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Abstract

In this dissertation, we study topological wave propagation and localization in periodic 

media. Our main objective is to provide a rigorous mathematical theory to understand the 

topological phases and the edge modes in topological mechanical systems.

In the first part, we study a one-dimensional periodic spring-mass system consisting of 

masses connected by springs with different spring constants. The band structure and the 

topological index, Zak phase, of the system are derived. By gluing two such semi-infinite 

periodic systems with distinct Zak phases, an interface is obtained. The existence of the 

edge mode with frequency in the common band gap of two semi-infinite systems is proved 

by using transfer matrices.

In the second part, we study a two-dimensional mechanical spring-mass system on a 

honeycomb lattice. The dispersion relation is analyzed and the existence of Dirac points 

when the masses are identical is proved. We investigate the topological properties of the 

system when the inversion symmetry is broken by studying the valley Chern number. We 

provide a proof of the existence of edge modes that are localized at the interface of a joint 

system constructed from two semi-infinite systems with different valley Chern numbers.

In the final part, we study a gyroscopic system obtained by replacing masses in two-

dimensional honeycomb lattice with identical gyroscopes. It results in the breaking of time-

reversal symmetry and creates nontrivial topological phases characterized by the Chern 

numbers. We numerically relate the Chern numbers with the sign of a parameter of the 

system, namely gravitational acceleration. A joint system is created from two semi-infinite 

systems with opposite sign Chern numbers. Transfer matrices and a formulation of a finite 

system obtained from a truncated system are developed in order to study the existence of 

edge modes. Numerical computations on the finite system provide an evidence of exis-

tence of edge modes with frequency in the common band gap of the gyroscopic system. 

The relationship between transfer matrices and the truncated system is also investigated, 
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leading several open questions concerning the characterization of the edge states.
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       𝜅    =    𝐾  1   ,    𝐾  4  


     𝜆  ∗  


   (    𝐾  𝑖   ,  3  ) 


   𝑖  =  1  ,  4 


     𝜆  −       (      𝜅    )   <    𝜆  +       (      𝜅    )  


       𝜅    ∈  𝔹 


     𝜆  ±       (      𝜅    )  


   𝜈 


          (3.9)      𝜙  =    ∮  𝜈         𝐵     (        𝜅     )  𝑑        𝜅     .      


       𝐵    (      𝜅    )  =  (    𝐴    𝜅  𝑥        (      𝜅    )   ,    𝐴    𝜅  𝑦        (      𝜅    )   ) 


             𝐴  𝑗   (        𝜅     )  ∶  =  ⟨        𝑣     (        𝜅     )  ,  𝑖    𝜕  𝑗         𝑣     (        𝜅     )  ⟩  ,        𝑗  =    𝜅  𝑥   ,    𝜅  𝑦   ,      


          (3.10)      𝜙  =    ∫  𝐷   Ω  (        𝜅     )  𝑑  𝑆  ,      


   𝐷 


   Ω  (      𝜅    ) 


   Ω      (      𝜅    )   =    𝜕    𝜅  𝑥      𝐴    𝜅  𝑦        (      𝜅    )   −    𝜕    𝜅  𝑦      𝐴    𝜅  𝑥        (      𝜅    )  


       𝜅    =  𝐾 


   𝐾 


          (3.11)        𝐶    𝐾  ,  𝜈    =    1    2  𝜋        (    ∮  𝜈   𝐵  (        𝜅     )  𝑑        𝜅       (   mod     2  𝜋  )  )   =    1    2  𝜋      ∫  𝐷   Ω  (        𝜅     )  𝑑  𝑆  .      


         𝑣    ˜       (      𝜅    )   =    𝑒    −  𝑖  𝜑    (        𝜅     )         𝑣        (      𝜅    )  


   𝜑      (      𝜅    )  


         𝐵    ˜       (      𝜅    )   =      𝐵        (      𝜅    )   +  ∇  𝜑      (      𝜅    )  


     𝜙  ˜   =  𝜙  +  2  𝜋  𝑚 


   𝑚  ∈  ℤ 


     Ω  ˜       (      𝜅    )   =  Ω      (      𝜅    )  


   ∇  ×  ∇  𝜑  =  0 


   0  <  𝑟  ≪  1 


   𝑁  ∈    ℤ  +  


          (3.12)        𝐶    𝐾  ,  𝜈   𝑁   =  −    1    2  𝜋        [  𝐼  𝑚      (    ∑    𝑗  =  1   𝑁    log   ⟨        𝑣         (  𝐾  +          𝜅     𝑗   )   ,        𝑣         (  𝐾  +          𝜅       𝑗  +  1    )   ⟩  )     (   mod     2  𝜋  )  ]   ,      


         𝜅    𝑗   =  𝑟      (   cos       (    𝜃  𝑗   )   ,   sin       (    𝜃  𝑗   )   )  


     𝜃  𝑗   =  −  𝜋  +  (  𝑗  −  1  )      2  𝜋   𝑁  


             𝐶    𝐾  ,  𝜈    =     lim     𝑁  →  ∞        𝐶    𝐾  ,  𝜈   𝑁   .      


     𝐶  𝐾  


     𝐶    𝐾  ,  𝜈   


   𝑁  =  2  𝑛  ∈    ℤ  +  


             𝐶    𝐾  1   𝑁   =    𝐶    𝐾  3   𝑁   =    𝐶    𝐾  5   𝑁          and           𝐶    𝐾  2   𝑁   =    𝐶    𝐾  4   𝑁   =    𝐶    𝐾  6   𝑁   .      


   (  𝑖  ) 


   𝑁  =  2  𝑛 


   𝑛  ∈    ℤ  +  


       {          𝜅  ˆ     𝑗   }     𝑗  =  1   𝑁  


   𝑗  =  1  ,  2  ,  .  .  .  ,  𝑛  +  1 


                     𝜅     ˆ   𝑗   =  −            𝜅     ˆ     𝑛  +  𝑗    ,      


           𝑑      (            𝜅     ˆ     𝑗  +  𝑛    )   =  −  1  −    𝑒    𝑖            𝜅     ˆ     𝑗  +  𝑛    ⋅          𝑎     1     −    𝑒    𝑖            𝜅     ˆ     𝑗  +  𝑛    ⋅          𝑎     2     =  −  1  −    𝑒    −  𝑖            𝜅     ˆ   𝑗   ⋅          𝑎     1     −    𝑒    −  𝑖            𝜅     ˆ   𝑗   ⋅          𝑎     2     =      𝑑      (            𝜅     ˆ   𝑗   )    ‾       


                 𝑣         (            𝜅     ˆ     𝑗  ±  𝑛    )   =    1    𝜒      (          𝜅    ˆ     𝑗  ±  𝑛    )         [              −        𝑑    (            𝜅     ˆ     𝑗  ±  𝑛    )    ‾     3  −    𝜆  ±     (            𝜅     ˆ     𝑗  ±  𝑛    )   (  1  +  𝛽  )          1          ]   =    1      𝜒      (          𝜅    ˆ   𝑗   )    ‾        [              −      𝑑    (            𝜅     ˆ   𝑗   )      3  −    𝜆  ±     (            𝜅     ˆ   𝑗   )   (  1  +  𝛽  )          1          ]   =            𝑣         (            𝜅     ˆ   𝑗   )    ‾       


   1  ≤  𝑗  ≤  𝑛  +  1 


       𝑣        (          𝜅    ˆ     𝑗  +  𝑛    )  


   𝑛  +  2  ≤  𝑗  ≤  𝑁 


       𝑣        (          𝜅    ˆ     𝑗  −  𝑛    )  


             𝐶  𝑁      =  −  𝐼  𝑚      (    ∑    𝑗  =  1   𝑁    log   <  v      (            𝜅  ˆ      𝑗   )   |  v      (            𝜅  ˆ        𝑗  +  1    )   >  )             =  −  𝐼  𝑚      (    ∑    𝑗  =  1   𝑛    log   <  v      (            𝜅  ˆ      𝑗   )   |  v      (            𝜅  ˆ        𝑗  +  1    )   >  +    ∑    𝑗  =  𝑛  +  1   𝑁    log   <  v      (            𝜅  ˆ      𝑗   )   |  v      (            𝜅  ˆ        𝑗  +  1    )   >  )             =  −  𝐼  𝑚      (    ∑    𝑗  =  1   𝑛    log   <      v      (            𝜅  ˆ        𝑛  +  𝑗    )    ‾   |      v      (            𝜅  ˆ        𝑛  +  𝑗  +  1    )    ‾   >  +    ∑    𝑗  =  𝑛  +  1   𝑁    log   <  v      (            𝜅  ˆ      𝑗   )   |  v      (            𝜅  ˆ        𝑗  +  1    )   >  )             =  −  𝐼  𝑚      (    ∑    𝑗  =  𝑛  +  1   𝑁    log   <      v      (            𝜅  ˆ      𝑗   )    ‾   |      v      (            𝜅  ˆ        𝑗  +  1    )    ‾   >  +    ∑    𝑗  =  𝑛  +  1   𝑁    log   <  v      (            𝜅  ˆ      𝑗   )   |  v      (            𝜅  ˆ        𝑗  +  1    )   >  )             =  −  𝐼  𝑚      (    ∑    𝑗  =  𝑛  +  1   𝑁        log   <  v      (            𝜅  ˆ      𝑗   )   |  v      (            𝜅  ˆ        𝑗  +  1    )   >   ‾   +    ∑    𝑗  =  𝑛  +  1   𝑁    log   <  v      (            𝜅  ˆ      𝑗   )   |  v      (            𝜅  ˆ        𝑗  +  1    )   >  )             =  0  .    


   (  𝑖  𝑖  ) 


   𝑑      (    𝐾  1   )   =  𝑑      (    𝐾  3   )   =  𝑑      (    𝐾  5   )  


   v      (    𝐾  1   )   =  v      (    𝐾  3   )   =  v      (    𝐾  5   )  


     𝐶    𝐾  1   𝑁   =    𝐶    𝐾  3   𝑁   =    𝐶    𝐾  5   𝑁  


     𝐶    𝐾  2   𝑁   =    𝐶    𝐾  4   𝑁   =    𝐶    𝐾  6   𝑁  


       {        𝜅    𝑗   }     𝑗  =  1   𝑁  


   𝑎  𝑟  𝑔      (        𝜅      𝑗  +  𝑛    )   =  𝑎  𝑟  𝑔      (        𝜅    𝑗   )   +  𝜋 


   𝑗  =  1  ,  2  ,  .  .  .  ,  𝑛 


          (3.13)        𝐾  4   +          𝜅       𝑗  +  𝑛    =  −    (    𝐾  1   +          𝜅     𝑗   )            for         1  ≤  𝑗  ≤  𝑛  ,        𝐾  4   +          𝜅       𝑗  −  𝑛    =  −    (    𝐾  1   +          𝜅     𝑗   )            for         𝑛  +  1  ≤  𝑗  ≤  𝑁  .      


           𝑑      (    𝐾  4   +          𝜅       𝑗  +  𝑛    )   =      𝑑      (    𝐾  1   +          𝜅     𝑗   )    ‾          and         𝑑      (    𝐾  4   +          𝜅       𝑗  −  𝑛    )   =      𝑑      (    𝐾  1   +          𝜅     𝑗   )    ‾   ,      


                 𝑣         (    𝐾  4   +          𝜅       𝑗  ±  𝑛    )   =            𝑣         (    𝐾  1   +          𝜅     𝑗   )    ‾          for         1  ≤  𝑗  ≤  𝑛  ,         and         𝑛  +  1  ≤  𝑗  ≤  𝑁  .      


             𝐶  4  𝑁      =  −   Im       (    ∑    𝑗  =  1     2  𝑛     log       ⟨        𝑣     (    𝐾  4   +          𝜅     𝑗   )    |          𝑣     (    𝐾  4   +          𝜅       𝑗  +  1    )  ⟩   )             =  −   Im   (    ∑    𝑗  =  1   𝑛    log       ⟨        𝑣     (    𝐾  4   +          𝜅     𝑗   )    |          𝑣     (    𝐾  4   +          𝜅       𝑗  +  1    )  ⟩                     +    ∑    𝑗  =  𝑛  +  1     2  𝑛     log       ⟨        𝑣     (    𝐾  4   +          𝜅     𝑗   )    |          𝑣     (    𝐾  4   +          𝜅       𝑗  +  1    )  ⟩   )            =  −   Im   (    ∑    𝑚  =  𝑛  +  1     2  𝑛     log       ⟨        𝑣     (    𝐾  4   +          𝜅       𝑚  −  𝑛    )    |          𝑣     (    𝐾  4   +          𝜅       𝑚  −  𝑛  +  1    )  ⟩                     +    ∑    𝑚  =  1   𝑛    log       ⟨        𝑣     (    𝐾  4   +          𝜅       𝑚  +  𝑛    )    |          𝑣     (    𝐾  4   +          𝜅       𝑚  +  𝑛  +  1    )  ⟩   )            =  −   Im   (    ∑    𝑚  =  𝑛  +  1     2  𝑛     log       ⟨          𝑣     ∗   (    𝐾  1   +          𝜅     𝑚   )    |            𝑣     ∗   (    𝐾  1   +          𝜅       𝑚  +  1    )  ⟩                     +    ∑    𝑚  =  1   𝑛    log       ⟨          𝑣     ∗   (    𝐾  1   +          𝜅     𝑚   )    |            𝑣     ∗   (    𝐾  1   +          𝜅       𝑚  +  1    )  ⟩   )            =  −   Im       (      [    ∑    𝑚  =  1     2  𝑛     log       ⟨        𝑣     (    𝐾  1   +          𝜅     𝑚   )    |          𝑣     (    𝐾  1   +          𝜅       𝑚  +  1    )  ⟩   ]   ∗   )             =  −    𝐶  1  𝑁   .    


   (  𝑖  𝑖  𝑖  ) 


           ⟨        𝑣         (          𝜅     𝑗   )   |        𝑣         (          𝜅       𝑗  +  1    )   ⟩  =    (  1  −  𝛽  )   |  𝑑      (          𝜅     𝑗   )   |  |  𝑑      (          𝜅       𝑗  +  1    )   |    𝑓  𝑗       (  𝛽  )       [    𝑟  𝑗       (  𝛽  )       𝑒    𝑖    (    𝜉  𝑗   −    𝜉    𝑗  +  1    )     +  1  ]   ,      


             𝑓  𝑗       (  𝛽  )      =        (  3  𝛽  +      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑      (        𝜅    𝑗   )     |  2     )       (  3  𝛽  +      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑      (        𝜅      𝑗  +  1    )     |  2     )      |  𝑑      (        𝜅    𝑗   )   |  |  𝑑      (        𝜅      𝑗  +  1    )   |    ,            𝑟  𝑗       (  𝛽  )      =      1  −    𝛽  2        𝑓  𝑗       (  𝛽  )     ,          𝜉  𝑗   =  𝑎  𝑟  𝑔      (  𝑑      (          𝜅     𝑗   )   )   .    


   𝛽  >  0 


     𝑓  𝑗       (  𝛽  )   ∈  [  1  ,     36     |  𝑑    (          𝜅     𝑗   )   |  |  𝑑    (          𝜅       𝑗  +  1    )   |    ] 


               1  −    𝛽  2         |  𝑑      (          𝜅     𝑗   )   |   >  3  𝛽  +      9    𝛽  2   +    (  1  −    𝛽  2   )         |  𝑑      (          𝜅     𝑗   )   |   2     ,      


     𝑟  𝑗       (  𝛽  )   ∈  [  0  ,  1  ] 


          (3.14)      𝐼  𝑚      (    ∑    𝑗  =  1   𝑁    log   ⟨        𝑣         (          𝜅     𝑗   )   ,        𝑣         (          𝜅       𝑗  +  1    )   ⟩  )   =  𝐼  𝑚      (    ∑    𝑗  =  1   𝑁    log       (    𝑟  𝑗       (  𝛽  )       𝑒    𝑖    (    𝜉  𝑗   −    𝜉    𝑗  +  1    )     +  1  )   )   =    ∑    𝑗  =  1   𝑁     𝜀  𝑗   ,      


     𝜀  𝑗   ∈    (  0  ,        𝜉  𝑗   −    𝜉    𝑗  +  1     2   )  


   𝑑      (      𝜅        (  𝜃  )   )  


   𝑑      (  𝜃  )  


           𝑑      (  −    𝜋  3   −    𝜃  ˜   )   =      𝑑      (  −    𝜋  3   +    𝜃  ˜   )    ‾          and         𝑑      (      2  𝜋   3   −    𝜃  ˜   )   =      𝑑      (      2  𝜋   3   +    𝜃  ˜   )    ‾   ,      


     𝜃  ˜   ∈    [  0  ,      2  𝜋   3   ]  


     𝜃  ˜   ∈    [  0  ,    𝜋  3   ]  


   𝑑  (  −  𝜋  /  3  )  𝑑  (  2  𝜋  /  3  )  <  0 


   𝜃  ∈  [  −  𝜋  ,  𝜋  ] 


   𝑎  𝑟  𝑔      (  𝑑      (  −  𝜋  )   )   =  𝑎  𝑟  𝑔      (  𝑑      (  𝜋  )   )   +  2  𝜋 


           𝐼  𝑚      (    ∑    𝑗  =  1   𝑁    log   ⟨        𝑣         (          𝜅     𝑗   )   ,        𝑣         (          𝜅       𝑗  +  1    )   ⟩  )   <    ∑    𝑗  =  1   𝑁         𝜉  𝑗   −    𝜉    𝑗  +  1     2   =        𝜉  1   −    𝜉    𝑁  +  1     2   =  𝜋  .      


          (3.15)      𝐼  𝑚      (    ∑    𝑗  =  1   𝑁    log   ⟨        𝑣         (          𝜅     𝑗   )   ,        𝑣         (          𝜅       𝑗  +  1    )   ⟩  )   ∈    (  0  ,  𝜋  )   .      


   𝛽  <  0 


     𝑟  𝑗       (  𝛽  )   >  1 


          (3.16)      𝐼  𝑚      (    ∑    𝑗  =  1   𝑁    log   ⟨        𝑣         (          𝜅     𝑗   )   ,        𝑣         (          𝜅       𝑗  +  1    )   ⟩  )   ∈    (  𝜋  ,  3  𝜋  )   .      


   𝑝  ∈    ℤ  +  


   𝑞  ∈  ℤ 


          (3.17)                     𝑚  𝑎         (    𝑈    −  𝑝  ,  𝑞   𝑎   )   ″   +  𝑘      (    𝑈    −  𝑝  ,  𝑞   𝑎   −    𝑈    −  𝑝  ,  𝑞   𝑏   )      −  𝑘      (    𝑈    −  𝑝  ,  𝑞   𝑎   −    𝑈    −  (  𝑝  −  1  )  ,  𝑞   𝑏   )                −  𝑘      (    𝑈    −  𝑝  ,  𝑞   𝑎   −    𝑈    −  𝑝  ,  𝑞  +  1   𝑏   )   =  0  ,          𝑚  𝑏         (    𝑈    −  (  𝑝  −  1  )  ,  𝑞   𝑏   )   ″   +  𝑘      (    𝑈    −  (  𝑝  −  1  )  ,  𝑞   𝑏   −    𝑈    −  (  𝑝  −  1  )  ,  𝑞  −  1   𝑎   )      −  𝑘      (    𝑈    −  (  𝑝  −  1  )  ,  𝑞   𝑏   −    𝑈    −  (  𝑝  −  1  )  ,  𝑞   𝑎   )           −  𝑘      (    𝑈    −  (  𝑝  −  1  )  ,  𝑞   𝑏   −    𝑈    −  𝑝  ,  𝑞   𝑎   )   =  0  ,       


          (3.18)                     𝑚  𝑎         (    𝑈    𝑝  ,  𝑞   𝑎   )   ″   +  𝑘      (    𝑈    𝑝  ,  𝑞   𝑎   −    𝑈    𝑝  −  1  ,  𝑞   𝑏   )   +  𝑘      (    𝑈    𝑝  ,  𝑞   𝑎   −    𝑈    𝑝  ,  𝑞  −  1   𝑏   )   +  𝑘      (    𝑈    𝑝  ,  𝑞   𝑎   −    𝑈    𝑝  ,  𝑞   𝑏   )      =  0  ,               𝑚  𝑏         (    𝑈    𝑝  −  1  ,  𝑞   𝑏   )   ″   +  𝑘      (    𝑈    𝑝  −  1  ,  𝑞   𝑏   −    𝑈    𝑝  −  1  ,  𝑞   𝑎   )   +  𝑘      (    𝑈    𝑝  −  1  ,  𝑞   𝑏   −    𝑈    𝑝  ,  𝑞   𝑎   )   +  𝑘      (    𝑈    𝑝  −  1  ,  𝑞   𝑏   −    𝑈    𝑝  −  1  ,  𝑞  +  1   𝑎   )      =  0  ,       


          (3.19)                     𝑚  𝑎         (    𝑈    1  ,  𝑞   𝑎   )   ″   +  𝑘      (    𝑈    1  ,  𝑞   𝑎   −    𝑈    −  1  ,  𝑞   𝑎   )   +  𝑘      (    𝑈    1  ,  𝑞   𝑎   −    𝑈    1  ,  𝑞  −  1   𝑏   )   +  𝑘      (    𝑈    1  ,  𝑞   𝑎   −    𝑈    1  ,  𝑞   𝑏   )      =  0  ,               𝑚  𝑎         (    𝑈    −  1  ,  𝑞   𝑎   )   ″   +  𝑘      (    𝑈    −  1  ,  𝑞   𝑎   −    𝑈    1  ,  𝑞   𝑎   )   +  𝑘      (    𝑈    −  1  ,  𝑞   𝑎   −    𝑈    −  1  ,  𝑞  +  1   𝑏   )   +  𝑘      (    𝑈    −  1  ,  𝑞   𝑎   −    𝑈    −  1  ,  𝑞   𝑏   )      =  0  .       


     𝑘    |  |    ∈  [  0  ,      2  𝜋   𝑎   ] 


          (3.20)        𝑈    𝑝  ,  𝑞   𝑎   (  𝑡  )  =    𝑢  𝑝  𝑎     𝑒    𝑖  𝜔  𝛾      𝑒    𝑖    𝑘    |  |    𝑞           and           𝑈    𝑝  ,  𝑞   𝑏   (  𝑡  )  =    𝑢  𝑝  𝑏     𝑒    𝑖  𝜔  𝛾      𝑒    𝑖    𝑘    |  |    𝑞    ,      


   𝛾  =      𝑘  /  𝑚    𝑡 


   (    𝑈    𝑝  ,  𝑞   𝑎   (  𝑡  )  ,    𝑈    𝑝  ,  𝑞   𝑏   (  𝑡  )  ) 


   𝑝  →  ∞ 


   𝜔      (    𝑘    |  |    )  


     𝜔  2       (    𝑘    |  |    )  


   (    𝜆  −       (    𝑘    |  |    )   ,    𝜆  +       (    𝑘    |  |    )   ) 


          (3.21)        𝜆  −       (    𝑘    |  |    )   =     max           𝜅     ˜        𝜆  −       (          𝜅     ˜   )            and           𝜆  +       (    𝑘    |  |    )   =     min           𝜅     ˜        𝜆  +       (          𝜅     ˜   )   .      


         𝜅    ˜   =    𝑘  1         𝑏    1   +        𝑘    |  |      𝑎  2      2  𝜋          𝑏    2  


     𝑘  1   ∈  (  0  ,  1  ) 


     𝜆  ±       (    𝑘    |  |    )  


           |  𝑑      (          𝜅     ˜   )     |  2      =  |  −  1  −    𝑒    𝑖          𝜅     ˜   ⋅          𝑎     1     −    𝑒    𝑖          𝜅     ˜   ⋅          𝑎     2       |  2             =  |  −  1  −    𝑒    𝑖  2  𝜋    𝑘  1     −    𝑒    𝑖    𝑘    |  |      𝑎  2       |  2             =      (  1  +   cos       (  2  𝜋    𝑘  1   )   +   cos       (    𝑘    |  |      𝑎  2   )   )   2   +      (   sin       (  2  𝜋    𝑘  1   )   +   sin       (    𝑘    |  |      𝑎  2   )   )   2             =  1  +     cos   2       (  2  𝜋    𝑘  1   )   +     cos   2       (    𝑘    |  |      𝑎  2   )   +  2     cos       (  2  𝜋    𝑘  1   )   +  2     cos       (    𝑘    |  |      𝑎  2   )                       +  2     cos       (  2  𝜋    𝑘  1   )      cos       (    𝑘    |  |      𝑎  2   )   +     sin   2       (  2  𝜋    𝑘  1   )   +  2     sin       (  2  𝜋    𝑘  1   )      sin       (    𝑘    |  |      𝑎  2   )   +     sin   2       (    𝑘    |  |      𝑎  2   )             =  3  +  2     cos       (    𝑘    |  |      𝑎  2   )   +  2     cos       (  2  𝜋    𝑘  1   )   +  2     cos       (  2  𝜋    𝑘  1   −    𝑘    |  |      𝑎  2   )             =  3  +  2     cos       (    𝑘    |  |      𝑎  2   )   +  4     cos       (      2  𝜋    𝑘  1   +  2  𝜋    𝑘  1   −    𝑘    |  |      𝑎  2    2   )      cos       (      2  𝜋    𝑘  1   −  2  𝜋    𝑘  1   +    𝑘    |  |      𝑎  2    2   )          (3.22)        =  3  +  2     cos       (    𝑘    |  |      𝑎  2   )   +  4     cos       (  2  𝜋    𝑘  1   −        𝑘    |  |      𝑎  2    2   )      cos       (        𝑘    |  |      𝑎  2    2   )   .    


   𝑔      (    𝑘  1   )   =    𝜆  +       (        𝜅    ˜   )  


           0  =    𝑔  ′       (    𝑘  1   )   =    1  2         (      9    𝛽  2        (  1  −    𝛽  2   )   2    +      |  𝑑      (        𝜅    ˜   )     |  2      1  −    𝛽  2     )     −  1  /  2            𝑑    𝑑    𝑘  1     (  |  𝑑      (        𝜅    ˜   )     |  2   )     1  −    𝛽  2     ,      


           0  =    𝑑    𝑑    𝑘  1     (  |  𝑑      (          𝜅     ˜   )     |  2   )  =  −  8  𝜋     sin       (  2  𝜋    𝑘  1   −        𝑘    |  |      𝑎  2    2   )      cos       (        𝑘    |  |      𝑎  2    2   )   .      


   𝑔      (    𝑘  1   )  


             𝑘  1   =    𝑛  2   +        𝑘    |  |      𝑎  2      4  𝜋        


           𝜅    ˜   1   =    𝑛  2   +        𝑘    |  |      𝑎  2      4  𝜋          𝑏    1   +        𝑘    |  |      𝑎  2      2  𝜋          𝑏    2  


               𝑑  2     𝑑  (    𝑘  1     )  2     (  |  𝑑      (          𝜅     ˜   )     |  2   )    |            𝜅     ˜   =            𝜅     ˜   1        =  −   16     𝜋  2      cos       (  2  𝜋      (    𝑛  2   +        𝑘    |  |      𝑎  2      4  𝜋    )   −        𝑘    |  |      𝑎  2    2   )      cos       (        𝑘    |  |      𝑎  2    2   )             =  −   16     𝜋  2      cos       (  𝑛  𝜋  )      cos       (        𝑘    |  |      𝑎  2    2   )             =  −   16     𝜋  2   (  −  1    )  𝑛    cos       (        𝑘    |  |      𝑎  2    2   )   .    


     𝜆  −       (    𝑘    |  |    )  


     𝜆  +       (    𝑘    |  |    )  


                   𝜅     ˜   =    (    𝑛  2   +        𝑘    |  |      𝑎  2      4  𝜋    )             𝑏     1   +        𝑘    |  |      𝑎  2      2  𝜋            𝑏     2   ,         for         𝑛  ∈  {  0  ,  1  }  ,      


   (  −  1    )  𝑛    cos       (        𝑘    |  |      𝑎  2    2   )   <  0 


          (3.23)        𝜆  −       (    𝑘    |  |    )   =      3  −      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑      (          𝜅    1   ˜   )     |  2        1  −    𝛽  2            and           𝜆  +       (    𝑘    |  |    )   =      3  +      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑      (          𝜅    1   ˜   )     |  2        1  −    𝛽  2     ,      


           |  𝑑      (            𝜅     ˜   1   )   |     =      (  3  +  2     cos       (    𝑘    |  |      𝑎  2   )   +  4     cos       (  2  𝜋      (    𝑛  2   +        𝑘    |  |      𝑎  2      4  𝜋    )   −        𝑘    |  |      𝑎  2    2   )      cos       (        𝑘    |  |      𝑎  2    2   )   )     1  /  2              =      (  3  +  2     cos       (    𝑘    |  |      𝑎  2   )   +  4     cos       (  𝑛  𝜋  )      cos       (        𝑘    |  |      𝑎  2    2   )   )     1  /  2              =      (  3  +  2      (  2       cos   2       (        𝑘    |  |      𝑎  2    2   )   −  1  )   +  4  (  −  1    )  𝑛    cos       (        𝑘    |  |      𝑎  2    2   )   )     1  /  2              =      (  1  +  (  −  1    )  𝑛   4     cos       (        𝑘    |  |      𝑎  2    2   )   +  4       cos   2       (        𝑘    |  |      𝑎  2    2   )   )     1  /  2              =      (      (  1  +  (  −  1    )  𝑛   2     cos       (        𝑘    |  |      𝑎  2    2   )   )   2   )     1  /  2      


          (3.24)        |  𝑑      (            𝜅     ˜   1   )   |   =    |  1  +      (  −  1  )   𝑛     2     cos       (        𝑘    |  |      𝑎  2    2   )   |   .      


     𝜆  −       (    𝑘    |  |    )   <    𝜆  +       (    𝑘    |  |    )  


     𝜔    1  ,  2   2       (    𝑘    |  |    )   ∈  (    𝜆  −       (    𝑘    |  |    )   ,    𝜆  +       (    𝑘    |  |    )   ) 


     𝛽  1  


     𝛽  2  


     𝐶    𝐾  𝑗     (  1  )      𝐶    𝐾  𝑗     (  2  )    <  0 


     𝐶    𝐾  𝑗     (  𝑖  )   


     𝛽  𝑖  


     𝐾  𝑗  


           𝜏      (    𝑘    |  |    )      ∶  =  3  −  (  1  +  𝛽  )    𝜔  2       (    𝑘    |  |    )   ,          𝜎      (    𝑘    |  |    )      ∶  =  3  −  (  1  −  𝛽  )    𝜔  2       (    𝑘    |  |    )   ,          𝑧      (    𝑘    |  |    )      ∶  =  1  +    𝑒    𝑖    𝑘    |  |      𝑎  2     ,          𝜉      (  𝜎  ,    𝑘    |  |    )      ∶  =  𝜏  𝜎  −  1  −  |  𝑧    |  2   ,    


           𝑚  (  1  +  𝛽  )    𝑘  𝑚   (  −    𝜔  2   )    𝑢  𝑝  𝑎     𝑒    𝑖  (  𝜔  +  𝛾  +    𝑘    |  |    𝑞  )    +  𝑘      (  3    𝑢  𝑝  𝑎   −    𝑢  𝑝  𝑏   −    𝑢    𝑝  −  1   𝑏   −    𝑢  𝑝  𝑏     𝑒    −  𝑖    𝑘    |  |      )       𝑒    𝑖  (  𝜔  +  𝛾  +    𝑘    |  |    𝑞  )       =  0          𝑚  (  1  −  𝛽  )    𝑘  𝑚   (  −    𝜔  2   )    𝑢    𝑝  −  1   𝑏     𝑒    𝑖  (  𝜔  +  𝛾  +    𝑘    |  |    𝑞  )    +  𝑘      (  3    𝑢    𝑝  −  1   𝑏   −    𝑢    𝑝  −  1   𝑎   −    𝑢  𝑝  𝑎   −    𝑢    𝑝  −  1   𝑎     𝑒    𝑖    𝑘    |  |      )       𝑒    𝑖  (  𝜔  +  𝛾  +    𝑘    |  |    𝑞  )       =  0  .    


