) 20 % decrease, RR =
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0.8. The value of +/- 20% of the RR was arbitrarily chosen to demonstrate the ability of the
framework to capture the impact of changes in the simulation parameters. The perfect screening
compliance model was chosen to better capture the effect of the risk modification by eliminating
any variation in the screening strategy implementation across the cohort to show the maximum

possible gain.

3.3.1.2.4 Incorporation of surveillance screening decisions

We modified the optimization problem, Eqns. 3.39 — 3.43, to introduce three new decision
variables, x5, x¢, and x-, for defining survelience screening periods for low, high, and special risk
individuals (Table 1), respectively. The domain of these variables are defined in Eqn. 3.44. We
introduced constraint, Eqns. 3.45 — 3.47, to reduce the solution space and enforce logical
relationships for these variables. For example, Eqn. 3.45 states that the surveillance period for the
low-risk category is less than or equal to the general screening period. The perfect screening
compliance model was chosen to see the maximum benefit of incorporating the surveillance

decisions.

X5, Xg, X7 € {1,2, ...,40}

3.44
*s S %y 3.45
6 = %5 3.46
*7 S X 3.47
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3.3.2 Results

3.3.2.1 The effect of screening compliance implementation

The results are summarized in Table 3.15. The total cost of CRC detection and treatment
for the baseline, unscreened population is $1.855B. For perfect compliance, the best screening
strategy identified by the DFO, Screening Strategy 1 (SS1), suggests a colonoscopy every 12 years,
starting at age 38 and ending at 85. The objective function value is -$10.523B. Through screening,
the total expected QALY gained is 102,328.20, with costs associated with screening $1.297B and
with CRC treatment $0.268B, totaling to $1.565B, a reduction of 16 % compared to the unscreened
population.

The strategies identified for the flat rate (SS2), strict (SS3), and loose (SS4) annual
compliances include FITs. For SS2, an annual FIT is recommended between the ages of 31 to 85
yielding an objective function value of -$6.259B. Both SS3 and SS4 recommend an annual FIT
from age 30 to 85 with an objective function value of -$6.091B. The total costs for SS2, SS3 and
SS4 are all 14% lower than the cost of no screening. The expected QALY gained in SS2 and
SS3/SS4 are 60,038.54 and 58,395.44 years, respectively. The results show that when assuming
non-perfect compliance the best performing strategies favor the tests that the population is more

likely to adhere to, even if the tests are less accurate and provide a reduction in the gain in QALY

3.3.2.2 The effect of WTP

The screening strategies and associated metrics for evaluating the impact of changes in the
WTP are summarized in Table 3.16. For all WTPs, the recommended strategy was an annual FIT
with different start and end age ranges for screening: 30 to 85, 32 to 85, 33 to 84, and 38 to 85 for
$100,000/QALY, $75,000/QALY, $50,000/QALY, and $20,000/QALY, respectively. The

objective function values for these screening strategies were -$6.091B for a WTP of
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$100,000/QALY, -$4.639B for $75,000/QALY, -$3.196B for $50,000/QALY, and -$1.501B for
$20,000/QALY. The expected life years gained was 58,395.44 QALY for WTPs of
$100,000/QALY, 57,898.35 QALY for WTP of $75,000/QALY, 57,572.27 QALY for WTP of
$50,000/QALY, and 54,871.44 QALY for $20,000/QALY. The screening costs are $691MM,
$642MM, §616MM, and S$512MM for WTPs of $100,000/QALY, $75,000/QALY,
$50,000/QALY, and $20,000/QALY. The total costs associated with screening and cancer care for
the cohort was 14% less than the cost without a screening strategy for WTPs of $100,000/QALY,
16% less for $75,000/QALY, 17% less for $50,000/QALY, and 22% less for $20,000/QALY. As
the reward for gaining QALY decreases the aggressiveness of the strategy also decreases, reducing
the total screening tests given within a lifetime. This leads to a reduction in both screening costs

and the gain in QALY.

3.3.2.3 The effect of relative risk of adenoma transitioning to cancer

Table 3.17 summarizes the results. The total costs without screening are $1.855B, $2.795B,
and $1.032B for RR = 1, RR = 1.2, and RR = 0.8, respectively. In these instances, the total
cost only includes costs incurred for CRC detection and care. The DFO framework identifies
colonoscopy as the recommended screening modality every 12 years from age 38 to 85, 9 years
from age 30 to 85, and 16 years from age 39 to 83 for RR = 1, RR = 1.2, and RR = 0.8,
respectively. The corresponding objective function values and expected life-years gained (in the
same order) are -$10.523B and 102,328.20 QALY, -$17.738B and 174,375.22 QALY, and -
$4.898B and 50,728.59 QALY. Total costs incurred, including screening costs, decreased 16% to
$1.565B for RR = 1, 11% to $2.495B for RR = 1.2, and increased 17% to $1.206B for RR =
0.8 when compared to their corresponding non-screened counterparts. Showing that as the

average time for an adenoma to become cancerous decreases and the proportion of the adenomas
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that become cancerous increases, the preferred initial screening age for the population shifts to

earlier on in life, and the frequency at which test occur increases.

3.3.2.4 The effect of surveillance screening decisions

The optimal strategy determined was screening with a colonoscopy starting at age 38 and
ending at age 84. The period between screens for the no risk category is 12 years, low risk is 7
years, high risk is 4 years, and special risk is 1 year. The objective function value is -$10.523B
with the expected total life years gained of 102,313.78 QALY The screening costs were $1.294B,
with a CRC treatment cost of $270MM. Compared to SS1, the strategy with similar simulation
assumptions but with a set surveillance strategy, there is a 0.01% reduction in QALY gained for
the cohort, but also a 0.1% total cost reduction. This shows that the current recommendations for

surveillance test to be near optimal and have little impact on the overall screening strategy.

3.3.3 Discussion

Of the three microsimulation assumptions studied, the optimum screening strategy
identified was most sensitive to the changes in the RR, followed by the compliance modeling and
WTP. Changes in the RR changed screening frequency and the screening starting and ending ages.
Compliance modeling mainly impacted the screening modality. When WTP changed, the
screening start age was affected.

Different screening compliance models introduce the human element into the analysis.
Many studies utilize a perfect compliance model®?"!7?, obtaining a theoretical bound for the
benefit due to screening strategies studied. Additionally, the optimum screening strategy located
by an optimization algorithm identifies key aspects of the microsimulation that will significantly
improve screening outcomes, such as critical ages to perform a screen, or the interval at which

screening should occur when a perfect compliance model is utilized. However, incorporating more
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intricate compliance models allows for a closer approximation of the real-world screening
outcomes. Non-perfect screening compliance shifts the screening modality to the option that the
most number of people are willing to take, which supports the claim that “Which test to use

depends on the likelihood that you will get the test”!”. For perfect compliance, colonoscopy, an

52,156

accurate but invasive test with lower compliance rates , was recommended. In contrast, FIT, a

19,156

less accurate and less invasive test with higher compliance rates , was recommended with other

compliance models.
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Table 3.15 Optimal screening strategies and statistics by the investigated compliance models.

Compliance Screening Screening Start End Objective value QALYG Screening Cost CRC Cost Total cost (No
Model Test Period  age age ($ billion) (years) ($ billion)  ($ billion) screening) ($ billion)
Perfect Colonoscopy 12 38 85 -10.523 102,328.20 1.297 0.268 1.855

Flat FIT 1 31 85 -6.259 60,038.54 0.721 0.879 1.855
Loose Annual FIT 1 30 85 -6.091 58,395.44 0.691 0.913 1.855
Strict Annual FIT 1 30 85 -6.091 58,395.44 0.691 0.913 1.855

Table 3.16 Optimal screening strategies and statistics for the investigated willingness to pay ratios using loose annual screening

Willingness to Screening Screening Start End Objectivs (\)frzﬁll)lilalz)cz-e&.LYG Screening Cost CRC Cost Total cost (No
pay ($/QALY) Test Period age age ($ billion) (years) ($ billion) (8§ billion) screening) ($ billion)
100,000 FIT 1 30 85 -6.091 58,395.44 0.691 0.913 1.855
75,000 FIT 1 32 85 -4.639 57,898.35 0.642 0.916 1.855
50,000 FIT 1 33 84 -3.196 57,572.27 0.616 0.922 1.855
20,000 FIT 1 38 85 -1.501 54,871.44 0.512 0.939 1.855

Table 3.17 Optimal screening strategies and statistics for the investigated relative risk values using perfect screening compliance.
Screening Screening Start End Objective value QALYG Screening Cost CRC Cost Total cost (No

Relative Risk Test Period age age ($ billion) (years) ($ billion)  ($ billion) screening) ($ billion)
-20% Colonoscopy 16 39 83 -4.898 50,728.59 1.042 0.164 1.031
Base Colonoscopy 12 38 85 -10.523 102,328.20 1.297 0.268 1.855
+20% Colonoscopy 9 30 85 -17.738 174,375.78 2.184 0.311 2.796
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There is little difference in the screening strategies among the four WTPs for the loose
annual compliance model. The only difference is the starting ages, later in life as the WTP
decreases, which is not surprising because there is a lower likelihood of developing CRC earlier
in life. However, the early developed CRC cases can significantly affect the QALY gained. For
example, there is a 6% decrease in QALY gained when comparing the strategies for WTPs of
$20,000/QALY and $100,000/QALY, where the only difference is a 6-year delay in the starting
age. The similarities in the strategies suggest that the optimal strategy is not significantly affected
by the WTP for the ranges considered.

The RR mainly impacts dwell time, the time it takes an adenoma to become cancerous,
hence, affecting the proportion of the cohort that develops cancer. For RR = 1, the dwell time was
25.93 years on average, with a median of 24.08 years. For RR = 1.2, the dwell times dropped to
an average of 24.32 years and a median of 22.35 years, while RR = 0.8 resulted in an average
dwell time of 27.66 years with a median of 25.95 years. The 5" and 95™ percentiles for the dwell
time were 7.94 and 50.28, 8.82 and 52.38 and 7.17 and 48.24 years for RR = 1, RR = 0.8, and
RR = 1.2, respectively. Furthermore, changes in RR significantly impact the QALY gained due
to screening. A 20% increase in RR results in nearly a 50% increase in QALY gained, while a 20%
decrease reduced QALY gained by 50%.

Screening frequency, starting age, and ending age vary in the recommended screening
strategies for different RR. As the dwell time shortens, the recommended screening frequency
increases. When the risk is higher (RR = 1.2), screening is recommended every 11 years, 45.2%
of the average dwell time, in contrast to every 18 years, 65.1% of the average dwell time, for the
lower risk (RR = 0.8). This change is likely due to the change in the proportion of adenomas that

would become cancerous with RR. The optimum number of screens within an individual’s lifetime
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decreases as the risk decreases. Three screens are recommended for RR = 0.8, four for RR = 1.0,
and five for RR = 1.2, suggesting that more intensive screening is optimal when the risk of
developing cancer is higher or the dwell time is shorter.

There was very little change to the optimal screening strategy when considering the
surveillance strategy as decision variables. The high-risk category had a slight increase in the
screening period, from 3 to 4 years, while the special category had a reduction, from 2 to 1 year.
This slight change improved the cost-effectiveness by 0.6% and improved the objective function
value by 0.001%. These results suggest that the surveillance strategy used was near-optimal, given

the assumption of perfect screening compliance.

34 Conclusions

This chapter outlines the creation and evaluation of a simulation based optimization
approach for solving the CRCSP. The constructed simulation shows to approximate the original
CRC-SPIN simulation allowing a good estimate for the progression of CRC within a population.
The simulation is easily able to incorporate in-depth details of the screening process or progression
of CRC. When incorporated into a DFO framework, the simulation can easily be used to generate
high quality screening strategies that may out-perform current recommended strategies.

Of the solvers, the commercial solver TOMLAB/glcSolve performed the best overall,
identifying the global optima for the test problems with four variables the quickest. The
performance of TOMLAB/glcSolve did deteriorate as the number of variables in the problem
increased. Although the commercial solver MIDACO was able to solve the test problems and the
CRC screening problem, it suffered from a lack of consistency due to the random nature of the
main search strategy when restricted to a relatively low number of function evaluations. The

solver’s inconsistency of finding a solution can be compensated for by how quickly the solver is
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able to generate and evaluate new trial points. If the problem is computationally inexpensive,
multiple runs of MIDACO can be performed for the same amount of time a single run of NOMAD,
GPyOpt, or RBFOpt would take.

The next notable solver is the open-source solver NOMAD, which was the most reliable
solver behind TOMLAB/glcSolve. It was able to find the global optima of both four variable
problems within a reasonable number of function evaluations. Additionally, NOMAD was a top
performer as the number of variables in the problem increased alongside DFL, while the remaining
solvers' performances quickly deteriorated with the increase. The solvers that utilize a model-based
search strategy, i.e., GPyOpt and RBFOpt, are outperformed by the direct solvers for problems
whose black-box models are not expensive to calculate due to the large time needed by the solver
for the determination of the next trial point. However, with a large number of allowed evaluations,
these solvers prove to be effective. When the problem is computationally expensive, the time
handicap model-based solvers have compared to the direct search solvers are less prevalent.

The application of a DFO framework with a CRC microsimulation model was used to
determine the optimal screening strategy for CRC for a cohort of males. The identified strategies
by the DFO framework, though more expensive than the currently recommended one, suggests
that there may be a potential for improving the benefits of CRC screening using an optimization-
based approach. The cost of cancer treatment was reduced by 64 %, with an increase in quality-
adjusted life-years gained by 31 % when using the optimal strategy for a male cohort as identified
by the DFO framework compared to the current general recommendation for CRC screening.
Additionally, the optimal solution showed a 30 % reduction in total cases of CRC and death

attributed to CRC when compared to current recommendations.
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Microsimulation models provide valuable information for assessing healthcare policy
options. Coupling these microsimulations with an optimization framework enables the complex
interactions in the simulation, not seen by researchers, to be exploited for obtaining optimal
healthcare policies using the microsimulation. Assumptions and parameters of the microsimulation
can be modified to investigate the impact these changes have on the identified optimal policy. The
changes in optimal policy can be used to identify aspects of the microsimulation that have the
greatest impact on the solution. Those aspects can then be refined to provide better policies and
more accurately estimates of the outcomes of the policies.

The differences in the optimal screening strategies demonstrated the impact of assumptions
made in a microsimulation, with some causing a more significant impact than others. The results
revealed that the changes in the disease progression have the most impact, suggesting that optimal
screening strategies would differ when an individual’s risk factors for CRC are considered. The
RR modifications in this study were hypothetical. Performing a similar study while incorporating
the results of clinical trials to assess the effects of CRC risk factors and their impacts on the disease
progression could provide valuable information and pave the way for developing personalized

CRC screening strategies.
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CHAPTER 4

MATHEMATICAL PROGRAMMING

This chapter introduces the mathematical programming framework to solve the CRCSP.
The problem is presented in two different formulations. The first formulation, Section 4.1, presents
a two-stage stochastic programming approach to solve the CRCSP incorporating both exogenous
and type I endogenous uncertainty into the problem. The second formulation, Section 4.2, presents
a multi-stage stochastic programming (MSSP) approach for solving the CRCSP. This approach
incorporates surrogate modeling to approximate a closed form expression for the benefits

associated with screening an asymptomatic population for CRC.

4.1 Two-stage Stochastic Programming Approach to Solve CRCSP

We define a class of problems for scheduling state-identifying actions to detect system
abnormalities with imperfect outcomes by maximizing system performance as an imperfect test
scheduling problem (ITS). There are two main sources of uncertainty in ITS, the uncertainty of
the system’s state at any given time and the sensitivity of the action in detecting the system state.
One application domain of the ITS is a healthcare related-problem, scheduling diagnostic tests to
identify asymptomatic individuals with a disease, such as the CRCSP. Section 4.1.1 presents a

general formulation of the ITS and then extends the model to investigate the CRCSP.

