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Abstract

This thesis compares the tracking performance of estimation done using cluttered RADAR 

velocity measurements to estimated velocity based on LiDAR position measurements alone. The 

lead vehicle state estimation was done with a Probabilistic Data Association (PDA) Filter. This 

is a modified Kalman Filter that involves calculating the probability each detection originated 

from the target being tracked and using a combined measurement innovation. This prevents 

the track divergence that often occurs when using a filter, such as the Nearest Neighbor filter, 

that selects one measurement to use based on mahalanobis distance. Once the lead vehicle was 

tracked via the PDA filter, the state estimate was used to inform an attempt at an overtake via 

model predictive control.

With the rise in demand for vehicles with autonomous driving capabilities, the niche 

of autonomous racing research has also grown. One of the main tasks to perform in a racing 

scenario is an overtaking maneuver. To do this successfully, the opponent’s vehicle position and 

velocity need to be known. This tracking is done using active perception sensors on board the 

ego vehicle, including LiDAR and RADAR. RADAR is capable of measuring relative velocity, where 

LiDAR is not, but its raw detections are noisy and cluttered.

Testing of the developed autonomy pipeline was done on both simulated and real Turtle-

Bot4s. The PDA filter implementation was tested with a Lincoln MKZ and Kia Optima as well. This 

testing was meant to validate the method of vehicle tracking for future implementation on an 

autonomous indy racecar.

LiDAR outperformed RADAR when estimating lead vehicle position in all experiments. The 

velocity tracking results suggest that there may be a benefit to having a direct measurement of 

range rate from the RADAR sensor. This difference was not significant in the case of the TurtleBot4. 

The result of the full-scale vehicle tracking did indicate a greater improvement in velocity tracking 

at slow speeds. Highway and racing speeds were not tested.
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Chapter 1

Introduction

1.1  Background & Motivation

The field of autonomous racing has progressed significantly over the past two decades 

since the start of the DARPA Grand Challenge in 2004. While the approaches for achieving au-

tonomous behavior have evolved, the main tasks to be tackled have largely remained the same. 

These tasks include perception, planning, and control [1]. The Society of Automotive Engineers 

has defined the standard for 6 different levels of autonomous driving, ranging from minimal 

driver assistance features, all the way up to full autonomy that doesn’t require the presence of a 

human driver [2]. More specific comparison and details regarding these levels can be found in 

Figure 1.1. From a simple blind spot warning at Level 0 to full unconditional driverless capabili-

ties at Level 5, perception sensors are utilized throughout the range of features. Planning and 

control steps often rely on perception in order to navigate safely through unknown and changing 

environmental conditions. Radio Detection and Ranging (RADAR), Light Detection and Ranging 

(LiDAR), and camera are the 3 most commonly used perception sensors for autonomous driving 

scenarios, each with its own capabilities [3]. The best way to leverage each sensor is still an active 

area of research.

Choosing which sensor to use for which specific task can depend on the driving scenario. 

One such scenario that has been studied is autonomous racing. Several different research 

competitions exist as an opportunity to test and compete with driverless racecars including 

F1Tenth, Formula Student Driverless, Roborace, and the Indy Autonomous Challenge (IAC) [4]. 

The IAC, successor to the DARPA Grand Challenge, provides university teams with an Indy Lights 

car that has been modified with hardware necessary for autonomy including sensors and a 

computer. This challenge has historically consisted mainly of time trials as opposed to head-to-

head racing. In order to shift towards multicar competition, teams will need to determine the 
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Figure 1.1: Autonomous Driving Levels [2]
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best way to use the RADAR, LiDAR, and cameras that are installed on the cars.

Perception sensors are useful for localization and mapping, object detection, and target 

tracking. Localization can be done via GPS and inertial measurements and does not require the 

use of additional sensors. However in GPS denied environments it may be beneficial to utilize an 

alternative solution such as LiDAR SLAM. Since the IAC has been mainly focused on time trials, 

localization has been the primary concern among these perception related tasks. In a multicar 

scenario object detection and target tracking become much more relevant. In order to pass an 

opponent, an accurate estimate of the other vehicle’s position, velocity, and attitude is needed.

This thesis focuses on the development of a testing demonstration to evaluate the perfor-

mance of RADAR and LiDAR in opponent vehicle tracking to inform an overtaking attempt. The 

demonstration was implemented in its entirety with TurtleBot4s and the tracking was further 

tested with full-scale passenger vehicles. Ultimately this thesis is meant to support the Auburn 

University Indy Autonomous Challenge Team, but other testbeds were used as they were more 

accessible for development and testing. LiDAR has been used to a much greater extent in the Indy 

Autonomous Challenge thus far and this thesis investigates the degree to which incorporating 

RADAR would benefit the existing LiDAR work that has been done.

The cameras are the only passive sensor, do not natively measure depth, are susceptible 

to changes in weather conditions, and have a large data stream that is more difficult to process 

real-time [5]. Utilizing cameras in autonomous driving is beneficial as they are the best of the 

three sensors when it comes to object classification and pedestrian detection. However these 

advantages are far more relevant to a traditional driving scenario than autonomous racing. 

Typical driving involves recognizing traffic signs and signals as well as avoiding pedestrians, 

neither of these challenges are a concern in autonomous racing. The weaknesses associated 

with the camera make them the worst option when it comes to target tracking, therefore the 

camera is left out of the comparison presented in this thesis.
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1.2  Prior Art

1.2.1  Autonomous Driving

A significant amount of existing work with perception sensors has been specific to au-

tonomous driving as opposed to racing as this is an older and better-funded field of research. 

RADAR has proven to remain functional in various weather conditions which, paired with its direct 

measurement of radial velocity, makes it an ideal sensor choice for Advanced Driver Assistance 

Systems (ADAS) [6, 7]. The tasks that RADAR is typically used for include adaptive cruise control, 

park assist, blind spot detection, and collision warnings [8]. These tasks all require the use of an 

object detection algorithm, an example that focuses mainly on the use of RADAR is RODNet [9]. 

While a piece of this network involves fusion with camera, the object detection portion is done 

solely with RADAR. Where vision based detection would begin to degrade, RODNet does not due 

to RADAR’s ability to operate even in low-visibility conditions. While RADAR is commonly used in 

vehicles for detection it is not the best option for classification. While this can be done with RADAR 

as previously demonstrated by evaluating the performance of various clustering algorithms for 

recognition of pedestrians, cyclists and other vehicles with RADAR alone [10], sensor fusion is 

often necessary in order to improve the results. The LiDAR sensor has higher resolution and 

precise range measurements which allow for better estimation of an object’s orientation and 

shape than with RADAR [11]. However, when tested in adverse weather it did not perform as well 

[12]. PointPillars is an object detection and classification network that was developed using only 

LiDAR and performed well when compared to various other methods [13]. This demonstrates 

that LiDAR is a reasonable single sensor choice for identifying vehicles, pedestrians, and cyclists 

on the road.

Fusing LiDAR and RADAR with each other, or with a camera, allows for sensor strengths to 

be leveraged while supplementing their weaknesses. Pairing RADAR’s weather agnostic function 

and radial velocity measurement, LiDAR’s high measurement resolution, and camera’s color 

differentiation often leads to higher performance capabilities of any given algorithm as a whole 

than if only one sensor was being used [14]. A dominant combination for object detection has 
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been LiDAR and camera. One example is Liu et al.’s real-time algorithm that performed better 

than many state of the art methods including PointPillars [15]. Another instance of this specific 

sensor combination is BEVFusion which not only does object detection, but also segmentation 

[16]. Although LiDAR and camera are more commonly fused, work has been done with RADAR 

and camera fusion as well. Introducing RADAR improves on detection done with camera alone, 

but this sensor combination is really enhanced in object tracking due to RADAR’s radial velocity 

measurement [17]. Similarly, fusing RADAR with LiDAR improves upon object detection done 

with LiDAR alone. Wang et al. found that aiding LiDAR with RADAR fares better than PointPillars 

as well [18]. Ultimately though, as with camera fusion, the main benefit of introducing RADAR to 

a system that already has LiDAR is for the purpose of target tracking which also lends itself to 

predicting future behavior of moving targets as seen with LiRaNet [19].

1.2.2  Autonomous Racing

Although the research done on sensor fusion in autonomous driving is relevant to the 

research area of autonomous racing, the findings can not be directly translated. While the tasks 

to be accomplished are similar, there are several differences in the assumptions that can be 

made. Detection of pedestrians and cyclists is a worthwhile task to research for driving, but is 

irrelevant to autonomous racing. Additionally it is safe to assume that any object moving at a 

similar speed is another racecar, which simplifies the object classification task. In many cases, 

such as in the IAC, autonomous racing is only done in good weather, eliminating the concerns 

related to rain or fog.

IAC teams have already done work with detection and tracking of an opponent vehicle. 