     𝑢  𝑝  𝑎  


     𝑢  𝑝  𝑏  


          (3.25)                   𝜏    𝑢  𝑝  𝑎   −    𝑢    𝑝  −  1   𝑏   −    𝑢  𝑝  𝑏   −    𝑢  𝑝  𝑏     𝑒    −  𝑖    𝑘    |  |      𝑎  2        =  0  ,             𝜎    𝑢    𝑝  −  1   𝑏   −    𝑢    𝑝  −  1   𝑎   −    𝑢  𝑝  𝑎   −    𝑢    𝑝  −  1   𝑎     𝑒    𝑖    𝑘    |  |      𝑎  2        =  0  ,       


   𝐴      (    𝑘    |  |    )       u    𝑝  −  1    =  𝐵      (    𝑘    |  |    )       u  𝑝  


           𝐴      (    𝑘    |  |    )   =    [              0     1        −  𝑧      (    𝑘    |  |    )      𝜎          ]         ,  𝐵      (    𝑘    |  |    )   =    [              𝜏     −      𝑧      (    𝑘    |  |    )    ‾         1     0          ]            and           u  𝑝   =    [                𝑢  𝑝  𝑎           𝑢  𝑝  𝑏           ]   =      [                𝑢  𝑎           𝑢  𝑏           ]   𝑝   .      


   𝐴    u    𝑝  −  1    =  𝐵    u  𝑝  


             𝑇  𝑅       (    𝑘    |  |    )       u    𝑝  −  1    =    u  𝑝   ,      


             𝑇  𝑅       (    𝑘    |  |    )   =    𝐵    −  1    𝐴  =    1    𝑧  ‾        [              0         𝑧      (    𝑘    |  |    )    ‾         −  1     𝜏          ]       [              0     1        −  𝑧      (    𝑘    |  |    )      𝜎          ]   =    1    𝑧  ‾        [              −  |  𝑧    |  2        𝑧  ‾   𝜎        −  𝑧  𝜏     𝜏  𝜎  −  1          ]   ,      


             𝜆  2   −    1    𝑧  ‾        (  𝜏  𝜌  −  1  −  |  𝑧    |  2   )     𝜆  +    𝑧    𝑧  ‾    =  0  .      


     𝑇  𝑅  


             𝜆    𝑅  ,  ±        (    𝑘    |  |    )   =    1    2    𝑧  ‾         [  𝜉  ±        𝜉  2   −  4  |  𝑧    |  2     ]            and           v    𝑅  ,  ±        (    𝑘    |  |    )   =    [              𝜎          𝜆    𝑅  ,  ±    +  𝑧          ]   .      


     𝑢    −  𝑝   𝑎  


     𝑢    −  𝑝   𝑏  


           𝜏    𝑢    −  𝑝   𝑎   −    𝑢    −  𝑝   𝑏   −    𝑢    −  (  𝑝  −  1  )   𝑏   −    𝑒    𝑖    𝑘    |  |      𝑎  2       𝑢    −  𝑝   𝑏      =  0  ,          𝜏    𝑢    −  (  𝑝  −  1  )   𝑏   −    𝑢    −  (  𝑝  −  1  )   𝑎   −    𝑢    −  (  𝑝  −  1  )   𝑎   −    𝑒    −  𝑖    𝑘    |  |      𝑎  2       𝑢    −  𝑝   𝑎      =  0  .    


     𝑇  𝐿       (    𝑘    |  |    )       u    −  𝑝    =    u    −  (  𝑝  +  1  )   


             𝑇  𝐿       (    𝑘    |  |    )   =    1  𝑧       [              −  |  𝑧    |  2      𝑧  𝜎        −    𝑧  ‾   𝜏     𝜏  𝜎  −  1          ]   .      


     𝑇  𝑅   =      𝑇  𝐿   ‾  


     𝑇  𝐿  


             𝜆    𝐿  ,  ±        (    𝑘    |  |    )   =        𝜆    𝑅  ,  ±        (    𝑘    |  |    )    ‾   =    1    2  𝑧        [  𝜉  ±        𝜉  2   −  4  |  𝑧    |  2     ]            and           v    𝐿  ,  ±        (    𝑘    |  |    )   =        v    𝑅  ,  ±        (    𝑘    |  |    )    ‾   =    [              𝜎          𝜆    𝐿  ,  ±    +    𝑧  ‾           ]   .      


           |  𝑧    |  2      =      |  1  +    𝑒    𝑖    𝑘    |  |      𝑎  2     |   2             =      (  1  +   cos       (    𝑘    |  |      𝑎  2   )   )   2   +     sin   2       (    𝑘    |  |      𝑎  2   )             =  2  +  2     cos       (    𝑘    |  |      𝑎  2   )             =      (  (  −  1    )    𝑛  +  1    2     cos       (        𝑘    |  |      𝑎  2    2   )   )   2   ,    


   (  −  1    )  𝑛   2     cos       (        𝑘    |  |      𝑎  2    2   )   <  0 


               |  𝑑  |   2   =      |  1  +      (  −  1  )   𝑛     2     cos       (        𝑘    |  |      𝑎  2    2   )   |   2   =      (  1  −    |  𝑧  |   )   2       


     u  𝑝  


   𝑝  →  ±  ∞ 


     u  1   =      [                𝑢  𝑎           𝑢  𝑏           ]   1  


     u    −  1    =      [                𝑢  𝑎           𝑢  𝑏           ]     −  1   


     𝜉  2   −  4  |  𝑧    |  2   <  0 


               |    𝜆  𝑅   |   2   =      |    𝜆  𝐿   |   2   =    1    4  |  𝑧    |  2           |  𝜉  ±  𝑖      4  |  𝑧    |  2   −    𝜉  2     |   2   =    1    4  |  𝑧    |  2         (    𝜉  2   +  4  |  𝑧    |  2   −    𝜉  2   )   =  1  .      


     |    𝜆    𝐿  ,  𝑅    |   <  1 


     𝜉  2   −  4  |  𝑧    |  2   ≥  0 


               |    𝜆  𝑅   |   2   =      |    𝜆  𝐿   |   2      =    1    4  |  𝑧    |  2           (  𝜉  ±        𝜉  2   −  4  |  𝑧    |  2     )   2             =    1    4  |  𝑧    |  2         (    𝜉  2   ±  2  𝜉        𝜉  2   −  4  |  𝑧    |  2     +    𝜉  2   −  4  |  𝑧    |  2   )             =      2    𝜉  2   −  4  |  𝑧    |  2      4  |  𝑧    |  2     ±      2  𝜉        𝜉  2   −  4  |  𝑧    |  2        4  |  𝑧    |  2     .    


               2    𝜉  2   −  4  |  𝑧    |  2      4  |  𝑧    |  2     ≥      𝜉  2     4  |  𝑧    |  2     ≥  1  .      


       |    𝜆    𝑅  ,  +    |   2   <  1 


           1  >      |    𝜆    𝑅  ,  +    |   2   =      2    𝜉  2   −  4  |  𝑧    |  2      4  |  𝑧    |  2     +      2  𝜉        𝜉  2   −  4  |  𝑧    |  2        4  |  𝑧    |  2     ≥  1  +      2  𝜉        𝜉  2   −  4  |  𝑧    |  2        4  |  𝑧    |  2     .      


           𝜉        𝜉  2   −  4        |  𝑧  |   2     <  0  ,      


   𝜉  <  0 


       |    𝜆    𝑅  ,  −    |   2   <  1 


           −  𝜉        𝜉  2   −  4        |  𝑧  |   2     <  0  ,      


   𝜉  >  0 


     𝜆  𝑅  


   |    𝜆  𝑅   |  <  1 


          (3.26)        𝜆  𝑅   =    {              1    2    𝑧  ‾         (  𝜉  −        𝜉  2   −  4        |  𝑧  |   2     )   ,         for         𝜉  >  0  ,               1    2    𝑧  ‾         (  𝜉  +        𝜉  2   −  4        |  𝑧  |   2     )   ,         for         𝜉  <  0  .                    


     𝜆    𝐿  ,  ±    =      𝜆    𝑅  ,  ±    ‾  


          (3.27)        𝜆  𝐿   =    {              1    2  𝑧        (  𝜉  −        𝜉  2   −  4        |  𝑧  |   2     )   ,         for         𝜉  >  0  ,               1    2  𝑧        (  𝜉  +        𝜉  2   −  4        |  𝑧  |   2     )   ,         for         𝜉  <  0  .                    


          (3.28)        [                𝑢  1  𝑎           𝑢  1  𝑏           ]   =    𝑐  1     v  𝑅   =    [                𝑐  1   𝜎          𝑐  1       (    𝜆  𝑅   +  𝑧  )           ]            and             [                𝑢    −  1   𝑎           𝑢    −  1   𝑏           ]   =    𝑐  2     v  𝐿   =    [                𝑐  2   𝜎          𝑐  2       (    𝜆  𝐿   +    𝑧  ‾   )           ]   .      


           𝑚  (  1  +  𝛽  )  (  −    𝜔  2   )    𝑘  𝑚     𝑢  1  𝑎     𝑒    𝑖    (  𝜔  𝜏  +    𝑘    |  |    𝑞  )     +  𝑘      (  3    𝑢  1  𝑎   −    𝑢    −  1   𝑎   −    𝑢  1  𝑏   −    𝑢  1  𝑏     𝑒    −  𝑖    𝑘    |  |      )       𝑒    𝑖    (  𝜔  𝜏  +    𝑘    |  |    𝑞  )        =  0  ,          𝑚  (  1  +  𝛽  )  (  −    𝜔  2   )    𝑘  𝑚     𝑢    −  1   𝑎     𝑒    𝑖    (  𝜔  𝜏  +    𝑘    |  |    𝑞  )     +  𝑘      (  3    𝑢    −  1   𝑎   −    𝑢  1  𝑎   −    𝑢    −  1   𝑏   −    𝑢    −  1   𝑏     𝑒    𝑖    𝑘    |  |      )       𝑒    𝑖    (  𝜔  𝜏  +    𝑘    |  |    𝑞  )        =  0  ,    


          (3.29)                   𝜏    𝑢  1  𝑎   −    𝑢    −  1   𝑎   −    𝑧  ‾     𝑢  1  𝑏      =  0  ,             𝜏    𝑢    −  1   𝑎   −    𝑢  1  𝑎   −  𝑧    𝑢    −  1   𝑏      =  0  .       


          (3.30)                   𝜏    𝑐  1   𝜎  −    𝑧  ‾     𝑐  1       (    𝜆  𝑅   𝑧  )   −    𝑐  2   𝜎     =  0  ,             𝜏    𝑐  2   𝜎  −  𝑧    𝑐  2       (    𝜆  𝐿     𝑧  ‾   )   −    𝑐  1   𝜎     =  0  .       


   𝜎  =  0 


             𝑐  1     𝜆  𝑅   |  𝑧    |  2   =  0  .      


     𝑐  1   =  0 


   𝜎  ≠  0 


          (3.31)        𝑐  2   =    1  𝜎     𝑐  1       (  𝜏  𝜎  −    𝑧  ‾       (    𝜆  𝑅   +  𝑧  )   )   ,      


             𝑐  1   𝜎     =    1  𝜎     𝑐  1       (  𝜏  𝜎  −    𝑧  ‾       (    𝜆  𝑅   +  𝑧  )   )       (  𝜏  𝜎  −  𝑧      (    𝜆  𝐿   +    𝑧  ‾   )   )   .    


     𝜆  𝑅   =      𝜆  𝐿   ‾  


             𝜎  2      =    (  𝜏  𝜎  −    𝑧  ‾       (    𝜆  𝑅   +  𝑧  )   )       (  𝜏  𝜎  −  𝑧      (      𝜆  𝑅   ‾   +    𝑧  ‾   )   )   =      |  𝜏  𝜎  −    𝑧  ‾       (    𝜆  𝑅   +  𝑧  )   |   2     


   𝜉  <  0 


             𝜎  2      =      |  𝜏  𝜎  −    𝑧  ‾       (    𝜆  𝑅   +  𝑧  )   |   2             =      |  𝜏  𝜎  −      |  𝑧  |   2   −    𝑧  ‾     𝜆  𝑅   |   2             =      |  𝜉  +  1  −    𝑧  ‾     1    2    𝑧  ‾         (  𝜉  +        𝜉  2   −  4        |  𝑧  |   2     )   |   2             =    1  4         |  2  𝜉  +  2  −    (  𝜉  +        𝜉  2   −  4        |  𝑧  |   2     )   |   2     


   𝜉  >  0 


          (3.32)                   4    𝜎  2   =    {                |  𝜉  +  2  −        𝜉  2   −  4        |  𝑧  |   2     |   2   ,         for         𝜉  <  0  ,                 |  𝜉  +  2  +        𝜉  2   −  4        |  𝑧  |   2     |   2   ,         for         𝜉  >  0  ,                     


           2  𝜎  =  𝜉  +  2  −        𝜉  2   −  4        |  𝑧  |   2            or         2  𝜎  =  −    (  𝜉  +  2  )   +        𝜉  2   −  4        |  𝑧  |   2     .      


   2  𝜎  =  𝜉  +  2  −        𝜉  2   −  4        |  𝑧  |   2    


             𝜉  2   −  4        |  𝑧  |   2      =      (  2  𝜎  −  (  𝜉  +  2  )  )   2          (3.33)        =  4    𝜎  2   −  4  𝜎      (  𝜉  +  2  )   +    𝜉  2   +  4  𝜉  +  4  .    


     𝜔  2   =      3  −  𝜎     1  −  𝛽   


           𝜏  =  3  −  (  1  +  𝛽  )      3  −  𝜎     1  −  𝛽    =      (  1  +  𝛽  )  𝜎  −  6  𝛽     1  −  𝛽        


           0     =  4    𝜎  2   −  4  𝜎      (  𝜉  +  2  )   +  4  𝜉  +  4  |  𝑧    |  2   +  4            =  4      (    𝜎  2   −  𝜎      (  𝜏  𝜎  −  1  −  |  𝑧    |  2   +  2  )   +  𝜏  𝜎  −  1  −  |  𝑧    |  2   +  |  𝑧    |  2   +  1  )             =  4  𝜎      (  𝜎  −  𝜏  𝜎  +  |  𝑧    |  2   −  1  +  𝜏  )             =  4  𝜎      (  𝜎  −  𝜎      (  1  +  𝛽  )  𝜎  −  6  𝛽     1  −  𝛽    +      (  1  +  𝛽  )  𝜎  −  6  𝛽     1  −  𝛽    +  |  𝑧    |  2   −  1  )             =  4  𝜎      (  𝜎  −      1  +  𝛽     1  −  𝛽      𝜎  2   +      6  𝛽     1  −  𝛽    𝜎  +      1  +  𝛽     1  −  𝛽    𝜎  −      6  𝛽     1  −  𝛽    +  |  𝑧    |  2   −  1  )     


          (3.34)      𝜎      (  −      1  +  𝛽     1  −  𝛽      𝜎  2   +    [  1  +      6  𝛽     1  −  𝛽    +      1  +  𝛽     1  −  𝛽    ]     𝜎  −    [  1  −      |  𝑧  |   2   +      6  𝛽     1  −  𝛽    ]   )   =  0  .      


                   (  1  +      6  𝛽     1  −  𝛽    +      1  +  𝛽     1  −  𝛽    )   2   −  4      (  −      1  +  𝛽     1  −  𝛽    )       (  −    [  1  −      |  𝑧  |   2   +      6  𝛽     1  −  𝛽    ]   )                         =      (      1  −  𝛽  +  6  𝛽  +  1  +  𝛽     1  −  𝛽    )   2   −  4      1  +  𝛽     1  −  𝛽        (  1  −      |  𝑧  |   2   +      6  𝛽     1  −  𝛽    )                         =    1      (  1  −  𝛽  )   2        (      (  2  +  6  𝛽  )   2   −  4      (  1  +  𝛽  )       (  1  +  5  𝛽  −    (  1  −  𝛽  )   |  𝑧    |  2   )   )                         =    1      (  1  −  𝛽  )   2        (  4  +   24   𝛽  +   36     𝛽  2   −  4      (  1  +  𝛽  )   −   20   𝛽      (  1  +  𝛽  )   +  4      (  1  −    𝛽  2   )   |  𝑧    |  2   )                         =    4      (  1  −  𝛽  )   2        (  4    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2   )     


             𝜎  1   =      1  +  3  𝛽  −      4    𝛽  2   +    (  1  −    𝛽  2   )         |  𝑧  |   2        (  1  +  𝛽  )    ,          𝜎  2   =      1  +  3  𝛽  +      4    𝛽  2   +    (  1  −    𝛽  2   )         |  𝑧  |   2        (  1  +  𝛽  )    .      


   𝛽  ∈  (  −  1  ,  1  ) 


   𝑠  =      4    𝛽  2   +  (  1  −    𝛽  2   )  |  𝑧    |  2    


           𝑠  =      4    𝛽  2   +  (  1  −    𝛽  2   )  |  𝑧    |  2     ≥  2  |  𝛽  |  ,      


             𝑠  2   =  4    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2   .      


           𝜏      (    𝜎  1   )      =      (  1  +  𝛽  )    𝜎  1   −  6  𝛽     1  −  𝛽              =      (  1  +  𝛽  )     1  −  𝛽        1  +  3  𝛽  −  𝑠     (  1  +  𝛽  )    −      6  𝛽     1  −  𝛽              =      1  +  3  𝛽  −  𝑠     (  1  −  𝛽  )    −      6  𝛽     1  −  𝛽              =      1  −  3  𝛽  −  𝑠     (  1  −  𝛽  )    ,    


           𝜏      (    𝜎  2   )      =      (  1  +  𝛽  )    𝜎  2   −  6  𝛽     1  −  𝛽              =      (  1  +  𝛽  )     1  −  𝛽        1  +  3  𝛽  +  𝑠     (  1  +  𝛽  )    −      6  𝛽     1  −  𝛽              =      1  +  3  𝛽  +  𝑠     (  1  −  𝛽  )    −      6  𝛽     1  −  𝛽              =      1  −  3  𝛽  +  𝑠     (  1  −  𝛽  )    .    


   𝜏  =        (  1  +  𝛽  )   𝜎     1  −  𝛽    −      6  𝛽     1  −  𝛽   


           𝜉  (    𝜎  1   ,    𝑘    |  |    )     =    (      1  +  𝛽     1  −  𝛽      𝜎  1   −      6  𝛽     1  −  𝛽    )       𝜎  1   −  |  𝑧    |  2   −  1            =      1  +  𝛽     1  −  𝛽          (      1  +  3  𝛽  −  𝑠     1  +  𝛽    )   2   −      6  𝛽     1  −  𝛽        1  +  3  𝛽  −  𝑠     1  +  𝛽    −  |  𝑧    |  2   −  1            =      1  +  6  𝛽  +  9    𝛽  2   +  2  𝑠      (  1  +  3  𝛽  )   +    𝑠  2   −  6  𝛽      (  1  +  3  𝛽  )   +  6  𝛽  𝑠  −    (  1  −    𝛽  2   )   |  𝑧    |  2   −    (  1  −    𝛽  2   )      1  −    𝛽  2               =  −      4    𝛽  2   +  2  𝑠     1  −    𝛽  2               <  0  ,    


           𝜉  (    𝜎  2   ,    𝑘    |  |    )     =      1  −  3  𝛽  +  𝑠     (  1  −  𝛽  )        1  +  3  𝛽  +  𝑠     (  1  +  𝛽  )    −  |  𝑧    |  2   −  1            =    1    1  −    𝛽  2         (  1  −  9    𝛽  2   +    (  1  −  3  𝛽  )     𝑠  +    (  1  +  3  𝛽  )     𝑠  +    𝑠  2   )   −  |  𝑧    |  2   −  1            =    1    1  −    𝛽  2         (  1  −  9    𝛽  2   +    (  1  −  3  𝛽  )     𝑠  +    (  1  +  3  𝛽  )     𝑠  +  4    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2   )   −  |  𝑧    |  2   −  1            =      1  −  5    𝛽  2   +  2  𝑠  −    (  1  −    𝛽  2   )      1  −    𝛽  2         (  )   +  |  𝑧    |  2   −  |  𝑧    |  2             =      −  4    𝛽  2   +  2  𝑠     1  −    𝛽  2               ≥  4      |  𝛽  |  −    𝛽  2      1  −    𝛽  2               >  0    


               𝜎  ˜   1   =      1  +  3  𝛽  −      4    𝛽  2   +    (  1  −    𝛽  2   )         |  𝑧  |   2        (  1  +  𝛽  )        


   2  𝜎  =  −    (  𝜉  +  2  )   +        𝜉  2   −  4        |  𝑧  |   2    


             𝜎  3   =      −  1  +  3  𝛽  +       16     𝛽  2   +    (  1  −    𝛽  2   )         |  𝑧  |   2        1  +  𝛽    ,         and           𝜎  4   =      −  1  +  3  𝛽  −       16     𝛽  2   +    (  1  −    𝛽  2   )         |  𝑧  |   2        1  +  𝛽    .      


           𝜉      (    𝜎  3   ,    𝑘    |  |    )   =      8    𝛽  2   −  2       16     𝛽  2   +    (  1  −    𝛽  2   )         |  𝑧  |   2        1  −    𝛽  2     ≤  8        𝛽  2   −  |  𝛽  |     1  −    𝛽  2     ≤  0  ,      


           𝜉      (    𝜎  4   ,    𝑘    |  |    )   =  2      4    𝛽  2   +  4      |  𝛽  |      1  −    𝛽  2     ≥  0  .      


               𝜎  ˜   2   =      −  1  +  3  𝛽  +       16     𝛽  2   +    (  1  −    𝛽  2   )         |  𝑧  |   2        1  +  𝛽    ,      


               𝜎  ˜   3   =      1  +  3  𝛽  +      4    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2        1  +  𝛽           and             𝜎  ˜   4   =      −  1  +  3  𝛽  −       16     𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2        1  +  𝛽    .      


   𝜎  =  3  −    (  1  −  𝛽  )       𝜔  2  


             𝜔  1  2       (      𝜎  ˜   1   ,    𝑘    |  |    )      =      3  −      𝜎  ˜   1      1  −  𝛽              =    1    1  −  𝛽        (  3  −      1  +  3  𝛽  −      4    𝛽  2   +    (  1  −    𝛽  2   )         |  𝑧  |   2        (  1  +  𝛽  )    )             =      2  +      4    𝛽  2   +    (  1  −    𝛽  2   )         |  𝑧  |   2        1  −    𝛽  2     .    


          (3.35)                     𝜔  1  2       (    𝑘    |  |    )      =      2  +      4    𝛽  2   +    (  1  −    𝛽  2   )         |  𝑧  |   2        1  −    𝛽  2     ,               𝜔  2  2       (    𝑘    |  |    )      =      4  −       16     𝛽  2   +    (  1  −    𝛽  2   )         |  𝑧  |   2        1  −    𝛽  2     ,          𝜔  3  2       (    𝑘    |  |    )      =      2  −      4    𝛽  2   +    (  1  −    𝛽  2   )         |  𝑧  |   2        1  −    𝛽  2     ,          𝜔  4  2       (    𝑘    |  |    )      =      4  +       16     𝛽  2   +    (  1  −    𝛽  2   )         |  𝑧  |   2        1  −    𝛽  2     .       


     𝜔  𝑗  2       (    𝑘    |  |    )   ∈    (    𝜆  −       (    𝑘    |  |    )   ,    𝜆  +       (    𝑘    |  |    )   )  


   𝑗  =  1  ,  2 


     𝜔  𝑗  2       (    𝑘    |  |    )   ∉    (    𝜆  −       (    𝑘    |  |    )   ,    𝜆  +       (    𝑘    |  |    )   )  


   𝑗  =  3  ,  4 


               4    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2     =      |  𝑧    |  2   +    𝛽  2       (  4  −  |  𝑧    |  2   )     ≥      |  𝑧    |  2     =  |  𝑧  |  ,      


               9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑    |  2        =      9    𝛽  2   +    (  1  −    𝛽  2   )         (  1  −  |  𝑧  |  )   2               =          (  1  −  |  𝑧  |  )   2   +    𝛽  2       (  9  −      (  1  −  |  𝑧  |  )   2   )               ≥        (  1  −  |  𝑧  |  )   2              ≥  1  −  |  𝑧  |  .    


             𝑤  1  2   −    𝜆  −      =      2  +      4    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2        1  −    𝛽  2     −      3  −      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑    |  2        1  −    𝛽  2               =          4    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2     +      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑    |  2     −  1     1  −    𝛽  2     ≥      |  𝑧  |  +  1  −  |  𝑧  |  −  1     1  −    𝛽  2               =  0    


     𝜔  1  2   ≥    𝜆  −  


           1  +  2    𝛽  2   +      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑    |  2        =  1  +  2    𝛽  2   +      9    𝛽  2   +    (  1  −    𝛽  2   )   |  1  −  |  𝑧  |    |  2               ≥  1  +  2    𝛽  2   +      9    𝛽  2   +    (  1  −    𝛽  2   )               =  1  +  2    𝛽  2   +      8    𝛽  2   +  1              ≥  2  +  2    𝛽  2             ≥  2  −  2    𝛽  2             =    (  1  −    𝛽  2   )     2            ≥    (  1  −    𝛽  2   )   |  𝑧  |  .    


           0     ≤  2  +  4    𝛽  2   +  2      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑    |  2     −  2      (  1  −    𝛽  2   )   |  𝑧  |            =  2  +  4    𝛽  2   +  2      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑    |  2     −  2      (  1  −    𝛽  2   )   |  𝑧  |  +  4    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2                                                         −    (  4    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2   )             =  2  +  8    𝛽  2   +  2      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑    |  2     −  2      (  1  −    𝛽  2   )   |  𝑧  |  +    (  1  −    𝛽  2   )   |  𝑧    |  2   −    (  4    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2   )             =  1  +  9    𝛽  2   +  2      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑    |  2     +  1  −    𝛽  2   −  2      (  1  −    𝛽  2   )   |  𝑧  |  +    (  1  −    𝛽  2   )   |  𝑧    |  2                                                         −    (  4    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2   )             =  1  +  2      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑    |  2     +  9    𝛽  2   +    (  1  −    𝛽  2   )       (  1  −  2  |  𝑧  |  +  |  𝑧    |  2   )   −    (  4    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2   )             =  1  +  2      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑    |  2     +  9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑    |  2   −    (  4    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2   )             =  1  +  2      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑    |  2     +      (      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑    |  2     )   2   −    (  4    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2   )             =      (  1  +      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑    |  2     )   2   −    (  4    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2   )   .    


          (3.36)      1  +      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑    |  2     ≥      4    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2         


             𝑤  1  2   −    𝜆  +      =      2  +      4    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2        1  −    𝛽  2     −      3  +      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑    |  2        1  −    𝛽  2               =          4    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑧    |  2     −  1  −      9    𝛽  2   +    (  1  −    𝛽  2   )   |  𝑑    |  2        1  −    𝛽  2               ≤  0  .    


     𝜔  1  2   ≤    𝜆  +  


     𝜔  1  2   ∈    [    𝜆  −   ,    𝜆  +   ]  


     𝜔  2  2   ∈    [    𝜆  −   ,    𝜆  +   ]  


     𝜔  3  2   ∉  [    𝜆  −   ,    𝜆  +   ] 


   𝑢  ∈  [  0  ,  1  ] 


           0     ≥    𝑢  2   −  𝑢            =  4    𝑢  2   −  4  𝑢            =  1  +  8    𝑢  2   −    (  1  +  4  𝑢  +  4    𝑢  2   )             =  1  +  8    𝑢  2   −      (  1  +  2  𝑢  )   2             =    (      1  +  8    𝑢  2     −    (  1  +  2  𝑢  )   )       (      1  +  8    𝑢  2     +    (  1  +  2  𝑢  )   )     


       1  +  8    𝑢  2     −    (  1  +  2  𝑢  )   ≤  0 


               1  +  8    𝑢  2     −  2  𝑢  ≤  1      


           𝐹  (  𝑡  )  =      9    𝛽  2   +    (  1  −    𝛽  2   )         (  1  −  𝑡  )   2     −      4    𝛽  2   +    (  1  −    𝛽  2   )       𝑡  2     .      


   0  ≤  𝑡  ≤  1 


             𝐹  ′   (  𝑡  )  =      −    (  1  −    𝛽  2   )       (  1  −  𝑡  )        9    𝛽  2   +    (  1  −    𝛽  2   )         (  1  −  𝑡  )   2      −        (  1  −    𝛽  2   )     𝑡       4    𝛽  2   +    (  1  −    𝛽  2   )       𝑡  2      ≤  0      


   𝐹  (  𝑡  )  ≤  𝐹  (  0  )  =      1  +  8    𝛽  2     −  2  |  𝛽  |  ≤  1 


   𝑢  =  |  𝛽  | 


   1  ≤  𝑡  ≤  2 


           0     ≥  −  5    𝑡  2   −  8  𝑡  +  4            =  4    𝑡  2   −  8  𝑡  +  4  −  9    𝑡  2             =  4        (  𝑡  −  1  )   2   −  9    𝑡  2   .    


           0     ≥  4    𝛽  2         (  𝑡  −  1  )   2   −  9    𝛽  2     𝑡  2             =  4    𝛽  2         (  𝑡  −  1  )   2   +    (  1  −    𝛽  2   )       𝑡  2         (  𝑡  −  1  )   2   −    (  9    𝛽  2     𝑡  2   +    (  1  −    𝛽  2   )       𝑡  2         (  𝑡  −  1  )   2   )           =           (  𝑡  −  1  )   2       (  4    𝛽  2   +    (  1  −    𝛽  2   )       𝑡  2   )   −    𝑡  2       (  9    𝛽  2   +    (  1  −    𝛽  2   )         (  𝑡  −  1  )   2   )   .    


     (  4    𝛽  2   +    (  1  −    𝛽  2   )       𝑡  2   )       (  9    𝛽  2   +    (  1  −    𝛽  2   )         (  𝑡  −  1  )   2   )  


           0     ≥        (  𝑡  −  1  )   2     (  9    𝛽  2   +    (  1  −    𝛽  2   )         (  𝑡  −  1  )   2   )    −      𝑡  2     (  4    𝛽  2   +    (  1  −    𝛽  2   )       𝑡  2   )              =    (      (  𝑡  −  1  )       9    𝛽  2   +    (  1  −    𝛽  2   )         (  𝑡  −  1  )   2      −    𝑡      4    𝛽  2   +    (  1  −    𝛽  2   )       𝑡  2      )   .    


             𝐹  ′   (  𝑡  )  =        (  1  −    𝛽  2   )       (  𝑡  −  1  )        9    𝛽  2   +    (  1  −    𝛽  2   )         (  𝑡  −  1  )   2      −        (  1  −    𝛽  2   )     𝑡       4    𝛽  2   +    (  1  −    𝛽  2   )       𝑡  2      ≤  0  ,      


   𝐹  (  𝑡  )  ≤  𝐹  (  1  )  =      9    𝛽  2     −      4    𝛽  2     =  |  𝛽  |  ≤  1 


             𝜔  3  2   −    𝜆  −      =      2  −      4    𝛽  2   +    (  1  −    𝛽  2   )         |  𝑧  |   2        1  −    𝛽  2     −      3  −      9    𝛽  2   +    (  1  −    𝛽  2   )         |  𝑑  |   2        1  −    𝛽  2               =          9    𝛽  2   +    (  1  −    𝛽  2   )         |  𝑑  |   2     −      4    𝛽  2   +    (  1  −    𝛽  2   )         |  𝑧  |   2     −  1     1  −    𝛽  2               ≤  0  .    