4.1.1 General Problem Formulation and Model Description
In ITS, a set of actions is scheduled to identify if a system is in an abnormal state that will
decrease its utility. The actions impose a disutility on the system and are imperfect, making the

identification of the true state of the system uncertain. The probability of observing the system’s
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true state and the system’s disutility are both functions of the action taken and the system’s current
state. The system’s progression through the states is known. However, the time spent in each state
is unknown but follows a known distribution per stage. Suppose the system is detected to be in an
abnormal state. In that case, a rectifying action is taken to return the system to its nominal state or
to a state that maximizes the system utility. It is also assumed that if the system has a rectifying
action taken on it, it no longer needs identification actions to be taken on it within the scheduling

timeframe.

4.1.1.1 Generalized MINLP formulation (MINLP1)

We formulate the problem as a two-stage stochastic program with fixed recourse. We
define set /] = {1, ..., j} to be the set of all possible identification actions the scheduler can take,
set Z = {1, ..., z} to be the set of all possible action numbers, set T = {1, ..., t} to be the timeframe
considered in the scheduling of the actions, and set S = {1, ..., s} as all potential system states. The
first stage decision variables, X;; , € [0,1], identify if action j is taken at time point t as the z-th
action on the system. In the problem, the decisions must be properly ordered (e.g., action z must
occur after action z — 1). This constraint is presented in Eqn. 4.1. Additionally, for each of the |Z|

actions, one action type must be chosen, as shown in Eqn. 4.2.

szj't’zzl VzEZ

teT jej 1
t

2Xj,t,z = Z Z Xjtz VtET,VZEZ 4.2

JEJ Jj€J b=20
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The system’s state progression through the states is represented by the uncertain parameter
Os:i, where i € I is a finite set of scenarios from the full uncertainty space, J, of all possible
realizations of the system progression. The probability measure of 0;, IP;, is known for all potential
realizations. The outcomes of the actions taken are represented by &, ,,, where &, ,, = 1 if action
z detects the true state of the system for outcome w and is zero otherwise. In this, w € (1 is the set
of all possible combinations of outcomes of actions taken on the system, such that |Q| = 2 Il The
probabilities of a given outcome, Py ; (52,0)), given the system’s state, s, and the action taken, j,
are known with certainty. However, the probability measure of the outcome of the actions is,
P(E,|X, 8;), unknown until actions are taken and depends on the timing of the actions taken. The

expression for determining the probability measure of E, is presented in Eqn. 4.3.

]P(Ew |X: 01’) = 1_[ Z Z Z ]Ps,j (Ez,w)es,t,ixj,t,z 4.3

ZEZ jE] S€ES teET

The second stage variables, Y ; o, are used to represent the updated stage progression of
the system, where Y;.;, = 1 if the system is at state s at time point t for realization i given
outcome w of the actions. The values of the second stage variables are determined through system-

dependent fixed rules. The general form of the fixed recourse action constraints can be found in

Eqn. 4.4

Yitiow =9X,0,E,) VseES teT,i el,wen4

The deterministic equivalent MINLP, MINLP1, can be written as Eqns 4.5 — 4.8.
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MINLP1:

max D P ([ [ D)) Poj(E)0seiies | FX Vi, 00 ) .

i€l W€D \ zEZ €] SES tET

S.t. 41,4244 ]
X+, €1[01] VjEJVtET,VZzEZ :
Yotiow € [0,1] \-/seS,teT,iel,a)eQ8

4.1.1.2 Linearization of the objective function
Due to the inclusion of type I endogenous uncertainty, the objective function is inherently
nonlinear. As the number of actions taken within the time frame increases, so does the problem

nonlinearity.

4.1.1.2.1 Linearization of binaries then continuous (MILP1)

To obtain the probability measure of the results of the first stage actions, Eqn. 4.3 can be
reformulated using exact linearization!’* of the product of binary variables through the
introduction of binary variables X, as shown in Eqns. 4.9 and 4.10. This new variable tracks the
system’s stage and the action type for each of the |Z| actions taken in the first stage per realization
of the system’s state progression. The probability of the outcomes of the first stage actions can
then be reconstructed, as seen in Eqn. 4.11, through the introduction of the new parameter,

where P . is the probability that outcome w occurs when
(51']1)’--

P(Sl'jl):---'(slzl'lel)'w ’ (51214121
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action j, is taken when the system is in state s; and so on for the remaining (|Z| — 1 action, system

state) pairs.

X(S1 J1 ) (S1Z A1z ) = Z gsztl jztz n

teT

Vz € Z,Y(51,j1), -, (SizpJiz1) € S x DV vi el

11
XCs1siz) Uiz )i = z z 05, Xtz — (1Z] = 1) 410

teT z'ez

Vz € Z,Y(51,j1), -, (SizpJiz1) € S x DV vi el

= N = L1
PE, X, 0,) = z P(S1,j1),---,(S|z|.j|z|),w X(S1.J'1),---,(S|z|,f|z|).i 4.11
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We can then linearize the term X(le1. i) F(X,Y; 4, 0;w)in Eq. 4.5 through the

(81214121

introduction of a new continuous variable, U-* by the exact linearization'” of the

(s1.J1)(812J12) b
product of a binary and continuous variable as seen in Eqns. 4.12 — 4.15. Parameters M/ and M}
are the upper and lower bounds for the big M constraint of state realization i for the system that

can be calculated as the best- and worst-case utility for each realization of the state progression.

L1 UvyLl
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Using the above linearization approach, we remove the nonlinear terms within the objective
function, Eqn. 4.5, of MINLP1 at the expense of introducing a number of new variables and

constraints. This results in the following equivalent MILP model, Eqns. 4.16 —4.17, referred to as

MILP1.
MILP1:
max ) P; P . - Ut
t (s1,J1)e(S)201J|2)) @ (51,71 (S)201J | 2)) @ 416
i€l WEQ (S1,J1)sm ’

(s12)J121)E(SXNIZI

s.t.4.1,4.2,4.4,47 — 4.15 417

4.1.1.2.2 Probability chain linearization (MILP2)

The probability chain approach!'?® uses a recursive calculation to incrementally linearize
the probability-weighted utility function through the introduction of the two sets of continuous

variables, X%2

L2 - L2
siziw and Uz, . In this approach, we use U

Ziw @S an accounting variable that

calculates the probability-weighted utility for outcome w for system realization i up action z.

Here, U|LZZ|’l-’w is the full probability-weighted utility for outcome w for system realization i given

the first stage decisions, while X SLjZ'i,w is used to properly calculate the probability weighting for

each action taken on the system. Equations 4.18 — 4.22 show the constraints used to calculate the

L2
1,i,w *

first term of the probability-weighted utility, U The direct linearization of a binary and

continuous variable is given in Eqns. 4.18 — 4.21, where the probability-weighted utility is

2

calculated for each action type and system state combination. However, the value of X é“ T4
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remains zero unless the action type and system state match the type of action chosen by action one,

and the system state matches the system’s state when action one is taken. This results in Eqn. 4.22,

properly calculating the probability-weighted utility due to action one.
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teT
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4.18

4.19

4.20

4.21

4.22

We can then formulate similar constraints for actions two up to |Z|, building on the

probability-weighted utility from the previous action. These constraints are presented in Eqns. 4.23

—4.27.
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With the linearization methodology presented in Eqns. 4.18 — 4.27, we can once again
replace the nonlinearities in the original objective function, Eqn. 4.5, and obtain a larger but linear

problem. The resulting equivalent MILP is presented in Eqn. 4.28 and 4.29 and referred to as

MILP2.

MILP2:

max Z P; z UiA io 4.28
i€l wEN

s.t.4.5,4.20,4.21,4.23 — 4.27 499

4.1.1.3 Extension to Colorectal Cancer Screening Problem (CRCSP)

The objective of the CRCSP is to maximize the expected quality-adjusted life-years
(QALY) gained by scheduling screening actions within an individual’s lifetime. Quality-adjusted
life years is a weighted measure of years an individual has lived based on the health state an
individual is in for a given year of life!®. The gain in QALY is calculated by comparing the QALY
of an individual without any screening actions to the QALY if screening actions were taken within
their life. The weights associated with the years lived are tied to the progression of CRC. As CRC
progresses, the quality-of-life weight decreases.

For the TSSP of CRCSP, we assume that if a non-healthy state, adenoma, or undiagnosed
CRC is detected for any individual, that person can no longer be screened within their lifetime.
For the recourse actions taken after a screening action is performed, nothing occurs if a healthy
state is detected. We assume that an individual would return to a healthy state if an adenoma is
detected, removing any future possibility of developing CRC. If the screen detects CRC, that

individual transitions to a clinically detected CRC state corresponding to the stage of CRC
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detected. The survival years with CRC are then modified to fit the survival probabilities for the
new stage of CRC and the age at which CRC was diagnosed®. Additionally, the only screening
action considered is screening with a colonoscopy to simplify the model formation and because it

is the most accurate of the tests for CRC identification’.

4.1.1.3.1 Problem Nomenclature

The first stage decisions, X; ; ,, are the screening test type, j, an individual is prescribed to
take at age t and which test number it would be, z. The constraints fixing the recourse actions are
the clinical actions that would be taken on an individual upon the screening test results for CRC.
The second stage binary variables, Ys ¢ ; ,,, represent the resulting lifetime for individual i given
screening outcome w by identifying if they are at health state s at age t or not. The set of states,
s €S =[12,..,11], represent the different health states associated with the progression of CRC
given in Figure 2.1 and are further described in Table 4.1. The age of the individual is represented
by the sett € T = [20,21,...,100], and the seti € I  J represents the different individuals that
are prescribed the screening recommendation in a subset of the full population. The set w € ()
represents the different possible screening outcomes. The available screening actions are
constrained to one option, a colonoscopy, i.e., j = J = [1], where 1 represents a colonoscopy. In
addition to these sets, we also include sets: s; € S; = [1,2,..,6] as the subset of health states that
are detectable by screening tests, d € D = [1,2,3,4] as the set of death sources from CRC that
correspond to the CRC stage an individual is clinically detected at, and k € K = [1,2,3,4,5] as the
set of age brackets that are used for CRC survival post clinical detection. The age brackets used to
define set K are as follows: 1 = [20,50),2 = [50,60),3 = [60,70),4 = [70,80),5 = [80,100).

The parameters in SCRCSP are ¢, d; s, K ¢» E5,05 Py, and ]P’SJ-(EZ@). Parameters cg and

d; s, provide the quality-of-life measure for spending a year within state s and a quality-of-life
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disutility for screening test j detecting health state s, respectively. The parameter kj, , takes the
value of one if age t falls in age bracket k and is zero otherwise. The parameter Z, ,, is used to
represent the outcome of screening action z for the outcome realization w, where £, , = 1 if
screening action z identifies non-healthy states for outcome w and is zero otherwise. P;(6;) and
P j(EZ,w) are used to define the probability measure of the realization of individual i and the
probability measure of outcome E, , occurring when action j is being used to identify state s,

respectively. The values for parameters cg, d; s, and Py (Ez'w) are presented in Table 4.1.

J,Sa’

Table 4.1. Model parameters and health state definitions.

State Cs dj_1s, Pg;-1(0) Pgj-1(1)
1 — Healthy 1.00 0.0055 1.0 0.0
2 — Adenoma 1.00 0.0055 0.1 0.9
3 — Undiagnosed 0.01 0.99
stage 1 CRC 0.88 0.0055
4 — Undiagnosed 0.01 0.99
stage 2 CRC 0.88 0.0055
5 — Undiagnosed 0.01 0.99
stage 3 CRC 0.88 0.0055
6 — Undiagnosed 0.01 0.99
stage 4 CRC 0.88 0.0055
7 — Clinical 1.0 0.0
stage 1 CRC 0.80 )
8 — Clinical 1.0 0.0
stage 2 CRC 0.75 )
9 — Clinical 1.0 0.0
stage 2 CRC 0.60 )
10 — Clinical 1.0 0.0
stage 2 CRC 0.30 )
11 — Deceased 0.00 - 1.0 0.0

4.1.1.3.2 Model Uncertainty
The uncertain parameters for this problem are 6 ;, Tf,’l-at, and Tgﬁf;;,i. Parameter 6 . ; takes

a value of one if individual i is at health state s at age t and zero otherwise, Tf"iat takes a value of
one if individual i would have passed away from sources outside of CRC at or before age t and
zero otherwise, and rg,’ifk,i takes a value of one if individual i would have passed away from stage

d CRC, that was detected in age bracket k at or before age t and zero otherwise. The values for 9;
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and T9R¢ are estimated using data generated from a microsimulation model to construct an

empirical distribution of potential health-state progression outcomes, while the values for V%" ar

e
estimated from an empirical distribution constructed from the 2000 USA lifetables'’S. The
microsimulation model used implements the first iteration of the Colorectal Cancer Simulated
Population model for Incidence and Natural history (CRC-SPIN)3!77.

CRC-SPIN is a continuous-time simulation that models the progression of CRC within a
defined population. Within each individual, multiple adenomas are allowed to develop over their
lifetime, with each adenoma having the potential to develop into CRC. Each potential case of CRC
within an individual has an associated stage, time until detected through symptomatic means
(Sojourn time), and survival time, with the CRC that would be symptomatically detected first
determining the overall survival of CRC. The empirical distribution for generating @ is constructed
by recording the following in a 5-dimensional (5-D) vector for every individual simulated within
the model: 1) the age at which the first adenoma occurs, 2) the age at which the first undiagnosed
CRC occurs, 3) the age at which the first CRC that becomes detected, 4) the CRC stage that is
detected, and 5) the age at which the individual would die from that case of CRC. Each 5-D vector
is treated as a discrete realization of a possible progression of CRC within an individual. If the
progression of CRC is an unrealistic realization, such as the age of the first adenoma is an age
older than 100, we default that realization to a default realization of (101,101,101,0,101) where
CRC does not occur within the individual. We then construct an empirical distribution around the
discrete realizations of CRC progression, simplifying the 5-D multivariate distribution into a single

variate distribution. We employed 400 replications of the microsimulation to generate the vectors,

with each replication simulating the lifetime of 1,000,000 males born in 1990.
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The survival time for CRC within the simulation model used depends on the age and CRC
stage at detection. To generate the values for T¥%¢, we use the values 3, 4, and 5 of the empirical
distribution used to construct 0; to back-calculate the survival probability for individual i from the
simulation. We apply the same survival probability to generate the ages at which the individual
would pass away due to CRC given an earlier detection of the disease for both age of detection

and stage of detection for CRC. The ages are generated using the same survival model used within

the microsimulation.

4.1.1.3.3 Formulation

The utility function of CRCSP measures the QALY gained due to the first stage decisions.

This is expressed in Eqn. 4.30, where ¢ and d;

s, are constants that provide the quality of life

measure for spending a year within state s and a quality of life disutility for screening test j

detecting health state 54, respectively. Variable vy, , 1 is a binary variable used to identify

which state, s;, screening test z detected for individual i in age bracket k for screening outcome

w.

F(X: Yiw 0i w) = Z Z Cs(Ystiw = Ose0) — Z Z Z dj,sd Z Vsa,zkiw 4.30

teT seS ZEZ JEJ s4€S4 keK

Equations 4.31 to 4.35 define vy, ;1 ;.- Equations 4.31 and 4.33 define if the screening

actionhas identified the initial healthy state (s = 1), for the first screening test and the second
screening test and onward respectively. In Eqn. 4.31, the first term of the expression determines if

the screening outcome, E, correctly identifies that individual i is in a healthy state, while the
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second term is used for when the screening test incorrectly identifies the individual as healthy due

to a flase negative. . Eqns. 4.32 and 4.34 sets vy, , ki ., to one if the screening action z identifies a

non-healthy state s; for the first action (z = 1) and any subsequent actions (z = 1), respectively.
Finally, Eqn. 4.35 ensures that only one state be identified per screening action. The subtraction

of the term Z:’fz Y Dkek Vel 2 K o in Eqns. 4.33 to 4.35 disallow further screening actions

to be taken on individual i that had a previous action identify a non-healthy state.