Most of the existing work leans predominantly on the use of the LiDAR over the other perception 

sensors, with one team even using PointPillars [20]. Two teams, TUM and PoliMOVE, both utilized 

an extended Kalman filter for state estimation with slightly different nearest neighbor data 

association [21–23]. The former used the euclidean distance while the latter used mahalanobis 

distance. Euclidean distance does not account for the distribution of the data in its calculation, 
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but mahalanobis does [24]. As seen in Figure 1.2 this can cause certain measurements to be 

considered outliers even if they are not. Both methods use the measurement with the least 

distance from the predicted measurement to correct the state and covariance predictions in the 

filter. These two teams fuse RADAR with LiDAR to leverage RADAR’s ability to measure range rate. 

KAIST used a more sophisticated estimation filter, IMM-UKF-PDAF, and fused LiDAR with RADAR 

[25]. None of these prior works utilize the RADAR’s velocity measurement or offer an in depth 

comparison between the performance of different sensors as will be done in this thesis.

Figure 1.2: Mahalanobis vs. Euclidean Distance [26]

1.3  Research Contributions

This thesis offers a quantitative comparison of the performance of active perception 

sensors in state estimation of a lead vehicle in autonomous racing scenarios for the purpose of 

informing an attempt to overtake. Existing work has fused LiDAR and RADAR to perform target 

tracking tasks for the IAC, and brief comparisons have been presented, but none have been done 

on the same testbeds or to the same extent as this thesis. The main contributions of this thesis 

are listed below.

• Develop a modular autonomy pipeline involving a Probabilistic Data Association Filter for 

target tracking and Model Predictive Control (MPC) for overtaking as a method for testing 

perception sensor performance
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• Implement the developed autonomy on TurtleBot4s both in simulation and with hardware

• Implement the target tracking filter real-time on full-scale vehicles

• Compare LiDAR and RADAR results from all testing scenarios to determine the extent of 

the benefit of RADAR’s range rate measurement

1.4  Thesis Outline

The following six chapters dive deeper into the development pieces of the autonomy 

pipeline, present the various experimentation methods and results, then outlines the conclusions 

to be drawn and possible future work. Chapter 2 offers more background information including 

descriptions of the function of the sensors, explanations of typical autonomy pipelines, and 

presentation of the different coordinate frames used for this thesis. Chapter 3 describes the 

methods of measurement filtering used to accomplish target tracking. Chapter 4 outlines the 

planning and control involved in overtaking, which was done using MPC. Chapter 5 presents the 

experimental set up and results of the implementation on the simulated and physical TurtleBots. 

Chapter 6 is similar, but for the target tracking implementation on the passenger vehicles. The 

final chapter concludes and summarizes the results of the comparison performed in the thesis and 

suggests further work that could be done to investigate how to best utilize different perception 

sensors in autonomous racing.
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Chapter 2

Technical Background

2.1 Perception Sensors

The AV24 currently being used in the Indy Autonomous Challenge comes equipped with 

three different types of perception sensors; 6 Mako cameras, 3 Luminar LiDARs, and 2 Continental 

RADARs. The Auburn University AV24 autonomous indy racecar is shown in Figure 2.1. Since 

this thesis is focused on active perception sensors, the following sections will cover the ways in 

which the LiDAR and RADAR function.

2.1.1  LiDAR

Traditionally, LiDAR sensors emit a laser and measure the time it takes for it to return 

to the sensor, 𝑡, then convert this time to a range measurement, 𝑅, by equation (2.1) using the 

speed of light, 𝑐.

𝑅 = 𝑐Δ𝑡
2 , 𝑐 = 3 × 108 m/s (2.1)

The value is divided by two to account for the light traveling to the target and back to the sensor. 

This is known as time-of-flight (ToF) LiDAR and often results in millimeter level accuracy, and 

therefore strong relative position solutions. ToF LiDARs, which are the most commonly used in 

Figure 2.1: Autonomous Indy Racecar
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automotive applications, do not measure the frequency of light, meaning that they cannot detect 

doppler shift, which would be necessary for directly measuring velocity. It is worth mentioning 

that emerging technology allows for frequency modulated continuous wave (FMCW) LiDAR, which 

would address this shortcoming of LiDAR and possibly eliminate the need for RADAR fusion [27]. 

However, these sensors are more expensive and currently not present in most vehicles, including 

IAC racecars.

2.1.2  RADAR

The technology for FMCW RADAR is more mature and accessible than FMCW LiDAR. FMCW 

involves transmitting a radio wave with frequency that increases linearly, also known as chirp. 

The frequency difference between signal transmission and return can be used to determine the 

difference in time, which can be converted to range just like with a ToF sensor. The Doppler shift 

of the wave allows for the relative velocity measurement that ToF sensors do not provide. This 

is a simplified explanation of how FMCW technology works; Patole et al. dive deeper into its 

functionality, as well as other types of automotive RADAR sensors [8]. Typical ADAS systems, and 

the IAC vehicles, are equipped with FMCW RADARs. The Continental RADARs report range, range 

rate, azimuth, and elevation directly. All of the FMCW signal processing is done by the sensor 

itself. However these raw RADAR measurements need further processing as they are cluttered 

and noisy. This was handled with the use of a Probabilistic Data Association (PDA) filter which is 

further explained in Chapter 3.

2.2  Vehicle Models

In addition to measurements, estimation of the opponent vehicles state using a bayesian 

filter requires a model of the dynamics. The TurtleBots can be represented with a unicycle model. 

A constant velocity version of the model is used for this work.
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2.2.1  Kinematic Unicycle Model

A unicycle model is characterized by having two degrees of freedom and no side-slip, that 

is, the vehicle always travels in the direction it is facing. This is true for a TurtleBot, which is why 

this model was used for the MPC implementation done in Chapter 5. A visual depiction of this 

model is shown in the diagram in Figure 2.2. The nonlinear discrete state update in Equation (2.2) 

is a function of the previous states and control inputs which are given in Equation (2.3). Table 2.1 

describes the variables present in the unicycle model figure and equations.

Figure 2.2: Unicycle Model [28]

x𝑘+1 = 𝑓(x𝑘,u𝑘) =

[






𝑥𝑘 + 𝑣𝑘 cos(𝜓𝑘) Δ𝑡

𝑦𝑘 + 𝑣𝑘 sin(𝜓𝑘) Δ𝑡

𝜓𝑘 + 𝜔𝑘Δ𝑡

]






(2.2)

x𝑘 =

[






𝑥𝑘

𝑦𝑘

𝜓𝑘

]






, u𝑘 = [
𝑣𝑘

𝜔𝑘
] (2.3)
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Table 2.1: Kinematic Model Variables

Variable Description
𝑘 Current Time Step
x State Vector
u Control Inputs
𝑥 X Position
𝑦 Y Position
𝜙 Yaw
𝑣 Forward Velocity
𝜔 Yaw Rate
Δ𝑡 Time Difference

2.3  Coordinate Frames

There are two main types of reference frames used in this thesis for pose estimates. Those 

include sensor and global coordinate frames. Both frames are described in more detail below, 

and example diagrams of each from Paul Groves’ Principles of GNSS, Inertial, and Multisensor 

Integrated Navigation Systems [29] are provided.

2.3.1  Sensor Frames

A body frame is a right-handed coordinate frame centered on the ego vehicle or a given 

sensor. An example of a body frame is depicted in Figure 2.3. Since perception sensors measure 

relative to the sensor itself, the frame used for the filter solutions in this thesis is the RADAR’s 

sensor frame. In the case of the RADAR the x axis points straight forward out of the sensor, the 

y axis is to the left, and the z axis is orthogonal to the other two and pointing straight up. For 

the experiments performed in this thesis the lead vehicle’s position and velocity are estimated 

relative to this sensor frame. In the case of the physical TurtleBots the LiDAR was treated as the 

reference for evaluating the filter’s performance. The RADAR and LiDAR were mounted close 

enough together on the TurtleBots that the lever arms were able to be disregarded, and both 

were considered to coincide with the center of the robot. The same was the case on the Lincoln 

MKZ in Chapter 6. The LiDAR frame on the TurtleBot is 90 degrees offset from that of the RADAR, 

with the positive y axis pointing forward and the positive x axis to the right. These measurements 
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were rotated to the RADAR frame before being used to update the filter. 

Figure 2.3: Ego Vehicle Body Frame [29]

2.3.2  Global Earth Centered Earth Fixed (ECEF) Frame

The ECEF frame is used for GPS localization of the vehicles in Chapter 6, which is used as 

a truth reference comparison for the PDA filter’s results in this case. This frame’s origin is at the 

center of the earth. The x and y axes both intersect with the equator and align with 0 degrees and 

90 degrees east longitude respectively. The z axis goes through the north pole. This is shown 

in Figure 2.4. The ECEF measurements were converted to the sensor frame for the purpose of 

direct comparison with filter results. 