     𝜔  3  2   <    𝜆  −  


     𝜔  3  2   ∉    [    𝜆  −   ,    𝜆  +   ]  


     𝜔  4  2   >    𝜆  +  


     𝜔  4  2   ∉    [    𝜆  −   ,    𝜆  +   ]  


   (    𝜆  −       (    𝑘    |  |    )   ,    𝜆  +       (    𝑘    |  |    )   ) 


   𝑎  =  1 


   𝛽  =  0  .  1 


     l  𝑚   (  𝑡  )  ×  𝑚  a 


   l  (  𝑡  )  ×  F 


   l  (  𝑡  )  =    [              𝑥  (  𝑡  )        𝑦  (  𝑡  )        −  𝑙          ]  


   F  =    [                𝐹  1           𝐹  2         0          ]  


     l  𝑚   (  𝑡  )  =      𝑙  𝑚   𝑙       [              𝑥  (  𝑡  )        𝑦  (  𝑡  )        −  𝑙          ]  


   a  =    [              0        0        −  𝑔          ]  


   𝑙 


     𝑙  𝑚  


          (4.1)          𝐼  Ω   𝑙       𝑑  l  (  𝑡  )     𝑑  𝑡    =    l  𝑚   (  𝑡  )  ×  𝑚  a  +  l  (  𝑡  )  ×  F  ,      


   𝐼 


   Ω 


   𝑚 


          (4.2)        [                𝑥  ′           𝑦  ′           ]   =  𝜏      [              0     −  1        1     0          ]       [              𝑥        𝑦          ]   +    𝜎  𝑘       [              0     1        −  1     0          ]       [                𝐹  1           𝐹  2           ]       


   𝜏  =        𝑙  𝑚   𝑚  𝑔     𝐼  Ω   


   𝜎  =        𝑙  2   𝑘     𝐼  Ω   


     U    𝑝  ,  𝑞   𝑎   (  𝑡  ) 


     U    𝑝  ,  𝑞   𝑏   (  𝑡  ) 


          (4.3)                       (    U    𝑝  ,  𝑞   𝑎   )   ′      =    [              0     −  𝜏        𝜏     0          ]       U    𝑝  ,  𝑞   𝑎   +    [              0     𝜎  /  𝑘        −  𝜎  /  𝑘     0          ]       F    𝑝  ,  𝑞   𝑎   ,                 (    U    𝑝  ,  𝑞   𝑏   )   ′      =    [              0     −  𝜏        𝜏     0          ]       U    𝑝  ,  𝑞   𝑏   +    [              0     𝜎  /  𝑘        −  𝜎  /  𝑘     0          ]       F    𝑝  ,  𝑞   𝑏   ,       


     F    𝑝  ,  𝑞   𝑎  


     F    𝑝  ,  𝑞   𝑏  


             F    𝑝  ,  𝑞   𝑎      =  (  −  𝑘  )    (    𝑀  1       (    U    𝑝  ,  𝑞   𝑎   −    U    𝑝  ,  𝑞   𝑏   )   +    𝑀  2       (    U    𝑝  ,  𝑞   𝑎   −    U    𝑝  −  1  ,  𝑞   𝑏   )   +    𝑀  3       (    U    𝑝  ,  𝑞   𝑎   −    U    𝑝  ,  𝑞  −  1   𝑏   )   )             F    𝑝  ,  𝑞   𝑏      =  (  −  𝑘  )    (    𝑀  4       (    U    𝑝  ,  𝑞   𝑏   −    U    𝑝  ,  𝑞   𝑎   )   +    𝑀  5       (    U    𝑝  ,  𝑞   𝑏   −    U    𝑝  ,  𝑞  +  1   𝑎   )       𝑀  6       (    U    𝑝  ,  𝑞   𝑏   −    U    𝑝  +  1  ,  𝑞   𝑎   )   )     


             𝑀  1   =    𝑀  4   =    1  4       [              3       3           3      1          ]   ,        𝑀  2   =    𝑀  6   =    1  4       [              3     −    3         −    3      1          ]          and         𝑀  3   =    𝑀  5   =    1  4       [              0     0        0     4          ]       


          (4.4)        U    𝑝  ,  𝑞   𝑎   (  𝑡  )  =    [                𝑥  𝑎           𝑦  𝑎           ]      exp       [  𝑖  (  𝜔  𝑡  +        𝜅     ⋅    r    𝑝  ,  𝑞    )  ]            and           U    𝑝  ,  𝑞   𝑏   (  𝑡  )  =    [                𝑥  𝑏           𝑦  𝑏           ]      exp       [  𝑖  (  𝜔  𝑡  +        𝜅     ⋅    r    𝑝  ,  𝑞    )  ]   ,      


     𝑥  𝑎  


     𝑥  𝑏  


     𝑦  𝑎  


     𝑦  𝑏  


     r    𝑝  ,  𝑞   


     u  𝑎   =    [                𝑥  𝑎           𝑦  𝑎           ]  


     u  𝑏   =    [                𝑥  𝑏           𝑦  𝑏           ]  


           𝑖  𝜔    u  𝑎      =    [              0     −  𝜏        𝜏     0          ]       u  𝑎               +    [              0     −  𝜎        𝜎     0          ]       (    [                3  2      0        0       3  2           ]       u  𝑎   −    1  4       (    [              3       3           3      1          ]   +    𝑒  ‾       [              3     −    3         −    3      1          ]   +    𝑒  ‾       [              0     0        0     4          ]   )       u  𝑏   )           𝑖  𝜔    u  𝑏      =    [              0     −  𝜏        𝜏     0          ]       u  𝑏               +    [              0     −  𝜎        𝜎     0          ]       (    [                3  2      0        0       3  2           ]       u  𝑏   −    1  4       (    [              3       3           3      1          ]   +    𝑒  1       [              3     −    3         −    3      1          ]   +    𝑒  2       [              0     0        0     4          ]   )       u  𝑎   )     


     𝑒  1   =   exp       (  𝑖      𝜅    ⋅    a  1   )  


     𝑒  2   =   exp       (  𝑖      𝜅    ⋅    a  2   )  


     𝑒  ‾  


     𝑒  ‾  


           𝑖  𝜔    u  𝑎      =    [              0     −  𝜏        𝜏     0          ]       u  𝑎   +    [              0     −  𝜎        𝜎     0          ]       (    [                3  2      0        0       3  2           ]       u  𝑎   −    1  4       [              3      (  1  +    𝑒  ‾   )        3       (  1  −    𝑒  ‾   )           3       (  1  −    𝑒  ‾   )      1  +    𝑒  ‾   +  4    𝑒  ‾           ]       u  𝑏   )           𝑖  𝜔    u  𝑏      =    [              0     −  𝜏        𝜏     0          ]       u  𝑏   +    [              0     −  𝜎        𝜎     0          ]       (    [                3  2      0        0       3  2           ]       u  𝑏   −    1  4       [              3      (  1  +    𝑒  ‾   )        3       (  1  −    𝑒  ‾   )           3       (  1  −    𝑒  ‾   )      1  +    𝑒  ‾   +  4    𝑒  ‾           ]       u  𝑎   )   ,    


          (4.5)                   𝑖  𝜔    u  𝑎      =    [              0     −    (  𝜏  +      3  𝜎   2   )         𝜏  +      3  𝜎   2      0          ]       u  𝑎   +    [                  𝜎    3    4       (  1  −    𝑒  ‾   )        𝜎  4       (  1  +    𝑒  ‾   +  4    𝑒  ‾   )         −      3  𝜎   4       (    𝑒  ‾   +  1  )          𝜎    3    4       (    𝑒  ‾   −  1  )           ]       u  𝑏              𝑖  𝜔    u  𝑏      =    [                  𝜎    3    4       (  1  −    𝑒  1   )        𝜎  4       (  1  +    𝑒  1   +  4    𝑒  2   )         −      3  𝜎   4       (    𝑒  1   +  1  )          𝜎    3    4       (    𝑒  1   −  1  )           ]       u  𝑎   +    [              0     −    (  𝜏  +      3  𝜎   2   )         𝜏  +      3  𝜎   2      0          ]       u  𝑏   .       


   u  =    [                u  𝑎           u  𝑏           ]  


          (4.6)      𝑖  𝜔  u  =    [              0     −    (  𝜏  +      3  𝜎   2   )          𝜎    3    4       (  1  −    𝑒  ‾   )        𝜎  4       (  1  +    𝑒  ‾   +  4    𝑒  ‾   )         𝜏  +      3  𝜎   2      0     −      3  𝜎   4       (    𝑒  ‾   +  1  )          𝜎    3    4       (    𝑒  ‾   −  1  )             𝜎    3    4       (  1  −    𝑒  1   )        𝜎  4       (  1  +    𝑒  1   +  4    𝑒  2   )      0     −    (  𝜏  +      3  𝜎   2   )         −      3  𝜎   4       (    𝑒  1   +  1  )          𝜎    3    4       (    𝑒  1   −  1  )      𝜏  +      3  𝜎   2      0          ]     u      


           𝐶  =    1    2  𝜋      ∮    𝜕  𝔹    𝐵  (        𝜅     )  ⋅  𝑑        𝜅     =    1    2  𝜋      ∫  𝔹   Ω  (        𝜅     )  𝑑        𝜅         


   𝐵  (      𝜅    ) 


   𝑔  >  0 


   1 


   −  1 


     𝑔  𝑙  


   𝑔 


   𝑝  ∈    ℤ  +  


          (4.7)                       (    U    −  𝑝  ,  𝑞   𝑎   )   ′      =    [              0     −    𝜏  𝑙           𝜏  𝑙      0          ]       U    −  𝑝  ,  𝑞   𝑎   +    [              0       𝜎  𝑘         −    𝜎  𝑘      0          ]       F    −  𝑝  ,  𝑞   𝑎   ,                 (    U    −  (  𝑝  +  1  )  ,  𝑞   𝑏   )   ′      =    [              0     −    𝜏  𝑙           𝜏  𝑙      0          ]       U    −  (  𝑝  +  1  )  ,  𝑞   𝑏   +    [              0       𝜎  𝑘         −    𝜎  𝑘      0          ]       F    −  (  𝑝  +  1  )  ,  𝑞   𝑏   ,       


     𝜏  𝑙   =        𝑙  𝑚   𝑚    𝑔  𝑙      𝐼  Ω   


             F    −  𝑝  ,  𝑞   𝑎      =  (  −  𝑘  )  (    𝑀  1   (    U    −  𝑝  ,  𝑞   𝑎   −    U    −  𝑝  ,  𝑞   𝑏   )              +    𝑀  2   (    U    −  𝑝  ,  𝑞   𝑎   −    U    −  (  𝑝  +  1  )  ,  𝑞   𝑏   )              +    𝑀  3   (    U    −  𝑝  ,  𝑞   𝑎   −    U    −  𝑝  ,  𝑞  +  1   𝑏   )  )  ,            F    −  (  𝑝  +  1  )  ,  𝑞   𝑏      =  (  −  𝑘  )  (    𝑀  4   (    U    −  (  𝑝  +  1  )  ,  𝑞   𝑏   −    U    −  (  𝑝  +  1  )  ,  𝑞   𝑎   )              +    𝑀  5   (    U    −  (  𝑝  +  1  )  ,  𝑞   𝑏   −    U    −  (  𝑝  +  1  )  ,  𝑞  +  1   𝑎   )              +    𝑀  6   (    U    −  (  𝑝  +  1  )  ,  𝑞   𝑏   −    U    −  𝑝  ,  𝑞   𝑎   )  )  ,    


          (4.8)                       (    U    𝑝  +  1  ,  𝑞   𝑎   )   ′      =    [              0     −  𝜏        𝜏     0          ]       U    𝑝  +  1  ,  𝑞   𝑎   +    [              0       𝜎  𝑘         −    𝜎  𝑘      0          ]       F    𝑝  +  1  ,  𝑞   𝑎   ,                 (    U    𝑝  ,  𝑞   𝑏   )   ′      =    [              0     −  𝜏        𝜏     0          ]       U    𝑝  ,  𝑞   𝑏   +    [              0       𝜎  𝑘         −    𝜎  𝑘      0          ]       F    𝑝  ,  𝑞   𝑏   ,       


             F    𝑝  +  1  ,  𝑞   𝑎      =  (  −  𝑘  )    (    𝑀  1       (    U    𝑝  +  1  ,  𝑞   𝑎   −    U    𝑝  +  1  ,  𝑞   𝑏   )   +    𝑀  2       (    U    𝑝  +  1  ,  𝑞   𝑎   −    U    𝑝  ,  𝑞   𝑏   )   +    𝑀  3       (    U    𝑝  +  1  ,  𝑞   𝑎   −    U    𝑝  +  1  ,  𝑞  −  1   𝑏   )   )   ,            F    𝑝  ,  𝑞   𝑏      =  (  −  𝑘  )    (    𝑀  4       (    U    𝑝  ,  𝑞   𝑏   −    U    𝑝  ,  𝑞   𝑎   )   +    𝑀  5       (    U    𝑝  ,  𝑞   𝑏   −    U    𝑝  ,  𝑞  +  1   𝑎   )   +    𝑀  6       (    U    𝑝  ,  𝑞   𝑏   −    U    𝑝  +  1  ,  𝑞   𝑎   )   )     


          (4.9)                       (    U    1  ,  𝑞   𝑎   )   ′      =    [              0     −  𝜏        𝜏     0          ]       U    1  ,  𝑞   𝑎   +    [              0       𝜎  𝑘         −    𝜎  𝑘      0          ]       F    1  ,  𝑞   𝑎   ,                 (    U    −  1  ,  𝑞   𝑏   )   ′      =    [              0     −    𝜏  𝑙           𝜏  𝑙      0          ]       U    −  1  ,  𝑞   𝑏   +    [              0       𝜎  𝑘         −    𝜎  𝑘      0          ]       F    −  1  ,  𝑞   𝑏   ,       


             F    1  ,  𝑞   𝑎      =  (  −  𝑘  )    (    𝑀  1       (    U    1  ,  𝑞   𝑎   −    U    1  ,  𝑞   𝑏   )   +    𝑀  2       (    U    1  ,  𝑞   𝑎   −    U    −  1  ,  𝑞   𝑏   )   +    𝑀  3       (    U    1  ,  𝑞   𝑎   −    U    1  ,  𝑞  −  1   𝑏   )   )             F    −  1  ,  𝑞   𝑏      =  (  −  𝑘  )    (    𝑀  4       (    U    −  1  ,  𝑞   𝑏   −    U    −  1  ,  𝑞   𝑎   )   +    𝑀  5       (    U    −  1  ,  𝑞   𝑏   −    U    −  1  ,  𝑞  +  1   𝑎   )   +    𝑀  6       (    U    −  1  ,  𝑞   𝑏   −    U    1  ,  𝑞   𝑎   )   )   .    


     𝑘    |  |    ∈  [  0  ,  2  𝜋  ] 


          (4.10)        U    𝑝  ,  𝑞   𝑎   (  𝑡  )  =      [                𝑥  𝑎           𝑦  𝑎           ]   𝑝       𝑒    𝑖    (  𝜔  𝑡  +    𝑘    |  |    𝑞  )         and        U    𝑝  ,  𝑞   𝑏   (  𝑡  )  =      [                𝑥  𝑏           𝑦  𝑏           ]   𝑝       𝑒    𝑖    (  𝜔  𝑡  +    𝑘    |  |    𝑞  )     .      


   (    U    𝑝  ,  𝑞   𝑎   (  𝑡  )  ,    U    𝑝  ,  𝑞   𝑏   (  𝑡  )  ) 


   𝑝  →  ∞ 


     𝑘    |  |    ∈  [  0  ,  2  𝜋  ] 


     u  𝑝  𝑎   =      [                𝑥  𝑎           𝑦  𝑎           ]   𝑝  


     u  𝑝  𝑏   =      [                𝑥  𝑏           𝑦  𝑏           ]   𝑝  


          (4.11)                   𝑖  𝜔    u    𝑝  +  1   𝑎      =    [              0     −  𝜏        𝜏     0          ]       u    𝑝  +  1   𝑎                    +    [              0     −  𝜎        𝜎     0          ]       (    [                3  2      0        0       3  2           ]       u    𝑝  +  1   𝑎   −    [                3  4          3   4             3   4          1  +  4    𝑒  ‾    4           ]       u    𝑝  +  1   𝑏   −    [                3  4      −      3   4         −      3   4        1  4           ]       u  𝑝  𝑏   )         𝑖  𝜔    u  𝑝  𝑏      =    [              0     −  𝜏        𝜏     0          ]       u  𝑝  𝑏               +    [              0     −  𝜎        𝜎     0          ]       (    [                3  2      0        0       3  2           ]       u  𝑝  𝑏   −    [                3  4          3   4             3   4          1  +  4    𝑒  ‾    4           ]       u  𝑝  𝑎   −    [                3  4      −      3   4         −      3   4        1  4           ]       u    𝑝  +  1   𝑎   )        


   𝑒  =    𝑒    𝑖    𝑘    |  |     


             [              −    3      −    (  1  +  4  𝑒  )         3       3           ]       u  𝑝  𝑎   +    [                  4  𝑖  𝜔   𝜎        4  𝜎       (  𝜏  +      3  𝜎   2   )         −    4  𝜎       (  𝜏  +      3  𝜎   2   )          4  𝑖  𝜔   𝜎           ]       u  𝑝  𝑏   =    [              −    3      1        −  3       3           ]        u    𝑝  +  1   𝑎   ,            [                3      −  1        3     −    3           ]       u  𝑝  𝑏   =    [              −      4  𝑖  𝜔   𝜎      −    4  𝜎       (  𝜏  +      3  𝜎   2   )           4  𝜎       (  𝜏  +      3  𝜎   2   )      −      4  𝑖  𝜔   𝜎           ]       u    𝑝  +  1   𝑎   +    [                3      1  +  4    𝑒  ‾         −  3     −    3           ]        u    𝑝  +  1   𝑏   .    


          (4.12)        𝑅  1     u  𝑝   =    𝑅  2     u    𝑝  +  1        


             𝑅  1   =    [              −    3      −    (  1  +  4  𝑒  )          4  𝑖  𝜔   𝜎        4  𝜎       (  𝜏  +      3  𝜎   2   )         3       3      −    4  𝜎       (  𝜏  +      3  𝜎   2   )          4  𝑖  𝜔   𝜎         0     0       3      −  1        0     0     3     −    3           ]       


             𝑅  2   =    [              −    3      1     0     0        −  3       3      0     0        −      4  𝑖  𝜔   𝜎      −    4  𝜎       (  𝜏  +      3  𝜎   2   )        3      1  +  4    𝑒  ‾           4  𝜎       (  𝜏  +      3  𝜎   2   )      −      4  𝑖  𝜔   𝜎      −  3     −    3           ]   .      


     u    −  𝑝   𝑎   =      [                𝑥  𝑎           𝑦  𝑎           ]     −  𝑝   


     u    −  𝑝   𝑏   =      [                𝑥  𝑏           𝑦  𝑏           ]     −  𝑝   


          (4.13)                   𝑖  𝜔    u    −  𝑝   𝑎      =    [              0     −    𝜏  𝑙           𝜏  𝑙      0          ]       u    −  𝑝   𝑎                    +    [              0     −  𝜎        𝜎     0          ]       (    [                3  2      0        0       3  2           ]       u    −  𝑝   𝑎   −    [                3  4          3   4             3   4          1  +  4    𝑒  ‾    4           ]       u    −  𝑝   𝑏   −    [                3  4      −      3   4         −      3   4        1  4           ]       u    −  (  𝑝  +  1  )   𝑏   )         𝑖  𝜔    u    −  (  𝑝  +  1  )   𝑏      =    [              0     −    𝜏  𝑙           𝜏  𝑙      0          ]       u    −  (  𝑝  +  1  )   𝑏               +    [              0     −  𝜎        𝜎     0          ]       (    [                3  2      0        0       3  2           ]       u    −  (  𝑝  +  1  )   𝑏   −    [                3  4          3   4             3   4          1  +  4  𝑒   4           ]       u    −  (  𝑝  +  1  )   𝑎   −    [                3  4      −      3   4         −      3   4        1  4           ]       u    −  𝑝   𝑎   )   ,       


     𝜏  𝑙   =        𝑙  𝑚   𝑚    𝑔  𝑙      𝐼  Ω   


             [                  4  𝑖  𝜔   𝜎        4  𝜎       (    𝜏  𝑙   +      3  𝜎   2   )         −    4  𝜎       (    𝜏  𝑙   +      3  𝜎   2   )          4  𝑖  𝜔   𝜎           ]       u    −  𝑝   𝑎   +    [              −    3      −    (  1  +  4    𝑒  ‾   )         3       3           ]       u    −  𝑝   𝑏   =    [              −    3      1        −  3       3           ]        u    −  (  𝑝  +  1  )   𝑏             [                3      −  1        3     −    3           ]       u    −  𝑝   𝑎   =    [                3      1  +  4  𝑒        −  3     −    3           ]       u    −  (  𝑝  +  1  )   𝑎   +    [              −      4  𝑖  𝜔   𝜎      −    4  𝜎       (    𝜏  𝑙   +      3  𝜎   2   )           4  𝜎       (    𝜏  𝑙   +      3  𝜎   2   )      −      4  𝑖  𝜔   𝜎           ]        u    −  (  𝑝  +  1  )   𝑏   .    


          (4.14)        𝐿  1     u    −  𝑝    =    𝐿  2     u    −  (  𝑝  +  1  )        


             𝐿  1   =    [                  4  𝑖  𝜔   𝜎        4  𝜎       (    𝜏  𝑙   +      3  𝜎   2   )      −    3      −    (  1  +  4    𝑒  ‾   )         −    4  𝜎       (    𝜏  𝑙   +      3  𝜎   2   )          4  𝑖  𝜔   𝜎      3       3           3      −  1     0     0        3     −    3      0     0          ]       


             𝐿  2   =    [              0     0     −    3      1        0     0     −  3       3           3      1  +  4  𝑒     −      4  𝑖  𝜔   𝜎      −    4  𝜎       (    𝜏  𝑙   +      3  𝜎   2   )         −  3     −    3        4  𝜎       (    𝜏  𝑙   +      3  𝜎   2   )      −      4  𝑖  𝜔   𝜎           ]   .      


          (4.15)                   𝑖  𝜔    u  1  𝑎      =    [              0     −  𝜏        𝜏     0          ]       u  1  𝑎   +    [              0     −  𝜎        𝜎     0          ]       (    [                3  2      0        0       3  2           ]       u  1  𝑎   −    [                3  4          3   4             3   4          1  +  4    𝑒  ‾    4           ]       u  1  𝑏   −    [                3  4      −      3   4         −      3   4        1  4           ]       u    −  1   𝑏   )   ,             𝑖  𝜔    u    −  1   𝑏      =    [              0     −    𝜏  𝑙           𝜏  𝑙      0          ]       u    −  1   𝑏   +    [              0     −  𝜎        𝜎     0          ]       (    [                3  2      0        0       3  2           ]       u    −  1   𝑏   −    [                3  4          3   4             3   4          1  +  4  𝑒   4           ]       u    −  1   𝑎   −    [                3  4      −      3   4         −      3   4        1  4           ]       u  1  𝑎   )   .       


             [                3      −  1        3     −    3           ]       u    −  1   𝑏   =    [                  4  𝑖  𝜔   𝜎      −    4  𝜎       (  𝜏  +      3  𝜎   2   )           4  𝜎       (  𝜏  +      3  𝜎   2   )          4  𝑖  𝜔   𝜎           ]       u  1  𝑎   +    [                  3   4          1  +  4    𝑒  ‾    4         −    3  4      −      3   4           ]        u  1  𝑏   ,            [              −      3   4      −      1  +  4  𝑒   4           3  4          3   4           ]       u    −  1   𝑎   +    [                  4  𝑖  𝜔   𝜎        4  𝜎       (    𝜏  𝑙   +      3  𝜎   2   )         −    4  𝜎       (    𝜏  𝑙   +      3  𝜎   2   )          4  𝑖  𝜔   𝜎           ]       u    −  1   𝑏   =    [              −      3   4        1  4         −    3  4          3   4           ]        u  1  𝑎   .    


             𝑆  1     u    −  1    =    𝑆  2     u  1       


             𝑆  1   =    [              0     0       3      −  1        0     0     3     −    3         −      3   4      −      1  +  4  𝑒   4          4  𝑖  𝜔   𝜎        4  𝜎       (    𝜏  𝑙   +      3  𝜎   2   )           3  4          3   4      −    4  𝜎       (    𝜏  𝑙   +      3  𝜎   2   )          4  𝑖  𝜔   𝜎           ]       


             𝑆  2   =    [                  4  𝑖  𝜔   𝜎      −    4  𝜎       (  𝜏  +      3  𝜎   2   )          3   4          1  +  4    𝑒  ‾    4           4  𝜎       (  𝜏  +      3  𝜎   2   )          4  𝑖  𝜔   𝜎      −    3  4      −      3   4         −      3   4        1  4      0     0        −    3  4          3   4      0     0          ]       


   𝑝 


   𝑝  +  1 


   −  𝑝 


   −  (  𝑝  +  1  ) 


   𝑝  −  1 


   −  (  𝑝  −  1  ) 


   𝑝  =  1  ,  2  ,  .  .  . 


   𝑝  =  −  1  ,  −  2  ,  .  .  . 


   𝑝  =  2  ,  3  ,  .  .  . 


          (4.16)                       (    U    𝑝  ,  𝑞   𝑎   )   ′      =    [              0     −  𝜏        𝜏     0          ]       U    𝑝  ,  𝑞   𝑎   +    [              0     𝜎  /  𝑘        −  𝜎  /  𝑘     0          ]       F    𝑝  ,  𝑞   𝑎   ,                 (    U    𝑝  ,  𝑞   𝑏   )   ′      =    [              0     −  𝜏        𝜏     0          ]       U    𝑝  ,  𝑞   𝑏   +    [              0     𝜎  /  𝑘        −  𝜎  /  𝑘     0          ]       F    𝑝  ,  𝑞   𝑏   ,       


   (    U    𝑝  ,  𝑞   𝑎   ,    U    𝑝  ,  𝑞   𝑏   ) 


          (4.17)                     F    𝑝  ,  𝑞   𝑎      =  (  −  𝑘  )    (    𝑀  1       (    u    𝑝  ,  𝑞   𝑎   −    u    𝑝  ,  𝑞   𝑏   )   +    𝑀  2       (    u    𝑝  ,  𝑞   𝑎   −    u    𝑝  −  1  ,  𝑞   𝑏   )   +    𝑀  3       (    u    𝑝  ,  𝑞   𝑎   −    u    𝑝  ,  𝑞  −  1   𝑏   )   )   ,               F    𝑝  ,  𝑞   𝑏      =  (  −  𝑘  )    (    𝑀  4       (    u    𝑝  ,  𝑞   𝑏   −    u    𝑝  ,  𝑞   𝑎   )   +    𝑀  5       (    u    𝑝  ,  𝑞   𝑏   −    u    𝑝  ,  𝑞  +  1   𝑎   )   +    𝑀  6       (    u    𝑝  ,  𝑞   𝑏   −    u    𝑝  +  1  ,  𝑞   𝑎   )   )        


           𝑖  𝜔    u  𝑝  𝑎      =    [              0     −    (  𝜏  +      3  𝜎   2   )         (  𝜏  +      3  𝜎   2   )     0          ]       u  𝑝  𝑎   +    𝜎  4       [                3      1  +  4    𝑒  ‾         −  3     −    3           ]       u  𝑝  𝑏   +    𝜎  4       [              −    3      1        −  3       3           ]       u    𝑝  −  1   𝑏   ,          𝑖  𝜔    u  𝑝  𝑏      =    𝜎  4       [                3      1  +  4  𝑒        −  3     −    3           ]       u  𝑝  𝑎   +    [              0     −    (  𝜏  +      3  𝜎   2   )         (  𝜏  +      3  𝜎   2   )     0          ]       u  𝑝  𝑏   +    𝜎  4       [              −    3      1        −  3       3           ]       u    𝑝  +  1   𝑎   .    


          (4.18)                   𝑖  𝜔    u  𝑝  𝑎      =  𝐶    u    𝑝  −  1   𝑏   +  𝐴    u  𝑝  𝑎   +    𝐵  ‾     u  𝑝  𝑏              𝑖  𝜔    u  𝑝  𝑏      =  𝐵    u  𝑝  𝑎   +  𝐴    u  𝑝  𝑏   +  𝐶    u    𝑝  +  1   𝑎        


           𝐴  =    [              0     −    (  𝜏  +      3  𝜎   2   )         (  𝜏  +      3  𝜎   2   )     0          ]   ,  𝐵  =    𝜎  4       [                3      1  +  4  𝑒        −  3     −    3           ]         and      𝐶  =    𝜎  4       [              −    3      1        −  3       3           ]   .      


           𝑖  𝜔    u  𝑝   =  𝑃    u    𝑝  −  1    +  𝑄    u  𝑝   +  𝑅    u    𝑝  +  1        


           𝑃  =    [                0    2  ×  2       𝐶          0    2  ×  2         0    2  ×  2            ]   ,    𝑄  =    [              𝐴       𝐵  ‾         𝐵     𝐴          ]        and     𝑅  =    [                0    2  ×  2         0    2  ×  2          𝐶       0    2  ×  2            ]       


     u  𝑝   =    [                u  𝑝  𝑎           u  𝑝  𝑏           ]  


     0    2  ×  2    =    [              0     0        0     0          ]  


   𝜏 


     𝜏  𝑙  


           𝑖  𝜔    u    −  𝑝    =  𝑃    u    −  (  𝑝  +  1  )    +    𝑄  𝑙     u    −  𝑝    +  𝑅    u    −  (  𝑝  −  1  )        


             𝑄  𝑙   =    [                𝐴  𝑙        𝐵  ‾         𝐵       𝐴  𝑙           ]           and          𝐴  𝑙   =    [              0     −    (    𝜏  𝑙   +      3  𝜎   2   )         (    𝜏  𝑙   +      3  𝜎   2   )     0          ]       


   𝑝  =  −  1 


   𝑝  =  1 


           𝑖  𝜔    u    −  1    =  𝑃    u    −  2    +    𝑄  𝑙     u    −  1    +  𝑅    u  1   ,      


           𝑖  𝜔    u  1   =  𝑃    u    −  1    +  𝑄    u  1   +  𝑅    u  2   .      


          (4.19)                   𝑖  𝜔  u  =  𝐻  u       


           u  =    [              ⋮          u    −  2            u    −  1            u  1           u  2         ⋮          ]   ,      and      𝐻  =    [              ⋱     ⋱        ⋱       𝑄  𝑙      𝑅        𝑃       𝑄  𝑙      𝑅        𝑃     𝑄     𝑅        𝑃     𝑄     ⋱        ⋱     ⋱          ]       


   |    𝑢  𝑗   |  =  |      [                𝑥  𝑗  𝑎       𝑦  𝑗  𝑎       𝑥  𝑗  𝑏       𝑦  𝑗  𝑏           ]   𝑡   | 


     u  𝑗  


   𝑗  →  ∞ 


   𝑗  →  −  ∞ 


   𝑗 


   |    u  𝑗   | 


   |    u    −  𝑗    | 


             u    −  (  𝑁  +  1  )    =  0  ,      and        u    𝑁  +  1    =  0  ,      


             v  𝑁   =    [                u    −  𝑁            u    −  (  𝑁  −  1  )          ⋮          u    −  1            u  1         ⋮          u    𝑁  −  1            u  𝑁           ]   ,      and        𝐻  𝑁   =      [                𝑄  𝑙      𝑅        𝑃       𝑄  𝑙      𝑅        ⋱     ⋱     ⋱        𝑃       𝑄  𝑙      𝑅        𝑃     𝑄     𝑅        ⋱     ⋱     ⋱        𝑃     𝑄     𝑅        𝑃     𝑄          ]     2  𝑁  ×  2  𝑁    .      


   𝑁  =   45  


   𝑔  =   10  


     𝑍  2  


          (2.1)        𝑘  1   =  𝑘  (  1  +  𝛾  )         and           𝑘  2   =  𝑘  (  1  −  𝛾  )  ,      


   𝑗  +  1 


   𝛾  ∈  (  −  1  ,  1  ) 


           𝑚    𝑈    𝑎  ,  𝑗   ″   +    𝑘  1       (    𝑈    𝑎  ,  𝑗    −    𝑈    𝑏  ,  𝑗    )   +    𝑘  2       (    𝑈    𝑎  ,  𝑗    −    𝑈    𝑏  ,  𝑗  −  1    )      =  0  ,          𝑚    𝑈    𝑏  ,  𝑗   ″   +    𝑘  2       (    𝑈    𝑏  ,  𝑗    −    𝑈    𝑎  ,  𝑗  +  1    )   +    𝑘  1       (    𝑈    𝑏  ,  𝑗    −    𝑈    𝑎  ,  𝑗    )      =  0  .    