V11kLo — “1w Z 2 Ki,t01,6iXj .1

J€J teT vk e K, Vi€,
4.31
~ Yw € Q
+(1_':1,u)) szk,t 61 ZEEKHOS,“ jt,1
jEJ tET J€EJ teT s'=7
Vsq1klo = El,wzz Kk, tOsqti K1 Vsq € S4lsq =2, VkEK,Vie[,Vw €Q 432
j€EJ teT
Vlzklw— Ezkkteltl j,t1 Z Z 2 5 z k' iw VZEZ|Z>2
JEJ teT sg=22'= -

vke K viel, 4.33

11
-|—(1 —_ EZ,&)) z z Kk,th,t,l - z z z Kk,tesl,t,in,t,Z v(l) E Q

jEJ tET jEJ tET s'=7
VSdeLw—E Ezkktesdtl
Jej ter VSdESd|Sd22,VkEK,
6 =z , 4.34
VzeZ|z=2,Viel,VYw €
- Vol 2 k' iw
Sl’i=2 z'=1k'eK
6 z
S S o == 5SS v viedlzavicivocn 435
S4€Sq KEK S(,1:2 z'=1k'eK

We introduce a binary variable ¥, ; , that tracks if individual i has screening test z

identify a non-healthy state at or before age t given outcome w, the value of this variable is set
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through Eqns. 4.36 to 4.41. Equations 4.36 and 4.37 set the value of Y to one for the screening test

z =1 if the first screening action detects a non-healthy state at age t = 20 and t > 21,

respectively. Equations 4.38 and 4.39 force the value of ¥ to be one for the screening test z > 2

if a previous test has detected a nonhealthy state at age t = 20 and t > 21, respectively. Equations

4.40 and 4.41 provide a check to evaluate if screening test z > 2 has identified a nonhealthy state

regardless of previous test results.

Y1200 = E10 2952012 j,20,1 Viel,LVw € Q
jej
Il)l't'i’w:E Zest12X1t1+¢1t 1,i,w VtETltZZl,VlEI,V(UE.Q.
=2 jeJ
VzeZ|lz=2, Vi€l
1/JZZOLu)—'-'zou ZQSZOLZXJZOZ zlpz 20,i,w Vo € O
Jj€J
z vt ET|t > 21,
Yoriw 2 E10 zgstlz tz+1/)z,t—1,i,w_zlpz',t,i,w Vz €Z|z = 2,
3 z'=1 .
Viel,Vw € ()
wzzolw_HMZBSzolz 20,2 VzeZ|lz=21,VieEl,Vw EQ
Jj€J
_ VteT|t=21,Vze Z|z =2,
1/Jz,t,i,oo < E z 95 ti z itz + l/}z,t—l,i,w .
= ] Viel,Vw €

4.36

4.37

4.38

4.39

4.40

4.41

Variable ¢, ;, is introduced to track if individual i is deceased at t for outcome w.

Equation 4.42 enforces the age of death due to causes outside of CRC if any screening actions

detect an unhealthy state. Equation 4.43 enforces the age of death due to CRC based upon the stage

of CRC detected by the screening actions.
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6

6
ft,i,(u > Té\,]iat z z z Vs,z,k,i,w + (1 - z z z Vs,z,k,i,w) 911,t,i vVt € T, Vs € S, Yo € () 442
ZEZ KEK s

Z€Z kEK s=2 =2

ft,i,(u > CRC Z Vs,z,k,i,w (Sd, d) € [(311)1 (4,2), (5,3), (6:4’)]:

Tatk, 4.43
Z€Z VteT,VkeK,Viel,Vw € Q

With the tracking variables v, ¥, and & defined for key events for CRC prevention or early
detection, we now define the intersection of key events that need to be enforced to properly define
the resulting lifetime of an individual due to the screening actions taken. We define these
intersections directly by introducing two new sets of variables, 7 and ¢, to directly model the
product of binary variables linearly. It should also be noted that these logical AND events could
be implemented through disjunctive programming.

The first set of variables, 7, ¢ ; ), 1S the product of v, , x ; , and P ; 4, and is used to track

if health state s; was detected for individual i at or before age t given screening outcome w. The

174

direct linearization ™ of the product of the binary variables v, , ki ., and ¥, 1s given in Eqns.

4.44 to 4.48. The next variable, ¢, 1, 18 used to track if individual i has health state s; detected
at or before age t given screening outcome w and if that individual has passed away at or before
that age t. This variable is represented by the product of 7, +; ,, and §¢; o, With the constraints

174

resulting from direct linearization' ™ of this product presented in Eqns. 4.49 to 4.51.

. 4.44
Nsatiw < Z Z Vsq.zk,iw Vsy € Sdlsd >2,VteT,Viel,Vw €
k€K zeZ
. 4.45
Nitiw = Z V1,z2,k,iw VteT,VvzeZViel,Vw € )
keK
. 4.46
Nsytiw < Z 1»l}z,t:,i,w Vs, €Sy, VteET,VieLVw € Q
ZEZ
. 4.47
Nsatiow = Yotiw T Vsgzkiw | — 1 Vsy €ES4lsq =2,VtET,Viel,Vw € Q
Z€Z kEK
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Nitiw = lpz,t,i,a} + Z Vizkiw — 1 VteT,VzeZViel,Vw € 448

keK
. 4.49
¢s,t,i,w S Nstiw Vs, €Sy, VteET,VieLVw € Q
. 4.50
¢s,t,i,w < ft,i,w Vs, €Sy, VteET,VieLVw € Q
Dstiw = Nstiow T Stiw — 1 Vsy € Sy, Vt ET,Vi € ,Vw € Q 4.51

Finally, the clinical actions taken given the screening outcomes are enforced by Eqns. 4.52
to 4.56. The first of the expressions, 4.52, is a logical constraint requiring individual i to be at a
single health state at every age. Equation 4.53 enforces the resulting lifetime, Ys ¢ ; ,,, values for the
healthy state, s = 1. The only way for an individual to return to a healthy state after they progress
through the various health states is if a screening action successfully detects an adenoma, s = 2.
Constraint in Eqn. 4.54 removes an individual from an adenoma or undiagnosed CRC state, s =
2,...6. This constraint modifies the resulting lifetime removing the further progression of the
disease past state s if a screening test detects a non-healthy state at or before the given state. The
clinically detected CRC health states are assigned in Eqn. 4.55. The states associated with
clinically detected CRC, s = 7,...,10, can only be reached if the associated undiagnosed CRC
state is detected with a screening action, but these states can be avoided if a screening action detects

an earlier health state. Lastly, Eqn. 4.56 enforces the deceased state for each individual.

VteT,Viel,Vw
D Vorio =1

S€S e .52
VteT,Viel,Vw

Yitiw < 91,t,i(1 - ft,i,w) +M2ti0 — P2tiw
eN 53
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Ys,t,i,w < Hs,t,i <1 - S;t,i,w
Vs € [2,3,4,5,6],Vt €T,

+ Z (¢s’,t,i,w - ns’,t,i,w)

s'=2

5 ) Vi € I,Vw.54

Sd v(s,54)
Ys,t,i,w < Hs,t,i 1- Et,i,(u + Z (¢s’,t,i,w - ns',t,i,w)
s'=2 € [(7;3): (8:4)1 (9,5), (10,6)],
.55

syt = Psgtic VteT,Vi €E,Vw € Q

Yittio = $tiw VteT,Viel,Vw € Q
.56

To obtain the full models, referred to as CRCNL, CRCL]1, and CRCL2, we must first add
Eqn. 4.30 as a constraint to define the utility function for the model. Then, we replace the general
form of the fixed recourse constraints, Eqn. 4.4, with our case study specific constraints, Eqn. 4.31
to 4.56. These changes yield three models, CRCNL, the nonlinear model, given in Eqns. 4.57 and
4.58, CRCLI, the linear model using the approach in Section 4.1.1.2.1, in Eqns.4.59 and 4.60, and

CRCL2, linear model using the approach in Section 4.1.1.2.2, in Eqns.4.61 and 4.62.

CRCNL:

max z P; z (ﬂ z z z P ; (sz,w)es,t,ixj,t,z> F(X,Y; 0; ) 4.57

i€l WEN \ ZEZ jE] SES tET
s.t. 4.1,4.2,4.7,4.8,4.30 — 4.56 4.58
CRCL1:
max P; P ; Ukt
L (S1J1)r(S120J121)0 7 (51,1008 20, 2)) b 4.59
i€l WEQ (51,J1)) e :

(s1z1.J1z1)€(sx N2l
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s.t.4.1,4.2,4.7 — 4.15,4.30 — 4.56

4.60
CRCLZ:
maxz P; Z Ui iw 4.61
€l wen
5.t.4.5,4.20,4.21,4.23 — 4.27 ,4.30 — 4.56 460

4.1.1.4 Results and Discussion

To evaluate the three models, we solved each model by varying the total number of
individuals in the cohort, |I| = 100,250,500,1000, and actions within the timeframe, |Z| =
1,2,3,4. When varying the population, the number of screening actions was fixed to two, and

while varying the number of screening actions, the size of the population was set to 100. The values

Nat CRC

of the uncertain parameters, 8, T" %", and T°*", were generated sampling from the constructed
empirical distributions. The model instances were constructed in Python 3.8 using Pyomo 6.1.2.
Each model was solved directly, CRCNL was solved using BARON 21.1.13, and CRCLI1 and
CRCL2 were solved using CPLEX 20.10. The model instances were solved on an HPC cluster
node with two Intel® Xeon 6248R 3.0 GHz processors with 48 cores and an available 384 GB of

RAM. The maximum wall time was 24 hours.

4.1.1.4.1 Model Performance

A summary of the model size and solution wall time for CRCNL are in Table 4.2, while
the statistics for CRCL1 and CRCL2 are in Table 4.3 and Table 4.4, respectively. In the CRCSP,
binary variables define the first and second stage decisions, and the only continuous variables in
the model track the utility for each individual-screening outcome pair. As the base model, CRCNL
shows the general growth of the model size. As seen in Table 4.2, the model size grows linearly

as the cohort size, |I|, increases while holding the total number of screens in a lifetime, |Z],
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constant. When the cohort size is held constant and the number of screens in a lifetime are varied,
model size grows exponentially. The global solver BARON did not yield the optimum solution
within the 24-hour wall time limit for any instance of CRCNL, revealing the intractability of the
model, which stems from its size, nonlinearities in its objective function, and combinatorial

complexity due to the shear number of binary variables.

Table 4.2. Model statistics for CRCNL across all instances.

Instance Total Binary Continuous Solution Wall
(121, 111) Variables Variables Variables Constraints Time (h:m:s)
(2,100) 866,962 866,562 400 2,422 483 24:00:00
(2,250) 2,167,162 2,166,162 1,000 6,056,083 24:00:00
(2,500) 4,334,162 4,332,162 2,000 12,292,083 24:00:00
(2,1000) 8,668,162 8,664,162 4,000 24,584,083 24:00:00
(1,100) 411,281 411,081 200 1,140,201 24:00:00
(2,100) 866,962 866,562 400 2,422,483 24:00:00
(3,100) 1,822,643 1,821,843 800 5,128,965 24:00:00
(4,100) 3,822,724 3,821,124 1,600 10,825,847 24:00:00

The linearization approach used to construct CRCL1, presented in Section 4.1.1.2.1, from
CRCNL adds both continuous and binary variables to the model. The model size, which grew
exponentially with the total number of screens in a lifetime, |Z| for CRCNL, grows even more
rapidly for CRCL1. The linearization of CRCLI increases the model variables from 1.01 to 14.02
times the number of variables compared to CRCNL and 1.01 to 10.74 times the number of
constraints when compared to the original CRCNL, depending on the instance. The instance
(1Z], [11) = (4,100) of CRCL1 was not solved to optimality due to its space complexity, resulting
from its model size, i.e., resulted in an out-of-memory error. Enumerating all potential outcomes

of the screening actions in CRCL1 made the model computationally intractable, even at a low
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number of individuals within the cohort, |I|. The rapid growth in model size is one drawback when
using this method for linearizing the model. Despite the rapid increase in model size, CPLEX
solved the remaining instances of CRCL1 within the allowed wall time. The solution time of
CRCL1 showed an exponential increase when increasing the cohort size and the number of screens
in a lifetime. Much like the model size, the solution time increases more quickly as the number of

screens in a lifetime increases rather than the increase in cohort size

Table 4.3. Model statistics for CRCL1 across all instances.

Instance Total Binary Continuous Solution Wall
(1z1,117) Variables Variables Variables Constraints Time (h:m:s)
(2,100) 927,462 878,662 48,800 2,664,483 00:03:15
(2,250) 2,318,412 2,196,412 122,000 6,661,083 00:15:01
(2,500) 4,636,662 4,392,662 244,000 13,322,083 01:11:56
(2,1000) 9,273,162 8,785,162 488,000 26,644,083 08:06:20
(1,100) 414,581 412,181 2,400 1,151,201 00:00:44
(2,100) 927,462 878,662 48,800 2,664,483 00:03:15
(3,100) 3,020,543 1,954,943 1,065,600 10,186,765 05:53:22
(4,100) 53,602,124 5,285,224 23,427,200 16,241,047 OOM

The linearization approach used to construct CRCL2 introduces only continuous variables
and produces a slightly larger model than CRCNL. The size of CRCL2 increases about 1% in both
the number of variables and constraints compared to CRCNL when increasing the value of |/|, a
behavior shared by CRCL1. When the value of |Z] is increased, the size of CRCL2 only grows
between 0.6 to 2% in the number of variables and 0.8 to 2.7% in the number of constraints
compared to CRCNL. All instances of CRCL2, but one, were solved to optimality by CPLEX. The

instance that could not be solved is (|Z], |I]) = (4,100). However, CPLEX was not able to solve
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this instance of CRCL2 due to reaching the maximum allowed wall time, unlike the CRCLI1 case

which had a space complexity.

Table 4.4. Model statistics for CRCL2 across all instances.

Instance Total Continuous Solution Wall
(1Z|,]I|)  Variables  Binary Variables Variables Constraints Time (h:m:s)
(2,100) 876,562 866,562 10,000 2,458,483 00:04:02
(2,250) 2,191,162 2,166,162 25,000 6,146,083 00:21:30
(2,500) 4,382,162 4,332,162 50,000 12,292,083 02:27:39
(2,1000) 8,764,162 8,664,162 100,000 24,584,083 19:28:31
(1,100) 413,681 411,081 2,600 1,149,201 00:00:45
(2,100) 876,562 866,562 10,000 2,458,483 00:04:02
(3,100) 1,851,443 1,821,843 29,600 5,236,965 17:46:48
(4,100) 3,899,524 3,821,124 78,400 11,113,847 24:00:00

As expected, the linear models, CRCL1 and CRCL2, have lower space and time
complexity than the nonlinear model, CRCNL. However, each model has strengths and drawbacks
stemming from the linearization technique employed. Figure 4.1 presents a plot comparing the
solution time versus the model size for CRCL1 and CRCL2. The dotted line in Figure 4.1 shows
the maximum wall time; any points sitting higher than that line are the instances that were not
solved to optimality, whether due to space or time complexity. The data point labels are the model
instances, (|Z|, |1]). For both models, the solution time grows steadily as the model size increases
due to increasing |I|, with the growth for CRCL2 being slightly higher than that of CRCLI1. On
the other hand, the model size of CRCLI is slightly larger than CRCL2. The solution time grows
quicker with increasing |Z| for both CRCL1 and CRCL2. The growth is faster for CRCL2, which
leads the solution time to exceed the limit for instance (|Z], |I]) = (4,100). The model size shows

a similar growth trend, increases in |Z| yields a larger model size than increases in ||, with CRCL1
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model size growing much faster than CRCL2. The CRCL1 model scales poorly for increases in
|Z| but can be solved more quickly. While the solution times for CRCL2 model grow quicker than
CRCLI1, as noted by Medal et al. (2016), this formulation keeps the model compact with increasing

|Z| when compared to CRCLI.
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o 4,100 #(2,1000)
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Model Size (Constraints and Variables)

Figure 4.1 Solution time versus model size for CRCL1 and CRCL2.