2.4  Autonomous Driving Pipeline Structure

Traditionally, each task in an autonomous driving framework is performed separately, 

and the result of one task is fed into the next. These tasks typically include perception, path 

planning, and control. Recently, with the onset of artificial intelligence and machine learning, it 

has become possible to go straight from sensor measurements to control outputs. The former is 

known as a modular approach, and the latter is called end-to-end control[30]. Although end-to-

end pipelines are the state-of-the-art, this thesis uses a modular approach, depicted in Figure 2.5, 
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Figure 2.4: ECEF Coordinate Frame [29]

in order to evaluate the effectiveness of the PDA filter with RADAR measurements. The estimate 

from the PDA filter is then fed into MPC which handles both the path planning and control. The 

following two chapters cover the PDA filter and MPC respectively.

Figure 2.5: Modular Pipeline
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Chapter 3

RADAR Measurement Filtering for Lead Vehicle Tracking

In order to successfully follow and pass another racecar it must first be identified and 

tracked by the ego vehicle. This requires the use of perception sensors to detect objects present 

in the environment. Measurements from these sensors can be filtered in order to produce an 

estimate of the lead vehicle’s pose. The work presented in this thesis focuses on the completion 

of the target tracking step. Therefore, the filters are initialized with the known truth state of the 

lead vehicle, assuming that the object detection piece has already been completed.

A major drawback to utilizing RADAR is that the raw measurements are not usable as they 

are cluttered with noise, detections of other objects in the area, and ghost detections. A filter is 

needed to eliminate noise and associate measurements with the desired target.

Typical RADAR filters include the Nearest Neighbor (NN), Probabilistic Data Association 

(PDA), Joint Probabilistic Data Association (JPDA), and Multiple Hypothesis Tracking (MHT). The 

NN filter is the simplest of these and works best in low clutter environments with one target. The 

PDA filter is more complex than the NN filter but is able to track targets even in the presence of 

clutter. The JPDA Filter and MHT are far more computationally expensive and are often needed 

when there is more than one target that needs to be tracked.

The nearest neighbor filter and probabilistic data association filter, are both modified 

versions of a typical Kalman filter, which consists of the equations below.

Time Update:

ˆ𝑥−𝑘 = 𝐴 ˆ𝑥𝑘−1 + 𝐵𝑢𝑘−1 (3.1)

𝑃−𝑘 = 𝐴𝑃𝑘−1𝐴⊤ + 𝑄 (3.2)
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Measurement Update:

𝐾𝑘 = 𝑃−𝑘 𝐻⊤ (𝐻𝑃−𝑘 𝐻⊤ + 𝑅)
−1

(3.3)

ˆ𝑧𝑘 = ℎ( ˆ𝑥−𝑘 ) (3.4)

ˆ𝑥𝑘 = ˆ𝑥−𝑘 + 𝐾𝑘 (𝑧𝑘 − ˆ𝑧𝑘) (3.5)

𝑃𝑘 = (𝐼 − 𝐾𝑘𝐻)𝑃−𝑘 (3.6)

The variables present in these equations are described in Table 3.1. The PDA filter was selected 

for the work done in this thesis, since there is only one target being tracked. It was chosen over 

the NN filter as it performs better with high measurement clutter.

Table 3.1: Kalman Filter Variables

Variable Description
𝑘 Current Time Step
ˆ𝑥 State Estimate Vector
𝐴 State Transition Matrix
𝐵 Control Matrix
𝑢 Control Input Vector
𝑃 State Covariance Matrix
𝑄 Process Noise Covariance Matrix
𝐾 Kalman Gain
𝐻 Measurement Matrix
𝑅 Measurement Noise Covariance Matrix
𝑧 Measurement Vector
𝐼 Identity Matrix

The time update remains identical across all three filters, with the modifications being 

present in the measurement update portion. With the presence of origin uncertainty in RADAR 

measurements, choosing which measurement to use in the Kalman filter is not straight-forward, 

and this issue is addressed by both the NNF and PDAF.
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3.1 Measurement Validation

An important step when tracking targets in clutter is measurement validation. This in-

volves comparing each mahalanobis distance, calculated as

𝑑𝑘𝑖 =√(𝑧𝑘𝑖 − ˆ𝑧𝑘)⊤ (𝐻𝑃−𝑘 𝐻⊤ + 𝑅)
−1

(𝑧𝑘𝑖 − ˆ𝑧𝑘) (3.7)

with a predetermined validation gate value, 𝛾. Any measurement with too large of a mahalanobis 

distance is not considered as it is unlikely to have originated from the target of interest.

3.2 Nearest Neighbor Filter

After the measurement validation step, the nearest neighbor filter consists of the exact 

same equations as a typical Kalman filter. Measurement selection for Equation (3.5) is done 

by calculating the mahalanobis distance for each RADAR detection and using the one with the 

minimum value of 𝑑𝑘. An assumption is made that the measurement corresponding with the 

minimum mahalanobis distance, also known as the nearest neighbor, is from the correct target. 

This filter can be effective, especially in low clutter environments, but if the nearest neighbor 

measurement happens to originate from an incorrect target, track divergence can occur, i.e. the 

filter tracks something other than the actual target [31].

3.3 Probabilistic Data Association Filter

The probabilistic data association filter is more complex and has two components that are 

not present in a traditional Kalman filter or NNF. These are calculation of association probabilities 

and updating the covariance matrix to account for measurement origin uncertainty. The purpose 

of these additional steps is to consider all validated measurements when updating the state 

estimate vector and covariance Matrix as opposed to selecting just one. This helps to prevent the 

issue seen in the NNF where an incorrect measurement is selected and the RADAR track diverges 

from the truth [32]. This filter was developed by Bar-Shalom et al. [33].
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For each measurement an association probability, 𝛽, is calculated as

𝛽𝑘𝑖 =
𝐿𝑘𝑖

1 − 𝑃𝐷𝑃𝐺 + Σ
𝑚𝑘
𝑗=1𝐿𝑘𝑗

(3.8)

which is the likelihood that any given measurement corresponds with the target of interest. In the 

above equation, 𝐿 is the ratio of the likelihood that the measurement originated from the target 

to the likelihood that is originated from clutter, 𝑃𝐷 is the probability the target is detected, and 𝑃𝐺

is the probability that the measurement falls within the validation region that corresponds with 

the chosen value of 𝛾. This is based on a 2 dimensional chi-squared distribution. The probability 

that none of the measurements can be associated with the desired target is also calculated as

𝛽𝑘0 =
1 − 𝑃𝐷𝑃𝐺

1 − 𝑃𝐷𝑃𝐺 + Σ
𝑚𝑘
𝑗=1𝐿𝑘𝑗

(3.9)

and this value is used in the update of the covariance matrix.

A likelihood ratio, 𝐿, is calculated for each measurement at each time step via the following 

equations,

𝐿𝑘𝑖 =
Nk𝑖𝑃𝐷
𝜆 (3.10)

Nk𝑖 =
1

2𝜋√|𝑆𝑘|
exp (−12(𝑧𝑘𝑖 − ˆ𝑧𝑘)⊤𝑆−1𝑘 (𝑧𝑘𝑖 − ˆ𝑧𝑘)) (3.11)

𝑆𝑘 = 𝐻𝑃−𝑘 𝐻⊤ + 𝑅 (3.12)

where N is the probability density function of a multivariate normal distribution of the measure-

ment innovation and 𝑆 is the measurement innovation covariance. The clutter is modeled as a 

Poisson distribution and 𝜆 represents the density of the clutter.

After the association probabilities are calculated, the measurement update is performed. 

Equations (3.3 - 3.4) are done the same as with a standard Kalman filter. The association proba-
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bilities are used to calculate a combined measurement innovation, z.

zk = Σ𝑚𝑖=1𝛽𝑘𝑖(𝑧𝑘𝑖 − ˆ𝑧𝑘) (3.13)

This combined measurement innovation is used in Equation (3.5). The state covariance matrix 

for the PDA filter is calculated as shown below.

𝑃𝑘 = 𝛽𝑘0𝑃
−
𝑘 + (1 − 𝛽𝑘0)𝑃

𝑐
𝑘 + ˜𝑃𝑘 (3.14)

𝑃𝑐𝑘 = 𝑃−𝑘 − 𝐾𝑘𝑆𝑘𝐾⊤𝑘 (3.15)

˜𝑃𝑘 = 𝐾𝑘[Σ𝑚𝑖=1𝛽𝑘𝑖(𝑧𝑘𝑖 − ˆ𝑧𝑘)(𝑧𝑘𝑖 − ˆ𝑧𝑘)⊤ − zkzk
⊤]𝐾⊤𝑘 (3.16)

Finally, a summary of the variables used in the PDA filter are given in Table 3.2. 