          (2.2)        𝑈    𝑎  ,  𝑗    (  𝑡  )  =    𝑢  𝑎     𝑒    𝑖    (  𝜔  𝜏  +  𝜇  𝑗  )          and         𝑈    𝑏  ,  𝑗    (  𝑡  )  =    𝑢  𝑏     𝑒    𝑖    (  𝜔  𝜏  +  𝜇  𝑗  )         


   𝜏  =      𝑘  /  𝑚    𝑡 


   𝜇  ∈  [  −  𝜋  ,  𝜋  ] 


     𝑢  𝑎  


     𝑢  𝑏  


           −  𝑚    𝑘  𝑚     𝜔  2     𝑢  𝑎     𝑒    𝑖    (  𝜔  𝜏  +  𝜇  𝑗  )     +  𝑘  (  1  +  𝛾  )  (    𝑢  𝑎   −    𝑢  𝑏   )    𝑒    𝑖    (  𝜔  𝜏  +  𝜇  𝑗  )     +  𝑘  (  1  −  𝛾  )  (    𝑢  𝑎   −    𝑢  𝑏     𝑒    −  𝑖  𝜇    )    𝑒    𝑖    (  𝜔  𝜏  +  𝜇  𝑗  )        =  0  ,          −  𝑚    𝑘  𝑚     𝜔  2     𝑢  𝑏     𝑒    𝑖    (  𝜔  𝜏  +  𝜇  𝑗  )     +  𝑘  (  1  +  𝛾  )  (    𝑢  𝑏   −    𝑢  𝑎     𝑒    𝑖  𝜇    )    𝑒    𝑖    (  𝜔  𝜏  +  𝜇  𝑗  )     +  𝑘  (  1  −  𝛾  )  (    𝑢  𝑏   −    𝑢  𝑎   )    𝑒    𝑒    𝑖    (  𝜔  𝜏  +  𝜇  𝑗  )         =  0  .    


             (  2  −    Ω  2   )       𝑢  𝑎   −  (  1  +  𝛾  )    𝑢  𝑏   −  (  1  −  𝛾  )    𝑒    −  𝑖  𝜇      𝑢  𝑏      =  0  ,            (  2  −    Ω  2   )       𝑢  𝑏   −  (  1  +  𝛾  )    𝑒    𝑖  𝜇      𝑢  𝑎   −  (  1  −  𝛾  )    𝑢  𝑎      =  0  ,    


          (2.3)        [              2       𝑎  ¯   (  𝜇  )        𝑎  (  𝜇  )     2          ]       [                𝑢  𝑎           𝑢  𝑏           ]   =    𝜔  2       [                𝑢  𝑎           𝑢  𝑏           ]   ,      


   𝑎  (  𝜇  )  =  −    (  1  +  𝛾  )   −    (  1  −  𝛾  )       𝑒    𝑖  𝜇   


     𝑎  ¯   (  𝜇  ) 


             𝜆  2   −  4  𝜆  +  4  −  |  𝑎  (  𝜇  )    |  2   =  0      


             𝜆  ±       (  𝜇  )   =  2  ±  |  𝑎  (  𝜇  )  |         and           v  ±   (  𝜇  )  =    1    2        [                    𝑎  ¯   (  𝜇  )     ±  |  𝑎  (  𝜇  )  |          1          ]   ,      


   |  |    v  ±   (  𝜇  )  |    |  2   =  1 


   𝛾  ≠  0 


   |  𝑎  (  𝜇  )  |  ≠  0 


     𝜆  −   (  𝜇  ) 


     𝜆  +   (  𝜇  ) 


          (2.4)      𝐼  (  𝛾  )  ∶  =  (      2  (  1  −  |  𝛾  |  )    ,      2  (  1  +  |  𝛾  |  )    )  ,      


       2  (  1  −  |  𝛾  |  )   


       2  (  1  +  |  𝛾  |  )   


         𝜆  −   (  𝜇  )   


         𝜆  +   (  𝜇  )   


   𝐼      (  𝛾  )  


     𝑘    1  ,  𝐿    =  𝑘  (  1  +    𝛾  𝐿   ) 


     𝑘    2  ,  𝐿    =  𝑘  (  1  −    𝛾  𝐿   ) 


     𝑘    1  ,  𝑅    =  𝑘  (  1  +    𝛾  𝑅   ) 


     𝑘    2  ,  𝑅    =  𝑘  (  1  −    𝛾  𝑅   ) 


     𝛾  𝐿  


     𝛾  𝑅  


     𝜃    𝑍  𝑎  𝑘   


           {              𝜃    𝑍  𝑎  𝑘    =  0  ,         if         𝛾  >  0  ,               𝜃    𝑍  𝑎  𝑘    =  𝜋  ,         if         𝛾  <  0  .                   


     𝜃  𝐿   ≠    𝜃  𝑅  


   𝑗  =  2  ,  3  ,  .  .  . 


          (2.6)                   𝑚    𝑈    𝑎  ,  −  𝑗  +  1   ″   +    𝑘    1  ,  𝐿        (    𝑈    𝑎  ,  −  𝑗  +  1    −    𝑈    𝑏  ,  −  𝑗  +  1    )   +    𝑘    2  ,  𝐿        (    𝑈    𝑎  ,  −  𝑗  +  1    −    𝑈    𝑏  ,  −  𝑗    )      =  0  ,             𝑚    𝑈    𝑏  ,  −  𝑗   ″   +    𝑘    2  ,  𝐿        (    𝑈    𝑏  ,  −  𝑗    −    𝑈    𝑎  ,  −  𝑗  +  1    )   +    𝑘    1  ,  𝐿        (    𝑈    𝑏  ,  −  𝑗    −    𝑈    𝑎  ,  −  𝑗    )      =  0  ,       


          (2.7)                   𝑚    𝑈    𝑎  ,  𝑗   ″   +    𝑘    1  ,  𝑅        (    𝑈    𝑎  ,  𝑗    −    𝑈    𝑏  ,  𝑗    )   +    𝑘    2  ,  𝑅        (    𝑈    𝑎  ,  𝑗    −    𝑈    𝑏  ,  𝑗  −  1    )      =  0  ,             𝑚    𝑈    𝑏  ,  𝑗  −  1   ″   +    𝑘    2  ,  𝑅        (    𝑈    𝑏  ,  𝑗  −  1    −    𝑈    𝑎  ,  𝑗    )   +    𝑘    1  ,  𝑅        (    𝑈    𝑏  ,  𝑗  −  1    −    𝑈    𝑎  ,  𝑗  −  1    )      =  0  .       


          (2.8)                   𝑚    𝑈    𝑎  ,  1   ″   +    𝑘    1  ,  𝑅        (    𝑈    𝑎  ,  1    −    𝑈    𝑏  ,  1    )   +    𝑘    2  ,  𝐿        (    𝑈    𝑎  ,  1    −    𝑈    𝑏  ,  −  1    )      =  0  ,             𝑚    𝑈    𝑏  ,  −  1   ″   +    𝑘    2  ,  𝐿        (    𝑈    𝑏  ,  −  1    −    𝑈    𝑎  ,  1    )   +    𝑘    1  ,  𝐿        (    𝑈    𝑏  ,  −  1    −    𝑈    𝑎  ,  −  1    )      =  0  .       


   (    𝑈    𝑎  ,  𝑗    (  𝑡  )  ,    𝑈    𝑏  ,  𝑗    (  𝑡  )  ) 


   𝑗  →  ±  ∞ 


   𝜔  ∈  𝐼 


           𝐼  ∶  =  𝐼  (    𝛾  𝑅   )  ∩  𝐼  (    𝛾  𝐿   )  =    [      2  (  1  −    |    𝛾  𝑅   |   )    ,      2  (  1  +    |    𝛾  𝑅   |   )    ]   ∩    [      2  (  1  −    |    𝛾  𝐿   |   )    ,      2  (  1  +    |    𝛾  𝐿   |   )    ]   .      


     𝛾  𝐿     𝛾  𝑅   <  0 


     𝜃  𝐿   ≠    𝜃  𝑅  


          (2.9)        𝑈    𝑎  ,  𝑗    (  𝑡  )  =    𝑢    𝑎  ,  𝑗      𝑒    𝑖  𝜔  𝜏         and         𝑈    𝑏  ,  𝑗    (  𝑡  )  =    𝑢    𝑏  ,  𝑗      𝑒    𝑖  𝜔  𝜏        


     𝑢    𝑎  ,  𝑗   


     𝑢    𝑏  ,  𝑗   


           −  𝑚    𝑘  𝑚     𝜔  2     𝑢    𝑎  ,  𝑗      𝑒    𝑖  𝜔  𝜏       +  𝑘  (  1  +    𝛾  𝑅   )    (    𝑢    𝑎  ,  𝑗      𝑒    𝑖  𝜔  𝜏    −    𝑢    𝑏  ,  𝑗      𝑒    𝑖  𝜔  𝜏    )             +  𝑘  (  1  −    𝛾  𝑅   )    (    𝑢    𝑎  ,  𝑗      𝑒    𝑖  𝜔  𝜏    −    𝑢    𝑏  ,  𝑗  −  1      𝑒    𝑖  𝜔  𝜏    )   =  0  ,          −  𝑚    𝑘  𝑚     𝜔  2     𝑢    𝑏  ,  𝑗  −  1      𝑒    𝑖  𝜔  𝜏       +  𝑘  (  1  −    𝛾  𝑅   )    (    𝑢    𝑏  ,  𝑗  −  1      𝑒    𝑖  𝜔  𝜏    −    𝑢    𝑎  ,  𝑗      𝑒    𝑖  𝜔  𝜏    )             +  𝑘  (  1  +    𝛾  𝑅   )    (    𝑢    𝑏  ,  𝑗  −  1      𝑒    𝑖  𝜔  𝜏    −    𝑢    𝑎  ,  𝑗  −  1      𝑒    𝑖  𝜔  𝜏    )   =  0  ,    


             (  2  −    𝜔  2   )       𝑢    𝑎  ,  𝑗    −  (  1  +    𝛾  𝑅   )    𝑢    𝑏  ,  𝑗    −  (  1  −    𝛾  𝑅   )    𝑢    𝑏  ,  𝑗  −  1       =  0  ,            (  2  −    𝜔  2   )       𝑢    𝑏  ,  𝑗  −  1    −  (  1  −    𝛾  𝑅   )    𝑢    𝑎  ,  𝑗    −  (  1  +    𝛾  𝑅   )    𝑢    𝑎  ,  𝑗  −  1       =  0  .    


   𝐴    u    j  −  1    =  𝐵    u  j  


           𝐴  =    [              0     1  −    𝛾  𝑅         −  (  1  +    𝛾  𝑅   )     2  −    𝜔  2           ]   ,      𝐵  =    [              2  −    𝜔  2      −  (  1  +    𝛾  𝑅   )        1  −    𝛾  𝑅      0          ]          and         u  j   =    [                𝑢    𝑎  ,  𝑗            𝑢    𝑏  ,  𝑗            ]   .      


   𝐴    u    𝑗  −  1    =  𝐵    u  𝑗  


             𝑇  𝑅     u    𝑗  −  1    =    u  𝑗   ,      


             𝑇  𝑅   =    𝐵    −  1    𝐴  =    [              −      1  +    𝛾  𝑅      1  −    𝛾  𝑅            2  −    𝜔  2      1  −    𝛾  𝑅           −      2  −    𝜔  2      1  −    𝛾  𝑅            (  2  −    𝜔  2     )  2   −  (  1  −    𝛾  𝑅     )  2      1  −    𝛾  𝑅  2             ]   .      


           𝑑  𝑒  𝑡  (    𝑇  𝑅   )     =  −      1  +    𝛾  𝑅      1  −    𝛾  𝑅         (  2  −    𝜔  2     )  2   −  (  1  −    𝛾  𝑅     )  2      1  −    𝛾  𝑅  2     −    (  −      2  −    𝜔  2      1  −    𝛾  𝑅     )         2  −    𝜔  2      1  −    𝛾  𝑅               =  −      (  2  −    𝜔  2     )  2   −  (  1  −    𝛾  𝑅     )  2        (  1  −    𝛾  𝑅   )   2    +      (  2  −    𝜔  2     )  2        (  1  −    𝛾  𝑅   )   2              =        (  1  −    𝛾  𝑅   )   2       (  1  −    𝛾  𝑅   )   2              =  1  ,    


             𝜆  2   −    (      (  2  −    𝜔  2     )  2   −  (  1  −    𝛾  𝑅     )  2   −  (  1  +    𝛾  𝑅     )  2      1  −    𝛾  𝑅  2     )     𝜆  +  1  =  0  .      


               (      (  2  −    𝜔  2     )  2   −  (  1  −    𝛾  𝑅     )  2   −  (  1  +    𝛾  𝑅     )  2      1  −    𝛾  𝑅  2     )   2   −  4     =        (  (  2  −    𝜔  2     )  2   −  (  1  −    𝛾  𝑅     )  2   −  (  1  +    𝛾  𝑅     )  2   )   2       (  1  −    𝛾  𝑅  2   )   2                −        (  2  (  1  −    𝛾  𝑅  2   )  )   2       (  1  −    𝛾  𝑅  2   )   2              =    1      (  1  −    𝛾  𝑅  2   )   2        [      (  2  −    𝜔  2   )   2   −  4  ]       [      (  2  −    𝜔  2   )   2   −  4    𝛾  𝑅  2   ]             =    1      (  1  −    𝛾  𝑅  2   )   2        [    𝜔  4   −  4    𝜔  2   ]       [      (  2  −    𝜔  2   )   2   −  4    𝛾  𝑅  2   ]   .    


             𝜆    ±  ,  𝑅       =    1  2   (          (  2  −    𝜔  2   )   2   −  (  1  −    𝛾  𝑅     )  2   −  (  1  +    𝛾  𝑅     )  2      1  −    𝛾  𝑅  2                   ±        1      (  1  −    𝛾  𝑅  2   )   2        [    𝜔  4   −  4    𝜔  2   ]       [      (  2  −    𝜔  2   )   2   −  4    𝛾  𝑅  2   ]     )            =    1    2  (  1  −    𝛾  𝑅  2   )    (      (  2  −    𝜔  2   )   2   −  (  1  −    𝛾  𝑅     )  2   −  (  1  +    𝛾  𝑅     )  2                 ±        𝜔  2   (    𝜔  2   −  4  )    [      (  2  −    𝜔  2   )   2   −  4    𝛾  𝑅  2   ]     )  .    


     e    ±  ,  𝑅   


          (2.10)        e    ±  ,  𝑅    =    [              (  2  −    𝜔  2   )        1  +    𝛾  𝑅   +    (  1  −    𝛾  𝑅   )       𝜆    ±  ,  𝑅            ]   .      


             𝑇  𝐿     u    −  𝑗  +  1    =    u    −  𝑗        


             𝑇  𝐿   =    [                  (  2  −    𝜔  2     )  2   −      (  1  −    𝛾  𝐿   )   2      1  −    𝛾  𝐿  2        −      2  −    𝜔  2      1  −    𝛾  𝐿               2  −    𝜔  2      1  −    𝛾  𝐿            1  +    𝛾  𝐿      1  −    𝛾  𝐿             ]   ,      


             𝜆    ±  ,  𝐿    ∶  =    1    2  (  1  −    𝛾  𝐿  2   )        (      (  2  −    𝜔  2   )   2   −  (  1  −    𝛾  𝐿     )  2   −  (  1  +    𝛾  𝐿     )  2   ±        𝜔  2       (    𝜔  2   −  4  )       [      (  2  −    𝜔  2   )   2   −  4    𝛾  𝐿  2   ]     )       


             e    ±  ,  𝐿    =    [              1  +    𝛾  𝐿   +    (  1  −    𝛾  𝐿   )       𝜆    ±  ,  𝐿          2  −    𝜔  2           ]   .      


       2  (  1  −    |    𝛾  𝐿   |   )    <      2  (  1  +    |    𝛾  𝑅   |   )    ≤      2  (  1  +    |    𝛾  𝐿   |   )   


       2  (  1  −    |    𝛾  𝑅   |   )    <      2  (  1  +    |    𝛾  𝐿   |   )    ≤      2  (  1  +    |    𝛾  𝑅   |   )   


   |    𝛾  𝑅   |  ≤  |    𝛾  𝐿   | 


   |    𝛾  𝐿   |  ≤  |    𝛾  𝑅   | 


   𝐼  ≠  ∅ 


   𝛾  =   min   {  |    𝛾  𝑅   |  ,  |    𝛾  𝐿   |  } 


               (    𝜔  2   −  2  )   2   <  2      (  1  +  𝛾  )   <  4  ,      


     𝜆    ±  ,  𝑅   


     𝜆    ±  ,  𝐿   


    det   (    𝑇  𝑅   )  =  1 


     𝜆    +  ,  𝑅    ≠    𝜆    −  ,  𝑅   


   |    𝜆    +  ,  𝑅    | 


   |    𝜆    −  ,  𝑅    | 


     e    +  ,  𝑅   


     e    −  ,  𝑅   


   {    e    +  ,  𝑅    ,    e    −  ,  𝐿    } 


     ℝ  2  


     u  1   =    [                𝑢    𝑎  ,  1            𝑢    𝑏  ,  1            ]  


             u  1   =    𝑎  1     e    +  ,  𝑅    +    𝑎  2     e    −  ,  𝑅        


     𝑎  1   ,    𝑎  2   ∈  ℝ 


             u  𝑗   =    𝑇  𝑅  𝑗     u  1   =    𝑎  1         (    𝜆    +  ,  𝑅    )     𝑗  −  1        e    +  ,  𝑅    +    𝑎  2         (    𝜆    −  ,  𝑅    )     𝑗  −  1        e    −  ,  𝑅    .      


     u    −  1    =    [                𝑢    𝑎  ,  −  1            𝑢    𝑏  ,  −  1            ]  


               (  2  −    𝜔  2   )   2   −  (  1  −    𝛾  𝑅     )  2   −  (  1  +    𝛾  𝑅     )  2      ≤      (  2     min   {    |    𝛾  𝑅   |   ,    |    𝛾  𝐿   |   }  )   2   −  (  1  −    𝛾  𝑅     )  2   −  (  1  +    𝛾  𝑅     )  2             ≤  4    𝛾  𝑅  2   −  1  +  2    𝛾  𝑅   −    𝛾  𝑅  2   −  1  −  2    𝛾  𝑅   −    𝛾  𝑅  2             =  2  (    𝛾  𝑅  2   −  1  )  ≤  0  .    


     𝜆    −  ,  𝑅    <    𝜆    +  ,  𝑅    <  0 


                        𝜆  𝑅   ∶  =    𝜆    +  ,  𝑅       =    1    2  (  1  −    𝛾  𝑅  2   )    (      (  2  −    𝜔  2   )   2   −  (  1  −    𝛾  𝑅     )  2   −  (  1  +    𝛾  𝑅     )  2                 +  𝜔        (    𝜔  2   −  4  )       [      (  2  −    𝜔  2   )   2   −  4    𝛾  𝑅  2   ]     )  .       


     e  𝑅  


          (2.11)        e  𝑅   ∶  =    e    +  ,  𝑅    =    [              (  2  −    𝜔  2   )        1  +    𝛾  𝑅   +    (  1  −    𝛾  𝑅   )       𝜆  𝑅           ]   .      


             𝜆  𝐿   ∶  =    1    2  (  1  −    𝛾  𝐿  2   )        (      (  2  −    𝜔  2   )   2   −  (  1  −    𝛾  𝐿     )  2   −  (  1  +    𝛾  𝐿     )  2   +  𝜔        (    𝜔  2   −  4  )       [      (  2  −    𝜔  2   )   2   −  4    𝛾  𝐿  2   ]     )       


          (2.12)        e  𝐿   =    [              1  +    𝛾  𝐿   +    (  1  −    𝛾  𝐿   )       𝜆  𝐿         2  −    𝜔  2           ]   .      


     e  𝐿  


          (2.13)                     (  2  −    𝜔  2   +    𝛾  𝑅   −    𝛾  𝐿   )       𝑢    𝑎  ,  1    −    (  1  +    𝛾  𝑅   )       𝑢    𝑏  ,  1    −    (  1  −    𝛾  𝐿   )       𝑢    𝑏  ,  −  1       =  0  ,               (  2  −    𝜔  2   )       𝑢    𝑏  ,  −  1    −    (  1  −    𝛾  𝐿   )       𝑢    𝑎  ,  1    −    (  1  +    𝛾  𝐿   )       𝑢    𝑎  ,  −  1       =  0  .       


   [                𝑢    𝑎  ,  1            𝑢    𝑏  ,  1            ] 


   [                𝑢    𝑎  ,  −  1            𝑢    𝑏  ,  −  1            ] 


             [                𝑢    𝑎  ,  1            𝑢    𝑏  ,  1            ]   =    𝑐  1     e  𝑅        and           [                𝑢    𝑎  ,  −  1            𝑢    𝑏  ,  −  1            ]   =    𝑐  2     e  𝐿       


     𝑐  1  


     𝑐  2  


          (2.14)                     (  2  −    𝜔  2   +    𝛾  𝑅   −    𝛾  𝐿   )       𝑐  1       (  2  −    𝜔  2   )      −    (  1  +    𝛾  𝑅   )       𝑐  1       (  1  +    𝛾  𝑅   +    (  1  −    𝛾  𝑅   )       𝜆  𝑅   )                −    (  1  −    𝛾  𝐿   )       𝑐  2       (  2  −    𝜔  2   )   =  0  ,          (  2  −    𝜔  2   )       𝑐  2       (  2  −    𝜔  2   )      −    (  1  −    𝛾  𝐿   )       𝑐  1       (  2  −    𝜔  2   )           −    (  1  +    𝛾  𝐿   )       𝑐  2       (  1  +    𝛾  𝐿   +    (  1  −    𝛾  𝐿   )       𝜆  𝐿   )   =  0  .       


          (2.15)                     [    Ω  2   +    (    𝛾  𝑅   −    𝛾  𝐿   )     Ω  −      (  1  +    𝛾  𝑅   )   2   −    (  1  −    𝛾  𝑅  2   )       𝜆  𝑅   ]       𝑐  1      =    (  1  −    𝛾  𝐿   )     Ω    𝑐  2   ,               [    Ω  2   −      (  1  +    𝛾  𝐿   )   2   −    (  1  −    𝛾  𝐿  2   )       𝜆  𝐿   ]       𝑐  2      =    (  1  −    𝛾  𝐿   )     Ω    𝑐  1   ,       


   Ω  =  2  −    𝜔  2  


     (  1  −    𝛾  𝐿   )     Ω 


          (2.16)        [    Ω  2   −      (  1  +    𝛾  𝐿   )   2   −    (  1  −    𝛾  𝐿  2   )       𝜆  𝐿   ]       (  1  −    𝛾  𝐿   )     Ω    𝑐  2      =      (  1  −    𝛾  𝐿   )   2       Ω  2     𝑐  1   .    


           [    Ω  2   −      (  1  +    𝛾  𝐿   )   2   −    (  1  −    𝛾  𝐿  2   )       𝜆  𝐿   ]         [    Ω  2   +    (    𝛾  𝑅   −    𝛾  𝐿   )     Ω  −      (  1  +    𝛾  𝑅   )   2   −    (  1  −    𝛾  𝑅  2   )       𝜆  𝑅   ]             =      (  1  −    𝛾  𝐿   )   2       Ω  2   ,    


          (2.17)                   [    Ω  2   −  4    𝛾  𝐿   −        (  4  −    Ω  2   )       (  4    𝛾  𝐿  2   −    Ω  2   )     ]         [    Ω  2   +  2      (    𝛾  𝑅   −    𝛾  𝐿   )     Ω  −  4    𝛾  𝑅   −        (  4  −    Ω  2   )       (  4    𝛾  𝑅  2   −    Ω  2   )     ]                =  4        (  1  −    𝛾  𝐿   )   2       Ω  2   .       


   Ω  =  0 


           [    0  2   −  4    𝛾  𝐿   −        (  4  −    0  2   )       (  4    𝛾  𝐿  2   −    0  2   )     ]         [    0  2   +  2      (    𝛾  𝑅   −    𝛾  𝐿   )     0  −  4    𝛾  𝑅   −        (  4  −    0  2   )       (  4    𝛾  𝑅  2   −    0  2   )     ]             =  4        (  1  −    𝛾  𝐿   )   2       0  2     


          (2.18)        (    𝛾  𝐿   +  |    𝛾  𝐿   |  )       (    𝛾  𝑅   +  |    𝛾  𝑅   |  )   =  0  .      


     𝛾  𝐿   +  |    𝛾  𝐿   |  =  0 


     𝛾  𝑅   +  |    𝛾  𝑅   |  =  0 


   Ω  =  0 


   𝜔  =    2   ∈  𝐼 


   𝛾  >  0 


     𝐶  𝛾  


   −  (  1  +  𝛾  ) 


   1  −  𝛾 


   𝑎  (  𝜇  ) 


       𝑎  (  𝜇  )     |  𝑎  (  𝜇  )  |   


   𝜋 


   𝛾  <  0 


   2  𝜋 


   𝔹 


     𝐾  1   =    (      4  𝜋     3  𝑎    ,  0  )  


     𝐾  2   =    (      2  𝜋     3  𝑎    ,      2  𝜋     𝑎    3     )  


     𝐾  3   =    (  −      2  𝜋     3  𝑎    ,      2  𝜋     𝑎    3     )  


     𝐾  4   =    (  −      4  𝜋     3  𝑎    ,  0  )  


     𝐾  5   =    (  −      2  𝜋     3  𝑎    ,  −      2  𝜋     𝑎    3     )  


     𝐾  6   =    (      2  𝜋     3  𝑎    ,  −      2  𝜋     𝑎    3     )  


   𝛽  =  0 


   𝛽  ≠  0 


     𝜆  ±       (    𝑘    |  |    )  


     𝜔  1  2       (    𝑘    |  |    )  


     𝜔  2  2       (    𝑘    |  |    )  


   𝛽  =  0  .  1 


     𝜆  ±   (    𝑘    |  |    ) 


   𝜔  (    𝑘    |  |    ) 


   𝛽 


   𝜆  (  𝜇  ) 


          (2.5)        𝜃    𝑍  𝑎  𝑘    =    ∫    −  𝜋   𝜋     [  𝑖        (  v  (  𝜇  )  )   𝐻       𝜕  𝜇   v  (  𝜇  )  ]     𝑑  𝜇  =  −  𝐼  𝑚      (    ∫    −  𝜋   𝜋     [      (  v  (  𝜇  )  )   𝐻       𝜕  𝜇   v  (  𝜇  )  ]     𝑑  𝜇  )   ,      


   v  =    v  +  


   v  =    v  −  


     𝜆  ±   (  𝜇  ) 


     v  𝐻  


   v 


     𝜇  𝑛   =  𝑛  𝜋  /  𝑁 


   𝑛  =  −  𝑁  ,  −  (  𝑁  −  1  )  ,  .  .  .  ,  𝑁  −  1  ,  𝑁 


            log       [      (  v  (    𝜇  𝑛   )  )   𝐻     v  (    𝜇    𝑛  +  1    )  ]      =   log   [      (  v  (    𝜇  𝑛   )  )   𝐻       (  v  (    𝜇  𝑛   )  +    𝜕  𝜇   v  (    𝜇  𝑛   )  (    𝜇    𝑛  +  1    −    𝜇  𝑛   )  )   +  𝑂      (    𝑁    −  2    )   ]            =   log   [      (  v  (    𝜇  𝑛   )  )   𝐻     v  (    𝜇  𝑛   )  +      (  v  (    𝜇  𝑛   )  )   𝐻       𝜕  𝜇   v  (    𝜇  𝑛   )  (    𝜇    𝑛  +  1    −    𝜇  𝑛   )                      +  𝑂      (    𝑁    −  2    )   ]            =   log       [  1  +      (  v  (    𝜇  𝑛   )  )   𝐻       𝜕  𝜇   v  (    𝜇  𝑛   )  (    𝜇    𝑛  +  1    −    𝜇  𝑛   )  +  𝑂      (    𝑁    −  2    )   ]             =      (  v  (    𝜇  𝑛   )  )   𝐻       𝜕  𝜇   v  (    𝜇  𝑛   )  (    𝜇    𝑛  +  1    −    𝜇  𝑛   )  +  𝑂  (    𝑁    −  2    )  .    


             𝜃    𝑍  𝑎  𝑘       =  −  𝐼  𝑚      (    ∫    −  𝜋   𝜋     [      (  v  (  𝜇  )  )   𝐻       𝜕  𝜇   v  (  𝜇  )  ]     𝑑  𝜇  )             =  −  𝐼  𝑚      (     lim     𝑁  →  ∞      ∑    𝑛  =  −  𝑁     𝑁  −  1        (  v  (    𝜇  𝑛   )  )   𝐻       𝜕  𝜇   v  (    𝜇  𝑛   )  (    𝜇    𝑛  +  1    −    𝜇  𝑛   )  )             =     lim     𝑁  →  ∞    −    ∑    𝑛  =  −  𝑁     𝑁  −  1    𝐼  𝑚      (   log       [      (  v  (    𝜇  𝑛   )  )   𝐻     v  (    𝜇    𝑛  +  1    )  ]   )   .    


             𝜃  𝑁    𝑍  𝑎  𝑘    ∶  =  −    ∑    𝑛  =  −  𝑁     𝑁  −  1    𝐼  𝑚      (   log       [      (  v      (    𝜇  𝑛   )   )   𝐻     v      (    𝜇    𝑛  +  1    )   ]   )   .      


   𝑧  =  𝑟    𝑒    𝑖  𝜃   


   𝑧  +  1  =  |  𝑧  +  1  |    𝑒    𝑖  𝛽   


           {            𝛽  <  𝜃  /  2  ,         for         𝑟  <  1  ,             𝛽  =  𝜃  /  2  ,         for         𝑟  =  1  ,             𝛽  >  𝜃  /  2  ,         for         𝑟  >  1  .                   


   𝑧  =  𝑎  +  𝑖  𝑏 


            tan   (  𝜃  /  2  )  =       sin       (  𝜃  )      1  +   cos       (  𝜃  )     =      𝑏  /  𝑟     1  +  𝑎  /  𝑟    =    𝑏    𝑟  +  𝑎    .      


    tan   (  𝛽  )  =    𝑏    1  +  𝑎   


   [  −  𝜋  ,  𝜋  ] 


   v  =    v  +  


     𝜃  𝑛   ∈  [  0  ,  2  𝜋  ] 


     v  +   (    𝜇  𝑛   ) 


             v  +  𝐻       (    𝜇  𝑛   )       v  +       (    𝜇    𝑛  +  1    )      =    1  2       (    [                  𝑎    (    𝜇  𝑛   )      |  𝑎    (    𝜇  𝑛   )   |       1          ]       [                    𝑎  ¯     (    𝜇    𝑛  +  1    )      |  𝑎    (    𝜇    𝑛  +  1    )   |          1          ]   )             =    1  2       (    𝑒    𝑖  (    𝜃    𝑛  +  1    −    𝜃  𝑛   )    +  1  )             =      𝑐  𝑛   2      exp       (  𝑖        𝜃    𝑛  +  1    −    𝜃  𝑛    2   )   ,    


     𝑐  𝑛  


     𝑒    𝑖  (    𝜃    𝑛  +  1    −    𝜃  𝑛   )    +  1 


             𝜃  𝑁    𝑍  𝑎  𝑘       =  −    ∑    𝑛  =  −  𝑁     𝑁  −  1    𝐼  𝑚      (   log       [    v  +  𝐻       (    𝜇  𝑛   )       v  +       (    𝜇    𝑛  +  1    )   ]   )             =  −    ∑    𝑛  =  −  𝑁     𝑁  −  1    𝐼  𝑚      (   log       [      𝑐  𝑛   2       (   exp       (  𝑖        𝜃    𝑛  +  1    −    𝜃  𝑛    2   )   )   ]   )             =  −    ∑    𝑛  =  −  𝑁     𝑁  −  1    𝐼  𝑚      (   log       (      𝑐  𝑛   2   )   +   log       [   exp       (  𝑖        𝜃    𝑛  +  1    −    𝜃  𝑛    2   )   ]   )             =  −    ∑    𝑛  =  −  𝑁     𝑁  −  1    𝐼  𝑚      (   log       (      𝑐  𝑛   2   )   +  𝑖        𝜃    𝑛  +  1    −    𝜃  𝑛    2   )             =  −    ∑    𝑛  =  −  𝑁     𝑁  −  1          𝜃    𝑛  +  1    −    𝜃  𝑛    2             =  −        𝜃  𝑁   −    𝜃    −  𝑁     2   .    