Various metrics were investigated to understand the impact of each linearization procedure
on the problem. These metrics, outlined in Figure 4.2, are the initial gap of the problem (Figure
4.2-A), solution wall time of the root relaxation problem (Figure 4.2-B), the total number of nodes
created during the branching step of CPLEX (Figure 4.2-C), and the node at which the optimal
solution was found (Figure 4.2-D). Each plot compares one metric to the solution time for CRCL1
and CRCL?2 instances, identified by the labels. Figure 4.2-A reveals that CRCL1 has a smaller
initial percent gap than CRCL2 for nearly every instance. However, for instance (3,100), the initial
gap for CRCL2 is nearly half that of CRCL1, while the solution time for CRCL?2 is nearly three

times longer than CRCL1. Similar trends are observed for the total number of nodes explored and
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the node number in which CPLEX identifies the optimal solution (Figure 4.2 C and D). All
instances except (2,100) and (3, 100) show that CPLEX generated fewer branches for CRCL1 than
CRCL2 before proving optimality. These trends partially explain the discrepancy in the solution
time, but instance (3, 100) shows that these metrics alone do not fully explain the difference in
solution times. Additionally, the root relaxation solution time plot, Figure 4.2 B, shows that the
linear programming (LP) relaxations of CRCL2 is solved faster than the LP relaxations of CRCL1

for more than half of the cases.
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Figure 4.2 Model statistics comparison of CRCL1 & CRCL2 showing A) initial solution gap
versus overall solution time, B) root relaxation time versus overall solution time, C) nodes
explored versus overall solution time D) node number for identifying optimal solution versus
overall solution time.

The LP relaxations of both models were further studied to understand the differences in

solution time. The metrics considered for this analysis are given in Table 4.5, and they include the
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solution time, iterations needed to solve the LP, and the optimum objective function value. The LP
relaxations of CRCL2 are solved much quicker than CRCL1, and CPLEX solves them in fewer
iterations than CRCL1. The solution times for the LP relaxations of CRCL2 ranged from about
half to a quarter of those for the LP relaxation of CRCLI1. However, based on the optimum
objective function values of the relaxed models, CRCLI1 is a much tighter formulation than
CRCL2, where the optimal value of relaxed CRCL1 is half that of CRCL2, yielding faster solution

times for CRCL1.

Table 4.5 Solution statistics for the LP relaxation of CRCL1 and CRCL2.

Case Solution Walltime (s) Iterations Objective Value

CRCL1 CRCL2 CRCL1 CRCL2 CRCL1 CRCL2

(2, 100) 11.75 5.76 39,985 4,769 166.00 320.00
(2, 250) 135.32 23.45 130,092 17,149 162.99 314.88
(2, 500) 335.28 100.67 337,447 36,433 162.86 316.16
(2, 1000) 1141.21 291.57 603,255 74,645 161.59 314.88
(1, 100) 2.44 1.97 1,267 1,450 80.00 159.99
(3,100) 78.42 30.66 156,019 31,829 386.75 640.00

4.1.1.4.2 Solution

The optimal solutions and the expected QALY gained per person for the different instances
of the CRCSP are presented in Figure 4.3. Figure 4.3-A displays the change in the expected QALY
gained as a function of the total screenings tests in a lifetime, and Figure 4.3-B shows the change
in the expected QALY gained as a function of the change in total cohort size. The data labels depict
the age(s) at which the eligible members of the cohort receive a colonoscopy. From Fig. 4.3-A, it
can be seen that there is a diminishing return for adding more screens in a lifetime. From one to
two screens in a lifetime, there is a 9% increase in expected QALY gained, while from two to three

screens, the increase is only 0.1%.
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The ages for screening (Figure 4.3-A) differ significantly from the current
recommendations, screening with a colonoscopy every ten years starting at age 50. However, the
additions of new screening tests do show an expected trend of the timing of the screening ages,
though the ages of the actual screens were skewed towards later in life. For one screening in a
lifetime (|Z| = 1), it was expected to be recommended near the middle of the age range to catch a
bulk of the early CRC cases and the larger adenomas to achieve a high expected gain in QALY.
With more screening, the timing of the first screen can shift to an earlier age to capture the cases
where an adenoma forms earlier in life that are less likely than a majority of the CRC cases, but
provide a very high potential for gain in QALY. While the final screen can be later in life to capture
the cases where CRC is developed but shows little gain in QALY.

The discrepancy of the screening ages seen in Figure 4.3-A, when compared to the current
recommendations, is shown to improve, Figure 4.3-B, at the introduction of larger cohort sizes,
|I]. As the cohort size increased there is a shift for the screening ages to be earlier in life and, with
that, a higher value for the expected gain in QALY for the cohort. The occurrence of CRC in the
general population, though one of the most common forms of cancer, is still relatively rare, where
only around 4-5% of men develop CRC within their lifetime!”®. The prevalences of CRC in the
cohorts of the case study are 2%, 5.2%, 4.6%, and 4.7% for the values of || at 100, 25, 500, and
1000, respectively, which explains the increase in the expected QALY gained for the optimal
solutions, as there is an increase in the population that has CRC. In addition to the prevalence, the
disease progression impacts the expected gain in QALY. The average ages for cancer development
in the different instances are 82.5, 72.3, 69.8, and 70.6 for the values of |I| at 100, 25, 500, and

1000, respectively. The larger number of individuals that develop CRC in their lifetime allows for
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a wider range of potential CRC progression timelines, better representing the uncertainty space

where screening benefits an individual.
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Figure 4.3 EQALY gained with A) total screens in a lifetime and B) the size of the cohort

4.1.2 Efficient Scenario Generation for TSSP

A major drawback of the case study presented in Section 4.1.1 is the large changes in both
optimal solution and objective value as the cohort size, |I|, increases. With CRC being a relatively
rare event, traditional naive Monte Carlo methods for generating SP scenarios were not able to
fully represent the uncertainty space without requiring a large sample size and, in turn, leading to
larger model sizes. The following study aims to assess which widely applicable scenario
construction methods can efficiently generate samples that best represent the rare event space for
SPs where that rare-event space primarily drives the optimal decisions, and the uncertain

distribution is either continuous or discrete and infinite.

4.1.2.1 Scenario construction methodologies

4.1.2.1.1 Monte Carlo Methods

The Monte Carlo method (MCM) is an umbrella term encompassing many different

algorithms that all rely heavily on generating random samples from a distribution. The most
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simplistic of these methodologies is known as the crude, or naive, Monte Carlo (CMC) method.
In naive Monte Carlo, samples are generated directly from the distribution under study, assuming
that given enough samples, the distribution can be described by a discrete set of realizations. In
addition to naive Monte Carlo, other Monte Carlo based methodologies have been created with
uses ranging from variance reduction methods!” to distribution estimations'®’. For this study, we
focus on using two different MCMSs, crude Monte Carlo and importance sampling (IS). For clarity,
when referring to different MCMs (CMC versus IS), we will refer to the distribution used to sample
from, e.g. naive Monte Carlo is referred to as sampling from the original distribution. When
referring to the sampling approach of generating samples directly from a specified distribution, we
will refer to that as CMC sampling.

Importance sampling (IS) is a specialized MCM used for variance reduction. The samples
in IS are not directly generated from the original distribution under study. Instead, they are sampled
from an auxiliary distribution, known as the importance distribution (ID). An importance
distribution is used to generate samples from a region of interest, usually an area with low
probability but a high impact on the system under study. The region of interest in thelD has a
higher probability. The samples are then reweighted by a likelihood ratio to maintain the original
distribution properties. The likelihood ratio, w(x), is presented in Eqn. 4.63, where p(x) is the
original probability density function (PDF) of the distribution under study, and ID (x) is the PDF

of the importance distribution.

_p()

w(x) = D) 4.63
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Though any distribution can be used for the ID, the selection or construction of the ID is
not a trivial task. If a poorly suited ID is used, the intended variance reduction behavior of IS can
actually cause an increase in variance, providing no benefit over random sampling'®!. The optimal
ID for variance reduction is presented in Eqn. 4.64!8!, where f(x) is referred to as the importance

function where f:x - R|f(x) 2 0Vx € X, and E, is the expectation operator over the

distribution p(x).
_ p)f(x)
ID(x) = E,[f (O] 4.64

For this work, we construct the ID using the methodology of Papavasiliou and Oren (2013).

We estimate the value of E,[f(x)] by generating a large number, M, of CMC samples from our

original distribution. We then generate N sub-samples from the large set of M samples through

sampling from the estimated ID.

4.1.2.1.2 Quasi-Monte Carlo and Space-filling Methods

As with importance sampling, Quasi-Monte Carlo (QMC) and space-filling sampling
methods were conceived as ways to improve the generation of samples for computational
experiments. Quasi-Monte Carlo methods generate samples using a low-discrepancy sequence.
These sequences mimic independent random samples used in CMC sampling but have been
constructed to ensure quick and even coverage of the sampling domain. They are deterministic and
have been shown to provide more accurate results in numerical integration and moment estimation
than CMC sampling!33. Of the number of low-discrepancy sequences, our study employs both

Sobol’ and Halton sequences.

174



As its name suggests, space-filling methods generate samples to minimize gaps within the
sampling region. Example space-filling approaches include Latin Hypercube Sampling (LHS),
minimax/maximin distance sampling, and maximum projection sampling'®*. Our study uses LHS.
Latin hypercube sampling divides each distribution of a d-dimensional hypercube into N bins of
equal probability. It then generates N samples ensuring no two samples are in the same bin on any

axis of the hypercube’®.

4.1.2.1.3 Clustering Methods

Clustering methodologies are a group of unsupervised classification algorithms used to
group or cluster data that share similar features. There are different approaches to defining
similarities between data points, including hierarchical clustering, centroid-based clustering, or
density-based clustering. Unlike the previously presented methods, clustering is a data reduction
approach. To use this methodology for scenario generation, a representative point from each
cluster is used as a single sample point or scenario. We focus on the use of centroid-based
clustering. Centroid-based clustering defines each cluster through a representative center point and
assigns points of data to a cluster based on the nearest cluster center.

The two centroid-based clustering algorithms used in this study are the k-means and x-
means algorithms. The k-means algorithm determines the location of the specified number of
centroids by iteratively assigning data points to a cluster given the current location of the centroids
and then updating the centroids by calculating the average location of the data points in the cluster.
This process is repeated until the centroids converge to stable points'®>. A drawback of the k-means
algorithm is its requirement of the number of clusters as an input. The correct number of clusters
for the data set may not be known a priori. To determine the correct number of clusters, we

employed the elbow method with the sum of the squared distance (SSD) from the nearest cluster
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center as the metric to determine the number of clusters, k'%. This method tends to be subjective
as it is up to the user to decide when the trend begins to show diminishing returns on the addition
of new cluster centers. To avoid this subjectivity, we use the point on the SSD curve with the
maximum distance to a line connecting the minimum and the maximum number of clusters'®’.
The x-means algorithm is an extension of the traditional k-means algorithm, where the
algorithm determines the number of clusters. The algorithm introduces new clusters by subdividing
existing clusters and evaluating if the subdivisions improve the clustering results'®®. The Bayesian
Information Criterion (BIC) criterion was used to evaluate the improvements. The BIC was
calculated before and post subdividing the clusters. The clustering model with the greater BIC is

selected as the best.

4.1.2.2 Case Study: Colorectal Cancer Screening Problem (CRCSP)

4.1.2.2.1 Problem Statement and Description

The colorectal cancer (CRC) screening problem (CRCSP) aims to identify the optimal
screening decisions to maximize the expected quality-adjusted life-years (QALY) gained for a
cohort of individuals. This problem is formulated as a two-stage SP (TSSP) with fixed recourse
actions, with the first-stage decisions being the screening decisions for the entire cohort and the
recourse actions being the clinical actions taken given the outcomes of the screening tests. The
screening decisions determine the ages and the screening tests to use for a cohort-wide screening
strategy, for a predefined number of screening tests taken within a lifetime. The objective function
calculates the gain in QALY by comparing the difference between a lifetime where screening
occurs and a lifetime where screening does not occur for each individual. The full formulation of

this model can be found in Eqns. 4.59 and 4.60.
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In this problem, there are two sources of uncertainty: 1) the progression of CRC within an
individual to describe their lifetime (@) and 2) the outcomes of the imperfect screening tests (Z).
However, the second source of uncertainty can be fully elucidated due to the binary nature of the
testing outcomes. A test either detects CRC or its precursors (adenomas) or does not. This property
of the second source leaves the first source of uncertainty as the focus of the study. The uncertainty
distribution for 6 is constructed using data from a microsimulation model that simulates the
progression of CRC!"'7°, Each point of this data represents a unique realization of the progression
of cancer, or lack thereof, within an individual and is used to describe the progression through a
number of health states. A total of six features are used to capture the simulated lifetime of CRC
within an individual for a single data point; these are 1) the age at which an adenoma (precursor
to CRC) first develops, 2) the time between the first developed adenoma and the first case of cancer
development, 3) the time for cancer to be detected by symptomatic means, 4) the stage of the
symptomatically detected cancer, 5) the number of years survived after cancer detection, and 6)

the age at which the individual would die from sources outside of CRC.

4.1.2.2.1.1 Methodology

To assess the scenario generation methodologies, instances of the toy problem were
constructing using 128, 512, and 1,024 realizations for uncertain parameters T and ¥ for each
of the sampling methodologies, CMC sampling, LHS, Sobol, and Halton. Due to the random nature
of CMC sampling and LHS, thirty iterations of each scenario instance was used to obtain an
average performance of these methodologies. For both Sobol and Halton sequences the first 1,024
samples of the sequences were skipped. In addition to the scenario generation methodology, the
two Monte Carlo methodologies used to generate the scenarios, sampling directly from the original

uncertain distribution and sampling from an ID, were also evaluated. To better evaluate the IS
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approach, the ID was constructed with 100,000, 1,000,000, and 2,000,000 CMC samples from the
original distribution, with the scenarios generated from each ID using each sampling methodology
described previously.

The importance function (IF), f (@), used to construct the ID is defined as the ratio of the
quality life years an individual would have lived in the absence of CRC and the quality life years
lived based on the progression of CRC. Using this definition yields f (@) = 1 if an individual
never develops CRC within their lifetime and (@) > 1 if an individual develops CRC. For the
scenario reduction methods, k-means and x-means algorithms, data sets with 100,000, 1,000,000,
and 2,000,000 points randomly drawn, without replacement, from the data used to construct the
uncertainty distribution for @ are generated. The data sets are then provided to the clustering
algorithms with the six features outlined in the previous section and seven features, with the
additional feature being the importance function value of each point when ID is used. The total
number of screening tests within a lifetime was set to two, with only one screening test option
available for the screening decisions. The CRCSP model was implemented within Python 3.8 using
Pyomo 6.1.2. All model instances were solved using CPLEX 20.10 on a single HPC node using

two 3.00 GHz Intel® Xeon Gold 6248R processors for up to 48 cores with 384 GB of RAM.

4.1.2.2.2 Results

A simulation-optimization approach using the CRC microsimulation was used to generate
the optimum solutions for assessing the quality of the TSSP solutions obtained with the scenarios
constructed using the various methods. The microsimulation model was the one that was used to
generate the data for the uncertain parameter distributions. We modified the microsimulation
model to follow the assumptions of the TSSP model. A simulation optimization determined the

optimal ages for screening using the global derivative-free optimization (DFO) solver

178



TOMLAB/glcSolve” and the local search solver Derivative Free Line-search (DFL)3!. The
maximum number of simulation evaluations was set to 5,000. Upon termination, the DFL3! was
used to confirm the local optimality of the solution generated by TOMLAB/glcSolve. Figure 4.4
presents the solutions yielded by the two DFO solvers. Each data point in Figure 4.4 depicts the
ages for the two screening tests for the population and the expected gain in QALY for
implementing that screening strategy. The best-identified solution, xppo, and the resulting
objective function value, yprq, is labelled and represented by a star, and the remaining points of
data go from a lighter to darker shade as the expected QALY increases.