Table 3.2: PDA Filter Variables

Variable Description
𝛽 Association Probability
𝐿 Likelihood Ratio
𝑃𝐷 Detection Probability
𝑃𝐺 Gate Probability
𝑚 Number of Detections
𝑁 PDF of Normal Distribution
𝜆 Spatial Density of Clutter
𝑆 Measurement Innovation Covariance Matrix
z Combined Measurement Innovation
𝑃𝑘 Updated Covariance Matrix

The possibility that none of the measurements are from the correct target has to be 

accounted for. This is done with the first term in Equation (3.14). The update to the covariance 

matrix if one of the measurements does originate from the desired target is represented by 𝑃𝑐. 

The measurement origin uncertainty is accounted for with ˜𝑃.

Figure 3.1 depicts the benefit of the PDA filter. The blue line represents an existing track of 

a state being estimated by a given filter. The image on the left shows three possible measurements 

represented by the green, yellow, and red dots. Along with the measurments, the resulting track, 
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covariance, and association probability for each are show by the lines, ellipses, and numbers 

respectively. Instead of just relying on the measurement with the minimum mahalanobis distance 

as the NN filter would, in this case the one shown in yellow, all three possible measurements are 

taken into account in the PDA filter. This results in the updated blue track shown on the right, as 

opposed to tracking the yellow line. The three example association probabilities do not sum to 

one; this is because the probability that none of these measurements originated from the target 

being tracked is also accounted for in this example. Since the perception sensors used in this 

thesis produce cluttered measurements, the PDA filter is a better choice than the NN filter.

Figure 3.1: Tracking Example With Measurement Origin Uncertainty [34]

3.4 Constant Velocity State Model

In the time update of the filter a constant velocity model was used for the state transition 

matrix. The states for the model are shown in Equation (3.17).

x = [𝑥 𝑣𝑥 𝑦 𝑣𝑦]
⊤

(3.17)

33



The corresponding state transition matrix (𝐴) and process noise covariance (𝑄) are shown in 

Equations (3.18-3.19).

𝐴 =

[








1 Δ𝑡 0 0

0 1 0 0

0 0 1 Δ𝑡

0 0 0 1

]








(3.18)

𝑄 =

[











𝑞𝑥
Δ𝑡3
3 𝑞𝑥

Δ𝑡2
2 0 0

𝑞𝑥
Δ𝑡2
2 𝑞𝑥 Δ𝑡 0 0

0 0 𝑞𝑦
Δ𝑡3
3 𝑞𝑦

Δ𝑡2
2

0 0 𝑞𝑦
Δ𝑡2
2 𝑞𝑦 Δ𝑡

]











(3.19)

3.5 Measurement Models

3.5.1 RADAR

The Continental ARS430 RADAR was used for experimentation with both the TurtleBots 

and the test vehicles. The range, range rate, and azimuth measurements were used to track 

x and y positions and velocities. This resulted in a nonlinear measurement model, meaning 

a Jacobian would be needed to be used for each measurement update step of the PDA Filter, 

making it an EKF/PDAF instead of a standard linear Kalman filter adaptation. The measurement 

state vector (𝑧) and measurement observation model are shown in Equation (3.20) and Equation 

(3.21) respectively.

𝑧 = [𝑟 .𝑟 𝜃]
⊤

(3.20)

ℎ(x) =

[







√𝑥2 + 𝑦2

𝑥𝑣𝑥 + 𝑦𝑣𝑦
√𝑥2 + 𝑦2

atan2(𝑦, 𝑥)

]







(3.21)
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Bar-Shalom et al. found that converting polar position measurements to cartesian coordinates 

before tracking leads to better results [35]. This same conversion can not be done for velocity. 

The resulting converted state vector(𝑧′) and measurement observation model are shown in 

Equation (3.22) and Equation (3.23) respectively.

𝑧′ = [𝑥 𝑦 .𝑟]
⊤

(3.22)

ℎ′(x) =

[








𝑥

𝑦
𝑥𝑣𝑥 + 𝑦𝑣𝑦
√𝑥2 + 𝑦2

]








(3.23)

The first two rows of the observation matrix (𝐻) become linear by nature but the last row still 

needs to be linearized. The resulting linearized observation matrix is shown in Equation (3.24).

𝐻 = 𝜕ℎ
𝜕x =

[








1 0 0 0

0 0 1 0

(
𝑣𝑥
𝑟 − 𝑥 .𝑟

𝑟2
) 𝑥

𝑟 (
𝑣𝑦
𝑟 −

𝑦 .𝑟
𝑟2
)

𝑦
𝑟

]








(3.24)

A conversion also needs to be applied to the measurement covariance matrix(𝑅) to properly 

reflect the converted states. The conversion from polar to cartesian coordinates is given by 

Equations (3.25 - 3.26).

𝑥 = 𝑟𝑐𝑜𝑠(𝜃) (3.25)

𝑦 = 𝑟𝑠𝑖𝑛(𝜃) (3.26)
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The Jacobian matrix of this conversion shown in Equation (3.27).

𝐽 = [
𝜕𝑥
𝜕𝑟

𝜕𝑥
𝜕𝜃

𝜕𝑦
𝜕𝑟

𝜕𝑦
𝜕𝜃

] =

[






cos 𝜃 −𝑟 sin 𝜃 0

sin 𝜃 𝑟 cos 𝜃 0

0 0 1

]






(3.27)

The above Jacobian is then used to calculate the true covariance matrix as shown in Equation 

(3.28). Due to the relatively small angles present throughout most of the maneuver 𝐽 was assumed 

to be an identity matrix, and the filter functioned well without the need for linearization at each 

time step.

𝑅 = 𝐽

[






𝜎2𝑟 0 0

0 𝜎2𝜃 0

0 0 𝜎 .𝑟2

]






𝐽⊤ =

[






𝜎2𝑟 cos2 𝜃 + 𝑟2𝜎2𝜃 sin2 𝜃 (𝜎2𝑟 − 𝑟2𝜎2𝜃) sin 𝜃 cos 𝜃 0

(𝜎2𝑟 − 𝑟2𝜎2𝜃) sin 𝜃 cos 𝜃 𝜎2𝑟 sin2 𝜃 + 𝑟2𝜎2𝜃 cos2 𝜃 0

0 0 𝜎 .𝑟2

]






(3.28)

3.5.2 LiDAR

The ToF LiDAR sensors present on both the TurtleBot4s and the testing vehicles for Chapter 

6 measure ranges and azimuths, but do not report range rates. Therefore in the LiDAR only filters 

velocities are unmeasured states. The previously described RADAR measurement model is 

modified as shown in Equation (3.29).

𝑧 = [𝑥 𝑦]
⊤
, ℎ(x) = 𝐻x, 𝐻 = [

1 0 0 0

0 0 1 0
] (3.29)

A conversion to the measurement covariance matrix (𝑅) is needed for the LiDAR as well. The 

Jacobian (𝐽) and converted covariance matrix are shown in Equation (3.30) and Equation (3.31) 

respectively.

𝐽 = [
cos 𝜃 −𝑟 sin 𝜃

sin 𝜃 𝑟 cos 𝜃
] (3.30)
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𝑅 = 𝐽 [
𝜎2𝑟 0

0 𝜎2𝜃
] 𝐽⊤ = [

𝜎2𝑟 cos2 𝜃 + 𝑟2𝜎2𝜃 sin2 𝜃 (𝜎2𝑟 − 𝑟2𝜎2𝜃) sin 𝜃 cos 𝜃

(𝜎2𝑟 − 𝑟2𝜎2𝜃) sin 𝜃 cos 𝜃 𝜎2𝑟 sin2 𝜃 + 𝑟2𝜎2𝜃 cos2 𝜃
] (3.31)

The same small angle and identity matrix Jacobian assumptions described in Section 3.5.1 are 

also applicable for this model.

3.5.3 Sensor Fusion

The fused filter case uses the LiDAR range measurements and RADAR range rate measure-

ments. Two separate measurement updates were performed, first the RADAR measurements 

were used to update the velocity states and covariances and then the LiDAR measurements to 

update position states and covariances. One singular time update was done the same as the 

filters that used only one of the two sensors. The tuned values of Q and R for each experiment 

can be found in Appendix A.
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Chapter 4

Overtaking via Model Predictive Control

In addition to evaluating the accuracy of the pose estimation when a direct range rate 

measurement is present by comparing to truth, the practical necessity of a direct range rate 

measurement can be evaluated by using the pose estimates to inform an overtaking maneuver. 

Since overtaking is a main objective in autonomous racing, the capability of an autonomous 

system to perform this task well is necessary. If a pose estimate that is more computationally 

efficient, but slightly less accurate, still consistently results in a successful overtake, this trade-off 

may be allowable. Recent autonomous overtaking research relies on various artificial intelligence 

methods [36]. For the sake of validating the pose estimation done with the probabilistic data 

association filter, the most cutting-edge method is not necessary. Instead a standard MPC 

algorithm that combines path planning and control into one step was implemented.