     𝐶  𝛾  


   𝜇 


   −  𝜋 


     𝑎  ¯   (  𝜇  )  =  −  (  1  +  𝛾  )  −  (  1  −  𝛾  )    𝑒    −  𝑖  𝜇   


   −  2  𝛾 


   |  −  (  1  +  𝛾  )  |  =  1  +  𝛾  >  1  −  𝛾 


       𝑎    (  𝜇  )      |  𝑎    (  𝜇  )   |   


     𝜃  𝑁   =    𝜃    −  𝑁   


             𝜃  𝑁    𝑍  𝑎  𝑘    =  −        𝜃  𝑁   −    𝜃    −  𝑁     2   =  0  .      


   𝛾  <  0 


             𝜃  𝑁    𝑍  𝑎  𝑘    =  −        𝜃  𝑁   −    𝜃    −  𝑁     2   =  −      0  −  2  𝜋   2   =  𝜋  .      


     𝜃    𝑍  𝑎  𝑘    =     lim     𝑁  →  ∞        𝜃  𝑁    𝑍  𝑎  𝑘   


     𝑌    𝑝  ,  𝑞    =  {  (  𝑝  +    𝑡  1   )    a  1   +  (  𝑞  +    𝑡  2   )    a  2   ∶  0  ≤    𝑡  1   ,    𝑡  2   ≤  1  } 


   𝛽 


   𝜙 


     𝐶    𝐾  1   𝑁   =  −    𝐶    𝐾  4   𝑁  


         𝑣    ±  


       𝑣    =        𝑣    +  


     𝐶    𝐾  1   𝑁  


       𝑣    =        𝑣    −  
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Chapter 1

Introduction

1.1 Topological Phase of Matter

The theories on the phases of matter date back to the 1930s with Landau’s theory of 

phase transitions, where materials with the same symmetry were generally considered to 

be in the same phase [1]. The density difference between solids and liquids is an example 

of this idea.

The experimental discovery of the integer quantum Hall effect (QHE) in 1980 changed 

this point of view. An experimental study showed that, under a strong magnetic field, the 

Hall conductance of a system is quantized in integer multiples of a constant. This quanti-

zation is very precise and is not affected by impurities or small changes in the material [2]. 

This robustness revealed that QHE cannot be explained only by the symmetry argument. 

Two years later, the theoretical study of the QHE was published [3]. David J. Thouless et 

al. presented an integer-valued topological invariant associated with the electronic band 

which determines the quantized Hall conductance, later known as the Chern number. This 

invariant depends only on the global properties of the Bloch wave functions over the Bril-

louin zone and is constant under continuous perturbations that do not close the energy 

gap. The idea that some physical properties depend on topological invariants instead of 

local material properties was introduced in their study and it became one of the main prin-

ciples of topological phases. The geometric foundation of Chern number was presented 

in 1984. Berry introduced the Berry phase and the Berry curvature whose integral over 

the Brillouin zone gives the Chern number [4].
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Several studies on topological phases established a new class of quantum materi-

als, namely topological insulators [5–8]. A topological insulator is a material whose bulk 

behaves as an insulator due to the energy gap, but its boundary or interface supports 

conducting states. The interface may appear between a topological insulator and a topo-

logically trivial material or between two topological insulators with different topological in-

dices. Contrary to the classical insulators whose phases are mainly determined by their 

microscopic properties, such as material parameters or chemical properties, topological 

insulators are characterized by their global topological invariants which are robust against 

continuous perturbations that do not close the band gap [9].

The quantum Hall effect enables the characterization of electronic phases by topolog-

ical invariants. However, it requires a strong magnetic field, which breaks time-reversal 

symmetry. In 1988, Haldane introduced a honeycomb lattice model [10]. Haldane demon-

strated that the topological band structure is a property of the Hamiltonian rather than a 

consequence of an external effect, such as a magnetic field. Although it is a theoretical 

model that still breaks time-reversal symmetry, Haldane’s model has a nonzero Chern 

number without an external magnetic field.

Charles L. Kane and Eugene J. Mele, in 2005, introduced graphene with spin-orbit cou-

pling that could have a new quantum phase, namely the quantum spin Hall effect (QSHE), 

which is distinct from QHE and characterized by another topological invariant they intro-

duced, 𝑍2. Their idea neither breaks time-reversal symmetry nor needs a magnetic field 

[5, 6]. In 2007, an experimental study showed the relationship between QSHE and the 

existence of edge modes and it became the first experimental result of two-dimensional 

topological insulators [8] which had been predicted by Bernevig et al. [7]. The gener-

alization of 𝑍2 topological insulators to three dimensions was established by Moore and 

Balents [11]. For comprehensive reviews, we refer to [12, 13].
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1.2 Topological Phases in Periodic Wave Media

The properties of topological edge states, such as their immunity to disorder or defects 

and the dependence on global properties rather than the tuning of parameters, directed 

researchers to search for their analogues in classical mechanical systems. Their exper-

imental accessibility and implementability as a counterpart of electronic settings made 

photonics, acoustics and mechanical structures the major extension areas of topological 

concepts.

Topological Photonic Materials

Haldane and Raghu proposed the extension of the topological phases to periodic elec-

tromagnetic media [14]. They revealed a photonic analog of Chern insulators in two-

dimensional photonic crystals by breaking time-reversal symmetry and obtaining edge 

modes without backscattering. One year later, an experimental result was presented by 

Wang et al. [15] in which they observed electromagnetic edge states propagating around 

sharp corners and metallic obstacles. In 2013, time reversal photonic systems were pro-

posed as an analog of QSHE [16]. A systematic analysis of topological photonics which 

has both theoretical and experimental parts is provided by Lu et al. and Ozawa [17, 18].

Topological Acoustic Materials

Topological acoustic insulators were proposed as an analog of QSHE in 2015 [19]. It is 

based on circulating fluid flow that breaks time-reversal symmetry and provides acoustic 

edge modes. This work opened a wide field where many topological acoustic systems 

were offered, making them attractive for applications due to their formability and flexibility 

[20–22].
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Topological Mechanical Materials

In 2014, the study of topological phenomena was extended to mechanical systems, 

where the relationship between topological invariants and mechanical boundary modes 

was studied. Kane and Lubensky analyzed a topological polarization invariant which gov-

erns zero-energy surface modes [23]. Chen et al. studied a chain-like linkage that behaves 

as a topological mechanical insulator and examined edge modes [24].

By constructing a gyroscopic system, Nash et al. provided the first experimental result 

of a topological mechanical insulator as an analog of the Chern insulators and demon-

strated topologically protected chiral mechanical edge modes [25]. The gyroscopic ef-

fect causes the breaking of time-reversal symmetry, opens a band gap and creates edge 

modes that propagate at the boundary of the system and are robust against defects. In 

the same year, the phononic helical edge states were shown in a macroscopic mechanical 

system and 𝑍2 topological mechanical phases were established [26].

The robustness of edge states against defects and disorders makes topological mate-

rials attractive for applications. Thus, topological concepts have been studied in various 

areas where wave propagation is important in the presence of imperfections.

In electronics, the edge states on the surface of a three-dimensional topological in-

sulator enable the creation of metallic conducting channels. They are protected against 

backscattering due to time-reversal symmetry. In 2008, Fu and Kane showed the exis-

tence of edge modes at the interface between a topological insulator and a superconduc-

tor which has applications in quantum computing architectures [27, 28]. The robustness 

of edge modes against imperfections or fabrication errors enables wave guiding in pho-

tonic integrated circuits. Topological lasers and valley-selective routing of light are some 

applications of topological photonics [29, 30]. Vibration isolators and acoustic waveguides 

are some applications of topological materials in acoustics [31, 32]. Their insensitivity to 

manufacturing errors and structural damage makes them superior to classical phononic 

devices.

15



1.3 Relevant Mathematical Studies

The discovery of topological insulators motivated mathematical research to provide 

proper mathematical foundations for topological wave phenomena. While the early de-

velopments were based on physical intuition and numerical results, mathematical stud-

ies aimed to establish rigorous results based on mathematical tools, such as Floquet-

Bloch theory, elliptic partial differential equations, spectral theory, and operator theory. 

These studies created the mathematical descriptions of Dirac points, edge states, inter-

face modes, topological invariants and the bulk-edge correspondence for both discrete 

and continuous media.

A rigorous theory of Dirac points for two-dimensional Schrödinger operators with hon-

eycomb lattice potentials is presented by Fefferman and Weinstein [33]. Dirac points are 

the points where bands touch each other in the spectrum of a periodic Hamiltonian with a 

conical linear dispersion relation (a mathematical definition is given in the following chap-

ters). In their study, they provided a Floquet-Bloch analysis of the Schrödinger operators 

with the above properties. They showed, under a suitable symmetry, the existence of a 

conical intersection between two Bloch bands, the linearity of the local dispersion rela-

tion near these points and the persistence of Dirac points under a class of perturbations 

that preserves the relevant symmetry. Dirac points are not just about the linear touch-

ing of the bands. When a symmetry is broken, the band gap opens at these points and 

the system obtains nontrivial topological invariants. For example, the broken inversion 

symmetry causes the valley Chern numbers of opposite signs and topologically protected 

edge modes. This rigorous study on Dirac points gave rise to many succeeding studies 

of topological wave propagation [34–37].

For continuous Schrödinger operators, the foundational works are given by Fefferman, 

Lee-Thorp, and Weinstein [35, 36]. They showed the bifurcation of edge states with their 

exponential localization and computed the dispersion curves in the band gap. They also 

put a distinction between edge states and localized modes. They showed that edge states 
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associated with Dirac points are robust against localized perturbations whereas localized 

modes are sensitive to small changes and may disappear in the medium. This result pro-

vided a characterization of edge states and the effect of Dirac points on edge states. Later, 

Drouot created a theoretical framework for edge states in general perturbed periodic sys-

tems [38]. The study of edge states was extended to a broad class of elliptic operators with 

honeycomb symmetry by Lee-Thorp, Weinstein, and Zhu [37]. They created an analytic 

framework for Dirac points and edge states including some applications to graphene and 

other wave systems. This study showed that the underlying mathematical mechanism of 

topological edge states is independent of the governing equations of the system.

The study of edge modes in photonic crystals is another research area. Photonic crys-

tals are systems where Maxwell-type operators govern the propagation of electromagnetic 

waves. Since their structure is similar to those where topological systems are studied, the 

mathematical tools used in them can be adapted to photonic crystals. An important con-

tribution is on one-dimensional topological photonic materials. Lin and Zhang studied pe-

riodic photonic structures with time-reversal symmetry [39]. They predicted the conditions 

that open a spectral gap around a Dirac point and showed the existence of edge modes 

in the gap. Qiu et al. studied waveguides bifurcating from Dirac points and provided the 

conditions of the existence of localized edge modes generated by perturbations of peri-

odic photonic structures [40]. Their study both strengthened the connection among Dirac 

points, topological invariants and wave localization in photonic crystals and extended the 

theory to a general class of periodic electromagnetic media.

Another important study is on the valley Hall effect. Chern numbers characterize the 

topological phases in a system with broken time-reversal symmetry. On the other hand, the 

valley Hall systems preserve time-reversal symmetry and create the topological behavior 

from band structures near different Dirac points. Thus, an analysis of them needs a study 

of the spectral properties near Dirac points [41, 42].

Bulk-edge correspondence is one of the main objectives in topological wave systems. 
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It states that the number of edge modes at the interface of two topological systems is 

equal to the difference between their topological invariants. In QHE, the equality of the 

number of edge states and the Chern number was first studied by Hatsugai [43]. Schulz-

Baldes et al. proved that the edge Hall conductivity equals the bulk Hall conductivity 

by using Kubo-Chern formula and K-theory [44]. In [45], Elbau and Graf provided an 

alternative operator-theoretic proof for the correspondence based on the index of a pair 

of projections and extended the result to more general operators. Following this result, 

Elgart et al. extended the result to systems with a mobility gap. They proved that the 

equality of the edge Hall conductivity and the bulk edge conductivity is valid even if there 

is disorder in the system [46]. Bal provided a relationship between the topological invariant 

and edge modes for continuous models, which is one of the most complete mathematical 

formulations of bulk-edge correspondence available [47]. Together with two other works 

on the stability of edge states and a description of topological insulators, Bal showed the 

effect of the topological invariant on the existence of edge modes in continuous periodic 

media [48, 49].

1.4 Our Contribution

There are mainly two strategies to realize topological wave insulators using classical 

waves. The first strategy mimics QHE using active components to break time-reversal 

symmetry. This is realized by modulating rotational motion of air in acoustic media, ap-

plying an external magnetic field in electromagnetic media, or using gyroscopic compo-

nents in mechanical structures [15, 25, 50]. The second strategy relies on an analog of 

the quantum spin Hall effect or the quantum valley Hall effect, and it uses passive compo-

nents to break the inversion symmetry of the system [51–54]. In this dissertation, we study 

topological phases and edge modes for topological mechanical systems that break either 

time-reversal symmetry or spatial inversion symmetry. We develop both mathematical 

theory and computational tools to investigate the underlying mathematical models. Our 
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aim is to provide both rigorous mathematical theory and numerical studies for topological 

phases and edge modes in mechanical topological systems.

In Chapter 2, we first study a one-dimensional periodic spring-mass system. The setup 

of the system was introduced in [55]. By using Floquet-Bloch analysis, we determine 

the band structure of the system. By using the Zak phase as the topological index, we 

characterize the topological phase of the system and show its value is quantized according 

to the spring constant, taking the values 0 and 𝜋. To analyze the localized edge modes, 

we create a joint system by gluing two semi-infinite systems with distinct Zak phases. By 

using the transfer matrix approach, we provide a proof of the existence of an edge mode 

at the interface of the joint system.

In Chapter 3, we study a two-dimensional spring-mass system over a honeycomb lat-

tice. We first analyze the band structure of the system and show the existence of a band 

gap. Then we provide a rigorous proof of the existence of Dirac points. To study the bulk 

properties, we use the valley Chern number to identify the topological phase of the system 

and prove how it changes according to a structural parameter. We lastly study the exis-

tence of edge modes at the interface of a joint system of two systems with opposite-sign 

valley Chern numbers. We prove the existence of the edge modes by providing wave 

frequencies in the spectral gap of the system.

In Chapter 4, we study a spring-gyroscope system over a honeycomb lattice. The setup 

of the system was introduced in [56]. The existence of gyroscopes breaks time-reversal 

symmetry and results in nontrivial Chern numbers. Firstly, the governing equations of the 

system are derived. Then we provide a numerical study of the band structure and Chern 

numbers of the system. A relationship between the Chern number and a parameter of the 

system is emphasized and a joint system with opposite-sign Chern numbers is constructed 

to study edge modes. Transfer matrices for the system are constructed. Then, by imposing 

a boundary condition that depends on the localization of the edge modes, a truncated 

system is built. Some numerical results on this truncated system are presented and the 
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relationship between the truncated system and the transfer matrix approach is examined, 

leading to several open mathematical questions concerning the existence of edge modes 

in spring-gyroscope systems.
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Chapter 2

One-dimensional Topological Mechanical Systems

2.1 Periodic Mechanical System

We consider the one-dimensional periodic mechanical system shown in Figure A.1, 

wherein an infinite array of masses is arranged along the real line. The spring connecting 

two masses in the unit cell 𝑗 and two masses between the cell 𝑗 and 𝑗+1 attains the spring 

constants

𝑘1 = 𝑘(1 + 𝛾) and 𝑘2 = 𝑘(1 − 𝛾), (2.1)

where 𝛾 ∈ (−1, 1) is a stiffness parameter and 𝑘 is the mean stiffness of the springs. The 

displacements of masses in the unit cell 𝑗 satisfies the following equations:

𝑚𝑈″
𝑎,𝑗 + 𝑘1 (𝑈𝑎,𝑗 − 𝑈𝑏,𝑗) + 𝑘2 (𝑈𝑎,𝑗 − 𝑈𝑏,𝑗−1) = 0,

𝑚𝑈″
𝑏,𝑗 + 𝑘2 (𝑈𝑏,𝑗 − 𝑈𝑎,𝑗+1) + 𝑘1 (𝑈𝑏,𝑗 − 𝑈𝑎,𝑗) = 0.

We consider the solution in the form of

𝑈𝑎,𝑗(𝑡) = 𝑢𝑎𝑒𝑖(𝜔𝜏+𝜇𝑗) and 𝑈𝑏,𝑗(𝑡) = 𝑢𝑏𝑒𝑖(𝜔𝜏+𝜇𝑗) (2.2)

where 𝑢𝑎 and 𝑢𝑏 are the amplitudes of the displacements of masses, 𝑗 denotes the cell 

index, 𝜔 is the frequency, 𝜏 = √𝑘/𝑚𝑡 is a nondimensional time scale and 𝜇 ∈ [−𝜋, 𝜋] is 

21



the nondimensional wave number. Then 𝑢𝑎 and 𝑢𝑏 satisfy

−𝑚 𝑘
𝑚
𝜔2𝑢𝑎𝑒𝑖(𝜔𝜏+𝜇𝑗) + 𝑘(1 + 𝛾)(𝑢𝑎 − 𝑢𝑏)𝑒𝑖(𝜔𝜏+𝜇𝑗) + 𝑘(1 − 𝛾)(𝑢𝑎 − 𝑢𝑏𝑒−𝑖𝜇)𝑒𝑖(𝜔𝜏+𝜇𝑗) = 0,

−𝑚 𝑘
𝑚
𝜔2𝑢𝑏𝑒𝑖(𝜔𝜏+𝜇𝑗) + 𝑘(1 + 𝛾)(𝑢𝑏 − 𝑢𝑎𝑒𝑖𝜇)𝑒𝑖(𝜔𝜏+𝜇𝑗) + 𝑘(1 − 𝛾)(𝑢𝑏 − 𝑢𝑎)𝑒𝑒

𝑖(𝜔𝜏+𝜇𝑗) = 0.

It can be simplified as

(2 − Ω2) 𝑢𝑎 − (1 + 𝛾)𝑢𝑏 − (1 − 𝛾)𝑒−𝑖𝜇𝑢𝑏 = 0,

(2 − Ω2) 𝑢𝑏 − (1 + 𝛾)𝑒𝑖𝜇𝑢𝑎 − (1 − 𝛾)𝑢𝑎 = 0,

which reduces to the eigenvalue problem

[



2 𝑎̄(𝜇)

𝑎(𝜇) 2
]



[



𝑢𝑎

𝑢𝑏

]


= 𝜔2 [



𝑢𝑎

𝑢𝑏

]


, (2.3)

where 𝑎(𝜇) = − (1 + 𝛾) − (1 − 𝛾) 𝑒𝑖𝜇 and 𝑎̄(𝜇) is the complex conjugate of 𝑎(𝜇). The 

characteristic equation of the matrix in (2.3) is

𝜆2 − 4𝜆 + 4 − |𝑎(𝜇)|2 = 0

which gives the eigenpairs

𝜆± (𝜇) = 2 ± |𝑎(𝜇)| and v±(𝜇) =
1√
2
[



𝑎̄(𝜇)
±|𝑎(𝜇)|

1
]


,

with ||v±(𝜇)||2 = 1. We note that if 𝛾 ≠ 0, then |𝑎(𝜇)| ≠ 0 and there is a gap between two 

bands 𝜆−(𝜇) and 𝜆+(𝜇) for 𝜇 ∈ [−𝜋, 𝜋]. We call this gap the band gap interval

𝐼(𝛾) ∶= (√2(1 − |𝛾|),√2(1 + |𝛾|)), (2.4)
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where √2(1 − |𝛾|) and √2(1 + |𝛾|) are the maximum and minimum values of √𝜆−(𝜇)

and √𝜆+(𝜇) respectively. We investigate the dynamics of the system for the frequency 𝜔

located in the band gap 𝐼 (𝛾) which is induced by a topological index called the Zak phase.

The Zak phase associated with the frequency band 𝜆(𝜇) is defined by (cf. [57])

𝜃𝑍𝑎𝑘 = ∫
𝜋

−𝜋
[𝑖 (v(𝜇))𝐻 𝜕𝜇v(𝜇)] 𝑑𝜇 = −𝐼𝑚(∫

𝜋

−𝜋
[(v(𝜇))𝐻 𝜕𝜇v(𝜇)] 𝑑𝜇) , (2.5)

where v = v+ or v = v− is the eigenvector associated with the eigenvalue 𝜆±(𝜇) of 

the matrix defined in (2.3) and v𝐻  stands for the complex conjugate transpose of v. To 

avoid the difficulties in the calculation of the composition of differentiation and integration, 

we use the discretization of the integral in (2.5). To this purpose, for 𝜇𝑛 = 𝑛𝜋/𝑁 , 𝑛 =

−𝑁,−(𝑁 − 1), ..., 𝑁 − 1,𝑁  where 𝑁 ∈ ℤ+, we observe that

log [(v(𝜇𝑛))
𝐻

v(𝜇𝑛+1)] = log[(v(𝜇𝑛))
𝐻 (v(𝜇𝑛) + 𝜕𝜇v(𝜇𝑛)(𝜇𝑛+1 − 𝜇𝑛)) + 𝑂 (𝑁−2)]

= log[(v(𝜇𝑛))
𝐻

v(𝜇𝑛) + (v(𝜇𝑛))
𝐻 𝜕𝜇v(𝜇𝑛)(𝜇𝑛+1 − 𝜇𝑛)

+ 𝑂 (𝑁−2)]

= log [1 + (v(𝜇𝑛))
𝐻 𝜕𝜇v(𝜇𝑛)(𝜇𝑛+1 − 𝜇𝑛) + 𝑂 (𝑁−2)]

= (v(𝜇𝑛))
𝐻 𝜕𝜇v(𝜇𝑛)(𝜇𝑛+1 − 𝜇𝑛) + 𝑂(𝑁−2).

Then, by the discretization of the integral, the Zak phase can be written as

𝜃𝑍𝑎𝑘 = −𝐼𝑚(∫
𝜋

−𝜋
[(v(𝜇))𝐻 𝜕𝜇v(𝜇)] 𝑑𝜇)

= −𝐼𝑚( lim
𝑁→∞

𝑁−1
∑

𝑛=−𝑁
(v(𝜇𝑛))

𝐻 𝜕𝜇v(𝜇𝑛)(𝜇𝑛+1 − 𝜇𝑛))

= lim
𝑁→∞

−
𝑁−1
∑

𝑛=−𝑁
𝐼𝑚(log [(v(𝜇𝑛))

𝐻
v(𝜇𝑛+1)]) .
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We define the discrete Zak phase as

𝜃𝑍𝑎𝑘
𝑁 ∶= −

𝑁−1
∑

𝑛=−𝑁
𝐼𝑚(log [(v (𝜇𝑛))

𝐻
v (𝜇𝑛+1)]) .

We have the following lemma for a complex number:

Lemma 1. For a complex number 𝑧 = 𝑟𝑒𝑖𝜃 with 𝜃 ∈ [−𝜋, 𝜋], if 𝑧 + 1 = |𝑧 + 1|𝑒𝑖𝛽, there 

holds

{





𝛽 < 𝜃/2, for 𝑟 < 1,

𝛽 = 𝜃/2, for 𝑟 = 1,

𝛽 > 𝜃/2, for 𝑟 > 1.

Proof. For 𝑧 = 𝑎 + 𝑖𝑏, the half angle formula gives that

tan(𝜃/2) = sin (𝜃)
1 + cos (𝜃)

= 𝑏/𝑟
1 + 𝑎/𝑟

= 𝑏
𝑟 + 𝑎

.

Also, since tan(𝛽) = 𝑏
1+𝑎 , the results follow from the fact that tangent is an increasing 

function on [−𝜋, 𝜋].

∎

Lemma 2. For the Zak phase 𝜃𝑍𝑎𝑘 associated with the band 𝜆−(𝜇) or 𝜆+(𝜇) of the system 

(2.3), we have

{





𝜃𝑍𝑎𝑘 = 0, if 𝛾 > 0,

𝜃𝑍𝑎𝑘 = 𝜋, if 𝛾 < 0.
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(a) 𝛾 > 0 (b) 𝛾 < 0

Figure 2.1: When 𝛾 > 0, 𝐶𝛾, the circle with center −(1 + 𝛾) and radius 1 − 𝛾, does not 

enclose the origin. As 𝑎(𝜇) completes one turn on 𝐶𝛾 from 1 to 4, the trajectory of 
𝑎(𝜇)
|𝑎(𝜇)|

is the path 𝑄 → 𝑅 → 𝑄 → 𝑃 → 𝑄 on the unit circle and its argument oscillates near 𝜋. 

When 𝛾 < 0, 𝐶𝛾 contains origin. As 𝑎(𝜇) completes one turn on 𝐶𝛾, the trajectory of 
𝑎(𝜇)
|𝑎(𝜇)|

is the path 𝑃 → 𝑄 → 𝑅 → 𝑆 → 𝑃  on the unit circle and its argument goes from 2𝜋 to 0.

Proof. For 𝜆+(𝜇), we have v = v+. Let 𝜃𝑛 ∈ [0, 2𝜋] be the argument of the first compo-

nent of v+(𝜇𝑛). Then a direct computation leads to

v𝐻
+ (𝜇𝑛)v+ (𝜇𝑛+1) =

1
2
(

[ 𝑎(𝜇𝑛)
|𝑎(𝜇𝑛)|

1]
[



𝑎̄(𝜇𝑛+1)
|𝑎(𝜇𝑛+1)|

1
]



)


= 1
2
(𝑒𝑖(𝜃𝑛+1−𝜃𝑛) + 1)

= 𝑐𝑛
2

exp(𝑖
𝜃𝑛+1 − 𝜃𝑛

2
) ,

where 𝑐𝑛 is the modulus of 𝑒𝑖(𝜃𝑛+1−𝜃𝑛) + 1 and we have used Lemma 1 in the last step. 
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Thus the discrete Zak phase

𝜃𝑍𝑎𝑘
𝑁 = −

𝑁−1
∑

𝑛=−𝑁
𝐼𝑚 (log [v𝐻

+ (𝜇𝑛)v+ (𝜇𝑛+1)])

= −
𝑁−1
∑

𝑛=−𝑁
𝐼𝑚(log [𝑐𝑛

2
(exp(𝑖

𝜃𝑛+1 − 𝜃𝑛
2

))])

= −
𝑁−1
∑

𝑛=−𝑁
𝐼𝑚(log(𝑐𝑛

2
) + log [exp(𝑖

𝜃𝑛+1 − 𝜃𝑛
2

)])

= −
𝑁−1
∑

𝑛=−𝑁
𝐼𝑚(log(𝑐𝑛

2
) + 𝑖

𝜃𝑛+1 − 𝜃𝑛
2

)

= −
𝑁−1
∑

𝑛=−𝑁

𝜃𝑛+1 − 𝜃𝑛
2

= −𝜃𝑁 − 𝜃−𝑁
2

.

If 𝛾 > 0, we denote the circle with center −(1+ 𝛾) and radius 1− 𝛾 as 𝐶𝛾. As 𝜇 goes from 

−𝜋 to 𝜋, 𝑎̄(𝜇) = −(1+𝛾)−(1−𝛾)𝑒−𝑖𝜇 completes one turn on the circle 𝐶𝛾 in the clockwise 

direction starting from the point −2𝛾 on the complex plane. Since |−(1+𝛾)| = 1+𝛾 > 1−𝛾, 

the distance between the center of 𝐶𝛾 and the origin is greater than its radius, hence 𝐶𝛾

does not enclose the origin (see Figure 2.1(a)). Therefore, the argument of 
𝑎(𝜇)
|𝑎(𝜇)|  oscillates 

around 𝜋 as 𝜇 goes from −𝜋 to 𝜋. As a result, we obtain 𝜃𝑁 = 𝜃−𝑁  and

𝜃𝑍𝑎𝑘
𝑁 = −𝜃𝑁 − 𝜃−𝑁

2
= 0.

If 𝛾 < 0, 𝑎̄(𝜇) still completes one turn on the circle 𝐶𝛾. However, noting that the distance 

between the center of 𝐶𝛾 and the origin is less than the radius of 𝐶𝛾 and 𝐶𝛾 encloses the 

origin. Thus the argument of 
𝑎(𝜇)
|𝑎(𝜇)|  goes from 2𝜋 to 0 (see Figure 2.1(b)) and we have

𝜃𝑍𝑎𝑘
𝑁 = −𝜃𝑁 − 𝜃−𝑁

2
= −0 − 2𝜋

2
= 𝜋.

For 𝜆−(𝜇), we can obtain the same results by similar calculations. Therefore, the proof is 

complete by noting that 𝜃𝑍𝑎𝑘 = lim𝑁→∞ 𝜃𝑍𝑎𝑘
𝑁 . ∎
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2.2 Edge Modes for the Topological Mechanical System

We construct a joint system by gluing two periodic mechanical systems with different 

spring constants as shown in Figure A.2. On the left, the spring constants defined in (2.1) 

for each unit cell are 𝑘1,𝐿 = 𝑘(1+ 𝛾𝐿), 𝑘2,𝐿 = 𝑘(1− 𝛾𝐿) and the spring constants for each 

unit cell on the right are 𝑘1,𝑅 = 𝑘(1+𝛾𝑅) and 𝑘2,𝑅 = 𝑘(1−𝛾𝑅). We assume that 𝛾𝐿 and 𝛾𝑅

have different signs. In light of Lemma 2, these two systems attain different Zak phases, 

𝜃𝐿 ≠ 𝜃𝑅. For 𝑗 = 2, 3, ..., the governing equations for the displacement of the masses at 

the left and right periodic systems are

𝑚𝑈″
𝑎,−𝑗+1 + 𝑘1,𝐿 (𝑈𝑎,−𝑗+1 − 𝑈𝑏,−𝑗+1) + 𝑘2,𝐿 (𝑈𝑎,−𝑗+1 − 𝑈𝑏,−𝑗) = 0,

𝑚𝑈″
𝑏,−𝑗 + 𝑘2,𝐿 (𝑈𝑏,−𝑗 − 𝑈𝑎,−𝑗+1) + 𝑘1,𝐿 (𝑈𝑏,−𝑗 − 𝑈𝑎,−𝑗) = 0,

(2.6)

and

𝑚𝑈″
𝑎,𝑗 + 𝑘1,𝑅 (𝑈𝑎,𝑗 − 𝑈𝑏,𝑗) + 𝑘2,𝑅 (𝑈𝑎,𝑗 − 𝑈𝑏,𝑗−1) = 0,

𝑚𝑈″
𝑏,𝑗−1 + 𝑘2,𝑅 (𝑈𝑏,𝑗−1 − 𝑈𝑎,𝑗) + 𝑘1,𝑅 (𝑈𝑏,𝑗−1 − 𝑈𝑎,𝑗−1) = 0.

(2.7)

respectively. The governing equations for the displacement of the masses located at the 

interface of the two periodic systems are

𝑚𝑈″
𝑎,1 + 𝑘1,𝑅 (𝑈𝑎,1 − 𝑈𝑏,1) + 𝑘2,𝐿 (𝑈𝑎,1 − 𝑈𝑏,−1) = 0,

𝑚𝑈″
𝑏,−1 + 𝑘2,𝐿 (𝑈𝑏,−1 − 𝑈𝑎,1) + 𝑘1,𝐿 (𝑈𝑏,−1 − 𝑈𝑎,−1) = 0.

(2.8)

A non-trivial solution (𝑈𝑎,𝑗(𝑡), 𝑈𝑏,𝑗(𝑡)) for (2.6) - (2.8) which decays to zero as 𝑗 → ±∞

is called an edge mode.

In the rest of this subsection, we aim to show the existence of edge modes for the joint 

system in Figure A.2 when 𝜃𝐿 ≠ 𝜃𝑅 and 𝜔 ∈ 𝐼 , the common band gap, where

𝐼 ∶= 𝐼(𝛾𝑅) ∩ 𝐼(𝛾𝐿) = [√2(1 − |𝛾𝑅|),√2(1 + |𝛾𝑅|)] ∩ [√2(1 − |𝛾𝐿|),√2(1 + |𝛾𝐿|)] .
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Our main result is stated in the following theorem:

Theorem 1. (Existence of edge modes) If 𝛾𝐿𝛾𝑅 < 0 such that two periodic mechanical 

systems with the Zak phase 𝜃𝐿 ≠ 𝜃𝑅 are glued together as shown in Figure A.2, then 

there exists an edge mode (𝑈𝑎,𝑗(𝑡), 𝑈𝑏,𝑗(𝑡)) in the form of

𝑈𝑎,𝑗(𝑡) = 𝑢𝑎,𝑗𝑒𝑖𝜔𝜏 and 𝑈𝑏,𝑗(𝑡) = 𝑢𝑏,𝑗𝑒𝑖𝜔𝜏 (2.9)

for some 𝜔 ∈ 𝐼  where 𝑗 denotes the cell index and 𝜏  is the nondimensional time scale.