We used two metrics to assess the quality of the TSSP solutions. The first metric is the

Euclidian distance, d,, between the TSSP solution, x5p, and the best solution identified by the

DFO, as shown in Eqn. 4.65.

dopt (Xpro, X5p) = \/(xi)po — X5p)? 4.65

The second metric is the percent difference between the objective function values of the
TSSP solution and the best solution identified by the DFO, % err. The calculation is presented in
Eqn. 4.66, where y¢p is the optimal objective function value of the TSSP.
Ysp = Ybro

% err = y*— 4.66
DFO
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Figure 4.4 Simulation values of expected gain in QALY for two colonoscopies in a lifetime.

4.1.2.2.2.1 Generation of samples from the original distribution

The percent error and the distance from optimum metrics are displayed in Figure 4.5 for
the sampling methods when using the original distribution. Figure 4.5-A shows the percent
difference in the objective function values and Figure 4.5-B distance from the optimum. The
whiskers in Figure 4.5 are the 5™ and 95™ percentiles of the metrics, and the diamond are the mean
values for each sampling method. According to Figure 4.5-A, for CMC sampling and LHS, the
average percent difference decreases as the number of scenarios increases. For Halton sampling,
the percent difference increases with the scenario size, suggesting that with the addition of more

scenarios, the benefits of screening are over-estimated. A similar trend is observed with Sobol
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sampling, but the initial scenario set of 128 under-represents the benefits of screening, yielding a
negative percent difference. Including more scenarios increases the percent difference. This
behavior suggests that CMC sampling and LHS generate scenarios that do not bias the rare-event
space compared to Sobol or Halton sequences for the CRCSP. According to Figure 4.5-B, the
distance from the DFO solution decreases for all four sampling methods as the number of scenarios
increases. This is due to an increase in the number of scenarios where CRC develops in an
individual’s life, more accurately representing the disease prevalence in the population. For
scenarios generated using the Sobol and Halton sequences, the CRC cases are overrepresented in
the scenario sets and may lead to an overestimate of screening benefit for those scenario sets.
However, as the scenario size increases, the TSSP solutions get closer to the DFO solution for
scenarios generated using the two sequences. The TSSP solutions obtained using the scenario sets
constructed with LHS have a lower variance than those obtained using the scenarios constructed
by CMC sampling for both percent error and distance metrics. Using the 1024 scenarios generated
by the CMC sampling yields solutions closer to the DFO optimum than the ones generated by the
LHS. However, the TSSP using the scenarios generated by the latter method approximates the

optimal objective function value better than CMC sampling.
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Figure 4.5 Comparison of the increase in number of scenarios for CMC sampling, LHS, and
Sobol’ and Halton sequence on the impact of the A) percent error and B) distance from the
optimum when sampling from the original distribution.

All CRCSP TSSP solutions obtained using the scenario sets constructed by all approaches
are presented in Figure 4.6. The solution density, defined as the percentage of solutions within a
given distance from the optimal solution identified by the DFO, is plotted in Figure 4.7. The
markers and lines are used to represent the different sampling methodologies, while the colors
represent the total number of scenarios used in the scenario sets. The optimal solution is marked
in Figure 4.6 using a triangle. As seen from Figure 4.5-B, there was a decrease in the average
distance with an increase in the scenario size. This observation is better illustrated in Figure 4.6,
where the spread of the TSSP solutions decreases, and the solutions shift closer to the optimal
solution with increasing scenario size. Figure 4.7 further emphasizes this observation, where the
increase in solution density shifts to lower distances, and the slope of the increase is greater for

larger scenario sizes.

182



95

Methods Scenarios ¢
eCMC 128
+LHS
85 | @sobor 512
OHalton | 1024
(o]
c
v 75 % @) o
@ . + ..
S 4 Optimum - 5 . o + . o R
(7] + .
2 Fow ¢ +° 4+ . .
o ©° o +Ttee ¥ s + T+ .
> t1 ipdeggiesilert T en.
6o .t 33As23%: P 4
< ° i + 4 * t ° + e + +
55 + + + 3$F3 11 T i L+
ME + i +
: +
o . ®
45 *
L ]
35
30 35 40 45 50 55 60 65 70

Age of screen 1

Figure 4.6 Optimal solutions generated from each sampling methodology for the original
distribution for scenario set sizes of 128, 512, and 1024.
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Figure 4.7 Solution density plot for sampling from the original distribution using different
sampling methods for scenario set sizes of 128, 512, and 1024.

4.1.2.2.2.2 Generating samples from an importance distribution

The percent differences for TSSP solutions using scenarios generated by sampling from

importance distributions are plotted in Figure 4.8 A-D. Each plot in Figure 4.8 corresponds to a
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different sampling method, Figure 4.8-A CMC sampling, Figure 4.8-B the Halton sequence, Figure
4.8-C LHS, and Figure 4.8-D the Sobol sequence, used to generate the scenarios. The x-axis of the
plots gives the number of samples used to construct the importance distributions (IDs). The colors
correspond to the size of the scenario set. The trends observed with increasing scenario size in the
previous section hold, for the most part. However, when Sobol and Halton sequences were used
to generate scenarios from the ID constructed using 2,000,000 samples, an increase in scenario
size led to a slight decrease in the percent difference from the DFO optimum objective function
value rather than an increase.

No clear trends were observed between the percent difference variance for TSSP solutions
obtained using scenarios generated with CMC sampling and LHS and the number of samples used
to construct the IDs from which the methods generated the scenarios (Figure 4.8). This observation
concurs with the expectation that the IS methodology reduced the variance of the samples. It is
noted for CMC sampling, that IS has a more pronounced variance reduction effect on the solutions
for 128 and 512 scenarios, whereas the impact of using an ID to generate for 1,024 scenarios is
not as noticeable as seen by the spread of solutions in Figure 4.8-A. When LHS was employed
with IS, a noticeable variance reduction was observed across all scenario sizes. For CMC sampling
(Figure 4.8-A) and LHS (Figure 4.8-C), the average value of the percent difference was lower for
scenarios generated using IS than the original distribution. The average percent difference
however, is not statistically different when comparing the sampling distributions due to the
variability of the solutions. Using the ID for generating scenarios with the Halton (Figure 4.8-B)
and Sobol (Figure 4.8-D) sequences increased the percent difference compared to using the
original distribution. We hypothesize that this increase results from over representation of the CRC

cases in the scenarios, which was also observed with the original distribution.
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Figure 4.8 Percent errors of the sampling methods A) CMC sampling, B) Halton sequence, C)
LHS, D) Sobol sequence comparing the distribution used to sample from.

FiguresFigure 4.9 - Figure 4.12 depict the solution density of the different sampling
methodologies to compare the impact of the sampling distribution on scenario construction. For
each figure, plot A shows the solution density for the TSSP model when using 128, 512, and 1,024
scenarios for all four sampling distributions, plot B for the model with 128 scenarios, plot C 512
scenarios, and plot D 1,024 scenarios. For all sampling methods, it is observed that generating the
scenarios using an ID, regardless of the number of samples used to create the ID, generally
provides a spread of TSSP solutions closer to the optimal than using the original distribution. This
benefit is more prominently seen in the smaller scenario sizes. In 1,024 scenarios, there is little

difference in the TSSP solutions between the different distributions.
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Figure 4.9 Solution density plot for CMC sampling comparing the distributions sampled from and
the scenarios generated where A) displays 128, 512, and 1,024 scenarios, B) only displays 128
scenarios, C) only displays 512 scenarios, and D) only displays 1,024 scenarios.
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Figure 4.10 Solution density plot for LHS comparing the distributions sampled from and the
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Figure 4.11 Solution density plot for Sobol sequence comparing the distributions sampled from
and the scenarios generated where A) displays 128, 512, and 1,024 scenarios, B) only displays 128
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4.1.2.2.2.3 Data Reduction Through Clustering

The recommended scenario size by the clustering methods was studied in addition to the
distance from optimum and the percent difference. Plots showing all three metrics can be found in
Error! Reference source not found., where the color of the boxes corresponds to the number of
data points used for the clustering algorithms. In Error! Reference source not found., plot A
shows the scenarios/clusters needed to best represent the data by each method, plot B presents the
percent difference of the TSSP solution from the DFO best solution, and plot C depicts the distance
from the optimum. As depicted in Error! Reference source not found.-A, the k-means algorithm
recommended a relatively similar number of cluster centers, i.e., scenarios, across the number of
data points used and when considering the added feature of our importance function (IF). As
determined by the elbow method, the number of cluster centers for the k-means method is also
fewer than the x-means algorithm. The number of clusters recommended by the x-means algorithm
reached the upper limit when more than a million data points were clustered, which suggests that
more than 1000 clusters, i.e., scenarios, may be necessary to represent the dataset best according
to the BIC metric. However, a large scenario size would result in a large MILP problem, which
may become intractable. In contrast to the k-means algorithm, the x-means algorithm
recommended over 100 more clusters for 100,000 data points when IF was included. Furthermore,
including IF decreased the variance of the recommended number of clusters by 27% for the x-
means algorithm.

The TSSP solution quality is relatively similar among methods and the dataset sizes,
assessed by the percent difference metric, see Error! Reference source not found.-B. Only a
handful of TSSP solutions had over 10% difference. In general, as the size of the dataset used for
clustering increased, the solution quality improved, yielding a lower percent difference. The
variability of the percent difference metric is lower for the scenarios generated by the x-means
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algorithm for smaller datasets. However, the variability is similar for scenarios constructed by the
k-means and x-means algorithms when the dataset size is large. These results suggest that distance-
based clustering algorithms could generate scenario sets that adequately represent the rare-event
space to accurately estimate the benefits of the screening actions for the CRCSP.

The distance from the optimum, Error! Reference source not found.-C, also helps
illustrate how well the clustering algorithms represent the rare-event space. Including IF in features
or increasing the dataset size employed in clustering does not improve the distance from the
optimum for the TSSP solutions obtained using the scenarios generated by the k-means algorithm.
This behavior can also be seen in Figure 4.14, where the TSSP solution density obtained using the
k-means constructed scenarios is plotted. There is no clear trend with the changes in dataset size
or including IF in the feature set for the k-means algorithm, except for the slight shift to the left
when IF was included for the 100,000 data points. Including IF yields a slight shift in the solution
density for the 1,000,000 and 2,000,000 data points and a significant shift for the 100,000 data
points for the x-means algorithm (Figure 4.15). Additionally, the distance from the optimal
solution is smaller with increasing dataset size when scenarios are constructed by the x-means
algorithm, which coincides with an increase in the recommended number of cluster centers, i.e.,
scenarios, needed to best represent the data. These observations suggest that determining the
number of clusters based on the BIC may be better suited to represent the rare-event space in

scenarios, albeit at the cost of increasing the TSSP model size.
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Figure 4.15 Solution density plot for x-means clustering comparing the inclusion of IF and the
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displays 2,000,000 points of data.
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4.1.2.2.2.4 Sampling and Clustering Comparison

For this study, we evaluated ten different methodologies and their effectiveness in
constructing scenarios incorporating rare-events for stochastic programs using CRCSP. We tested
four different sampling methods, CMC sampling, LHS, Sobol sequence, and Halton sequence. For
each sampling method, we sampled directly from the uncertain distribution and a constructed
importance distribution. The last two approaches were using the k-means and x-means clustering
algorithms for scenario construction. The CRCSP is a scheduling problem to determine the optimal
ages to screen for colorectal cancer to maximize the gain in life for screening an asymptomatic
population. It was modeled using a two-stage stochastic program whose solution heavily depends
on the rare-event region of the uncertainty space, i.e., the small portion of the population that
develops colorectal cancer.

We compared the performance of the methods across the solution quality as well as the
number of scenarios needed, as a proxy measurement for solution time, to evaluate the overall
effectiveness of the scenario construction methodologies. Figure 4.16 plots the average absolute
percent difference, the distance from the optimum (d,,), and number of scenarios based on if the
methodology was through scenario generation, sampling, or scenario reduction methods,
clustering, where each point is the average value for a given methodology, e.g., CMC sampling
from the original distribution for 128 scenarios. In Figure 4.16-A, we compare the two methods
based on percent difference as a function of the number of scenarios. Figure 4.16-B shows the

relationship of d,,; and the number of scenarios, and Figure 4.16-C the comparison of the percent
difference to the d,; values.

In general, for the sampling methodologies, we see an expected decrease in the average

value, and the spread of percent difference as the number of samples used increases. A similar
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trend can be seen for the sampling methods when assessing the d,,; values. However, the
clustering methods produce solutions with a much lower percent difference for the same or lower
number of scenarios than sampling. Clustering and sampling methods construct scenarios that
yield similar d,,, values for relatively similar scenario sizes. At smaller scenario sizes, some
average values of percent difference and d,,; obtained using sampling methods outperform the
clustering values. These instances, however, are better than clustering only on one of the metrics.
As seen in plot Figure 4.16-C, the TSSP solutions obtained using the scenarios generated by
sampling methodologies and have low percent differences have a higher d;,; value and vice versa.
However, the solutions obtained with the scenarios constructed by the clustering methodologies

provide both low percent differences and d,,, values.
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Figure 4.16 Overall comparison of scenario construction methodology comparing A) average
% err versus average number of scenarios, B) average d,;,; versus average number of scenarios,

and C) average % err versus average dop;.
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4.2 Multi-stage Stochastic Programming Approach to Solve CRCSP

In practice, it is common for health care providers to recommend when the next screening
test should occur based on the results of the current screening test. This type of screening strategy
is called a dynamic or observation-based screening strategy. Several studies concluded that
observation-based screening strategies result in higher screening benefits than those with
predetermined screening ages®®%>76. Stochastic programming can be used to model problems with
sequential decisions as uncertainty is gradually realized. Such problems must be modeled as a
multi-stage SP (MSSP), with each stage representing a decision point.

A general formulation of a MSSP can be found in Eqns. 4.67-82. The objective function is
defined by Eqn. 4.67, where x,, are the decision variables associated with stage n of the problem,
w,, is the uncertainty vector realized at stage n, and Q,,(x,,_1, ®,,) is the optimum utility gained
for stage n due to decisions x,,_; and uncertainty realization w,,. Eqn. 4.68 defines the constraints
of the problem for the n-th stage of the problem, whereas Eqn. 4.69 defines the constraints for

recourse actions of stage n, given decision variables x,,_; and realized uncertainty w,,.

min z = min f(x,) + [E[Qz (x1, w3) + E[Q3(x2, w3) + - + E[Qn(xy_1, @y)] ... ]] 4.67
s.t. gn(x,) <0 vne{12,..,N—1} 4.68
hn (Xp-1, @y) <0 vn € {23,..,N} 4.69

The problem can then be reformulated into the more computationally tractable
deterministic equivalent, defined in Eqns. 4.70-4.72, through the introduction of a vector of
realizations, scenarios, of w,, that are indexed by set S and the probability measure for the

realization of w3, P(ws)).
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N N 4.70
minz = min £ (x,) + ) ( P(w;)) > 0ultn s 0
SES \n=2 n=2
s.t. gn(xy) <0 vne {12 ..,N—1} 471
B (Xp—q, @5) <0 vne{23,..,NL,VseS 472

4.2.1 Problem Description

The objective CRCSP is to maximize the expected benefit gained by scheduling screening
actions for an asymptomatic population with a risk of developing colorectal cancer. The disease
progression is a known process, but the progression rate is unknown. The screening actions taken
can either result in a detection of an unhealthy state or a healthy state. The actions taken are
imperfect tests, where the probability associated with detecting an unhealthy state depends on the
current health state of an individual. Given the results of the action, another screening test may be
scheduled at a later date. The benefit of screening is evaluated by introducing a quality of life
adjustment to each year lived, quality-adjusted life year, where a year lived in a more severe health
state of CRC is worth less than a less severe state. If a screening action detects a precursor to CRC,
an adenoma, it is removed, and the individual is returned to a healthy state. If the screening detects
CRC, that individual then transitions to a clinically detected CRC state corresponding to the stage
of CRC detected and is no longer eligible for screening. The survival years with CRC are then
modified to fit the survival probability for the CRC stage detected and the age at which CRC was
diagnosed?® for that individual. The only screening action considered is the use of a colonoscopy

to simplify the CRCSP model and as it is the most accurate of the tests for CRC identification®.