4.1 Model Predictive Control Problem Formulation

Design of MPC requires setting up an optimal control problem with an objective function 

and constraints. An existing solver, OSQP-MPC, was used for the MPC done in this thesis [37]. 

This solver uses the objective function shown in Equation (4.1).

𝐽 =
𝑁
∑
𝑘=1

(x𝑘 − xref)
⊤ Q𝑘 (x𝑘 − xref) +

𝑁−1
∑
𝑘=1

u⊤𝑘R𝑘u𝑘 (4.1)

By minimizing this quadratic function the control effort and the error between the true and 

desired states is minimized. The above cost function includes various constraints to be optimized 

about which are discussed in the next section.
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4.1.1 System Dynamics

The dynamic model used for path planning is a linearized and rotated version of the 

unicycle model presented in Chapter 2. The state space model form is simply

x𝑘+1 = A𝑘x𝑘 + B𝑘u𝑘 (4.2)

where the states and inputs are defined in Equations (4.3-4.4).

𝑥𝑘 =

[








𝑥𝑟𝑒𝑙

𝑦𝑟𝑒𝑙

𝜓

𝑣𝑟𝑒𝑙

]






𝑘

, (4.3)

𝑢𝑘 = [
𝑣𝑓𝑜𝑙𝑙𝑜𝑤

𝜔𝑓𝑜𝑙𝑙𝑜𝑤
]

𝑘

(4.4)

The discrete state transition matrix (𝐴) and input matrix (𝐵) are given in Equations (4.5-4.6).

A𝑘 =

[








1 𝜔̄𝑓𝑜𝑙𝑙𝑜𝑤Δ𝑡 − ¯𝑣𝑟𝑒𝑙 sin( ¯𝜓)Δ𝑡 cos( ¯𝜓)Δ𝑡

−𝜔̄𝑓𝑜𝑙𝑙𝑜𝑤Δ𝑡 1 − ¯𝑣𝑟𝑒𝑙 cos( ¯𝜓)Δ𝑡 − sin( ¯𝜓)Δ𝑡

0 0 1 0

0 0 0 1

]








(4.5)

B𝑘 =

[








−Δ𝑡 ¯𝑦𝑟𝑒𝑙Δ𝑡

0 − ¯𝑥𝑟𝑒𝑙Δ𝑡

0 Δ𝑡

0 0

]








(4.6)

In order to calculate the values for the matrices above a linearization point needed to be selected 

at each time step. The values from the last planned trajectory at the given horizon step and the 
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current yaw rate measurement were used for this calculation.

4.1.2 State Constraints

The state constraints consist of the physical limits on the first 3 states and an obstacle 

avoidance constraint to avoid the lead vehicle during the overtake. The fourth constraint creates 

a half-space boundary tangent to a circular buffer region centered at the leader’s estimated 

position and normal to the line of sight vector between the two robots. A visual representation of 

this is given in Figure 4.1. The state constraint inequality and matrix (C𝑘) are shown in Equations 

(4.7-4.8).

lb𝑥,𝑘 ≤ C𝑘x𝑘 ≤ ub𝑥,𝑘 (4.7)

C𝑘 =

[








1 0 0 0

0 1 0 0

0 0 1 0

ˆ𝑛𝑘,𝑥 ˆ𝑛𝑘,𝑦 0 0

]








(4.8)

Values for the lower (lb𝑥,𝑘) and upper (ub𝑥,𝑘) bounds are provided in Table A.7 found in Appendix 

A.

The half-space constraint described above requires components of the unit vector along 

the line of sight to be present in the last row of the constraint matrix. The calculation of these 

components is show in Equation 4.9.

ˆ𝑛𝑘,𝑥 =
¯𝑥𝑟𝑒𝑙,𝑘
¯𝑑𝑘

, ˆ𝑛𝑘,𝑦 =
¯𝑦𝑟𝑒𝑙,𝑘
¯𝑑𝑘

, ¯𝑑𝑘 = √ ¯𝑥2𝑟𝑒𝑙,𝑘 + ¯𝑦2𝑟𝑒𝑙,𝑘 (4.9)

Table 4.1 summarizes the variables used in the calculation of the unit vector above. 

4.1.3 Control Constraints

The control constraints are straight forward and consist of the limits on the control efforts. 

These were initially set to the actuator limits for each experiment but more conservative limits 
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Figure 4.1: Obstacle Avoidance Constraint Depiction

Table 4.1: MPC State Constraint Variables

Variable Description
𝑘 Current Time Step
lb𝑥,𝑘 State Lower Bound
ub𝑥,𝑘 State Upper Bound
ˆ𝑛𝑘,𝑥 X Component of the Unit Vector
ˆ𝑛𝑘,𝑦 Y Component of the Unit Vector
¯𝑥𝑟𝑒𝑙,𝑘 X Component of the Line of Sight Vector
¯𝑦𝑟𝑒𝑙,𝑘 Y Component of the Line of Sight Vector
¯𝑦𝑟𝑒𝑙,𝑘 Y Component of the Line of Sight Vector
¯𝑑𝑘 Magnitude of the Line of Sight Vector
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were placed on some iterations to prevent overly aggressive control. The selected values are 

provided in Table A.8 found in Appendix A. The control constraint inequality and matrix (D𝑘) are 

shown in Equations (4.10-4.11).

lb𝑢,𝑘 ≤ D𝑘u𝑘 ≤ ub𝑢,𝑘 (4.10)

D𝑘 = [
1 0

0 1
] (4.11)

4.1.4 Initial and Final State Conditions

The starting state vector was defined based off of the estimate from the PDA filter. The 

initial positions are defined directly from the PDA filter estimates as shown in Equation(4.12).

𝑥𝑟𝑒𝑙 = 𝑥, 𝑦𝑟𝑒𝑙 = 𝑦 (4.12)

The initial relative velocity and heading values were calculated based on the velocity estimates 

from the filter and the follower vehicle’s own velocity. Equation 4.13 shows this calculation and 

Table 4.2 describes the variables used.

𝑣𝑟𝑒𝑙 = √(𝑣𝑥 + 𝑣𝑓𝑜𝑙𝑙𝑜𝑤)2 + 𝑣2𝑦, 𝜓 = atan2 (−𝑣𝑦, 𝑣𝑥 + 𝑣𝑓𝑜𝑙𝑙𝑜𝑤) (4.13)

Table 4.2: MPC Initial Condition Variables

Variable Description
𝑥 PDAF X Position Estimate
𝑦 PDAF Y Position Estimate
𝑣𝑥 PDAF X Velocity Estimate
𝑣𝑦 PDAF Y Velocity Estimate
𝑣𝑓𝑜𝑙𝑙𝑜𝑤 Follower’s Velocity
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The final condition was defined as being facing forward directly next to the lead vehicle at 

a safe distance depending on the specific platform for the given experiment. After this point was 

reached the path planning was turned off and the follower vehicle was commanded to continue 

straight ahead at a speed faster than the follower. A second lane change ahead of the leader 

was not done, because at this point the leader would have left the RADAR’s field of view and an 

estimate of the leader’s position will likely have drifted from truth.
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Chapter 5

TurtleBot4 Experimentation

While the intended application of this work is autonomous Indy racing, a more accessible 

testbed was needed for initial experimentation. Testing with the racecar itself is difficult because 

track time is expensive and limited. Preliminary testing is also needed to avoid excessive damage 

to the car. The chosen stand-in was a standard TurtleBot 4, shown in Figure 5.1. A leader-

follower demonstration was developed to mirror a scaled-down version of the Indy Autonomous 

Challenge. The TurtleBot comes with a camera and LiDAR on board. A Continental RADAR was 

added to the follower TurtleBot.

Figure 5.1: Standard TurtleBot4

5.1 Methodology

5.1.1 Gazebo Simulation

An open source TurtleBot4 simulator is already available in gazebo. The demonstration 

was developed with this simulator before being implemented on hardware. The LiDAR and 
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camera are already simulated in gazebo as they are present on the physical TurtleBot. However, 

the RADAR measurement simulation needed to be developed. Simulation FMCW RADAR is a 

non-trivial task. While recent work has been done to accurately model the noise characteristics 

of RADAR [38–40], there is not an open source measurement level simulation that can be easily 

implement with ROS 2 and gazebo. Development of a sophisticated RADAR simulator is beyond 

the scope of this thesis. Therefore, the implemented simulation method is similar to the one 

used by Wang et al. [41], which augments the simulated LiDAR measurements. Zero-mean 

Gaussian noise was added to the range, range-rate, and azimuth measurements with standard 

deviations based on values from the Continental ARS430 RADAR specifications. These values can 

be found in the Appendix B. Some of the LiDAR measurements were also randomly discarded to 

account for RADAR measurements being more sparse. Figure 5.2 shows the simulation and sensor 

visualization. The red and blue markers represent LiDAR and RADAR detections respectively. The 

larger cyan and pink squares are the PDA filter solutions of LiDAR and RADAR respectively.