2.2.1 Transfer Matrix for the Periodic System

Assume that the solutions of (2.6)-(2.7) take the form in (2.9). For the right periodic 

system, 𝑢𝑎,𝑗 and 𝑢𝑏,𝑗 satisfy

−𝑚 𝑘
𝑚
𝜔2𝑢𝑎,𝑗𝑒𝑖𝜔𝜏 + 𝑘(1 + 𝛾𝑅) (𝑢𝑎,𝑗𝑒𝑖𝜔𝜏 − 𝑢𝑏,𝑗𝑒𝑖𝜔𝜏)

+ 𝑘(1 − 𝛾𝑅) (𝑢𝑎,𝑗𝑒𝑖𝜔𝜏 − 𝑢𝑏,𝑗−1𝑒𝑖𝜔𝜏) = 0,

−𝑚 𝑘
𝑚
𝜔2𝑢𝑏,𝑗−1𝑒𝑖𝜔𝜏 + 𝑘(1 − 𝛾𝑅) (𝑢𝑏,𝑗−1𝑒𝑖𝜔𝜏 − 𝑢𝑎,𝑗𝑒𝑖𝜔𝜏)

+ 𝑘(1 + 𝛾𝑅) (𝑢𝑏,𝑗−1𝑒𝑖𝜔𝜏 − 𝑢𝑎,𝑗−1𝑒𝑖𝜔𝜏) = 0,

which implies

(2 − 𝜔2) 𝑢𝑎,𝑗 − (1 + 𝛾𝑅)𝑢𝑏,𝑗 − (1 − 𝛾𝑅)𝑢𝑏,𝑗−1 = 0,

(2 − 𝜔2) 𝑢𝑏,𝑗−1 − (1 − 𝛾𝑅)𝑢𝑎,𝑗 − (1 + 𝛾𝑅)𝑢𝑎,𝑗−1 = 0.

This can be written as the system 𝐴uj−1 = 𝐵uj, where

𝐴 = [



0 1 − 𝛾𝑅

−(1 + 𝛾𝑅) 2 − 𝜔2

]


, 𝐵 = [




2 − 𝜔2 −(1 + 𝛾𝑅)

1 − 𝛾𝑅 0
]



and uj =
[



𝑢𝑎,𝑗

𝑢𝑏,𝑗

]


.
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We rewrite 𝐴u𝑗−1 = 𝐵u𝑗 as

𝑇𝑅u𝑗−1 = u𝑗,

where the transfer matrix

𝑇𝑅 = 𝐵−1𝐴 = [



−1+𝛾𝑅
1−𝛾𝑅

2−𝜔2

1−𝛾𝑅

− 2−𝜔2

1−𝛾𝑅

(2−𝜔2)2−(1−𝛾𝑅)2
1−𝛾2

𝑅

]


.

We have

𝑑𝑒𝑡(𝑇𝑅) = −1 + 𝛾𝑅
1 − 𝛾𝑅

(2 − 𝜔2)2 − (1 − 𝛾𝑅)2

1 − 𝛾2
𝑅

−(−2 − 𝜔2

1 − 𝛾𝑅
) 2 − 𝜔2

1 − 𝛾𝑅

= −(2 − 𝜔2)2 − (1 − 𝛾𝑅)2

(1 − 𝛾𝑅)
2 + (2 − 𝜔2)2

(1 − 𝛾𝑅)
2

= (1 − 𝛾𝑅)
2

(1 − 𝛾𝑅)
2

= 1,

with the characteristic equation of 𝑇𝑅

𝜆2 −((2 − 𝜔2)2 − (1 − 𝛾𝑅)2 − (1 + 𝛾𝑅)2

1 − 𝛾2
𝑅

)𝜆 + 1 = 0.

We observe that

((2 − 𝜔2)2 − (1 − 𝛾𝑅)2 − (1 + 𝛾𝑅)2

1 − 𝛾2
𝑅

)
2

− 4 =
((2 − 𝜔2)2 − (1 − 𝛾𝑅)2 − (1 + 𝛾𝑅)2)

2

(1 − 𝛾2
𝑅)

2

−
(2(1 − 𝛾2

𝑅))
2

(1 − 𝛾2
𝑅)

2

= 1
(1 − 𝛾2

𝑅)
2 [(2 − 𝜔2)2 − 4] [(2 − 𝜔2)2 − 4𝛾2

𝑅]

= 1
(1 − 𝛾2

𝑅)
2 [𝜔4 − 4𝜔2] [(2 − 𝜔2)2 − 4𝛾2

𝑅] .
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Thus, the eigenvalues of 𝑇𝑅 are

𝜆±,𝑅 = 1
2
(
(2 − 𝜔2)2 − (1 − 𝛾𝑅)2 − (1 + 𝛾𝑅)2

1 − 𝛾2
𝑅

±√
1

(1 − 𝛾2
𝑅)

2 [𝜔4 − 4𝜔2] [(2 − 𝜔2)2 − 4𝛾2
𝑅])

= 1
2(1 − 𝛾2

𝑅)
((2 − 𝜔2)2 − (1 − 𝛾𝑅)2 − (1 + 𝛾𝑅)2

±√𝜔2(𝜔2 − 4) [(2 − 𝜔2)2 − 4𝛾2
𝑅]).

The corresponding eigenvectors e±,𝑅 are

e±,𝑅 = [



(2 − 𝜔2)

1 + 𝛾𝑅 + (1 − 𝛾𝑅) 𝜆±,𝑅

]


. (2.10)

For the left periodic system, similar calculations give that

𝑇𝐿u−𝑗+1 = u−𝑗

where the transfer matrix

𝑇𝐿 = [



(2−𝜔2)2−(1−𝛾𝐿)2

1−𝛾2
𝐿

− 2−𝜔2

1−𝛾𝐿

2−𝜔2

1−𝛾𝐿

1+𝛾𝐿
1−𝛾𝐿

]


,

with eigenvalues

𝜆±,𝐿 ∶= 1
2(1 − 𝛾2

𝐿)
((2 − 𝜔2)2 − (1 − 𝛾𝐿)2 − (1 + 𝛾𝐿)2 ±√𝜔2 (𝜔2 − 4) [(2 − 𝜔2)2 − 4𝛾2

𝐿])
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and the corresponding eigenvector

e±,𝐿 = [



1 + 𝛾𝐿 + (1 − 𝛾𝐿) 𝜆±,𝐿

2 − 𝜔2

]


.

Note that we have √2(1 − |𝛾𝐿|) < √2(1 + |𝛾𝑅|) ≤ √2(1 + |𝛾𝐿|) and √2(1 − |𝛾𝑅|) <

√2(1 + |𝛾𝐿|) ≤ √2(1 + |𝛾𝑅|) when |𝛾𝑅| ≤ |𝛾𝐿| and |𝛾𝐿| ≤ |𝛾𝑅| respectively. It follows that 

𝐼 ≠ ∅.

By taking 𝛾 = min{|𝛾𝑅|, |𝛾𝐿|}, 𝜔 ∈ 𝐼  gives that

(𝜔2 − 2)2 < 2 (1 + 𝛾) < 4,

thus, 𝜆±,𝑅 and 𝜆±,𝐿 are real. Since det(𝑇𝑅) = 1 and 𝜆+,𝑅 ≠ 𝜆−,𝑅, one of |𝜆+,𝑅| and |𝜆−,𝑅|

is less than 1, e+,𝑅 and e−,𝑅 are linearly independent and {e+,𝑅, e−,𝐿} form a basis of ℝ2. 

Hence, u1 = [



𝑢𝑎,1

𝑢𝑏,1

]



 can be written as

u1 = 𝑎1e+,𝑅 + 𝑎2e−,𝑅

for some constants 𝑎1, 𝑎2 ∈ ℝ. Then

u𝑗 = 𝑇 𝑗
𝑅u1 = 𝑎1 (𝜆+,𝑅)

𝑗−1 e+,𝑅 + 𝑎2 (𝜆−,𝑅)
𝑗−1 e−,𝑅.

For u𝑗 to vanish as 𝑗 → ∞, it is necessary that u1 = [



𝑢𝑎,1

𝑢𝑏,1

]



 is parallel to the eigenvector 

of 𝑇𝑅 whose corresponding eigenvalue has absolute value less than 1. Similarly, u−1 =

[



𝑢𝑎,−1

𝑢𝑏,−1

]



 must be parallel to the eigenvector of 𝑇𝐿 whose corresponding eigenvalue has 

absolute value less than 1 in order for u𝑗 to vanish as 𝑗 → −∞.
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To find the eigenvalues of 𝑇𝑅 and 𝑇𝐿 with absolute value less than 1, we have

(2 − 𝜔2)2 − (1 − 𝛾𝑅)2 − (1 + 𝛾𝑅)2 ≤ (2min{|𝛾𝑅| , |𝛾𝐿|})
2 − (1 − 𝛾𝑅)2 − (1 + 𝛾𝑅)2

≤ 4𝛾2
𝑅 − 1 + 2𝛾𝑅 − 𝛾2

𝑅 − 1 − 2𝛾𝑅 − 𝛾2
𝑅

= 2(𝛾2
𝑅 − 1) ≤ 0.

Thus 𝜆−,𝑅 < 𝜆+,𝑅 < 0 and the eigenvalue of 𝑇𝑅 with absolute value less than 1 is

𝜆𝑅 ∶= 𝜆+,𝑅 = 1
2(1 − 𝛾2

𝑅)
((2 − 𝜔2)2 − (1 − 𝛾𝑅)2 − (1 + 𝛾𝑅)2

+ 𝜔√(𝜔2 − 4) [(2 − 𝜔2)2 − 4𝛾2
𝑅]).

The corresponding eigenvector e𝑅 is

e𝑅 ∶= e+,𝑅 = [



(2 − 𝜔2)

1 + 𝛾𝑅 + (1 − 𝛾𝑅) 𝜆𝑅

]


. (2.11)

By similar calculations, we obtain

𝜆𝐿 ∶= 1
2(1 − 𝛾2

𝐿)
((2 − 𝜔2)2 − (1 − 𝛾𝐿)2 − (1 + 𝛾𝐿)2 + 𝜔√(𝜔2 − 4) [(2 − 𝜔2)2 − 4𝛾2

𝐿])

and the corresponding eigenvector

e𝐿 = [



1 + 𝛾𝐿 + (1 − 𝛾𝐿) 𝜆𝐿

2 − 𝜔2

]


. (2.12)

Therefore, we obtain that u1 = [



𝑢𝑎,1

𝑢𝑏,1

]



 must be parallel to e𝑅 and u−1 = [



𝑢𝑎,−1

𝑢𝑏,−1

]



 must be 

parallel to e𝐿 to vanish as 𝑗 → ±∞.
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2.2.2 Proof of Theorem 1

By substituting (2.9) into the equations (2.8), we get

(2 − 𝜔2 + 𝛾𝑅 − 𝛾𝐿) 𝑢𝑎,1 − (1 + 𝛾𝑅) 𝑢𝑏,1 − (1 − 𝛾𝐿) 𝑢𝑏,−1 = 0,

(2 − 𝜔2) 𝑢𝑏,−1 − (1 − 𝛾𝐿) 𝑢𝑎,1 − (1 + 𝛾𝐿) 𝑢𝑎,−1 = 0.
(2.13)

Since 
[



𝑢𝑎,1

𝑢𝑏,1

]



 and 
[



𝑢𝑎,−1

𝑢𝑏,−1

]



 are parallel to e𝑅 and e𝐿 respectively, there holds

[



𝑢𝑎,1

𝑢𝑏,1

]


= 𝑐1e𝑅 and

[



𝑢𝑎,−1

𝑢𝑏,−1

]


= 𝑐2e𝐿

for some constants 𝑐1 and 𝑐2. Then by (2.13), we obtain

(2 − 𝜔2 + 𝛾𝑅 − 𝛾𝐿) 𝑐1 (2 − 𝜔2) − (1 + 𝛾𝑅) 𝑐1 (1 + 𝛾𝑅 + (1 − 𝛾𝑅) 𝜆𝑅)

− (1 − 𝛾𝐿) 𝑐2 (2 − 𝜔2) = 0,

(2 − 𝜔2) 𝑐2 (2 − 𝜔2) − (1 − 𝛾𝐿) 𝑐1 (2 − 𝜔2)

− (1 + 𝛾𝐿) 𝑐2 (1 + 𝛾𝐿 + (1 − 𝛾𝐿) 𝜆𝐿) = 0.

(2.14)

(2.14) can be simplified as

[Ω2 + (𝛾𝑅 − 𝛾𝐿) Ω − (1 + 𝛾𝑅)
2 − (1 − 𝛾2

𝑅) 𝜆𝑅] 𝑐1 = (1 − 𝛾𝐿) Ω𝑐2,

[Ω2 − (1 + 𝛾𝐿)
2 − (1 − 𝛾2

𝐿) 𝜆𝐿] 𝑐2 = (1 − 𝛾𝐿) Ω𝑐1,
(2.15)

where Ω = 2 − 𝜔2. Multiplying the second equation in (2.15) by (1 − 𝛾𝐿) Ω gives

[Ω2 − (1 + 𝛾𝐿)
2 − (1 − 𝛾2

𝐿) 𝜆𝐿] (1 − 𝛾𝐿) Ω𝑐2 = (1 − 𝛾𝐿)
2 Ω2𝑐1. (2.16)
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By the first equation in (2.15) and (2.16), we have

[Ω2 − (1 + 𝛾𝐿)
2 − (1 − 𝛾2

𝐿) 𝜆𝐿] [Ω2 + (𝛾𝑅 − 𝛾𝐿) Ω − (1 + 𝛾𝑅)
2 − (1 − 𝛾2

𝑅) 𝜆𝑅]

= (1 − 𝛾𝐿)
2 Ω2,

which can be simplified as

[Ω2 − 4𝛾𝐿 −√(4 − Ω2) (4𝛾2
𝐿 −Ω2)] [Ω2 + 2 (𝛾𝑅 − 𝛾𝐿) Ω − 4𝛾𝑅 −√(4 − Ω2) (4𝛾2

𝑅 −Ω2)]

= 4 (1 − 𝛾𝐿)
2 Ω2.

(2.17)

Observe that, for Ω = 0, we have

[02 − 4𝛾𝐿 −√(4 − 02) (4𝛾2
𝐿 − 02)] [02 + 2 (𝛾𝑅 − 𝛾𝐿) 0 − 4𝛾𝑅 −√(4 − 02) (4𝛾2

𝑅 − 02)]

= 4 (1 − 𝛾𝐿)
2 02

which is equivalent to

(𝛾𝐿 + |𝛾𝐿|) (𝛾𝑅 + |𝛾𝑅|) = 0. (2.18)

Since 𝛾𝐿 and 𝛾𝑅 have different signs, either 𝛾𝐿 + |𝛾𝐿| = 0 or 𝛾𝑅 + |𝛾𝑅| = 0. Therefore, 

(2.18) holds and Ω = 0 is a solution of (2.17). Note that Ω = 0 gives 𝜔 =
√
2 ∈ 𝐼 . This 

proves the theorem.
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Chapter 3

Two-dimensional Honeycomb Topological Mechanical System

3.1 Periodic Mechanical System

3.1.1 Mathematical Model

We consider the two-dimensional mechanical system over the honeycomb lattice as 

shown in Figure B.1(a). Let a1 = 𝑎[1, 0] and a2 = 𝑎[12 ,
√
3
2 ] be the lattice vectors where 

𝑎 is the lattice constant. Then the honeycomb lattice is given by Λ ∶= ∑
𝑝,𝑞∈ℤ

𝑌𝑝,𝑞, where 

𝑌𝑝,𝑞 = {(𝑝 + 𝑡1)a1 + (𝑞 + 𝑡2)a2 ∶ 0 ≤ 𝑡1, 𝑡2 ≤ 1} as shown in Figure B.1(b). Each periodic 

cell contains two masses, 𝑚𝑎 = 𝑚(1+𝛽) and 𝑚𝑏 = 𝑚(1−𝛽) with −1 < 𝛽 < 1, connected 

by a spring of length 𝑎√
3  and the spring constant 𝑘. Let b1 and b2 be the reciprocal lattice 

vectors given by b1 = 2𝜋
𝑎 [1,− 1√

3] and b2 = 2𝜋
𝑎 [0, 2√

3], which satisfy

a𝑖 ⋅ b𝑗 = 2𝜋𝛿𝑖𝑗 =
{





0, 𝑖 ≠ 𝑗,

2𝜋, 𝑖 = 𝑗.

The hexagonal shape of the fundamental cell in the reciprocal lattices Λ∗ ∶= ∑𝑝,𝑞∈ℤ 𝑝b1+

𝑞b2, or the Brillouin zone 𝔹, is shown in Figure 3.1. Over the periodic cell 𝑌𝑝,𝑞, the dis-

placements 𝑈𝑎
𝑝,𝑞(𝑡) and 𝑈𝑏

𝑝,𝑞(𝑡) for the masses 𝑎 and 𝑏 satisfy

𝑚𝑎(𝑈𝑎
𝑝,𝑞)″ + 𝑘 (3𝑈𝑎

𝑝,𝑞 − 𝑈𝑏
𝑝,𝑞 − 𝑈𝑏

𝑝−1,𝑞 − 𝑈𝑏
𝑝,𝑞−1) = 0,

𝑚𝑏(𝑈𝑏
𝑝,𝑞)″ + 𝑘 (3𝑈𝑏

𝑝,𝑞 − 𝑈𝑎
𝑝,𝑞 − 𝑈𝑎

𝑝+1,𝑞 − 𝑈𝑎
𝑝,𝑞+1) = 0.

(3.1)
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Figure 3.1: The Brillouin zone 𝔹 in the reciprocal lattice. The vertices of the Brillouin zone 

are 𝐾1 = (4𝜋3𝑎 , 0), 𝐾2 = (2𝜋
3𝑎 ,

2𝜋
𝑎
√
3), 𝐾3 = (−2𝜋

3𝑎 ,
2𝜋
𝑎
√
3), 𝐾4 = (−4𝜋

3𝑎 , 0), 𝐾5 = (−2𝜋
3𝑎 , −

2𝜋
𝑎
√
3)

and 𝐾6 = (2𝜋
3𝑎 , −

2𝜋
𝑎
√
3).

Consider the time-harmonic solution in the form of

𝑈𝑎
𝑝,𝑞(𝑡) = 𝑢𝑎 exp [𝑖(𝜔𝜏 + 𝜅 ⋅ r𝑝,𝑞)] and 𝑈𝑏

𝑝,𝑞(𝑡) = 𝑢𝑏 exp [𝑖(𝜔𝜏 + 𝜅 ⋅ r𝑝,𝑞)] , (3.2)

where 𝜏 = √𝑘/𝑚𝑡 is nondimensional time scale, 𝑢𝑎 and 𝑢𝑏 are the amplitudes of dis-

placements, the position vector rp,q = 𝑝a1 + 𝑞a2, the wave vector 𝜅 = 𝜅1b1 + 𝜅2b2, and 

the wave frequency 𝜔. Then (3.2) becomes

𝑚(1 + 𝛽) 𝑘
𝑚
(−𝜔2)𝑢𝑎𝑒𝑖(𝜔𝜏+𝜅⋅r𝑝,𝑞) + 𝑘 (3𝑢𝑎 − 𝑢𝑏 − 𝑒−𝑖𝜅⋅a1𝑢𝑏 − 𝑒−𝑖𝜅⋅a2𝑢𝑏) 𝑒𝑖(𝜔𝜏+𝜅⋅r𝑝,𝑞) = 0,

𝑚(1 − 𝛽) 𝑘
𝑚
(−𝜔2)𝑢𝑏𝑒𝑖(𝜔𝜏+𝜅⋅r𝑝,𝑞) + 𝑘 (3𝑢𝑏 − 𝑢𝑎 −−𝑒𝑖𝜅⋅a1𝑢𝑎 −−𝑒𝑖𝜅⋅a2𝑢𝑎) 𝑒𝑖(𝜔𝜏+𝜅⋅r𝑝,𝑞) = 0,

and 𝑢𝑎 and 𝑢𝑏 satisfy

(1 + 𝛽)(−𝜔2)𝑢𝑎 + 3𝑢𝑎 + (−1 − 𝑒−𝑖𝜅⋅𝑎1 − 𝑒−𝑖𝜅⋅𝑎2)𝑢𝑏 = 0,

(1 − 𝛽)(−𝜔2)𝑢𝑏 + 3𝑢𝑏 + (−1 − 𝑒𝑖𝜅⋅𝑎1 − 𝑒𝑖𝜅⋅𝑎2)𝑢𝑎 = 0,
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or equivalently,

𝑀 (𝜅)𝑣 (𝜅) = 𝜔2𝑣 (𝜅) , (3.3)

wherein

𝑀 (𝜅) ∶= [



3
1+𝛽

𝑑(𝜅)
1+𝛽

𝑑(𝜅)
1−𝛽

3
1−𝛽

]



and 𝑣 (𝜅) ∶= [



𝑢𝑎

𝑢𝑏

]


. (3.4)

In the above, 𝑑 (𝜅) ∶= −1− 𝑒𝑖𝜅⋅𝑎1 − 𝑒𝑖𝜅⋅𝑎2 = −1− 𝑒𝑖2𝜋𝜅1 − 𝑒𝑖2𝜋𝜅2  and 𝑑 (𝜅) is the complex 

conjugate of 𝑑 (𝜅). We have

𝑑𝑒𝑡(𝑀 (𝜅)) = 3
1 + 𝛽

3
1 − 𝛽

− 𝑑 (𝜅)
1 + 𝛽

𝑑 (𝜅)
1 − 𝛽

= 9 − |𝑑(𝜅)|2

1 − 𝛽2 ,

and the characteristic equation is

𝜆2 − 6
1 − 𝛽2𝜆 + 9 − |𝑑(𝜅)|2

1 − 𝛽2 = 0.

Thus, the eigenvalues of the matrix 𝑀 (𝜅) are

𝜆± (𝜅) = 1
2
(


6
1 − 𝛽2 ±√( 6

1 − 𝛽2)
2
− 49 − |𝑑 (𝜅) |2

1 − 𝛽2
)


= 3
1 − 𝛽2 ±√ 9𝛽2

(1 − 𝛽2)2
+ |𝑑 (𝜅) |2

1 − 𝛽2 , (3.5)

with the corresponding eigenvectors

𝑣± (𝜅) = 1
𝜒 (𝜅)

[



− 𝑑(𝜅)
3−𝜆±(𝜅)(1+𝛽)

1
]


. (3.6)
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In the above, 𝜒 (𝜅) is a normalization constant such that

𝑣∗
± (𝜅) [



1 + 𝛽 0

0 1 − 𝛽
]



𝑣± (𝜅) = 1, (3.7)

where 𝑣∗
± (𝜅) is the conjugate transpose of 𝑣± (𝜅). In what follows, we use 𝑑, 𝑀 , 𝜆 and 𝑣

instead of 𝑑 (𝜅), 𝑀 (𝜅) 𝜆 (𝜅) and 𝑣 (𝜅) for simplicity.

3.1.2 Dirac Point when 𝛽 = 0

(a) 𝛽 = 0 (b) 𝛽 = 0.05

Figure 3.2: The band structure of the periodic system. (a) 𝛽 = 0: The upper and lower 

bands touch at the vertices of Brillouin zone and form the Dirac points. (b) 𝛽 ≠ 0: A gap 

opens between the two bands.

We first study the band structure when the two masses 𝑚𝑎 = 𝑚𝑏, namely when 𝛽 = 0. 

In particular, we show that a Dirac point exists at the vertices of the Brillouin zone. A pair 

(𝜅∗, 𝜆∗) ∈ 𝔹 × ℝ is called a Dirac point (cf. [58],[37],[59], [34]) if

1. 𝜆+ (𝜅∗) = 𝜆− (𝜅∗) = 𝜆∗. In addition, there exist constants 𝛼 > 0 and 𝛾 > 0 such that 

the expansions

𝜆+ (𝜅) = 𝜆∗ + 𝛼|𝜅 − 𝜅∗| + 𝑂 (|𝜅|2) ,

𝜆− (𝜅) = 𝜆∗ − 𝛼|𝜅 − 𝜅∗| + 𝑂 (|𝜅|2) ,

hold for |𝜅 − 𝜅∗| < 𝛾.
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2. The eigenvalue 𝜆± (𝜅) in (3.5) has multiplicity two when 𝜅 = 𝜅∗.

Remark 1. Observe that if 𝜅𝑖 = 𝐾𝑖, then 𝜅1 = 𝜅3 + 𝑏1, 𝜅3 = 𝜅5 + 𝑏2, 𝜅2 = 𝜅6 + 𝑏2 and 

𝜅6 = 𝜅4 + 𝑏1. Therefore,

𝑑 (𝜅1) = −1 − 𝑒𝑖𝜅1⋅𝑎1 − 𝑒𝑖𝜅1⋅𝑎2 = −1 − 𝑒𝑖(𝜅3+b1)⋅𝑎1 − 𝑒𝑖(𝜅3+b1)⋅𝑎2

= −1 − 𝑒𝑖𝜅3⋅𝑎1𝑒𝑖𝑏1⋅𝑎1 − 𝑒𝑖𝜅3⋅𝑎2𝑒𝑖𝑏1⋅𝑎2

= −1 − 𝑒𝑖𝜅3⋅𝑎1𝑒𝑖2𝜋 − 𝑒𝑖𝜅3⋅𝑎2𝑒0

= −1 − 𝑒𝑖𝜅3⋅𝑎1 − 𝑒𝑖𝜅3⋅𝑎2

= 𝑑 (𝜅3) .

By similar calculations, we have

𝑑 (𝜅1) = 𝑑 (𝜅3) = 𝑑 (𝜅5) and 𝑑 (𝜅2) = 𝑑 (𝜅4) = 𝑑 (𝜅6) , (3.8)

and it is sufficient to study the eigenvalues for 𝜅 = 𝐾1 and 𝜅 = 𝐾4.

When 𝛽 = 0, from (3.5), the eigenvalues of 𝑀  in (3.3) are

𝜆 (𝜅) = 3 ± |𝑑 (𝜅)| .

Observe that

𝑑 (𝐾1) = −1 − exp(𝑖𝑎4𝜋
3𝑎

) − exp(𝑖𝑎
4𝜋
3𝑎 + 0

√
3

2
) = 0.

We obtain 𝜆+ (𝐾1) = 𝜆− (𝐾1) = 3 (Figure 3.2(a)). In addition, the derivative of 𝜆+ (𝜅) at 
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𝜅 = 𝐾1 along the direction w = (𝑤1, 𝑤2) is

𝐷𝑤𝜆+ (𝐾1) = lim
ℎ→0+

1
ℎ
[𝜆+ (4𝜋

3𝑎
+ 𝑤1ℎ, 0 + 𝑤2ℎ) − 𝜆+ (4𝜋

3𝑎
, 0)]

= lim
ℎ→0+

√ 1
ℎ2 [4 cos2 [2𝜋

3
+ 𝑤1𝑎

2
ℎ] + 4 cos [2𝜋

3
+ 𝑤2𝑎

2
ℎ] + 1] = 𝑎

√
3

2
.

Similarly,

𝐷𝑤𝜆− (𝐾1) = −𝑎
√
3

2
.

Therefore, near 𝐾1, there holds

𝜆± (𝜅) = 3 ± 𝑎
√
3

2
|𝜅 −𝐾1| + 𝑂(|𝜅 −𝐾1|

2) .

Following similar calculations, it can be shown that, for 𝜅 near 𝐾4,

𝜆± (𝜅) = 3 ± 𝑎
√
3

2
|𝜅 −𝐾4| + 𝑂(|𝜅 −𝐾4|

2) .

Note that we have 𝑀 (𝜅) = [



3 0

0 3
]



 for 𝜅 = 𝐾1,𝐾4. Thus, the multiplicity of 𝜆∗ is 2. 

Therefore, (𝐾𝑖, 3) is a Dirac point for 𝑖 = 1, 4.

Remark 2. When 𝛽 ≠ 0, we have 𝜆− (𝜅) < 𝜆+ (𝜅) for 𝜅 ∈ 𝔹 and there is a gap between 

the upper and lower bands 𝜆± (𝜅) in (3.6) which is called band gap.

3.1.3 Valley Chern Number

The Berry phase is a phase angle that describes the global phase change of a complex 

vector over a closed loop 𝜈 in its parameter space. The Berry phase associated with the 

band 𝜆 of the system in (3.3) is defined as a line integral around a closed loop 𝜈 in the 
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Brillouin zone (cf. [57]);

𝜙 = ∮
𝜈

𝐵(𝜅)𝑑𝜅. (3.9)

In the above, 𝐵(𝜅) = (𝐴𝜅𝑥
(𝜅) , 𝐴𝜅𝑦

(𝜅)) is the Berry connection, wherein

𝐴𝑗(𝜅) ∶= ⟨𝑣(𝜅), 𝑖𝜕𝑗𝑣(𝜅)⟩, 𝑗 = 𝜅𝑥, 𝜅𝑦,

and 𝑣 is the eigenvector of 𝑀  associated with the eigenvalue 𝜆 as defined in (3.6). By 

Stokes’ theorem,

𝜙 = ∫
𝐷
Ω(𝜅)𝑑𝑆, (3.10)

where 𝐷 is the region enclosed by 𝜈 and Ω(𝜅) is the Berry curvature given by Ω (𝜅) =

𝜕𝜅𝑥
𝐴𝜅𝑦

(𝜅) − 𝜕𝜅𝑦
𝐴𝜅𝑥

(𝜅). The valley Chern number for a Bloch wave vector 𝜅 = 𝐾 is 

defined as the Berry phase calculated over a closed loop 𝜈 containing 𝐾 scaled by 2𝜋 (cf. 

[60]), i.e.,

𝐶𝐾,𝜈 = 1
2𝜋

(∮
𝜈
𝐵(𝜅)𝑑𝜅 (mod 2𝜋)) = 1

2𝜋
∫
𝐷
Ω(𝜅)𝑑𝑆. (3.11)

Remark 3. For the eigenvector 𝑣 of the system in (3.3), a gauge transformation 𝑣̃ (𝜅) =

𝑒−𝑖𝜑(𝜅)𝑣 (𝜅) for a differentiable phase function 𝜑 (𝜅) gives 𝐵̃ (𝜅) = 𝐵 (𝜅) + ∇𝜑 (𝜅). In 

light of (3.9), the Berry phase 𝜙̃ = 𝜙 + 2𝜋𝑚, for some 𝑚 ∈ ℤ, but Ω̃ (𝜅) = Ω (𝜅) since 

∇ × ∇𝜑 = 0 (cf. [57], [61], [62]). As such we use modulo 2𝜋 in (3.11) when the Berry 

connection is used.
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Let 𝜈 be a circle centered at 𝐾 with radius 0 < 𝑟 ≪ 1, we define the discrete valley Chern 

number as, for 𝑁 ∈ ℤ+,

𝐶𝑁
𝐾,𝜈 = − 1

2𝜋
[𝐼𝑚(

𝑁
∑
𝑗=1

log⟨𝑣 (𝐾 + 𝜅𝑗) ,𝑣 (𝐾 + 𝜅𝑗+1)⟩) (mod 2𝜋)] , (3.12)

where 𝜅𝑗 = 𝑟 (cos (𝜃𝑗) , sin (𝜃𝑗)), 𝜃𝑗 = −𝜋 + (𝑗 − 1)2𝜋𝑁 . It is clear that

𝐶𝐾,𝜈 = lim
𝑁→∞

𝐶𝑁
𝐾,𝜈 .

In what follows, we use 𝐶𝐾  instead of 𝐶𝐾,𝜈  for simplicity.