4.2.2 Scenario Determination and Model Uncertainty
The intelligent representation of all potential realizations of uncertainty within a SP is

necessary to maintain computational tractability. In previous work, Section 4.1, the model
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uncertainty was defined as 1) the time spent in each health state of the adenoma-carcinoma
sequence (Figure 2.1) and 2) the probability of each screening test detecting an abnormal health
state, yielding scenarios defined as a lifetime for an individual and a given outcome of the
screening decision made. This definition allowed easy tracking of screening benefits as unique
lifetimes are described per scenario. Furthermore, it resulted in the association of type I
endogenous uncertainty with the probability of detecting an abnormal health state. However, using
this definition requires a large number of unique realizations (i.e., individuals) to represent the
progression of the disease in the population (Section 4.1.2). This significantly impacts the
computational tractability of a SP model as the number of scenarios are a function of both the
unique realization of disease progression and the number of potential outcomes of a screening test.
Additionally, this definition simplifies the disease progression where only the first instance of each
new health state is considered, and the development of new adenomas is not considered. To address
these shortcomings, we define the uncertainty of the CRC progression by the percentage of a
population within a health state at a given age for the MSSP model. This uncertainty definition
makes scenarios the screening outcomes given the number of screening actions, or stages,
considered in the problem, drastically reducing the number of scenarios needed to represent the
CRC progression.

We define w as the vector of uncertain parameters. The vector contains two components,
h, an |N| — 1 dimensional vector of health state realizations, where |N| — 1 represents the
decision stages of the system, and i, the binary outcome of each action taken on the system,
representing if an unhealthy state is observed (3 = 1) or not (1 = 0). Different health states,h,,,
are defined by set H , where H =

{1: Healthy, 2: Adenoma present, 3: Undetected CRC, 4: Detected CRC}. We then define set
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O as the Cartesian product H X [0,1], resulting in eight potential outcomes for each screening
action taken. To further simplify the scenario tree for this first iteration of the MSSP, we assume
that there are no false positive results eliminating the outcome (3 = 1,h = 1) and if CRC
symptoms appear there will not be a false negative result eliminating (1 = 0,h = 4). These
assumptions reduced the scenario outcomes to the six outlined in Table 4.6.

The set of all scenarios, set S, is defined as the Cartesian product of set O with itself |N| —

= 6/N1=1 scenarios. The scenario size can further be reduced

1 times, S = 0VI=1, resulting in |S|
by eliminating unrealizable outcomes and bundling certain scenario sets due to problem
characteristics. As an example, let’s consider a three-stage problem, i.e., [N|=3. The original
scenario size is |S| = 6/V1=1 = 62 = 36. However, if the outcome of the first action is that CRC
was detected symptomatically prior to the action, 0 = 5, there is no reason to consider the
possibility of the individual being in any health state other than clinically detected CRC, h = 4.
Therefore, all scenarios where the outcome of the first action is 0 = 5 can be bundled into a single
scenario (5, —) without loss of information. Similarly, scenarios with outcome o = 4, clinically
detected CRC, as the first outcome are bunded into a single scenario. Additionally, the progression
of health states in the adenoma-carcinoma sequence only increases in severity unless an outside
action is taken. Therefore, scenarios where unhealthy states were not detected, 0o = 1 oro = 2,
cannot have outcomes where a less severe health state is detected in the subsequent screening
action, i.e., scenarios s = (1,0), s=(2,0), s=(2,1), and s = (2,3) are not realizable.

Incorporating these changes reduces the number of scenarios to 22.
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Table 4.6 Possible outcomes for a screening action

Outcome  Parameter realizations Outcome description
(0) @.n
0 0,1 Detected as healthy and truly healthy
1 0,2) Detected as healthy but an adenoma has developed
2 (0,3) Detected as healthy but CRC has developed
3 (1,2) Detected as unhealthy with an adenoma developed
4 (1,3) Detected as unhealthy with CRC developed
5 (1,4) Detected as unhealthy prior to screen due to CRC symptoms

The probability measure for each scenario is expressed in Eqn. 4.73, where X, is a binary
variable representing the first stage screening decision at time point ¢, taking a value of one if the
first screening action occurs at time t, and Xy, is the binary variable for screening decisions made
for stage n at time point t,, for scenario s. The measure P(3°|h®) is a parameter for the MSSP
model because the vector of health states visited for each scenario, h®, and the outcomes of the
actions taken, 1p°, are fully described for each scenario. However, the measure for the health states
visited for each stage, ]P’(hfl|ofl_1, Xt s X1t thO), depends on the timing of the actions taken
and the outcomes of the previous actions, making the probability measure a decision variable and

resulting in a type-1 endogenous uncertainty.

IN|-2
P(ws, xo, X°) = 1_[ PEpSIAP(hS, x50, |05 1, ) O X1yt s s Xy Xor, )
n=1

4.73

N-1
= P(y5|h®) 1_[ P(hfv xfltn|o,§_1, s 01, X(n— 1)ty -0 X1ty thO)
n=1

Using the definitions of the decision variables x,; and x,,, Eqn. 4.74 calculates

P(hs|o5_1, Xt v X1ty thO) by introducing parameters Pr(h|o,, ..., 04, ty,, ..., to) to define the
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probability of being in health state h,,, given the outcome history [o;,_, ..., 07 ], and the timing of

the actions taken [t,,, ..., to].

S S S S S S —
]P’(hn, xntn|on_1, s 01, X(n—1)t,_ 1 ""xltl’thO) =

n
4.74
Z z Pr(h$, ty|o5_1, )03, ty_1, ) o) <1_[ xi'%') Xot,

tn€T  to€T
The scenario probabilities are then calculated by Eqn. 4.75.

]P’(ws, X0, xs) =

IN|-2

n
4.75
P(y5|hS) 1_[ z Z Pr(h;, tp|o5_1, ) 05, tyq, ) to) <1_[ xfl,tn,>x0t0

n=1 tp€T  to€T

Equation 4.75, however, introduces a large degree of nonlinearity into the model as the
number of stages increases. Because the decision variables x,; and x;,, are binary, Eqn. 4.76

always holds, where a is an arbitrary integer value.

(x0e)* = Xt 4.76

Using Eqn. 4.76, the nonlinearities in the probability measure calculation is reduced to Eqn.

4.77.
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P(wg, xo, x5) =

[N[-2

P(yp°|h%) Z z 1_[ Pr(hy, thlop—1, -, 01, tn1, -, to) Xne, | Prhg, to)xor,

tN|—2€T  to€T \ n=1

4.77

4.2.3 Objective Function of the CRCSP MSSP Model

The objective of the CRCSP is to maximize the screening benefits for the population. The
uncertainty definition presented in Section 4.1 enabled directly calculating the health benefits
achieved through screening. Having unique lifetimes describing the progression through the
disease gave a baseline and yielded a closed form expression to calculate the life-years gained
through screening. In contrast, the uncertainty definition developed for the CRCSP MSSP model
only specifies the proportion of the population at a given health state and not how the population
progresses through the disease. This definition, albeit leading to a compact scenario construction,
does not provide a closed form expression for calculating the benefits, i.e., quality-adjusted life
years gained due to screening, for the objective function.

We introduce a function, F(x(, x°, w) To approximate the objective (Eqn. 4.67). The
function estimates the benefits of screening decisions, x, and x*, for a given uncertainty

realization, wg. Then, the objective function is given in Eqn. 4.78.

maxz ~ max E,[F(xy, x5, w)] = maxz P(wg, xo, x5)F (X9, X%, wy) 478

SES

We employ surrogate modeling'® to obtain an expression for F(x, x5, w). Surrogate
modeling is an approach to approximate a functional relationship from a given dataset to provide

a predicted output value given a set of input variables'®’. In this study, the two surrogate modeling
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approaches are used to approximate F(x, x°, ws), an artificial neural network model, and a

random forest model.

4.2.3.1 Using Artificial Neural Networks to Approximate Screening Benefits

Artificial neural networks (ANN) were inspired by the behavior of neurons in the brain.
An ANN consists of an input and an output layer connected by a number of hidden layers'®!. Each
layer contains a number of neurons. The network nodes, or neurons, have weights and biases
connecting the layers, with the activation function in the hidden layer determining whether a
neuron will “fire” and produce a signal. Training of an ANN refers to the process of calculating
the values of the weights and biases. Equations 4.79-4.80 express the relationship between the
input and output of a neuron within the ANN. In the equations, set I defines the input set, and sets

J and K are the sets of the neurons within the current and next layers in the network. Here, x;; is
an inputs, w;; and b; are model parameters determined during training, A(.) is the activation
function for the neuron, variable zj; is an intermediate variable and input to the activation function,

and Z;y is the output of the neuron.

Z]'k = Z Wl'jxl' + b] 4.79

i€l

Zix = A(zjx) 4.80

The ANN model developed to approximate the screening benefits for the MSSP model had
a single hidden layer with the rectified linear unit (ReLU)!'*? as the activation function, a linear
input layer, and a single neuron in the output layer. The MSSP scenarios were incorporated into

the ANN as inputs using one-hot encoding'®* by introducing |S| binary variables.
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The resulting formulation to approximate F(x,, x°, @) using an ANN model is given in
Eqns. 4.81 to 4.91'%% Set I includes the index for the ANN inputs, where |I| = |N| — 1 + |S|, and
|N| is the number of stages in the MSSP model. Set ] is the indices of the neurons in the hidden
layer (The approach used to determine the number of neurons in the hidden layer is outlined in
Appendix B). Equation 4.81 is the output of the ANN and gives the estimate of F(xg, x°, wy).
Equations 4.82 — 4.87 calculates the ReLU activation function value for the output of the hidden
layer. Equation 4.88 calculates the neuron outputs in the hidden layer prior to the activation
function. Equations 4.89 — 4.91 define the ANN inputs. Equation 4.89 normalizes the values of the
first stage decision variables, while Eqn. 4.90 does the same for decision variables from stages two
to [N| — 1. Equation 4.91 defines the one-hot encoded input into the ANN for the scenario

definitions, where HSS, takes a value of one if s’ = s and is zero otherwise.

F(xo, %%, wg) = ¥ je;wjZ7 + b Vs €S 4.81
z; < My; VjEJ Vs€ES 4.82
z5 > —My} Vj€JVsES 4.83
35 < My§ Vj€JVsES 4.84
3 > —My} Vj€JVsES 4.85
2j < zf + M(1 - yy) ViEJ,VSES 4.86
7z 27 — M(1- yjs) VjEJVsES 4.87
zj = Z wi; %] + b; Vi€ Vs€ES 4.88
iel
%5 = 2eer tXotr — Tonin Vs e s 4.89
Tinax = Tinin
%5 = Yter tXne — Tmin Vs €S, Vn e, .. |N|-2] 4.90

Tmax - Tmin
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235 = 65, vs,s' € S,vn e [IN| —1,..,|IN|+|S]] 491

4.2.3.2 Using Random Forests Model to Approximate Screening Benefits

Random forests (RF) is a machine learning methodology that is used for classification and
regression. A random forest model generates its output by combining outcomes from a set of
decision trees, called a forest. Each tree is constructed independently and employs a random vector
sampled from the input for its construction'®>. The output value of a single tree in the forest for a
given input is the value of the final leaf node reached, and the RF model output value is the average
of the outputs for every decision tree in the forest using a bootstrap aggregation approach.

To approximate the screening benefits for the MSSP model, we constructed |S| RF models,
one RF model for each scenario. (We also considered using one-hot encoding of the scenarios,
similar to the ANN model, for building the RF model. However, it was found that the RF model
was less accurate when one-hot encoding was used. These results are presented in Appendix B.2.)
A mixed integer linear formulation for incorporating a RF model into the MSSP as constraints is
presented in Eqns. 4.92-4.98, where set S is the set of all scenarios in the MSSP, T? is the set of
all trees in the forest for scenario s € S, L® is the set of leaf nodes in a tree for scenario s, and P*
is a set that defines all potential combinations of 1) the trees in the forest, t, 2) the parent node, p,
3) the left child node, [, and 4) the right child nodes, r, within the constructed forest for scenario
s. The output of the RF, the average of the outputs of all trees, is presented in Eqn. 4.92, where
N§-ces and cf) are parameters for the number of trees in the forest and the trained predictor value
for leaf node n on tree t for scenario s, respectively. In Eqn. 4.92, y; is a binary variable
indicating the active leaf node, a leaf node that fits all of the branching decisions within the tree,

n, for tree t in scenario s. The root node for each tree is forced to be active in Eqn. 4.93, and Eqn.
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4.94 enforces that only one child node for each parent node may be active if the parent node itself
is active. The branching conditions to select which child node to activate for each input variable
are enforced in Equations 4.95-4.98. In these expressions Hp is the threshold value of parent node
to define the splitting decisions in the tree, and M is a sufficiently large parameter value for a big-

M constraint.

1
F(xo,x%, wg) = Ns—z z caVi Vs€eS 4.92
trees teT TeL
yir =1 VtET,VSES 4.93
Vit Yir = Vip v (t,p,l,vr) € P,YSES 4.94
th()t>H§—M(1—yfr)—M(1—yfp) v (t,p,l,vr) € P,YSES 4.95
teT
z txoe < Hy + My + M(1 - y5,) V(tp 1) € PYSES 4.96
teT
> txse > Hy = M(L = y8) - M(1 - y,) vn e LNl =2 4.97
teT v (t,p,l,vr) € P,YSES
> e < H + Myg + M(1-y5,) vn el .., [Nl =2, 4.98

teT v(tplr) e PVSES

4.2.4 Constraints and Model Formulation of the CRCSP MSSP

The rest of the MSSP model constraints incorporate the screening decisions. The first set
of constraints, Eqns. 4.99-4.102, are logical constraints to define the screening actions taken.
Equations 4.99 and 4.100 are used to enforce that each screening decision is taken only at one time
point, and only one screening test is recommended per decision. Equations 4.101 and 4.102 are
ordering constraints for the screening actions, e.g., ensuring screening action two is taken after

screening action one.
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Z xop = 1 4.99

zxflt= 1 vne[l,..,|N|-2],vs€eS 4.100
teT

> txg < Y e, vses 4.101
teT teT

Z tx(sn—l)t < Z txn vn€|[2,..,|N|—2],Vs€S 4.102
teT teT

Another set of constraints, non-anticipativity constraints (NACs), ensures that the future
outcomes are not utilized to make here-and-now decisions. These constraints set the values of
decision variables equal to each other for indistinguishable scenarios. For the CRCSP, scenarios
become distinguishable based on the outcomes of the screening actions. Per each test, there are
four distinguishable outcomes: 1) no unhealthy state detected, 2) an adenoma detected, 3) cancer
detected, and 4) cancer detected through symptoms. In the case that no unhealthy state is detected,
this could be due to either the individual being truly healthy, or the test missing an unhealthy state.
However, once CRC is detected, there is no longer any reason to screen further in that scenario,
meaning any outcome after CRC is detected is irrelevant and for simplicity can be bundled with
any other scenario to reduce the degrees of freedom in the problem. This leads to only two
outcomes needing to be differentiated from each other for the next screening decision, the no
unhealthy state detected and a detected adenoma state. Meaning that number of scenario subsets
needed to construct the NACs to be equal to 2"~ where n is stage in the MSSP. Set § is then

introduced to be the set of all subsets of scenarios described at each stage where the total number
of subsets, |5'|, is described by |§| = Z',f’:';l 271 Set ™ c S is then defined to be a set of all

subsets needed to describe the scenario bundles at stage n. The necessary NACs for the model are

then presented by Eqn. 4.103, where s,,,;,, is the lowest scenario index of subset J™.
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Z xS, = Z feSmin vnel[l,..,IN|-2], 4.103

cn
teT teT Vs € S™\s,in

Due to type I endogenous uncertainty in the CRCSP, the MSSP model is nonlinear.
Following our previous approach (Section 0), the nonlinear terms are linearized by introducing
new variables. The approach used is the exact linearization of products of binary variables and
then products of binary and continuous variables (Section 4.1.1.2.1) using the constraints defined

in Eqns. 4.104-4.110. The variable thot L2 is defined to be the product of the binary variables,

and EFXtSOtl---t|N|—2 is defined to be the product of.fftsotl__t”\”_2 and F (x, x5, w,).