Figure 5.2: Demonstration in Gazebo Simulation
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The lead robot was commanded a constant forward velocity of 0.15 m/s. A TurtleBot4’s 

maximum speed is approximately 0.3 m/s. The slower speed was chosen for the leader to make 

an overtaking maneuver possible. A second TurtleBot started at approximately 1.2 meters behind 

the leader. The follower robot’s sensor measurements were used to track the leader robot and 

the solution of the filter was fed to the MPC to plan to execute a pass.

The simulation was ultimately used as an initial confirmation that the filter and control 

would successfully run real-time, before testing on the real robots. Since the RADAR simulation 

was derived directly from the LiDAR simulation, comparison of the performance would likely not 

be reflective of the real sensors. Therefore all results presented are from the real hardware.

5.1.2  Real Robots

The same demonstration that was developed in simulation was also done with physical 

TurtleBot4s. Since they do not come with a RADAR, a Continental ARS430 RADAR was mounted 

on the front of the follower robot as shown in Figure 5.3. This RADAR is an FMCW automotive 

RADAR similar to the one that is used on the IAC racecars. The LiDAR measurements were filtered 

using the PDAF to use as a reference for the RADAR position solution. The TurtleBot4 publishes 

an odometry solution for velocity that is solved for using the measurements from the IMU and 

wheel encoders onboard the robot. This velocity solution was used as the reference for both the 

LiDAR and RADAR-based velocity estimates. A third filter that fused the two sensors was also 

tested, using LiDAR measurements of position and RADAR measurements of velocity. In addition 

to the full overtaking maneuver, tracking was tested with a stationary follower and the leader 

driving straight forward at a constant speed, and with the follower continuing behind the leader 

at a constant speed. The tuned values of Q and R for both the filter and controller are in Appendix 

A. All position and velocity results are presented in the follower robot’s body frame.
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Figure 5.3: TurtleBot4 with Continental RADAR

5.2  Results

5.2.1  Static Sensor

The first experimental test case involved keeping the second robot stationary while the 

first moved forward at a constant speed. Figure 5.4 shows the x and y position estimates of the 

moving robot relative to the stationary one along with their 3𝜎 bounds.

All three filters perform similarly in tracking the x position. The two filters that rely on 

LiDAR measurements for position tracking produced similar results for y position, while the 

RADAR filter did not. Since there was no other localization available for the robots, there was 

not an additional reference to compare the three filter estimates to. However, the LiDAR has a 

more reliable measurement and the solution is more accurate to the relative motion that was 

visually observed during experimentation. The tracking performance in the y axis is important 

in the case of an overtaking maneuver to ensure the lane change creates enough clearance to 

avoid collision.
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(a) LiDAR Position Estimate (b) RADAR Position Estimate

(c) Fused Position Estimate

Figure 5.4: Position Estimates of Leader From Static Sensor
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(a) Relative velocity estimates (b) Velocity standard deviation

Figure 5.5: Velocity Estimates of Leader From Static Sensor

Figure 5.5a shows the velocity in the x direction of all three filters plotted against the 

difference of the two TurtleBots provided odometry solutions, for reference. The y direction 

was not considered since all motion was assumed to be along the x axis. Figure 5.5b shows the 

same velocity solutions plotted with their respective 3 standard deviation bounds. The LiDAR 

velocity solution has a slight offset, whereas the two filters that rely on RADAR measurements 

for the velocity estimate do not have the same offset. The fused filter is able to track velocity 

with greater confidence as it is still informed with LiDAR range measurements when all RADAR 

measurements are rejected by the PDA filter.

5.2.2 Following

For the second experiment the second robot followed behind the first at relatively the 

same constant speed. Figure 5.6 is similar to Figure 5.4 and shows the position results of all 

filters for the following experiment. The performance of position tracking across all three filters 

is similar in the following case as in the static case. The RADAR-based estimate drifts in the y 

direction and can be assumed to be overall less accurate in both directions than the LiDAR-based 

position estimates of the other two filters.
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(a) LiDAR Position Estimate (b) RADAR Position Estimate

(c) Fused Position Estimate

Figure 5.6: Position Estimates of Leader From Follower
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(a) Relative velocity estimates (b) Velocity standard deviation

Figure 5.7: Velocity Estimates of Leader From Follower

Figure 5.7 presents the velocity results for the following case the same way Figure 5.5 

does for the static case. Similar to the static experiment, the fused filter offers the most confident 

velocity estimate of the three filters.

5.2.3 Overtaking

Since the RADAR only solution was unable to accurately track the position of the leader 

robot, the RADAR-based position estimate was not used to perform an overtake. Two cases were 

tested for the overtaking experiments. The first relied solely on the the LiDAR filters estimates 

of all states in the MPC execution. The second used the LiDAR position estimates and RADAR 

velocity estimates to inform the contoller. For the rest of the thesis the first case is referred to as 

LiDAR-based overtaking and the second as RADAR-based overtaking. The fused filter was not 

used to inform the real-time overtaking maneuver, but the data from each maneuver was post 

processed with it.

There were 5 trials run of each of the two overtaking cases. Results from one of each are 

shown below with the rest of the trials being included in Appendix C. Figure 5.8 and Figure 5.10 

show position results. Figure 5.9 and Figure 5.11 show velocity results. All overtaking tracking 
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results are presented the same way they were for the static and following experiments. For all 

trials the tracking results of all three filters are presented regardless of which was used to inform 

the overtake.

LiDAR-Based Overtaking

In both overtaking cases the RADAR filter was unable to continue tracking position once 

the follower turned to begin the lane change. This supports what was seen in the static and 

following cases, that the RADAR does not track the position of the TurtleBot reliably. The LiDAR 

and fused filters once again performed similarly. The fused filter tracked with slightly more 

confidence, which is the result of having a better estimate of velocity and therefore a better 

prediction of the change in position.

The overtaking maneuver creates an abrupt change in relative velocity when the follower 

speeds up to pass the leader. All three filters track the change, but with slightly different behavior. 

The two RADAR-based velocity estimates immediately adjust, whereas the LiDAR filter takes a 

couple of seconds to settle around the new value. While both the fused and RADAR filters quickly 

and accurately track velocity, the fused filter does so with smaller covariance.

RADAR-Based Overtaking

The results from the RADAR-based overtaking maneuvers were all very similar to those 

of the LiDAR-based overtaking.  The time to overtake across all trials is shown in Table 5.1. 

The average time to overtake for the LiDAR trials was 9.04 seconds with a standard deviation 

of 0.48 seconds. The average time to overtake for the RADAR trials was 9.61 seconds with a 

standard deviation of 1.42 seconds. The difference in the average time to overtake between the 

two sensors is negligible. The main notable difference is that there is a greater variance when 

using the RADAR estimate to inform the MPC. This means that on an individual run using the 

RADAR is more likely to lead to a faster or slower time to overtake than the LiDAR.

The remaining trial results shown in Appendix C also show the sensor responses to other 

unexpected behaviors, such as the leader suddenly stopping, or the follower speeding up and 
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(a) LiDAR Position Estimate (b) RADAR Position Estimate

(c) Fused Position Estimate

Figure 5.8: Position Estimates of Leader From Follower

Table 5.1: Time to Overtake in Seconds For All TurtleBot Overtaking Trials

Trial: 1 2 3 4 5
RADAR 11.22 7.72 10.46 10.04 8.63

LiDAR 8.79 9.52 9.46 9.05 8.36
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(a) Relative velocity estimates (b) Velocity standard deviation

Figure 5.9: Velocity Estimates of Leader From Follower

slowing down throughout the course of an overtake. Overall, the results consistently show the 

LiDAR tracks position better, the RADAR tracks velocity better, and sensor fusion allows for better 

tracking of all states.
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(a) LiDAR Position Estimate (b) RADAR Position Estimate

(c) Fused Position Estimate

Figure 5.10: Position Estimates of Leader From Follower
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(a) Relative velocity estimates (b) Velocity standard deviation

Figure 5.11: Velocity Estimates of Leader From Follower
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Chapter 6

Vehicle Experimentation

After experimentation with TurtleBots, the developed filter was then tested with two cars. 

The leader vehicle was a Kia Optima and the follower a Lincoln MKZ, both are shown in Figure 6.1. 

The same Continental RADAR was mounted on the follower vehicle. As opposed to the 2D LiDARs 

that come with the TurtleBot4s, the Lincoln was equipped with a Luminar Hydra H3 ToF LiDAR.