Lemma 3. For 𝑁 = 2𝑛 ∈ ℤ+

1. The Berry phase 𝜙 over the Brillouin zone is zero.

2. The valley Chern numbers for the vertices of the Brillouin zone satisfy

𝐶𝑁
𝐾1

= 𝐶𝑁
𝐾3

= 𝐶𝑁
𝐾5

and 𝐶𝑁
𝐾2

= 𝐶𝑁
𝐾4

= 𝐶𝑁
𝐾6

.

In addition, the valley Chern numbers satisfy 𝐶𝑁
𝐾1

= −𝐶𝑁
𝐾4

.

3. Let 𝑣± be the eigenvectors of M defined in (3.6). If 𝑣 = 𝑣+, 𝛽 and 𝐶𝑁
𝐾1

 attain opposite 

signs, and if 𝑣 = 𝑣−, 𝛽 and 𝐶𝑁
𝐾1

 attain the same signs, where 𝑣± is the vector given 

in (3.6).

Proof. (𝑖) For 𝑁 = 2𝑛 with 𝑛 ∈ ℤ+, let {𝜅̂𝑗}
𝑁
𝑗=1

 be equally spaced points on the bound-

ary of the Brillouin zone. Then, for 𝑗 = 1, 2, ..., 𝑛 + 1, we have

𝜅̂𝑗 = −𝜅̂𝑛+𝑗,
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which implies

𝑑 (𝜅̂𝑗+𝑛) = −1 − 𝑒𝑖𝜅̂𝑗+𝑛⋅𝑎1 − 𝑒𝑖𝜅̂𝑗+𝑛⋅𝑎2 = −1 − 𝑒−𝑖𝜅̂𝑗⋅𝑎1 − 𝑒−𝑖𝜅̂𝑗⋅𝑎2 = 𝑑 (𝜅̂𝑗)

and thus

𝑣 (𝜅̂𝑗±𝑛) =
1

𝜒 (𝜅̂𝑗±𝑛)
[



− 𝑑(𝜅̂𝑗±𝑛)
3−𝜆±(𝜅̂𝑗±𝑛)(1+𝛽)

1

]


= 1

𝜒 (𝜅̂𝑗)
[



− 𝑑(𝜅̂𝑗)
3−𝜆±(𝜅̂𝑗)(1+𝛽)

1

]


= 𝑣 (𝜅̂𝑗)

for 1 ≤ 𝑗 ≤ 𝑛 + 1 in 𝑣 (𝜅̂𝑗+𝑛) and for 𝑛 + 2 ≤ 𝑗 ≤ 𝑁  in 𝑣 (𝜅̂𝑗−𝑛). Thus we have

𝐶𝑁 = −𝐼𝑚(
𝑁
∑
𝑗=1

log < v (𝜅̂𝑗) |v (𝜅̂𝑗+1) >)

= −𝐼𝑚(
𝑛
∑
𝑗=1

log < v (𝜅̂𝑗) |v (𝜅̂𝑗+1) > +
𝑁
∑

𝑗=𝑛+1
log < v (𝜅̂𝑗) |v (𝜅̂𝑗+1) >)

= −𝐼𝑚(
𝑛
∑
𝑗=1

log < v (𝜅̂𝑛+𝑗)|v (𝜅̂𝑛+𝑗+1) > +
𝑁
∑

𝑗=𝑛+1
log < v (𝜅̂𝑗) |v (𝜅̂𝑗+1) >)

= −𝐼𝑚(
𝑁
∑

𝑗=𝑛+1
log < v (𝜅̂𝑗)|v (𝜅̂𝑗+1) > +

𝑁
∑

𝑗=𝑛+1
log < v (𝜅̂𝑗) |v (𝜅̂𝑗+1) >)

= −𝐼𝑚(
𝑁
∑

𝑗=𝑛+1
log < v (𝜅̂𝑗) |v (𝜅̂𝑗+1) > +

𝑁
∑

𝑗=𝑛+1
log < v (𝜅̂𝑗) |v (𝜅̂𝑗+1) >)

= 0.

(𝑖𝑖) By Remark 1, 𝑑 (𝐾1) = 𝑑 (𝐾3) = 𝑑 (𝐾5). Therefore, v (𝐾1) = v (𝐾3) = v (𝐾5) which 

implies 𝐶𝑁
𝐾1

= 𝐶𝑁
𝐾3

= 𝐶𝑁
𝐾5

. Similarly, 𝐶𝑁
𝐾2

= 𝐶𝑁
𝐾4

= 𝐶𝑁
𝐾6

. Let {𝜅𝑗}
𝑁
𝑗=1

 be the equally 

spaced points on the circle as given in the definition of the discrete valley Chern number, 

wherein 𝑁 = 2𝑛 for some 𝑛 ∈ ℤ+. Note that 𝑎𝑟𝑔 (𝜅𝑗+𝑛) = 𝑎𝑟𝑔 (𝜅𝑗) + 𝜋 for 𝑗 = 1, 2, ..., 𝑛, 
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thus

𝐾4 + 𝜅𝑗+𝑛 = −(𝐾1 + 𝜅𝑗) for 1 ≤ 𝑗 ≤ 𝑛, 𝐾4 + 𝜅𝑗−𝑛 = −(𝐾1 + 𝜅𝑗) for 𝑛 + 1 ≤ 𝑗 ≤ 𝑁.

(3.13)

Then,

𝑑 (𝐾4 + 𝜅𝑗+𝑛) = 𝑑 (𝐾1 + 𝜅𝑗) and 𝑑 (𝐾4 + 𝜅𝑗−𝑛) = 𝑑 (𝐾1 + 𝜅𝑗),

which implies

𝑣 (𝐾4 + 𝜅𝑗±𝑛) = 𝑣 (𝐾1 + 𝜅𝑗) for 1 ≤ 𝑗 ≤ 𝑛, and 𝑛 + 1 ≤ 𝑗 ≤ 𝑁.
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Then

𝐶𝑁
4 = − Im(

2𝑛
∑
𝑗=1

log ⟨𝑣(𝐾4 + 𝜅𝑗) |𝑣(𝐾4 + 𝜅𝑗+1)⟩)

= − Im(
𝑛
∑
𝑗=1

log ⟨𝑣(𝐾4 + 𝜅𝑗) |𝑣(𝐾4 + 𝜅𝑗+1)⟩

+
2𝑛
∑

𝑗=𝑛+1
log ⟨𝑣(𝐾4 + 𝜅𝑗) |𝑣(𝐾4 + 𝜅𝑗+1)⟩)

= − Im(
2𝑛
∑

𝑚=𝑛+1
log ⟨𝑣(𝐾4 + 𝜅𝑚−𝑛) |𝑣(𝐾4 + 𝜅𝑚−𝑛+1)⟩

+
𝑛
∑
𝑚=1

log ⟨𝑣(𝐾4 + 𝜅𝑚+𝑛) |𝑣(𝐾4 + 𝜅𝑚+𝑛+1)⟩)

= − Im(
2𝑛
∑

𝑚=𝑛+1
log ⟨𝑣∗(𝐾1 + 𝜅𝑚) |𝑣∗(𝐾1 + 𝜅𝑚+1)⟩

+
𝑛
∑
𝑚=1

log ⟨𝑣∗(𝐾1 + 𝜅𝑚) |𝑣∗(𝐾1 + 𝜅𝑚+1)⟩)

= − Im([
2𝑛
∑
𝑚=1

log ⟨𝑣(𝐾1 + 𝜅𝑚) |𝑣(𝐾1 + 𝜅𝑚+1)⟩]
∗

)

= −𝐶𝑁
1 .

(𝑖𝑖𝑖) Let {𝜅𝑗}
𝑁
𝑗=1

 be as in (𝑖𝑖). Then we have

⟨𝑣 (𝜅𝑗) |𝑣 (𝜅𝑗+1)⟩ = (1 − 𝛽) |𝑑 (𝜅𝑗) ||𝑑 (𝜅𝑗+1) |𝑓𝑗 (𝛽) [𝑟𝑗 (𝛽) 𝑒𝑖(𝜉𝑗−𝜉𝑗+1) + 1] ,

where

𝑓𝑗 (𝛽) =
(3𝛽 +√9𝛽2 + (1 − 𝛽2) |𝑑 (𝜅𝑗) |2) (3𝛽 +√9𝛽2 + (1 − 𝛽2) |𝑑 (𝜅𝑗+1) |2)

|𝑑 (𝜅𝑗) ||𝑑 (𝜅𝑗+1) |
,

𝑟𝑗 (𝛽) =
1 − 𝛽2

𝑓𝑗 (𝛽)
, 𝜉𝑗 = 𝑎𝑟𝑔 (𝑑 (𝜅𝑗)) .
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For 𝛽 > 0, 𝑓𝑗 (𝛽) ∈ [1, 36
|𝑑(𝜅𝑗)||𝑑(𝜅𝑗+1)|

] is an increasing function of 𝛽 and

√1− 𝛽2 |𝑑 (𝜅𝑗)| > 3𝛽 +√9𝛽2 + (1 − 𝛽2) |𝑑 (𝜅𝑗)|
2,

thus 𝑟𝑗 (𝛽) ∈ [0, 1]. Consequently,

𝐼𝑚(
𝑁
∑
𝑗=1

log⟨𝑣 (𝜅𝑗) ,𝑣 (𝜅𝑗+1)⟩) = 𝐼𝑚(
𝑁
∑
𝑗=1

log (𝑟𝑗 (𝛽) 𝑒𝑖(𝜉𝑗−𝜉𝑗+1) + 1)) =
𝑁
∑
𝑗=1

𝜀𝑗, (3.14)

where 𝜀𝑗 ∈ (0, 𝜉𝑗−𝜉𝑗+1
2 ) and we have used Lemma 1. Denoting 𝑑 (𝜅 (𝜃)) as 𝑑 (𝜃), it follows 

that

𝑑 (−𝜋
3
− 𝜃) = 𝑑 (−𝜋

3
+ 𝜃) and 𝑑 (2𝜋

3
− 𝜃) = 𝑑 (2𝜋

3
+ 𝜃),

for 𝜃 ∈ [0, 2𝜋3 ] and 𝜃 ∈ [0, 𝜋3 ] respectively. In addition, 𝑑(−𝜋/3)𝑑(2𝜋/3) < 0. There-

fore, as 𝜃 ∈ [−𝜋, 𝜋], 𝑑 (𝜃) surrounds the origin on the complex plane and 𝑎𝑟𝑔 (𝑑 (−𝜋)) =

𝑎𝑟𝑔 (𝑑 (𝜋)) + 2𝜋. Then, by (3.14),

𝐼𝑚(
𝑁
∑
𝑗=1

log⟨𝑣 (𝜅𝑗) ,𝑣 (𝜅𝑗+1)⟩) <
𝑁
∑
𝑗=1

𝜉𝑗 − 𝜉𝑗+1

2
=

𝜉1 − 𝜉𝑁+1
2

= 𝜋.

Therefore,

𝐼𝑚(
𝑁
∑
𝑗=1

log⟨𝑣 (𝜅𝑗) ,𝑣 (𝜅𝑗+1)⟩) ∈ (0, 𝜋) . (3.15)

For 𝛽 < 0, there holds 𝑟𝑗 (𝛽) > 1. By similar calculations, we obtain

𝐼𝑚(
𝑁
∑
𝑗=1

log⟨𝑣 (𝜅𝑗) ,𝑣 (𝜅𝑗+1)⟩) ∈ (𝜋, 3𝜋) . (3.16)

The statement (𝑖𝑖𝑖) follows from (3.12), (3.15) and (3.16). ∎
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3.2 Edge Modes for the Topological Mechanical System

We consider a joint system formed by gluing two periodic hexagonal lattices with oppo-

site 𝛽 values. It forms an interface parallel to a2 where two identical masses are connected 

as shown in Figure B.2. For 𝑝 ∈ ℤ+ and 𝑞 ∈ ℤ, the governing equations for the displace-

ments of the masses located at the left and right sides of the interface are

𝑚𝑎 (𝑈𝑎
−𝑝,𝑞)

″ + 𝑘 (𝑈𝑎
−𝑝,𝑞 − 𝑈𝑏

−𝑝,𝑞) − 𝑘 (𝑈𝑎
−𝑝,𝑞 − 𝑈𝑏

−(𝑝−1),𝑞)

− 𝑘 (𝑈𝑎
−𝑝,𝑞 − 𝑈𝑏

−𝑝,𝑞+1) = 0,

𝑚𝑏 (𝑈𝑏
−(𝑝−1),𝑞)

″
+ 𝑘 (𝑈𝑏

−(𝑝−1),𝑞 − 𝑈𝑎
−(𝑝−1),𝑞−1) − 𝑘 (𝑈𝑏

−(𝑝−1),𝑞 − 𝑈𝑎
−(𝑝−1),𝑞)

− 𝑘 (𝑈𝑏
−(𝑝−1),𝑞 − 𝑈𝑎

−𝑝,𝑞) = 0,

(3.17)

and

𝑚𝑎 (𝑈𝑎
𝑝,𝑞)

″ + 𝑘 (𝑈𝑎
𝑝,𝑞 − 𝑈𝑏

𝑝−1,𝑞) + 𝑘 (𝑈𝑎
𝑝,𝑞 − 𝑈𝑏

𝑝,𝑞−1) + 𝑘 (𝑈𝑎
𝑝,𝑞 − 𝑈𝑏

𝑝,𝑞) = 0,

𝑚𝑏 (𝑈𝑏
𝑝−1,𝑞)

″ + 𝑘 (𝑈𝑏
𝑝−1,𝑞 − 𝑈𝑎

𝑝−1,𝑞) + 𝑘 (𝑈𝑏
𝑝−1,𝑞 − 𝑈𝑎

𝑝,𝑞) + 𝑘 (𝑈𝑏
𝑝−1,𝑞 − 𝑈𝑎

𝑝−1,𝑞+1) = 0,
(3.18)

respectively. The governing equations for the displacement of the masses located at the 

interface are

𝑚𝑎 (𝑈𝑎
1,𝑞)

″ + 𝑘 (𝑈𝑎
1,𝑞 − 𝑈𝑎

−1,𝑞) + 𝑘 (𝑈𝑎
1,𝑞 − 𝑈𝑏

1,𝑞−1) + 𝑘 (𝑈𝑎
1,𝑞 − 𝑈𝑏

1,𝑞) = 0,

𝑚𝑎 (𝑈𝑎
−1,𝑞)

″ + 𝑘 (𝑈𝑎
−1,𝑞 − 𝑈𝑎

1,𝑞) + 𝑘 (𝑈𝑎
−1,𝑞 − 𝑈𝑏

−1,𝑞+1) + 𝑘 (𝑈𝑎
−1,𝑞 − 𝑈𝑏

−1,𝑞) = 0.
(3.19)

For each 𝑘|| ∈ [0, 2𝜋𝑎 ], we consider the solutions that propagate along the interface and 

decay along the horizontal direction by letting

𝑈𝑎
𝑝,𝑞(𝑡) = 𝑢𝑎

𝑝𝑒𝑖𝜔𝛾𝑒𝑖𝑘||𝑞 and 𝑈𝑏
𝑝,𝑞(𝑡) = 𝑢𝑏

𝑝𝑒𝑖𝜔𝛾𝑒𝑖𝑘||𝑞, (3.20)

where 𝛾 = √𝑘/𝑚𝑡. An edge mode (𝑈𝑎
𝑝,𝑞(𝑡), 𝑈𝑏

𝑝,𝑞(𝑡)) is the nontrivial solution to (3.17) - 

(3.19) which decays to zero as 𝑝 → ∞.
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We aim to show that there exist edge modes for the joint system in Figure B.2 when 

𝛽 ≠ 0. For each 𝑘|| ∈ [0, 2𝜋𝑎 ], such an edge mode attains an eigenfrequency 𝜔 (𝑘||) such 

that 𝜔2 (𝑘||) is located in the band gap (𝜆− (𝑘||) , 𝜆+ (𝑘||)), where

𝜆− (𝑘||) = max
𝜅̃

𝜆− (𝜅̃) and 𝜆+ (𝑘||) = min
𝜅̃

𝜆+ (𝜅̃) . (3.21)

In the above, 𝜅̃ = 𝑘1𝑏1 +
𝑘||𝑎2

2𝜋 𝑏2 and 𝑘1 ∈ (0, 1).

Remark 4. To find 𝜆± (𝑘||), for 𝑘|| ∈ [0, 2𝜋𝑎 ], we observe that

|𝑑 (𝜅̃) |2 = | − 1 − 𝑒𝑖𝜅̃⋅𝑎1 − 𝑒𝑖𝜅̃⋅𝑎2 |2

= | − 1 − 𝑒𝑖2𝜋𝑘1 − 𝑒𝑖𝑘||𝑎2 |2

= (1 + cos (2𝜋𝑘1) + cos (𝑘||𝑎2))
2
+ (sin (2𝜋𝑘1) + sin (𝑘||𝑎2))

2

= 1 + cos2 (2𝜋𝑘1) + cos2 (𝑘||𝑎2) + 2 cos (2𝜋𝑘1) + 2 cos (𝑘||𝑎2)

+ 2 cos (2𝜋𝑘1) cos (𝑘||𝑎2) + sin2 (2𝜋𝑘1) + 2 sin (2𝜋𝑘1) sin (𝑘||𝑎2) + sin2 (𝑘||𝑎2)

= 3 + 2 cos (𝑘||𝑎2) + 2 cos (2𝜋𝑘1) + 2 cos (2𝜋𝑘1 − 𝑘||𝑎2)

= 3 + 2 cos (𝑘||𝑎2) + 4 cos(
2𝜋𝑘1 + 2𝜋𝑘1 − 𝑘||𝑎2

2
) cos(

2𝜋𝑘1 − 2𝜋𝑘1 + 𝑘||𝑎2

2
)

= 3 + 2 cos (𝑘||𝑎2) + 4 cos(2𝜋𝑘1 −
𝑘||𝑎2

2
) cos(

𝑘||𝑎2

2
) . (3.22)

Define 𝑔 (𝑘1) = 𝜆+ (𝜅̃). We have

0 = 𝑔′ (𝑘1) =
1
2
( 9𝛽2

(1 − 𝛽2)2
+ |𝑑 (𝜅̃) |2

1 − 𝛽2 )
−1/2 𝑑

𝑑𝑘1
(|𝑑 (𝜅̃) |2)
1 − 𝛽2 ,

which is equivalent to, by (3.22),

0 = 𝑑
𝑑𝑘1

(|𝑑 (𝜅̃) |2) = −8𝜋 sin(2𝜋𝑘1 −
𝑘||𝑎2

2
) cos(

𝑘||𝑎2

2
) .
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Then 𝑔 (𝑘1) attains its extreme values when

𝑘1 = 𝑛
2
+

𝑘||𝑎2

4𝜋

Also, by letting 𝜅̃1 = 𝑛
2 + 𝑘||𝑎2

4𝜋 𝑏1 +
𝑘||𝑎2

2𝜋 𝑏2, we have

𝑑2

𝑑(𝑘1)2
(|𝑑 (𝜅̃) |2)|𝜅̃=𝜅̃1

= −16𝜋2 cos(2𝜋(𝑛
2
+

𝑘||𝑎2

4𝜋
)−

𝑘||𝑎2

2
) cos(

𝑘||𝑎2

2
)

= −16𝜋2 cos (𝑛𝜋) cos(
𝑘||𝑎2

2
)

= −16𝜋2(−1)𝑛 cos(
𝑘||𝑎2

2
) .

Thus, we conclude that 𝜆− (𝑘||) and 𝜆+ (𝑘||) occur when

𝜅̃ = (𝑛
2
+

𝑘||𝑎2

4𝜋
) 𝑏1 +

𝑘||𝑎2

2𝜋
𝑏2, for 𝑛 ∈ {0, 1},

with (−1)𝑛 cos(𝑘||𝑎2

2 ) < 0 and we have

𝜆− (𝑘||) =
3 −√9𝛽2 + (1 − 𝛽2) |𝑑 (𝜅1) |2

1 − 𝛽2 and 𝜆+ (𝑘||) =
3 +√9𝛽2 + (1 − 𝛽2) |𝑑 (𝜅1) |2

1 − 𝛽2 ,

(3.23)
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where

|𝑑 (𝜅̃1)| = (3 + 2 cos (𝑘||𝑎2) + 4 cos(2𝜋(𝑛
2
+

𝑘||𝑎2

4𝜋
)−

𝑘||𝑎2

2
) cos(

𝑘||𝑎2

2
))

1/2

= (3 + 2 cos (𝑘||𝑎2) + 4 cos (𝑛𝜋) cos(
𝑘||𝑎2

2
))

1/2

= (3 + 2(2 cos2 (
𝑘||𝑎2

2
) − 1)+ 4(−1)𝑛 cos(

𝑘||𝑎2

2
))

1/2

= (1 + (−1)𝑛4 cos(
𝑘||𝑎2

2
) + 4 cos2 (

𝑘||𝑎2

2
))

1/2

= (

(1 + (−1)𝑛2 cos(

𝑘||𝑎2

2
))

2

)


1/2

Thus,

|𝑑 (𝜅̃1)| = |1 + (−1)𝑛 2 cos(
𝑘||𝑎2

2
)| . (3.24)

It is also clear that 𝜆− (𝑘||) < 𝜆+ (𝑘||).

Our main result is stated in the following theorem.

Theorem 2. (Existence of edge modes) If two periodic systems with opposite 𝛽 values are 

connected as in Figure B.1(b), then for each 𝑘|| ∈ [0, 2𝜋𝑎 ], there exist two interface modes 

in the form (3.20) with 𝜔2
1,2 (𝑘||) ∈ (𝜆− (𝑘||) , 𝜆+ (𝑘||)).

Remark 5. By Lemma 3, if 𝛽1 and 𝛽2 attain opposite signs, then 𝐶(1)
𝐾𝑗

𝐶(2)
𝐾𝑗

< 0 where 𝐶(𝑖)
𝐾𝑗

is the valley Chern number calculated with 𝛽𝑖 at 𝐾𝑗.
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3.2.1 Transfer Matrix for the Periodic System

In this subsection, we compute the transfer matrices for the lattices on the left and right 

sides of the interface. To simplify the calculations, we introduce the following notations:

𝜏 (𝑘||) ∶= 3 − (1 + 𝛽)𝜔2 (𝑘||) ,

𝜎 (𝑘||) ∶= 3 − (1 − 𝛽)𝜔2 (𝑘||) ,

𝑧 (𝑘||) ∶= 1 + 𝑒𝑖𝑘||𝑎2 ,

𝜉 (𝜎, 𝑘||) ∶= 𝜏𝜎 − 1 − |𝑧|2,

We consider the solutions in the form of (3.20) for (3.17)-(3.19). For the right periodic 

system, by (3.18),

𝑚(1 + 𝛽) 𝑘
𝑚
(−𝜔2)𝑢𝑎

𝑝𝑒𝑖(𝜔+𝛾+𝑘||𝑞) + 𝑘 (3𝑢𝑎
𝑝 − 𝑢𝑏

𝑝 − 𝑢𝑏
𝑝−1 − 𝑢𝑏

𝑝𝑒−𝑖𝑘||) 𝑒𝑖(𝜔+𝛾+𝑘||𝑞) = 0

𝑚(1 − 𝛽) 𝑘
𝑚
(−𝜔2)𝑢𝑏

𝑝−1𝑒𝑖(𝜔+𝛾+𝑘||𝑞) + 𝑘 (3𝑢𝑏
𝑝−1 − 𝑢𝑎

𝑝−1 − 𝑢𝑎
𝑝 − 𝑢𝑎

𝑝−1𝑒𝑖𝑘||) 𝑒𝑖(𝜔+𝛾+𝑘||𝑞) = 0.

Then 𝑢𝑎
𝑝 and 𝑢𝑏

𝑝 satisfy

𝜏𝑢𝑎
𝑝 − 𝑢𝑏

𝑝−1 − 𝑢𝑏
𝑝 − 𝑢𝑏

𝑝𝑒−𝑖𝑘||𝑎2 = 0,

𝜎𝑢𝑏
𝑝−1 − 𝑢𝑎

𝑝−1 − 𝑢𝑎
𝑝 − 𝑢𝑎

𝑝−1𝑒𝑖𝑘||𝑎2 = 0,
(3.25)

which is reduced to 𝐴(𝑘||)u𝑝−1 = 𝐵(𝑘||)u𝑝 where

𝐴(𝑘||) = [



0 1

−𝑧 (𝑘||) 𝜎
]



,𝐵 (𝑘||) = [



𝜏 −𝑧 (𝑘||)

1 0
]



and u𝑝 = [



𝑢𝑎
𝑝

𝑢𝑏
𝑝

]


= [




𝑢𝑎

𝑢𝑏

]

𝑝

.

We rewrite 𝐴u𝑝−1 = 𝐵u𝑝 as

𝑇𝑅 (𝑘||)u𝑝−1 = u𝑝,
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where the transfer matrix

𝑇𝑅 (𝑘||) = 𝐵−1𝐴 = 1
𝑧
[



0 𝑧 (𝑘||)

−1 𝜏
]



[



0 1

−𝑧 (𝑘||) 𝜎
]


= 1

𝑧
[



−|𝑧|2 𝑧𝜎

−𝑧𝜏 𝜏𝜎 − 1
]


,

with its characteristic equation

𝜆2 − 1
𝑧
(𝜏𝜌 − 1 − |𝑧|2) 𝜆 + 𝑧

𝑧
= 0.

Then, the eigenpairs of 𝑇𝑅 are

𝜆𝑅,± (𝑘||) = 1
2𝑧

[𝜉 ±√𝜉2 − 4|𝑧|2] and v𝑅,± (𝑘||) = [



𝜎

𝜆𝑅,± + 𝑧
]


.

Similarly, by (3.17), 𝑢𝑎
−𝑝 and 𝑢𝑏

−𝑝 satisfy

𝜏𝑢𝑎
−𝑝 − 𝑢𝑏

−𝑝 − 𝑢𝑏
−(𝑝−1) − 𝑒𝑖𝑘||𝑎2𝑢𝑏

−𝑝 = 0,

𝜏𝑢𝑏
−(𝑝−1) − 𝑢𝑎

−(𝑝−1) − 𝑢𝑎
−(𝑝−1) − 𝑒−𝑖𝑘||𝑎2𝑢𝑎

−𝑝 = 0.

We obtain 𝑇𝐿 (𝑘||)u−𝑝 = u−(𝑝+1), where the transfer matrix

𝑇𝐿 (𝑘||) = 1
𝑧
[



−|𝑧|2 𝑧𝜎

−𝑧𝜏 𝜏𝜎 − 1
]


.

Since 𝑇𝑅 = 𝑇𝐿, the eigenpairs of 𝑇𝐿 are

𝜆𝐿,± (𝑘||) = 𝜆𝑅,± (𝑘||) = 1
2𝑧

[𝜉 ±√𝜉2 − 4|𝑧|2] and v𝐿,± (𝑘||) = v𝑅,± (𝑘||) = [



𝜎

𝜆𝐿,± + 𝑧
]


.
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Remark 6. Along the interface, we have

|𝑧|2 = |1 + 𝑒𝑖𝑘||𝑎2|
2

= (1 + cos (𝑘||𝑎2))
2
+ sin2 (𝑘||𝑎2)

= 2 + 2 cos (𝑘||𝑎2)

= ((−1)𝑛+12 cos(
𝑘||𝑎2

2
))

2

,

since, by Remark 4, (−1)𝑛2 cos(𝑘||𝑎2

2 ) < 0. Then, by (3.24),

|𝑑|2 = |1 + (−1)𝑛 2 cos(
𝑘||𝑎2

2
)|

2

= (1 − |𝑧|)2

In order for u𝑝 to decay as 𝑝 → ±∞, it is necessary that u1 = [



𝑢𝑎

𝑢𝑏

]

1

 and u−1 = [



𝑢𝑎

𝑢𝑏

]

−1

are parallel to the eigenvectors of 𝑇𝑅 and 𝑇𝐿 whose corresponding eigenvalues have 

absolute value less than 1.

Remark 7. (i) If 𝜉2 − 4|𝑧|2 < 0, then

|𝜆𝑅|
2 = |𝜆𝐿|

2 = 1
4|𝑧|2

|𝜉 ± 𝑖√4|𝑧|2 − 𝜉2|
2
= 1

4|𝑧|2
(𝜉2 + 4|𝑧|2 − 𝜉2) = 1.

Since we consider |𝜆𝐿,𝑅| < 1, there holds 𝜉2 − 4|𝑧|2 ≥ 0 and

|𝜆𝑅|
2 = |𝜆𝐿|

2 = 1
4|𝑧|2

(𝜉 ±√𝜉2 − 4|𝑧|2)
2

= 1
4|𝑧|2

(𝜉2 ± 2𝜉√𝜉2 − 4|𝑧|2 + 𝜉2 − 4|𝑧|2)

= 2𝜉2 − 4|𝑧|2

4|𝑧|2
±

2𝜉√𝜉2 − 4|𝑧|2
4|𝑧|2

.
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Also, 𝜉2 − 4|𝑧|2 ≥ 0 gives that

2𝜉2 − 4|𝑧|2

4|𝑧|2
≥ 𝜉2

4|𝑧|2
≥ 1.

(ii) If |𝜆𝑅,+|
2 < 1, then

1 > |𝜆𝑅,+|
2 = 2𝜉2 − 4|𝑧|2

4|𝑧|2
+

2𝜉√𝜉2 − 4|𝑧|2
4|𝑧|2

≥ 1 +
2𝜉√𝜉2 − 4|𝑧|2

4|𝑧|2
.

Thus,

𝜉√𝜉2 − 4 |𝑧|2 < 0,

which implies 𝜉 < 0. If |𝜆𝑅,−|
2 < 1, then, by changing the sign of the second term,

−𝜉√𝜉2 − 4 |𝑧|2 < 0,

which implies 𝜉 > 0.

By Remark 7, the eigenvalue 𝜆𝑅 with |𝜆𝑅| < 1 is

𝜆𝑅 =
{





1
2𝑧 (𝜉 −√𝜉2 − 4 |𝑧|2) , for 𝜉 > 0,

1
2𝑧 (𝜉 +√𝜉2 − 4 |𝑧|2) , for 𝜉 < 0.

(3.26)

Since 𝜆𝐿,± = 𝜆𝑅,±, we have

𝜆𝐿 =
{





1
2𝑧 (𝜉 −√𝜉2 − 4 |𝑧|2) , for 𝜉 > 0,

1
2𝑧 (𝜉 +√𝜉2 − 4 |𝑧|2) , for 𝜉 < 0.

(3.27)
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Thus, with (3.26) and (3.27), the parallelism condition above implies that

[



𝑢𝑎
1

𝑢𝑏
1

]


= 𝑐1v𝑅 = [




𝑐1𝜎

𝑐1 (𝜆𝑅 + 𝑧)
]



and
[



𝑢𝑎
−1

𝑢𝑏
−1

]


= 𝑐2v𝐿 = [




𝑐2𝜎

𝑐2 (𝜆𝐿 + 𝑧)
]


. (3.28)

3.2.2 Proof of Theorem 2

By (3.19) and (3.20), we obtain

𝑚(1 + 𝛽)(−𝜔2) 𝑘
𝑚
𝑢𝑎
1𝑒

𝑖(𝜔𝜏+𝑘||𝑞) + 𝑘 (3𝑢𝑎
1 − 𝑢𝑎

−1 − 𝑢𝑏
1 − 𝑢𝑏

1𝑒−𝑖𝑘||) 𝑒𝑖(𝜔𝜏+𝑘||𝑞) = 0,

𝑚(1 + 𝛽)(−𝜔2) 𝑘
𝑚
𝑢𝑎
−1𝑒

𝑖(𝜔𝜏+𝑘||𝑞) + 𝑘 (3𝑢𝑎
−1 − 𝑢𝑎

1 − 𝑢𝑏
−1 − 𝑢𝑏

−1𝑒𝑖𝑘||) 𝑒𝑖(𝜔𝜏+𝑘||𝑞) = 0,

which implies

𝜏𝑢𝑎
1 − 𝑢𝑎

−1 − 𝑧𝑢𝑏
1 = 0,

𝜏𝑢𝑎
−1 − 𝑢𝑎

1 − 𝑧𝑢𝑏
−1 = 0.