VS
Xigtrtin— S Xotg Ve, ET,VsES  4.104
tl,...,t|N|_2ET|N|_2
os s Vviell, .., |N|—2]
Xtotl...t|N|_1 < Xjy, [ V] | 4.105
to,.. ti—ti+1,t|N-2€TINI=2 Vt, €T,VseS
5s s s Vto,...,t|N|_2 (S TlNl_l,
Xegty tiy—z = Xot, T Xie, + o+ Xjyj—p — (IN] = 2) 4.106
Vs€ES
R Vto,...,t|N|_2 (S TlNl_l,
EFXSe, oy < Fo, 0% 0) + MUB (1= %8  o ) 4.107
Vs€ES
R Vto,...,t|N|_2 (S TlNl_l,
S LB S
EFXS, oy = FO0 0% 09) =M (1= 85 o) oo, 108
~ Vto,...,t|N|_2 € TlNI_l,
UB
EFXé)tl...t|N|_2 <M XtSOtl-"t|N|—2 VsES 4.109
Vtg, ..ot g TINI-1
LB % 07+ H[N|-2 ’
EFth;)tl...t|N|_2 = -M th()tl---thl—Z 4.110

VsEeS
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Equations 4.111-4.112 define the MSSP model when F (x,, X%, @) is approximated using
a ANN, coined MSCRC-NN, and Eqns. 4.113-4.114 define the MSSP when F(x,, x5, w;) is

approximated using a RF model, referred to as MSCRC-RF.

MSCRC — NN

maxz z Pr(hi ,to) ... Pr (hglNl—z’t|N|_2|0|SN|—3’""03’ t|1v|-3.---,t0) 4.111

SES to,...,t|N|_2ET|N|_1

EFthot1---t|N|—z

s.t. 4.81-4.91,4.99-4.110 4.112
MSCRC — RF
maxz Z Pr(hi ,to) ... Pr (hlel_z,t|N|_2|o|SN|_3, s 00, LN |=3) ...,to) 4.113

SES t,...t Nj-2ETINIZ1

EFXtSotr--thl—z
s.t. 4.92-4.110 4.114

4.2.5 A Case Study of CRCSP MSSP with Three Stages
4.2.5.1 Data Sources and Parameter Values

We used a three-stage MSSP to evaluate the proposed model and to compare the
performances of two surrogate modeling techniques in approximating the screening
benefits. The MSSP model had two screening decision epochs and 22 scenarios. The data
used to train the surrogate models was gathered using the microsimulation model (MSM)
described in Section 3.1. The screening section of the MSM was modified to allow only two
screening actions, using a colonoscopy, to be taken for each simulated individual. We used
the screening section to simulate each possible outcome of the screening actions (random
variable ), with either 100% detection rate, if the outcome is defined to detect the
unhealthy state, or 0% detection rate if it is not for every individual within the simulated
cohort. Two metrics were then calculated to evaluate the screening benefits per individual
within the MSM. The first metric is the expected quality-adjusted life-years (QALY) lived,
LYL,, where the years of life are weighted based on the health state of the individual after
screening is applied given the scenario that the individual is described by. The calculation
of LYL, is presented in Eqn. 4.115, where P* is the set of individuals within the simulation
whose life time is described by scenario s, and T = {1,2, ...,100} is the set of all timepoints
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in the simulation. H7%! is the set of health states considered within the MSM (elements
defined in

Table 4.7). The quality of life adjustment value, w;, depends on health state h, and the
values are defined in

Table 4.7. The binary variable y,p" indicates if individual p is in health state h at
timepoint ¢ after screening, and u, is the disutility due to screening for individual p that is
associated with the total number of colonoscopies taken in a lifetime. The value of p,, for a single

colonoscopy is assumed to be 0.0055 years'®’.

1
LYLs = 1551 Z 2 Z WhYpth" ~ Hp 4.115
PEPS tET heHFull
The second metric used to assess screening benefits is the QALY gained, LY G;. The QALY
lived is calculated for the individual with and without the screening actions, and LY G is calculated
by Eqn. 4.116, where a superscript of scrn denotes the lifetime when the individual is screened

and nat denotes when the individual is not screened.

1
LYG, = 75 ) (Z > (v - vpsd) ) = (™~ p) 4116

PEPS \t€T peyFull

Table 4.7 Utility weightings of each health state

Health state Parameter value
(h) Wh
1 — Healthy 1.00
2 — Adenoma 1.00
3 — Undiagnosed stage 1 CRC 0.88
4 — Undiagnosed stage 2 CRC 0.88
5 — Undiagnosed stage 3 CRC 0.88
6 — Undiagnosed stage 4 CRC 0.88
7 — Clinical stage | CRC 0.80
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8 — Clinical stage 2 CRC 0.75

9 — Clinical stage 2 CRC 0.60
10 — Clinical stage 2 CRC 0.30
11 — Deceased 0.00

The MSM was used to generate 1,000 data points for each of the 22 scenarios, with each
data point corresponding to a screening strategy defined by two ages at which a colonoscopy would
occur. The 1,000 input strategies were generated using Sobol’ sequence, constraining the sample
to ensure the first screening age was less than the second, adhering to the constraints in the MSSP.
For each screening strategy, the MSM was simulated for 400 replications, with each replication
simulating the lifetime of 1,000,000 males born in 1990. The hyperparameters of the ANN
(number of neurons in the hidden layer and the number of training epochs) and RF (number of
trees in a forest and the maximum depth per tree) models were determined using 5-fold cross-
validation!'®® with 15 Monte Carlo replications, withholding 20 % of the training data to be used
as testing data. These results are presented in Appendix B. Once the hyperparameters were set, as
given in Table 4.8, the ANN and RF models were trained using the full data set. The ANN models
were trained in Python using TensorFlow, and the RF models were trained in Python using scikit-

learn.

Table 4.8 Model parameters for NN and RF approximation of the QALY lived and QALY
gained metrics

Model Parameter QALY Lived QALY Gained

NN neurons 34 23

NN training epochs 800 700
RF Trees 75 75

RF Max tree depth 9 10
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Parity plots were constructed to assess the ANN and RF models’ fit to the data and are presented
in Figure 4.17. Plots A and B are the parity plots of the ANN and RF approximations for the QALY lived
metric, and plots C and D are the same for the QALY gained metric. In the plots, the red dots correspond
to the predicted and actual values, and the black line is the parity line using the normalized scale of zero to
one. The closer the dots are to the parity line, the better the model predicts the values. Based on Figure 4.17,
the RF model accurately approximates the QALY gained metric as the predicted values are on a very tight
spread around the parity line. The predictions of the ANN model deviate more from the parity line than
those of RF models for both metrics, QALY lived and gained. The ANN models predict negative values
outside the normalized output range, while all RF models’ predictions are within the normalized range for
both metrics. The predictions of the ANN model for QALY lived, plot A, are both under and overestimates
of the true values by a maximum absolute error of 0.21, and 39% of the predictions have absolute errors
greater than 0.01. The ANN model overpredicts the true values at the lower range and under-predicts them
at the upper range. A similar trend, though not as drastic, can be seen for the RF predictions of the QALY
lived, plot B. The percentage of predictions with an absolute error greater than 0.01 is around 4%, showing
that the RF model, on average, gives a better prediction than the ANN model. For the QALY gained metric,
plots C and D, we observe that the RF model better predicts the true values. Less than 1% of the RF model
predictions had an absolute error greater than 0.01, while the 52% of ANN model predictions had an

absolute error greater than 0.01.
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Figure 4.17 Model fit assessment of the A) NN approximation and B) RF approximation of the
QALY lived metric and the C) NN approximation and D) RF approximation of the QALY
gained metric.

The MSM was also used to generate data for the parameters needed to calculate the
probability measures of the scenarios, P(wg, xg,x°) . The MSM was simulated for 400
replications, with each replication simulating the lifetime of 1,000,000 males born in 1990 to
determine the parameters. The probability of being at a given health state for the first stage
decision, P(hy,ty), was calculated by simulating a population and counting the number of
individuals in each health state at every time point. For the second stage decisions, the parameter
P(hq,tq]0g, to) was estimated similar to the screening benefit metrics. A colonoscopy was applied
at every time point, and the population was screened where the test was 100 % (¥ = 1) and 0 %
(¥ = 0) accurate. After the colonoscopy, the proportion of the population was counted based on

the outcome of the colonoscopy and the health state of the individuals at each time point. The
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values for P(y|h) given in Table 4.9 are defined outside of the MSM and used to represent a

colonoscopy’s sensitivity to a given health state.

Table 4.9 Probability of screening outcome P(y|h)

Outcome Parameter realizations Probability

(0) W, h) P(|h)
0 (0,1) 1.0

1 (0,2) 0.1

2 (0,3) 0.01

3 (1,2) 0.9

4 (1,3) 0.99

5 (1,4) 1.0

4.2.6 Model Statistics and Solutions

Both surrogate models were trained twice, once using the QALY lived (LYL) and once
using the QALY gained (LYG) as outputs. The resulting model statistics are presented in Table
4.10. The MSSP model using an ANN is more compact (MSCRC-NN), with fewer binary decision
variables than the MSSP model with the RF (MSCRC-RF) due to the RF model structure. In a RF
model, a large number of binary variables are needed to traverse the various trees, as each
branching node within a tree of a RF model introduces a binary variable. The accuracy of RF
models is improved by increasing the number of trees in the model. However, in doing so, the size
of the resulting MILP formulation grows. Additionally, the information passed from node to node
in an ANN model is a continuous variable, unlike the series of yes-no decisions involved in a RF
model. The activation function of an ANN, however, can increase the complexity of the ANN
formulation by potentially introducing nonlinearities and non-convexities. The use of the ReLU

activation function in this study kept the MSSP model linear.
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Table 4.10 Model statistics for MSCRC-NN and MSCRC-RF using QALY lived (LYL) and
QALY gained (LYG)

Model. Constraints  Variables Binary
formulation
MSCRC-NN-LYL 734,751 293,342 146,953
MSCRC-RF-LYL 1,736,611 962,8659 818,505
MSCRC-NN-LYG 731,193 292,615 146,711

MSCRC-RF-LYG 1,814,666 1,016,148 871,783

The resulting MSCRC-NN and MSCRC-RF model were constructed in Python 3.8 using
Pyomo 6.1.2 and were solved to optimality using CPLEX 20.1.0 using a workstation with an Intel®
Xeon® 2.30 GHz, 20-core core processor and 32 GB of RAM. The solutions and solution times
are given in Table 4.11. The solution times of both formulations are comparable to, if not less than,
the TSSP models of CRCL1 (Eqns. 4.59 and 4.60) and CRCL2 (Eqns. 4.61 and 4.62) of the
CRCSP. These solution times are due to the reformulation of the uncertainty and the resulting
compact models.

The solution of the model represents the ages at which a colonoscopy is recommended.
When using the LYL as the screening benefit, both MSSP models recommend screening at a very
early age, 23 and 20 for MSCRC-RF and MSCRC-NN, respectively. However, the age for the
second screening was drastically different for the two MSSPs. The solution of the MSCRC-NN
recommended the second screening ages of 42 and 100 for individuals with a healthy outcome and
an unhealthy outcome at the first screening. In comparison, the MSCRC-RF model solution
recommends the second screening at ages 69 and 70 for a healthy and unhealthy outcome. When
screening benefits are evaluated using the LYL metric, the early screening age maximizes the
probability of the scenarios where CRC is not developed within an individual’s lifetime given the
first screening test. This result suggests that the LYL is a poor metric for assessing the screening

benefits, as the MSSP solution recommends employing the first screening test when a majority of
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the population is healthy as to increase the overall probability of the population being healthy early
in life. The age of the second screening test recommended as the solution of the MSCRC-NN-LYL
model for the population with a healthy first screening outcome is consistent with the current
recommendations. The second screening of the population where an unhealthy outcome occurs for
the first screening test suggests that screening after detecting an adenoma is not essential to
maximize the health benefits of screening, which is inherently untrue. This result further suggests
that the metric of LYL is ill-suited for providing a good measure of the health benefits of screening.

The MSSP solutions when the screening utility was evaluated using the LYG metric
suggest insignificant benefits. The optimum solution of the MSCRC-RF-LYG model is -3.29 x 10"
> LYG. The disutility for a colonoscopy is 5.5x 1073 years of life, or a total loss of QALY of 0.011
years if both screens are taken. The optimal solution suggests that the expected gain in QALY does
not fully offset the screening burden. The optimal screening strategy identified as the solution of
the MSCRC-NN-LYG estimates 0.77 LYG. This estimate predicts 22% more LYG than the TSSP
solution, which was an overestimate. The recommended ages at which screenings should occur as
determined by MSCRC-RF-LYG are 51 and 100, regardless of the outcome of the first screening
test. Delaying the last screening test until the last allowable age suggests that the benefits of
screening more than once in a lifetime are not worth the burden. For MSCRC-NN-LYG, the
recommended screening ages are 21 and 23, given healthy and unhealthy first screening outcomes,
suggesting screening later in life does not improve LYG. We hypothesize that this solution
maximizes the probability of developing CRC early in life to maximize the gain in QALY for the

most extreme cases.
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Table 4.11 Solution statistics for MSCRC-NN and MSCRC-RF using QALY lived (LYL) and
QALY gained (LYG)

Model Objective Screen 2 Screen 2 Solution
formulation value (years) Screen 1 (Healthy) (Unhealthy) walltime (h:m:s)
MSCRC-NN-LYL 84.62 23 42 100 0:54:27.25
MSCRC-RF-LYL 82.32 20 69 70 2:37:54.44
MSCRC-NN-LYG 0.77 21 23 87 0:41:42.94
MSCRC-RF-LYG -3.29% 1073 51 100 100 4:46:57.45

4.3 Conclusions

This chapter outlined the formulation and evaluation of a stochastic programming approach
for solving the CRCSP. Two models were investigated, a two-stage stochastic program (TSSP)
and a multi-stage stochastic program (MSSP). The TSSP model assumed that only one instance of
CRC or its precursor might occur in an individual. Additionally, the screening strategy determined
by the TSSP does not represent the practical implementation of screening strategies by healthcare
professionals, where the next screening test is recommended based on the results of the most recent
one. The MSSP model rectified these two drawbacks by redefining the problem uncertainty and
the structure of MSSPs modeling the sequential decision-making process. However, both problem
formulations can be solved to optimality to generate solutions much faster than a simulation-
optimization framework.