6.1  Methodology

Similar experiments as the ones run on the robots were done with the full-scale vehicles. 

A stationary follower with the leader driving at a constant speed, a follower also driving at a 

constant speed, and full overtake were all tested. Both cars have GNSS/INS NovAtel receivers that 

were used to collect truth reference data. The position and velocity solutions were differenced 

and rotated to convert the reference measurements from the ECEF frame to the Lincoln MKZ 

sensor frame. Unlike with the TurtleBot4s, autonomy was not tested with the full-scale vehicles, 

instead, all maneuvers were done by human drivers.

Figure 6.1: Autonomous Lincoln MKZ
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Figure 6.2: X Position Estimate Errors From Static Sensor

6.2  Results

In all of the results presented in this section, the filter estimations start some amount of 

time after the zero timestamp. This is because each filter does not begin reporting an estimate 

until it receives a measurement that passes the initial measurement validation step of the PDA 

filter. Note that the x position estimates have some constant offset due to perception sensors 

being mounted near the front windshield of the Lincoln and the measurements coming from 

the back of the Kia, whereas the NovAtel localization solutions are located near the center of 

the vehicles. A constant was subtracted from the NovAtel reference to account for this. It is not 

possible to determine exactly where on the lead vehicle the perception measurements originated 

from, which leads to some discrepancy still being present in the results.

6.2.1 Static Sensor

The x position estimates and errors from all three filters are shown in Figure 6.2. Figure 

6.3 shows both the x and y position solutions, while Figure 6.2 focuses only on the x axis as most 

if not all of the vehicles motions is assumed to be along this axis. A near constant offset is present 

across all three filters, but the LiDAR and fused filter match closely as both of their position 

estimates are based off of the same measurements. All estimates closely follow the same trend 
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as the NovAtel reference; however, the LiDAR-based estimates result in a smaller RMSE, which is 

to be expected from the LiDAR’s more accurate range measurement.

Figure 6.3 shows the position estimates along both axes with their 3𝜎 boundaries. The 

LiDAR measurement results in a more consistent confidence interval than the RADAR. When the 

RADAR produces a good detection the standard deviation drops below that of the LiDAR, but 

the RADAR produces less scans with a validated detection than the LiDAR. All three y position 

estimates are consistent with the leader not moving significantly in the lateral direction.

All three filters perform similarly in estimating longitudinal velocity. The fused filter has 

the smallest RMSE in this case, which suggests that pairing the LiDAR position measurement with 

RADAR’s range rate allows for this direct measurement to be better leveraged than the RADAR’s 

own less accurate range measurement.

6.2.2 Following

Figure 6.5 and Figure 6.6 show the position tracking results of the car following experiment. 

The position estimates were fairly consistent across all three filters in the following experiment. 

The RADAR-based RMSE was only slightly higher than the other two. A constant offset is also 

present here as expected. The effect of relative inconsistency in valid RADAR measurements 

compared to the LiDAR can once again be seen in the 3𝜎 bounds of the position estimates in 

Figure 6.6. The true relative position between the two test vehicles along the y axis was near zero 

by experimental design, and the estimates from all filters reflect this.

The benefit of the direct range rate measurement is more apparent in the velocity tracking 

results of this experiment shown in Figure 6.7. While all three estimates lag behind the reference, 

the LiDAR-based velocity has slightly more lag than the other filters. The fused and RADAR filters 

have a similar RMSE in the velocity estimate, but the LiDAR only estimation led to a small but still 

noticeable increase in RMSE. The consistent standard deviation of a LiDAR-based filter is also 

apparent in the velocity solutions presented here.
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(a) LiDAR Position Estimate (b) RADAR Position Estimate

(c) Fused Position Estimate

Figure 6.3: Position Estimates of Kia From Static Sensor
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(a) Relative velocity estimates (b) Velocity standard deviation

Figure 6.4: Velocity Estimates of Kia From Static Sensor

Figure 6.5: X Position Estimate Errors From Follower Vehicle
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(a) LiDAR Position Estimate (b) RADAR Position Estimate

(c) Fused Position Estimate

Figure 6.6: Position Estimates of Kia From Following Lincoln
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(a) Relative velocity estimates (b) Velocity standard deviation

Figure 6.7: Velocity Estimates of Kia From Following Lincoln

6.2.3 Overtaking

Unlike with the TurtleBots, the overtaking experiment with the test vehicles was not 

autonomous. This section covers the tracking results of an overtake done by a human driver. 

Similar to the experimentation with the TurtleBots, it can be seen in the position tracking results 

in Figure 6.8 and Figure 6.9 that the RADAR tracking struggles when the ego vehicle rotates as it 

begins to pass. The LiDAR-based filters also seem to diverge from the trend of the reference when 

lateral motion occurs around 9 seconds. Before 9 seconds the same constant offset is present in 

the LiDAR-based position estimates, but the RADAR filter does not even follow the trend of the 

NovAtel reference as it did with the previous two vehicle experiments.
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Figure 6.8: X Position Estimate Errors from Overtaking Follower

It is evident in Figure 6.10a that the LiDAR alone tracks lateral motion of the lane change 

required for an overtake far better than either of the other filters, including the fused filter. The 

position estimates from the LiDAR only filter were expected to be better than those of the RADAR 

only filter due to the difference in sensor accuracy. However, this suggests that using a RADAR 

measurement to aid in estimating a velocity state hinders the corresponding position estimate. 

This is likely due to the low speeds along the y axis, as the fused filter performed similarly to the 

LiDAR only filter in tracking position in the x axis.

The lateral velocity estimates from the overtaking experiment in Figure 6.10 show that the 

benefit of the RADAR velocity measurement diminishes when the ego vehicle rotates and moves 

laterally. This is partially due to the constant relative velocity model no longer being accurate 

in the case of this maneuver. The RMSE of the LiDAR velocity estimate is significantly less than 

that of the RADAR and is also lower than the fused filter. This suggests that while the addition of 

RADAR may have a benefit in static and following cases using LiDAR alone is the better option in 

the case of a more dynamic maneuver.
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(a) LiDAR Position Estimate (b) RADAR Position Estimate

(c) Fused Position Estimate

Figure 6.9: Position Estimates of Kia From Overtaking Lincoln
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(a) Relative velocity estimates (b) Velocity standard deviation

Figure 6.10: Velocity Estimates of Kia From Overtaking Lincoln
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Chapter 7

Summary & Conclusions

7.1  Summary

In order to test the benefits of the direct range rate measurement from a RADAR sensor in 

autonomous driving, a modular autonomy pipeline was developed. This consisted of a PDA filter 

for lead vehicle tracking using the perception sensors and MPC for path planning and execution 

of an overtaking maneuver.

Initially the full pipeline was tested on a gazebo simulation of TurtleBot4s to confirm 

it would run before testing on the hardware. Experimentation was then done with the real 

robots where tracking with both the LiDAR and RADAR individually as well as fused tracking was 

tested. Overtaking trials were done with the MPC being informed by LiDAR position estimates. 

Some iterations used the LiDAR-based estimates of velocity as well, whereas others used the 

RADAR-based velocity estimates.

The tracking piece of the pipeline was then tested on full-scale vehicles. Both sensors 

were used to track a lead vehicle individually and a fused filter was also tested. In the case of 

these vehicles the MPC was not tested.

7.2  Conclusions

In all cases the LiDAR outperformed the RADAR when estimating relative position of the 

target. This indicates that a RADAR only tracking module would not be ideal. The benefit of a 

fused filter compared to a LiDAR only filter for the purpose of velocity tracking varies depending 

on the scenario. With small scale slow moving robots the tracking results that included a RADAR 

velocity estimate were only marginally better, and do not lead to an improvement in overtaking 

speed.

When it comes to full-scale vehicles moving at relatively slow speeds the RADAR had a 
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noticeable improvement in some scenarios. If the ego vehicle is static or following directly behind 

the leader a measurement of velocity did not improve the position solution, but the velocity 

estimate did improve. This suggests that prior to attempting an overtake, a RADAR measurement 

could be used to better detect the speed of an opponent if a constant velocity PDA filter is being 

used, but any remaining tracking after the overtaking begins should be done with the LiDAR in 

this case.

7.3  Future Work

All testing done in this thesis was performed at speeds significantly slower than that of 

an autonomous racecar. Further testing at highway speeds and then race speeds may better 

indicate the true extent to which using a RADAR to supplement LiDAR is worthwhile. All dynamic 

modeling used in the estimator used a constant velocity model. Using a different model that 

accounts for turn rate, acceleration or even a filter using multiple models, such as an IMM PDA 

filter, may result in better tracking across all sensor scenarios if it more accurately depicted the 

vehicles motion. The need for sensor fusion could also be eliminated entirely if a vehicle had an 

FMCW LiDAR, although the accuracy of this sensor would need to be compared to FMCW RADAR.
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Appendix A

Tuned Filter and Controller Values

The tables provided in this appendix include the values of all tuning parameters that were 

used in the filters and controllers throughout this thesis. Section A.1 contains the parameters for 

the TurtleBot experiments and Section A.2 has the filter values for the test vehicles.

A.1 TurtleBot4

A.1.1 PDA Filter Tuning

Process Noise

Table A.1: PDA Filter Process Noise Parameters

Filter 𝑞𝑥 𝑞𝑦

RADAR 0.00075 0.0001

LiDAR 0.00075 0.0001

Fused 0.00075 0.0001
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Measurement Noise

Table A.2: PDA Filter Measurement Noise Parameters

Filter Measurement 𝑅 Value

RADAR 𝑥 position 1 × 10−3

RADAR 𝑦 position 1 × 10−3

RADAR range-rate 1 × 10−4

LiDAR 𝑥 position 0.005

LiDAR 𝑦 position 0.005

Fused 𝑥 position (LiDAR) 0.005

Fused 𝑦 position (LiDAR) 0.005

Fused range-rate (RADAR) 1 × 10−4

Association Parameters

Table A.3: PDA Filter Association Parameters

Filter 𝛾 𝑃𝐷 𝑃𝐺 𝜆

RADAR 6.25 (3 DOF) 0.9 0.9 0.7

LiDAR 4.61 (2 DOF) 0.9 0.9 0.01

Fused (LiDAR component) 4.61 (2 DOF) 0.9 0.9 0.01

Fused (RADAR component) 2.71 (1 DOF) 0.9 0.9 0.7

A.1.2 MPC Controller Tuning

Table A.4: MPC Horizon and Timestep

Parameter Value

Prediction horizon 30 steps

Timestep Δ𝑡 0.182 s
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Table A.5: MPC State Cost Weights

State 𝑄 Weight

𝑥𝑟𝑒𝑙 1.0

𝑦𝑟𝑒𝑙 2.0

𝜓 2.0

𝑣𝑟𝑒𝑙 0.0

Table A.6: MPC Control Cost Weights

Control 𝑅 Weight

𝑣𝑓𝑜𝑙𝑙𝑜𝑤 0.01

𝜔𝑓𝑜𝑙𝑙𝑜𝑤 10.0

Table A.7: MPC State Constraints

State Lower Bound Upper Bound

𝑥𝑟𝑒𝑙 −2.0 m 2.0 m

𝑦𝑟𝑒𝑙 −2.0 m 2.0 m

𝜓 −𝜋 𝜋

𝑣𝑟𝑒𝑙 0.45 m/s ∞

Table A.8: MPC Control Constraints

Control Lower Bound Upper Bound

𝑣𝑓𝑜𝑙𝑙𝑜𝑤 0.0 m/s 0.3 m/s

𝜔𝑓𝑜𝑙𝑙𝑜𝑤 −0.3 rad/s 0.3 rad/s
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A.2 Vehicles

A.2.1 PDA Filter Tuning

Process Noise

Table A.9: PDA Filter Process Noise Parameters

Filter 𝑞𝑥 𝑞𝑦

RADAR 0.8 0.1

LiDAR 4.0 2.0

Fused 1.5 0.5

Measurement Noise

Table A.10: PDA Filter Measurement Noise Parameters

Filter Measurement 𝑅 Value

RADAR 𝑥 position 1 × 10−3

RADAR 𝑦 position 1 × 10−3

RADAR range-rate 1 × 10−4

LiDAR 𝑥 position 1 × 10−4

LiDAR 𝑦 position 1 × 10−4

Fused 𝑥 position (LiDAR) 1 × 10−4

Fused 𝑦 position (LiDAR) 1 × 10−4

Fused range-rate (RADAR) 1.75 × 10−3

76



Association Parameters

Table A.11: PDA Filter Association Parameters

Filter 𝛾 𝑃𝐷 𝑃𝐺 𝜆

RADAR 6.25 (3 DOF) 0.9 0.9 0.01

LiDAR 4.61 (2 DOF) 0.9 0.9 0.01

Fused (LiDAR component) 4.61 (2 DOF) 0.9 0.9 0.01

Fused (RADAR component) 2.71 (1 DOF) 0.9 0.9 0.01
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Appendix B

Sensor Specifications

Sensor specifications from the manufacturers of all perception sensors used for this thesis 

were used when selecting parameters for the filters. All relevant specifications are provided 

below.

B.1 RADAR (Continental ARS430)

Table B.1: RADAR Measurement Accuracy (Near Range) [42]

Item Value

Distance accuracy (near) ±0.10 m

Azimuth accuracy (near, 0∘) ±0.3∘

Azimuth accuracy (near, ±45∘) ±1∘

Azimuth accuracy (near, ±60∘) ±5∘

Velocity accuracy ±0.1 km/h

B.2 LiDAR (RPLIDAR A1M8)

Table B.2: LiDAR Detection Range and Coverage [43]

Item Value

Distance range 0.15–12 m

Angular range 0∘–360∘
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Table B.3: LiDAR Measurement Resolution [43]

Item Value

Distance resolution (< 1.5 m) < 0.5 mm

Distance resolution (full range) < 1% of distance

Angular resolution (at 5.5 Hz) ≤ 1∘

Table B.4: LiDAR Timing [43]

Item Value

Scan rate (typical) 5.5 Hz

Scan rate (range) 1–10 Hz

Sample frequency (typical) ≥ 8000 Hz

B.3 LiDAR (Luminar Hydra H3)

Table B.5: LiDAR Detection Range and Coverage [44]

Item Value

Distance range 2–500 m

Angular range 120∘ (H), 0–30∘ (V, configurable)

Table B.6: LiDAR Measurement Resolution [44]

Item Value

Range precision 1 cm

Horizontal angular resolution (min) 0.07∘

Vertical angular resolution (min) 0.03∘
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Table B.7: LiDAR Timing [44]

Item Value

Frame rate 1–30 Hz (software configurable)

Scan rate 640 lines/s (software configurable)
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Appendix C

Additional TurtleBot4 Overtaking Trial Results

The figures provided in this appendix show the results for all TurtleBot overtaking ex-

perimental results that were not presented in Chapter 5. The results from these remaining 

trials contain similar tracking behavior to the ones previously shown and further support the 

conclusions outlined in Chapter 7.

C.1 LiDAR

C.1.1 Trial 1

(a) LiDAR Position Estimate (b) RADAR Position Estimate

(c) Fused Position Estimate

Figure C.1: Position Estimates of Leader From Follower
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(a) Relative velocity estimates (b) Velocity standard deviation

Figure C.2: Velocity Estimates of Leader From Follower
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C.1.2 Trial 2

(a) LiDAR Position Estimate (b) RADAR Position Estimate

(c) Fused Position Estimate

Figure C.3: Position Estimates of Leader From Follower
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(a) Relative velocity estimates (b) Velocity standard deviation

Figure C.4: Velocity Estimates of Leader From Follower
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C.1.3 Trial 3

(a) LiDAR Position Estimate (b) RADAR Position Estimate

(c) Fused Position Estimate

Figure C.5: Position Estimates of Leader From Follower
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(a) Relative velocity estimates (b) Velocity standard deviation

Figure C.6: Velocity Estimates of Leader From Follower
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C.1.4 Trial 4

(a) LiDAR Position Estimate (b) RADAR Position Estimate

(c) Fused Position Estimate

Figure C.7: Position Estimates of Leader From Follower
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(a) Relative velocity estimates (b) Velocity standard deviation

Figure C.8: Velocity Estimates of Leader From Follower
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C.2 RADAR

C.2.1 Trial 1

(a) LiDAR Position Estimate (b) RADAR Position Estimate

(c) Fused Position Estimate

Figure C.9: Position Estimates of Leader From Follower
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(a) Relative velocity estimates (b) Velocity standard deviation

Figure C.10: Velocity Estimates of Leader From Follower
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C.2.2 Trial 2

(a) LiDAR Position Estimate (b) RADAR Position Estimate

(c) Fused Position Estimate

Figure C.11: Position Estimates of Leader From Follower
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(a) Relative velocity estimates (b) Velocity standard deviation

Figure C.12: Velocity Estimates of Leader From Follower
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C.2.3 Trial 3

(a) LiDAR Position Estimate (b) RADAR Position Estimate

(c) Fused Position Estimate

Figure C.13: Position Estimates of Leader From Follower
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(a) Relative velocity estimates (b) Velocity standard deviation

Figure C.14: Velocity Estimates of Leader From Follower
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C.2.4 Trial 4

(a) LiDAR Position Estimate (b) RADAR Position Estimate

(c) Fused Position Estimate

Figure C.15: Position Estimates of Leader From Follower
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(a) Relative velocity estimates (b) Velocity standard deviation

Figure C.16: Velocity Estimates of Leader From Follower
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