Three models were formulated to solve the CRCSP as a TSSP. The base model, CRCNL,
a MINLP, could not be solved for any instance of the CRCSP within 24 wall hours. In comparison,
the two linear models, CRCL1 and CRCL2, were solved to optimality for all but one instance of
the problem. The CRCL1 model was obtained using direct linearization of the product of binary
variables, and binary and continuous variables. The CRCL1 quickly became intractable due to the
exponential growth in the number of variables and constraints with the increasing number of
actions taken on the system. The CRCL2 model was obtained by recursive calculation of the

probability-weighted utility given the actions taken on the system. This linearization approach
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increased the size of the CRCL2 model at a slower rate for the increasing number of actions taken
on the system than CRCLI1. Although CRCLI is a larger model than CRCL2 and grows
exponentially with the number of screening tests, its solution time is 2% to 67% shorter than
CRCL2’s due to the tighter formulation.

The TSSP models were utilized to determine the optimal screening strategy for CRC using
the simulation data for a cohort of males. A case study was devised to assess how the optimal
screening strategy changed with increases in the number of screens taken in a lifetime and the
impact of increasing the cohort size (which increased the number of scenarios). The results
suggested that there is a diminishing benefit in the expected QALY gained for the cohort as more
actions are taken within a given timeframe. The optimum solutions recommended scheduling the
first screening tests to capture the majority of individuals who develop CRC. The less common
CRC cases were captured with increasing the number of actions, accounting for the small increase
observed in the expected QALY gained. As the cohort size increased, the time between the actions
taken and the expected gain in QALY increased. This result is due to a better representation of the
uncertainty space with increasing cohort size where an individual may develop CRC. The optimal
actions for the smaller cohort sizes are focused on a few individuals that develop CRC in their
lifetime, resulting in screening actions that are very close to each other.

The TSSP model relied on representing the rare-event region of the uncertainty space with
cohort size to obtain quality solutions. Ten scenario construction approaches were evaluated to
determine the most efficient method for adequately representing the rare-event region. Four
different sampling methods were tested: crude Monte Carlo (CMC) sampling, Latin Hypercube
sampling (LHS), Sobol sequence, and Halton sequence. For each sampling method, the scenarios

were constructed by either directly sampling from the uncertain parameter distributions or a
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constructed importance distribution. The last two approaches used the k-means and x-means
clustering algorithms for scenario construction. The results revealed that the LHS using the
importance distribution yielded scenarios that best represented the rare-event region among the
sampling methods. The optimum solutions of the TSSPs using this approach had the lowest
variance and were closer to the true optimum solution and the objective value. The clustering
algorithms generated scenarios that yielded optimum solutions closer to the true objective function
value than sampling methods. The x-means algorithm recommended a larger number of scenarios
than the k-means algorithm. However, the scenarios constructed by the x-means algorithm also
yielded the closest TSSP solution to the true solution. The k-means algorithm constructed scenario
sets that closely approximate the objective function values with a smaller size. The scenario sets
constructed by the x-means algorithm provided high-quality solutions for both objective function
value and the solution location, albeit they had a larger size.

Formulating the CRCSP as an MSSP was investigated to address the assumptions and
drawbacks of the TSSP model. An MSSP model is inherently a sequential decision-making
approach that more closely represents the screening process implemented by health care
professionals. Defining the problem uncertiainty differently in the MSSSP model drastically
reduced the number of scenarios, eliminating the need for a specialized scenario construction
scheme to represent the rare-event region. However, the new definition prohibited the derivation
of a closed-form expression for calculating the screening benefits. Hence, surrogate models were
developed to estimate the screening benefits using data generated from a CRC microsimulation
model. Two machine learning techniques, ANN with a ReLU activation function and a RF model,

were employed to build the surrogate models. Using either the ANN or the RD model yielded a
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linear MSSP model that was solved using CPLEX. The solution times of both models on a
workstation were comparable to the TSSP model solution times on a supercomputing node.
Though the MSSP model was computationally easier to solve, its solutions differ
significantly from the current CRC screening recommendations. The MSSP solutions recommend
screening tests on the extreme ends of the timeline, suggesting they provide minimal benefit. This
result contradicts clinical findings and previous studies suggesting the metrics used to assess
screening benefits or the approximations of the metrics (using the surrogate models) are not well

suited for capturing the benefits past a single screening test.
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CHAPTER 5

CONCLUSIONS AND FUTURE DIRECTIONS

In this dissertation, the colorectal cancer screening problem (CRCSP) was approached
using two different techniques for optimization under uncertainty, simulation optimization and

stochastic programming.

5.1 Simulation Optimization Approach for Solving CRCSP

In Chapter 3, a simulation optimization approach was investigated for solving the CRCSP.
The investigation included the recreation and verification of the CRC-SPIN microsimulation
model to simulate the progression of CRC within a population. A comparative analysis was
performed to assess which derivative-free optimization (DFO) solver would perform best for
combinatorial optimization problems. The results suggested that the TOMLAB/glcSolve global
solver combined with the DFL local solver produced high-quality solutions with fewer function
evaluations. The CRCSP was solved using the CRC-SPIN microsimulation, TOMLAB/glcSolve
and DFL to determine an optimal screening strategy. The optimal screening strategy outperformed
the current recommendations for CRC screening.

A sensitivity study was performed to understand the impact simulation assumptions and
parameters had on the optimal screening strategy. This study showed that simulation parameters
affecting the CRC progression had the greatest impact on the optimal solution. Overall, the
simulation-optimization approach to solving the CRCSP allowed rigorous modeling of the CRC
progression and the screening process. However, the computational cost of solving this problem

was very high, and confirming global optimality is difficult. The solutions produced, however,
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showed a substantial increase in the screening benefits over strategies determined through a what-

if-analysis.

S92 Mathematical Programming Approach for Solving CRCSP

Chapter 4 details the mathematical programming approach to solve the CRCSP using a
stochastic programming (SP) framework with two-stage SP (TSSP) and multi-stage SP (MSSP)
models. Both models incorporate type I endogenous uncertainty, where the decisions impact the
probability of uncertain outcomes. Due to the uncertainty, the models were mixed-integer
nonlinear programs. The TSSP model was linearized by two direct linearization procedures
(CRCL1 and CRCL2), and the trade-offs of the two procedures were assessed. It was discovered
that CRCL1 produced a tighter model, which grows faster than CRCL2, but had a shorter solution
time.

The TSSP model of the CRCSP had a unique characteristic: the region of uncertainty that
has the largest impact on the solution is a relatively small rare-event region of the space. A
comparison study was conducted to determine the best method to construct a scenario set for
adequately representing the rare-event space. The results suggested that the top performers were
clustering algorithms, specifically k-means and x-means algorithms. The optimum solution of the
TSSP model was, on average, 0.63 expected quality-adjusted life-years (QALY) gained per
person.

Extending the TSSP to an MSSP model required redefining the problem uncertainty. It
enabled a more realistic representation of the screening problem by allowing multiple instances of
CRC to be developed within a lifetime. In the CRCSP MSSP model, a surrogate model was used
to approximate a closed form expression for the screening benefits assessed using either QALY

lived, or QALY gained metrics. Two machine learning models were considered, ANNs or RFs.
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An instance of the model with three stages was solved, yielding an expected QALY lived of 84.62
and 82.32 years for the models using the RF and ANN as the surrogate models, respectively. An
expected QALY gained of -3.29x 10 and 0.77 years were obtained as the MSSP solution when
the RF and ANN models were the surrogates, respectively. The resulting strategies recommended
by the MSSP using both metrics suggest that the formulation does not properly represent the

CRCSP.

5.3 Recommendations for Future Work

The search space in the simulation-optimization approach only considered the choice of a
single screening modality when constructing the screening strategy. This search space restriction
eliminates the possibility of including some currently recommended strategies, such as using a
combination of a colonoscopy and FIT to screen for CRC. In future studies, redefining the decision
variables to increase the screening strategy search space is recommended.

The scenario construction study only considered sampling and clustering methods for the
scenario set construction. Several optimum-scenario-set construction problems using
mathematical programming have been proposed in the literature. Their abilities to represent the
rare-event region of an uncertainty space have not been assessed. The scenario construction study
would benefit from incorporating these approaches. In addition, the scenario construction study
could also investigate sampling scenario sets using a generative adversarial network (GAN).

The two metrics used to evaluate the benefit of screening for the MSSP, QALY lived and
gained, did not provide a screening strategy consistent with the current recommendations. This
issue may be due to the methods used to approximate the screening benefits, the representation of
the scenarios, or the benefits themselves. Further investigation of how best to approximate the

screening benefits through surrogate modeling is recommended. In its current form, the MSSP
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implicitly handles the death of an individual by having the simulation used to generate the data
handle death and incorporate it into the calculations for the screening benefits. Defining the
scenarios that consider the death of an individual at the age of screening should be investigated, as
it may better represent the problem at hand, potentially yielding higher quality and more accurate
solutions. Finally, identifying the best metric to quantify the screening benefits and investigating
the minimization of the overall cancer treatment costs, similar to the simulation-optimization
objective function, may improve the MSSP model.

The MSSP formulation currently only considers the use of a colonoscopy for the screening
actions and requires a large number of simulation samples if the number of stages increases. The
model could be extended to allow various screening actions to be taken at each decision point.
However, this extension would increase the model nonlinearity as the probabilities of detecting a
non-healthy state would become a function of the decision variables. This may then require a new
linearization scheme or the development of specialized solution approaches to solve the problem.

An iterative sampling scheme can be constructed to address the need for a large number of
samples to construct the MSSP. A baseline set of samples could be generated in the framework,
the surrogate model is trained using the samples, and the MSSP is solved. Once the MSSP is
solved, the framework would construct a new set of sample points to be evaluated and included in
the training set for the surrogate model. This process would be repeated until a convergence
criterion is met. Additionally, the endogenous uncertainty associated with the percentage of the
population at a given health state given previous screening actions could be approximated with a

second surrogate model.
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Appendix A Adenoma transition probability by size, age, sex, and location
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Figure A.5.1 Transition probability of an adenoma by size initiating at age 25 in the colon of a female
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Figure A.5.2 Transition probability of an adenoma by size initiating at age 25 in the colon of a male
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Figure A. 5.3 Transition probability of an adenoma by size initiating at age 25 in the rectum of a female
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Figure A.5.4 Transition probability of an adenoma by size initiating at age 25 in the rectum of a male
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Figure A.5.5 Transition probability of an adenoma by size initiating at age 45 in the colon of a male
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Figure A.5.6 Transition probability of an adenoma by size initiating at age 45 in the rectum of a female
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Figure AS.7 Transition probability of an adenoma by size initiating at age 45 in the rectum of a male
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Figure A.5.8 Transition probability of an adenoma by size initiating at age 65 in the colon of a female
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Figure A.5.9 Transition probability of an adenoma by size initiating at age 65 in the colon of a male
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Figure A.5.10 Transition probability of an adenoma by size initiating at age 65 in the rectum of a female
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Figure A.5.11 Transition probability of an adenoma by size initiating at age 65 in the rectum of a male
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Figure A.5.12 Transition probability of an adenoma by size initiating at age 85 in the colon of a female
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Figure A.5.13 Transition probability of an adenoma by size initiating at age 85 in the colon of a male
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Figure A.5.14 Transition probability of an adenoma by size initiating at age 85 in the rectum of a female
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Figure A.5.15 Transition probability of an adenoma by size initiating at age 85 in the rectum of a male
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Appendix B Machine learning model parameter determination

The parameters of both the NN and RF were determined using 5-fold cross-validation !
with 15 Monte Carlo replications, withholding 20 % of the training data to be used as testing data.
The metric used to evaluate the model quality is the average root mean square error (RMSE) of

the testing data, to avoid overfitting.
B.1 Neural Network parameter determination

With ANN, the main parameters to be determined are 1) the number of hidden layers, 2)
the number of neurons per layer, 3) the number of training epochs for determining the weights and
biases of the links in the network, and 4) the activation function. Since the number of layers and
the activation functions were automatically chosen to reduce the complexity of the model,
parameter determination for the ANN only required the evaluation of the number of neurons and
the number of training epochs.

First the number of neurons was determined. There have been a number of rule of
approaches for determining the number of neurons within a hidden layer, including twice the size
of the input layer, somewhere between the size of the input and size of the output layer, and the
sum of the size of the input and size of the output layers'®’. The size of the input layer for the
neural networks is 24, where two variables represent the screening ages, and 22 represent the one-
hot encoding of the scenario realizations. The output layer of the neural network has only one
variable, the screening benefit metric, either QALY lived or QALY gained. Combining the rules
of thumb led to a parameter search space of [2,50] for the number of neurons in the hidden layer.
The number of training epochs was set to be an arbitrarily large value of 1,500, and was terminated

early if no improvement of the testing RMSE value is seen for 10 consecutive epochs. Multiple
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NN are trained increasing the number of neurons in the hidden layer from 2 to 50 in increments
of two. The resulting average RMSE for the trained NN are presented in Figure B.1, where plot
A shows the parameter evaluation for QALY lived and plot B shows the parameter evaluation for
QALY gained for both the training and testing data. From the plot, the value of the parameter is
chosen to be the value at which the decrease in RMSE begins to level out. The number of neurons

was determined to be from 34 to 38 and 20 to 24 for QALY lived and QALY gained respectively.
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Figure B.1 Number of neuron parameter evaluation showing the model’s RMSE as a function of

the number of neurons in the hidden layer for the screening benefit metric of A) QALY lived and
B) QALY gained.

Next the number of training epochs was needed to be determined. A number of NNs were
then trained incrementing the number of neurons by one from 34 to 38 and 20 to 24 for QALY
lived and QALY gained respectively. The testing RMSE is recorded as a function of the number

of training epochs from 100 to 950 in increments of 50 epochs. The resulting average RMSE for
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the trained NNs are presented in Figure B.2, where plot A shows the parameter evaluation for
QALY lived and plot B shows the parameter evaluation for QALY gained. Using the same
approach for determining the approximate number of neurons, the number of training epochs and

neurons was determined visually from the plot leading to 34 neurons and 800 training epochs for

QALY lived and 23 neurons and 700 training epochs for QALY gained.
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Figure B.2 Training epoch parameter evaluation showing the model’s RMSE as a function of the
training epochs for the screening benefit metric of A) QALY lived and B) QALY gained.

B.2 Random Forest parameter determination

The parameter to be determined for the RF model are 1) the number of trees within the RF
and 2) the maximum depth, or number of branching points, of the RF. As with the NN models, the
parameter values were determined sequentially, first with the number of trees followed by the

maximum tree depth. Unlike with NN, we evaluate the incorporation of the scenarios into the
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model by comparing the use of a total of 22 different RF models, one for each scenario, (RF22
method) versus a single RF model using one-hot encoding (RF1H method) to include the scenarios
as input variables.

First, both the number of trees to include in the model and if the scenarios should be
represented by a numerous individual RF models or a single large RF model were evaluated
together. To evaluate the number trees to use in the RF, a number of RF models were trained
starting with five trees and increasing the number of trees by five up to a total of 225 trees. This
was done for both the RF22 method and RF1H method. To compare the two methods, the average
testing RMSE of the 22 models in the RF22 method is compared to the average testing RMSE of
the RF1H method. The resulting testing RMSE as a function of the number of trees in the RF is
presented in Figure B.3. From the results, it is clear that the RF22 method provides a more accurate
set of regression models than constructing a single model. Additionally from the plot, it can be
seen that for both cases there is no clear improvement in the models after approximately 75 and

75 trees for QALY lived and QALY gained respectively.
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Figure B.3 Number of trees parameter evaluation showing the model’s RMSE as a function of the

number of trees in the forest model for the screening benefit metric of A) QALY lived and B)
QALY gained.

The number of trees in the forest was then set based visually from Figure B.3 to assess the
max depth of each tree in the RF model. The maximum depth allowed for each tree was increased
from one to 50, the resulting testing RMSE is presented in Figure B.4. Visually it was determined

that the max depth needed for the model was a depth of 9 and 10 for QALY lived and QALY

gained respectively.
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Figure B.4 Maximum tree depth parameter evaluation showing the model’s RMSE as a function

of the max depth of each tree in the model for the screening benefit metric of A) QALY lived and
B) QALY gained.
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