(3.29)

Then, by using (3.28), (3.29) can be simplified as

𝜏𝑐1𝜎 − 𝑧𝑐1 (𝜆𝑅𝑧) − 𝑐2𝜎 = 0,

𝜏𝑐2𝜎 − 𝑧𝑐2 (𝜆𝐿𝑧) − 𝑐1𝜎 = 0.
(3.30)

For 𝜎 = 0, the first equation in (3.30) implies that

𝑐1𝜆𝑅|𝑧|2 = 0.

which is equivalent to 𝑐1 = 0 and it gives the trivial solution for (3.25). Therefore, 𝜎 ≠ 0

and

𝑐2 = 1
𝜎
𝑐1 (𝜏𝜎 − 𝑧 (𝜆𝑅 + 𝑧)) , (3.31)
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(3.31) and the second equation in (3.30) together imply that

𝑐1𝜎 = 1
𝜎
𝑐1 (𝜏𝜎 − 𝑧 (𝜆𝑅 + 𝑧)) (𝜏𝜎 − 𝑧 (𝜆𝐿 + 𝑧)) .

Since 𝜆𝑅 = 𝜆𝐿, we have

𝜎2 = (𝜏𝜎 − 𝑧 (𝜆𝑅 + 𝑧)) (𝜏𝜎 − 𝑧 (𝜆𝑅 + 𝑧)) = |𝜏𝜎 − 𝑧 (𝜆𝑅 + 𝑧)|2

By (3.26), for 𝜉 < 0,

𝜎2 = |𝜏𝜎 − 𝑧 (𝜆𝑅 + 𝑧)|2

= |𝜏𝜎 − |𝑧|2 − 𝑧𝜆𝑅|
2

= |𝜉 + 1 − 𝑧 1
2𝑧

(𝜉 +√𝜉2 − 4 |𝑧|2)|
2

= 1
4
|2𝜉 + 2 − (𝜉 +√𝜉2 − 4 |𝑧|2)|

2

By similar calculations for 𝜉 > 0, we have

4𝜎2 =
{





|𝜉 + 2 −√𝜉2 − 4 |𝑧|2|
2
, for 𝜉 < 0,

|𝜉 + 2 +√𝜉2 − 4 |𝑧|2|
2
, for 𝜉 > 0,

(3.32)

by (3.26). We consider 𝜉 < 0 and 𝜉 > 0 respectively to obtain a solution to (3.32). We 

have, if 𝜉 < 0,

2𝜎 = 𝜉 + 2 −√𝜉2 − 4 |𝑧|2 or 2𝜎 = − (𝜉 + 2) +√𝜉2 − 4 |𝑧|2.
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(𝑖) If 2𝜎 = 𝜉 + 2 −√𝜉2 − 4 |𝑧|2, then

𝜉2 − 4 |𝑧|2 = (2𝜎 − (𝜉 + 2))2

= 4𝜎2 − 4𝜎 (𝜉 + 2) + 𝜉2 + 4𝜉 + 4. (3.33)

Note that 𝜔2 = 3−𝜎
1−𝛽  and

𝜏 = 3 − (1 + 𝛽)3 − 𝜎
1 − 𝛽

= (1 + 𝛽)𝜎 − 6𝛽
1 − 𝛽

Then (3.33) becomes

0 = 4𝜎2 − 4𝜎 (𝜉 + 2) + 4𝜉 + 4|𝑧|2 + 4

= 4 (𝜎2 − 𝜎 (𝜏𝜎 − 1 − |𝑧|2 + 2) + 𝜏𝜎 − 1 − |𝑧|2 + |𝑧|2 + 1)

= 4𝜎 (𝜎 − 𝜏𝜎 + |𝑧|2 − 1 + 𝜏)

= 4𝜎(𝜎 − 𝜎(1 + 𝛽)𝜎 − 6𝛽
1 − 𝛽

+ (1 + 𝛽)𝜎 − 6𝛽
1 − 𝛽

+ |𝑧|2 − 1)

= 4𝜎 (𝜎 − 1 + 𝛽
1 − 𝛽

𝜎2 + 6𝛽
1 − 𝛽

𝜎 + 1 + 𝛽
1 − 𝛽

𝜎 − 6𝛽
1 − 𝛽

+ |𝑧|2 − 1)

which implies

𝜎 (−1 + 𝛽
1 − 𝛽

𝜎2 + [1 + 6𝛽
1 − 𝛽

+ 1 + 𝛽
1 − 𝛽

]𝜎 − [1 − |𝑧|2 + 6𝛽
1 − 𝛽

]) = 0. (3.34)
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Observe that

(1 + 6𝛽
1 − 𝛽

+ 1 + 𝛽
1 − 𝛽

)
2
− 4(−1 + 𝛽

1 − 𝛽
)(−[1 − |𝑧|2 + 6𝛽

1 − 𝛽
])

= (1 − 𝛽 + 6𝛽 + 1 + 𝛽
1 − 𝛽

)
2
− 41 + 𝛽

1 − 𝛽
(1 − |𝑧|2 + 6𝛽

1 − 𝛽
)

= 1
(1 − 𝛽)2

((2 + 6𝛽)2 − 4 (1 + 𝛽) (1 + 5𝛽 − (1 − 𝛽) |𝑧|2))

= 1
(1 − 𝛽)2

(4 + 24𝛽 + 36𝛽2 − 4 (1 + 𝛽) − 20𝛽 (1 + 𝛽) + 4 (1 − 𝛽2) |𝑧|2)

= 4
(1 − 𝛽)2

(4𝛽2 + (1 − 𝛽2) |𝑧|2)

Thus, (3.34) attains two nonzero roots:

𝜎1 =
1 + 3𝛽 −√4𝛽2 + (1 − 𝛽2) |𝑧|2

(1 + 𝛽)
, 𝜎2 =

1 + 3𝛽 +√4𝛽2 + (1 − 𝛽2) |𝑧|2

(1 + 𝛽)
.

Note that, for 𝛽 ∈ (−1, 1), taking 𝑠 = √4𝛽2 + (1 − 𝛽2)|𝑧|2,

𝑠 = √4𝛽2 + (1 − 𝛽2)|𝑧|2 ≥ 2|𝛽|,

and

𝑠2 = 4𝛽2 + (1 − 𝛽2) |𝑧|2.

Thus, we have

𝜏 (𝜎1) =
(1 + 𝛽)𝜎1 − 6𝛽

1 − 𝛽

= (1 + 𝛽)
1 − 𝛽

1 + 3𝛽 − 𝑠
(1 + 𝛽)

− 6𝛽
1 − 𝛽

= 1 + 3𝛽 − 𝑠
(1 − 𝛽)

− 6𝛽
1 − 𝛽

= 1 − 3𝛽 − 𝑠
(1 − 𝛽)

,
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and

𝜏 (𝜎2) =
(1 + 𝛽)𝜎2 − 6𝛽

1 − 𝛽

= (1 + 𝛽)
1 − 𝛽

1 + 3𝛽 + 𝑠
(1 + 𝛽)

− 6𝛽
1 − 𝛽

= 1 + 3𝛽 + 𝑠
(1 − 𝛽)

− 6𝛽
1 − 𝛽

= 1 − 3𝛽 + 𝑠
(1 − 𝛽)

.

Then, by using 𝜏 = (1+𝛽)𝜎
1−𝛽 − 6𝛽

1−𝛽 ,

𝜉(𝜎1, 𝑘||) = (1 + 𝛽
1 − 𝛽

𝜎1 −
6𝛽

1 − 𝛽
)𝜎1 − |𝑧|2 − 1

= 1 + 𝛽
1 − 𝛽

(1 + 3𝛽 − 𝑠
1 + 𝛽

)
2
− 6𝛽

1 − 𝛽
1 + 3𝛽 − 𝑠

1 + 𝛽
− |𝑧|2 − 1

=
1 + 6𝛽 + 9𝛽2 + 2𝑠 (1 + 3𝛽) + 𝑠2 − 6𝛽 (1 + 3𝛽) + 6𝛽𝑠 − (1 − 𝛽2) |𝑧|2 − (1 − 𝛽2)

1 − 𝛽2

= −4𝛽2 + 2𝑠
1 − 𝛽2

< 0,
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but

𝜉(𝜎2, 𝑘||) =
1 − 3𝛽 + 𝑠
(1 − 𝛽)

1 + 3𝛽 + 𝑠
(1 + 𝛽)

− |𝑧|2 − 1

= 1
1 − 𝛽2 (1 − 9𝛽2 + (1 − 3𝛽) 𝑠 + (1 + 3𝛽) 𝑠 + 𝑠2) − |𝑧|2 − 1

= 1
1 − 𝛽2 (1 − 9𝛽2 + (1 − 3𝛽) 𝑠 + (1 + 3𝛽) 𝑠 + 4𝛽2 + (1 − 𝛽2) |𝑧|2) − |𝑧|2 − 1

=
1 − 5𝛽2 + 2𝑠 − (1 − 𝛽2)

1 − 𝛽2 () + |𝑧|2 − |𝑧|2

= −4𝛽2 + 2𝑠
1 − 𝛽2

≥ 4|𝛽| − 𝛽2

1 − 𝛽2

> 0

which is a contradiction to 𝜉 < 0. Therefore,

𝜎̃1 =
1 + 3𝛽 −√4𝛽2 + (1 − 𝛽2) |𝑧|2

(1 + 𝛽)

is one root of (3.34).

(𝑖𝑖) If 2𝜎 = − (𝜉 + 2) +√𝜉2 − 4 |𝑧|2, by similar calculations, we obtain two more roots

𝜎3 =
−1 + 3𝛽 +√16𝛽2 + (1 − 𝛽2) |𝑧|2

1 + 𝛽
, and 𝜎4 =

−1 + 3𝛽 −√16𝛽2 + (1 − 𝛽2) |𝑧|2

1 + 𝛽
.

Similarly, we have

𝜉 (𝜎3, 𝑘||) =
8𝛽2 − 2√16𝛽2 + (1 − 𝛽2) |𝑧|2

1 − 𝛽2 ≤ 8𝛽
2 − |𝛽|
1 − 𝛽2 ≤ 0,

but

𝜉 (𝜎4, 𝑘||) = 24𝛽
2 + 4 |𝛽|
1 − 𝛽2 ≥ 0.
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Thus, we obtain

𝜎̃2 =
−1 + 3𝛽 +√16𝛽2 + (1 − 𝛽2) |𝑧|2

1 + 𝛽
,

as another root of (3.32).

By similar calculations for 𝜉 > 0, we obtain two more roots:

𝜎̃3 =
1 + 3𝛽 +√4𝛽2 + (1 − 𝛽2) |𝑧|2

1 + 𝛽
and 𝜎̃4 =

−1 + 3𝛽 −√16𝛽2 + (1 − 𝛽2) |𝑧|2
1 + 𝛽

.

From the relation 𝜎 = 3 − (1 − 𝛽)𝜔2, we have

𝜔2
1 (𝜎̃1, 𝑘||) = 3 − 𝜎̃1

1 − 𝛽

= 1
1 − 𝛽

(3 −
1 + 3𝛽 −√4𝛽2 + (1 − 𝛽2) |𝑧|2

(1 + 𝛽)
)

=
2 +√4𝛽2 + (1 − 𝛽2) |𝑧|2

1 − 𝛽2 .

By similar calculations, we obtain the corresponding eigenvalues:

𝜔2
1 (𝑘||) =

2 +√4𝛽2 + (1 − 𝛽2) |𝑧|2

1 − 𝛽2 ,

𝜔2
2 (𝑘||) =

4 −√16𝛽2 + (1 − 𝛽2) |𝑧|2

1 − 𝛽2 ,

𝜔2
3 (𝑘||) =

2 −√4𝛽2 + (1 − 𝛽2) |𝑧|2

1 − 𝛽2 ,

𝜔2
4 (𝑘||) =

4 +√16𝛽2 + (1 − 𝛽2) |𝑧|2

1 − 𝛽2 .

(3.35)

Next we show that 𝜔2
𝑗 (𝑘||) ∈ (𝜆− (𝑘||) , 𝜆+ (𝑘||)) for 𝑗 = 1, 2 but 𝜔2

𝑗 (𝑘||) ∉ (𝜆− (𝑘||) , 𝜆+ (𝑘||))
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for 𝑗 = 3, 4. We have

√4𝛽2 + (1 − 𝛽2) |𝑧|2 = √|𝑧|2 + 𝛽2 (4 − |𝑧|2) ≥ √|𝑧|2 = |𝑧|,

and

√9𝛽2 + (1 − 𝛽2) |𝑑|2 = √9𝛽2 + (1 − 𝛽2) (1 − |𝑧|)2

= √(1 − |𝑧|)2 + 𝛽2 (9 − (1 − |𝑧|)2)

≥ √(1 − |𝑧|)2

≥ 1 − |𝑧|.

Then

𝑤2
1 − 𝜆− =

2 +√4𝛽2 + (1 − 𝛽2) |𝑧|2
1 − 𝛽2 −

3 −√9𝛽2 + (1 − 𝛽2) |𝑑|2
1 − 𝛽2

=
√4𝛽2 + (1 − 𝛽2) |𝑧|2 +√9𝛽2 + (1 − 𝛽2) |𝑑|2 − 1

1 − 𝛽2 ≥ |𝑧| + 1 − |𝑧| − 1
1 − 𝛽2

= 0

Thus, 𝜔2
1 ≥ 𝜆−. For the upper bound, we have

1 + 2𝛽2 +√9𝛽2 + (1 − 𝛽2) |𝑑|2 = 1 + 2𝛽2 +√9𝛽2 + (1 − 𝛽2) |1 − |𝑧||2

≥ 1 + 2𝛽2 +√9𝛽2 + (1 − 𝛽2)

= 1 + 2𝛽2 +√8𝛽2 + 1

≥ 2 + 2𝛽2

≥ 2 − 2𝛽2

= (1 − 𝛽2) 2

≥ (1 − 𝛽2) |𝑧|.
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Thus,

0 ≤ 2 + 4𝛽2 + 2√9𝛽2 + (1 − 𝛽2) |𝑑|2 − 2 (1 − 𝛽2) |𝑧|

= 2 + 4𝛽2 + 2√9𝛽2 + (1 − 𝛽2) |𝑑|2 − 2 (1 − 𝛽2) |𝑧| + 4𝛽2 + (1 − 𝛽2) |𝑧|2

− (4𝛽2 + (1 − 𝛽2) |𝑧|2)

= 2 + 8𝛽2 + 2√9𝛽2 + (1 − 𝛽2) |𝑑|2 − 2 (1 − 𝛽2) |𝑧| + (1 − 𝛽2) |𝑧|2 − (4𝛽2 + (1 − 𝛽2) |𝑧|2)

= 1 + 9𝛽2 + 2√9𝛽2 + (1 − 𝛽2) |𝑑|2 + 1 − 𝛽2 − 2 (1 − 𝛽2) |𝑧| + (1 − 𝛽2) |𝑧|2

− (4𝛽2 + (1 − 𝛽2) |𝑧|2)

= 1 + 2√9𝛽2 + (1 − 𝛽2) |𝑑|2 + 9𝛽2 + (1 − 𝛽2) (1 − 2|𝑧| + |𝑧|2) − (4𝛽2 + (1 − 𝛽2) |𝑧|2)

= 1 + 2√9𝛽2 + (1 − 𝛽2) |𝑑|2 + 9𝛽2 + (1 − 𝛽2) |𝑑|2 − (4𝛽2 + (1 − 𝛽2) |𝑧|2)

= 1 + 2√9𝛽2 + (1 − 𝛽2) |𝑑|2 + (√9𝛽2 + (1 − 𝛽2) |𝑑|2)
2
− (4𝛽2 + (1 − 𝛽2) |𝑧|2)

= (1 +√9𝛽2 + (1 − 𝛽2) |𝑑|2)
2
− (4𝛽2 + (1 − 𝛽2) |𝑧|2) .

Then

1 +√9𝛽2 + (1 − 𝛽2) |𝑑|2 ≥ √4𝛽2 + (1 − 𝛽2) |𝑧|2 (3.36)

By using (3.36), we get

𝑤2
1 − 𝜆+ =

2 +√4𝛽2 + (1 − 𝛽2) |𝑧|2
1 − 𝛽2 −

3 +√9𝛽2 + (1 − 𝛽2) |𝑑|2
1 − 𝛽2

=
√4𝛽2 + (1 − 𝛽2) |𝑧|2 − 1 −√9𝛽2 + (1 − 𝛽2) |𝑑|2

1 − 𝛽2

≤ 0.

Thus, 𝜔2
1 ≤ 𝜆+ and we have 𝜔2

1 ∈ [𝜆−, 𝜆+]. By similar calculations, we can show 𝜔2
2 ∈

[𝜆−, 𝜆+]. To show 𝜔2
3 ∉ [𝜆−, 𝜆+], we have the following remarks.
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Remark 8. For 𝑢 ∈ [0, 1],

0 ≥ 𝑢2 − 𝑢

= 4𝑢2 − 4𝑢

= 1 + 8𝑢2 − (1 + 4𝑢 + 4𝑢2)

= 1 + 8𝑢2 − (1 + 2𝑢)2

= (√1 + 8𝑢2 − (1 + 2𝑢))(√1 + 8𝑢2 + (1 + 2𝑢))

Thus, 
√
1 + 8𝑢2 − (1 + 2𝑢) ≤ 0 and

√1+ 8𝑢2 − 2𝑢 ≤ 1

Remark 9. Define

𝐹(𝑡) = √9𝛽2 + (1 − 𝛽2) (1 − 𝑡)2 −√4𝛽2 + (1 − 𝛽2) 𝑡2.

For 0 ≤ 𝑡 ≤ 1,

𝐹 ′(𝑡) =
− (1 − 𝛽2) (1 − 𝑡)

√9𝛽2 + (1 − 𝛽2) (1 − 𝑡)2
−

(1 − 𝛽2) 𝑡
√4𝛽2 + (1 − 𝛽2) 𝑡2

≤ 0

So, 𝐹(𝑡) ≤ 𝐹(0) = √1 + 8𝛽2 − 2|𝛽| ≤ 1 by taking 𝑢 = |𝛽| in Remark 8. For 1 ≤ 𝑡 ≤ 2, we 

have

0 ≥ −5𝑡2 − 8𝑡 + 4

= 4𝑡2 − 8𝑡 + 4 − 9𝑡2

= 4 (𝑡 − 1)2 − 9𝑡2.
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Thus,

0 ≥ 4𝛽2 (𝑡 − 1)2 − 9𝛽2𝑡2

= 4𝛽2 (𝑡 − 1)2 + (1 − 𝛽2) 𝑡2 (𝑡 − 1)2 − (9𝛽2𝑡2 + (1 − 𝛽2) 𝑡2 (𝑡 − 1)2)

= (𝑡 − 1)2 (4𝛽2 + (1 − 𝛽2) 𝑡2) − 𝑡2 (9𝛽2 + (1 − 𝛽2) (𝑡 − 1)2) .

Thus, by dividing by (4𝛽2 + (1 − 𝛽2) 𝑡2) (9𝛽2 + (1 − 𝛽2) (𝑡 − 1)2),we get

0 ≥ (𝑡 − 1)2

(9𝛽2 + (1 − 𝛽2) (𝑡 − 1)2)
− 𝑡2

(4𝛽2 + (1 − 𝛽2) 𝑡2)

= ( (𝑡 − 1)
√9𝛽2 + (1 − 𝛽2) (𝑡 − 1)2

− 𝑡
√4𝛽2 + (1 − 𝛽2) 𝑡2

).

Thus,

𝐹 ′(𝑡) =
(1 − 𝛽2) (𝑡 − 1)

√9𝛽2 + (1 − 𝛽2) (𝑡 − 1)2
−

(1 − 𝛽2) 𝑡
√4𝛽2 + (1 − 𝛽2) 𝑡2

≤ 0,

and 𝐹(𝑡) ≤ 𝐹(1) = √9𝛽2 −√4𝛽2 = |𝛽| ≤ 1.

Then, we get

𝜔2
3 − 𝜆− =

2 −√4𝛽2 + (1 − 𝛽2) |𝑧|2

1 − 𝛽2 −
3 −√9𝛽2 + (1 − 𝛽2) |𝑑|2

1 − 𝛽2

=
√9𝛽2 + (1 − 𝛽2) |𝑑|2 −√4𝛽2 + (1 − 𝛽2) |𝑧|2 − 1

1 − 𝛽2

≤ 0.

We have used Remark 9 in the last step. Thus, 𝜔2
3 < 𝜆− and 𝜔2

3 ∉ [𝜆−, 𝜆+]. Similarly, 

we can show 𝜔2
4 > 𝜆+ and 𝜔2

4 ∉ [𝜆−, 𝜆+]. Figure 3.3 shows that 𝜔2
1 (𝑘||) and 𝜔2

2 (𝑘||) are 

located in the band gap (𝜆− (𝑘||) , 𝜆+ (𝑘||)) when 𝑎 = 1 and 𝛽 = 0.1.

65



Figure 3.3: The upper and lower bands 𝜆± (𝑘||), and the eigenvalues of the edge modes, 

𝜔2
1 (𝑘||) and 𝜔2

2 (𝑘||), when 𝑎 = 1 and 𝛽 = 0.1.
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Chapter 4

Gyroscopic Mechanical System

We consider the system obtained by replacing masses with identical gyroscopes hung 

to a plate in a two-dimensional mechanical system as in Figure C.1. We will use the same 

lattice vectors a1 and a2 as in Chapter 3 except taking 𝑎 = 1 for simplicity.

The tips of gyroscopes will move under the effect of internal torque, l𝑚(𝑡) × 𝑚a, and 

external torque, l(𝑡) × F, where l(𝑡) =
[





𝑥(𝑡)

𝑦(𝑡)

−𝑙

]





 is the position of the tip of a gyroscope, 

F =
[





𝐹1

𝐹2

0

]





 is the force applied by the springs attached to the tip, l𝑚(𝑡) = 𝑙𝑚
𝑙

[





𝑥(𝑡)

𝑦(𝑡)

−𝑙

]





 is the 

position of the center of mass of a gyroscope and a =
[





0

0

−𝑔

]





 is the gravitational acceler-

ation. Here 𝑙 is the distance between the tip and the hanging point and 𝑙𝑚 is the distance 

between the center of mass of a gyroscope and the hanging point of it. The behavior of a 

gyroscope under these effects is formulated as

𝐼Ω
𝑙
𝑑l(𝑡)
𝑑𝑡

= l𝑚(𝑡) × 𝑚a + l(𝑡) × F, (4.1)

where 𝐼  is the moment of inertia of a gyroscope, Ω is the angular speed of a gyroscope 
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and 𝑚 is the mass of the gyroscope. (4.1) can be simplified as

[



𝑥′

𝑦′
]


= 𝜏 [



0 −1

1 0
]



[



𝑥

𝑦
]


+ 𝜎

𝑘
[



0 1

−1 0
]



[



𝐹1

𝐹2

]



(4.2)

where 𝜏 = 𝑙𝑚𝑚𝑔
𝐼Ω , 𝜎 = 𝑙2𝑘

𝐼Ω  and 𝑘 is the spring constant. Here, since the change of the 

position of the tip in the vertical direction is negligible, the third components of vectors are 

ignored.

4.1 Periodic Gyroscopic system

Over the periodic cell, by (4.2), the in-plane displacements U𝑎
𝑝,𝑞(𝑡) and U𝑏

𝑝,𝑞(𝑡) of the 

tip of gyroscopes a and b from their equilibrium position satisfy

(U𝑎
𝑝,𝑞)

′ = [



0 −𝜏

𝜏 0
]



U𝑎
𝑝,𝑞 +

[



0 𝜎/𝑘

−𝜎/𝑘 0
]



F𝑎
𝑝,𝑞,

(U𝑏
𝑝,𝑞)

′
= [




0 −𝜏

𝜏 0
]



U𝑏
𝑝,𝑞 +

[



0 𝜎/𝑘

−𝜎/𝑘 0
]



F𝑏
𝑝,𝑞,

(4.3)

where F𝑎
𝑝,𝑞 and F𝑏

𝑝,𝑞 are the linearized spring forces applied by the springs and evaluated 

as

F𝑎
𝑝,𝑞 = (−𝑘) (𝑀1 (U𝑎

𝑝,𝑞 − U𝑏
𝑝,𝑞) +𝑀2 (U𝑎

𝑝,𝑞 − U𝑏
𝑝−1,𝑞) +𝑀3 (U𝑎

𝑝,𝑞 − U𝑏
𝑝,𝑞−1))

F𝑏
𝑝,𝑞 = (−𝑘) (𝑀4 (U𝑏

𝑝,𝑞 − U𝑎
𝑝,𝑞) +𝑀5 (U𝑏

𝑝,𝑞 − U𝑎
𝑝,𝑞+1)𝑀6 (U𝑏

𝑝,𝑞 − U𝑎
𝑝+1,𝑞))

with

𝑀1 = 𝑀4 = 1
4
[



3
√
3

√
3 1

]


, 𝑀2 = 𝑀6 = 1

4
[



3 −
√
3

−
√
3 1

]



and 𝑀3 = 𝑀5 = 1
4
[



0 0

0 4
]
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Consider the time-harmonic solution in the form of

U𝑎
𝑝,𝑞(𝑡) =

[



𝑥𝑎

𝑦𝑎

]


exp [𝑖(𝜔𝑡 + 𝜅 ⋅ r𝑝,𝑞)] and U𝑏

𝑝,𝑞(𝑡) =
[



𝑥𝑏

𝑦𝑏

]


exp [𝑖(𝜔𝑡 + 𝜅 ⋅ r𝑝,𝑞)] , (4.4)

where 𝑥𝑎, 𝑥𝑏, 𝑦𝑎 and 𝑦𝑏 are the amplitudes of the displacement of the tip of gyroscopes a 

and b along the x-axis and y-axis respectively and 𝜅 and r𝑝,𝑞 are as in Chapter 3. Then 

the amplitude vectors u𝑎 = [



𝑥𝑎

𝑦𝑎

]



 and u𝑏 =
[



𝑥𝑏

𝑦𝑏

]



 satisfy

𝑖𝜔u𝑎 = [



0 −𝜏

𝜏 0
]



u𝑎

+ [



0 −𝜎

𝜎 0
]



(


[



3
2 0

0 3
2

]



u𝑎 −
1
4
(


[



3
√
3

√
3 1

]


+ 𝑒1

[



3 −
√
3

−
√
3 1

]


+ 𝑒2

[



0 0

0 4
]



)


u𝑏
)


𝑖𝜔u𝑏 =
[



0 −𝜏

𝜏 0
]



u𝑏

+ [



0 −𝜎

𝜎 0
]



(


[



3
2 0

0 3
2

]



u𝑏 −
1
4
(


[



3
√
3

√
3 1

]


+ 𝑒1

[



3 −
√
3

−
√
3 1

]


+ 𝑒2

[



0 0

0 4
]



)


u𝑎
)


where 𝑒1 = exp (𝑖𝜅 ⋅ a1), 𝑒2 = exp (𝑖𝜅 ⋅ a2) and 𝑒1 and 𝑒2 are complex conjugates. Then 

we have

𝑖𝜔u𝑎 = [



0 −𝜏

𝜏 0
]



u𝑎 +
[



0 −𝜎

𝜎 0
]



(


[



3
2 0

0 3
2

]



u𝑎 −
1
4
[



3 (1 + 𝑒1)
√
3 (1 − 𝑒1)

√
3 (1 − 𝑒1) 1 + 𝑒1 + 4𝑒2

]



u𝑏
)


𝑖𝜔u𝑏 =
[



0 −𝜏

𝜏 0
]



u𝑏 +
[



0 −𝜎

𝜎 0
]



(


[



3
2 0

0 3
2

]



u𝑏 −
1
4
[



3 (1 + 𝑒1)
√
3 (1 − 𝑒1)

√
3 (1 − 𝑒1) 1 + 𝑒1 + 4𝑒2

]



u𝑎
)


,
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which is equivalent to

𝑖𝜔u𝑎 = [



0 −(𝜏 + 3𝜎
2 )

𝜏 + 3𝜎
2 0

]



u𝑎 +
[



𝜎
√
3

4 (1 − 𝑒1) 𝜎
4 (1 + 𝑒1 + 4𝑒2)

−3𝜎
4 (𝑒1 + 1) 𝜎

√
3

4 (𝑒1 − 1)
]



u𝑏

𝑖𝜔u𝑏 =
[



𝜎
√
3

4 (1 − 𝑒1) 𝜎
4 (1 + 𝑒1 + 4𝑒2)

−3𝜎
4 (𝑒1 + 1) 𝜎

√
3

4 (𝑒1 − 1)
]



u𝑎 +
[



0 −(𝜏 + 3𝜎
2 )

𝜏 + 3𝜎
2 0

]



u𝑏.

(4.5)

For u = [



u𝑎

u𝑏

]



, (4.5) can be written as

𝑖𝜔u =

[







0 −(𝜏 + 3𝜎
2 ) 𝜎

√
3

4 (1 − 𝑒1) 𝜎
4 (1 + 𝑒1 + 4𝑒2)

𝜏 + 3𝜎
2 0 −3𝜎

4 (𝑒1 + 1) 𝜎
√
3

4 (𝑒1 − 1)
𝜎
√
3

4 (1 − 𝑒1) 𝜎
4 (1 + 𝑒1 + 4𝑒2) 0 − (𝜏 + 3𝜎

2 )

−3𝜎
4 (𝑒1 + 1) 𝜎

√
3

4 (𝑒1 − 1) 𝜏 + 3𝜎
2 0

]







u (4.6)

The topological invariant we use to characterize the bulk of the spring-gyroscope sys-

tem is the Chern number. In Chapter 3, the valley Chern number which describes the 

topology localized near valleys is used. In contrast, the Chern number characterizes the 

topology over the entire Brillouin zone and is defined as (??)

𝐶 = 1
2𝜋

∮
𝜕𝔹

𝐵(𝜅) ⋅ 𝑑𝜅 = 1
2𝜋

∫
𝔹
Ω(𝜅)𝑑𝜅

where 𝐵(𝜅) and Ω(𝜅) are the Berry connection and the Berry curvature, respectively, as 

defined in Chapter 3 and 𝔹 is the Brillouin zone.

By the numerical evaluation, the band structure of the system in (4.6) and the Chern 

numbers are evaluated for 𝑔 > 0 and 𝑔 < 0. Figure 4.1 provides two of the bands. The 

other two bands have the opposite sign of these bands. An identical band structure can 

be obtained for suitable choices of 𝑔 < 0. However, when 𝑔 > 0, the Chern number of the 

70



system is 1, but it is −1 when 𝑔 < 0. 

Figure 4.1: The bands above xy-plane of the band structure of the gyroscopic system 

when 𝑔 = 20. Other two bands are symmetric to these with respect to xy-plane. When a 

suitable choice of 𝑔 < 0 is made, the band structure is the same.

4.2 Edge Modes for the Gyroscopic Mechanical System

We consider a joint system formed by gluing two periodic hexagonal lattices with 𝑔 < 0

and 𝑔 > 0. For the 𝑔 < 0 case, we use 𝑔𝑙 instead of 𝑔 < 0. As in Chapter 3, the interface is 

parallel to a2 with 𝑔 < 0 for gyroscope b but 𝑔 > 0 for gyroscope a as in Figure C.2. From 

Section 4.1, two sides of the interface have different Chern numbers, −1 and 1.
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4.2.1 Transfer Matrices

For 𝑝 ∈ ℤ+ and 𝑞 ∈ ℤ, the governing equations of the gyroscopes located at the left 

and the right sides of the interface are

(U𝑎
−𝑝,𝑞)

′ = [



0 −𝜏𝑙

𝜏𝑙 0
]



U𝑎
−𝑝,𝑞 +

[



0 𝜎
𝑘

−𝜎
𝑘 0

]



F𝑎
−𝑝,𝑞,

(U𝑏
−(𝑝+1),𝑞)

′
= [




0 −𝜏𝑙

𝜏𝑙 0
]



U𝑏
−(𝑝+1),𝑞 +

[



0 𝜎
𝑘

−𝜎
𝑘 0

]



F𝑏
−(𝑝+1),𝑞,

(4.7)

where, 𝜏𝑙 =
𝑙𝑚𝑚𝑔𝑙
𝐼Ω  and

F𝑎
−𝑝,𝑞 = (−𝑘)(𝑀1(U𝑎

−𝑝,𝑞 − U𝑏
−𝑝,𝑞)

+𝑀2(U𝑎
−𝑝,𝑞 − U𝑏

−(𝑝+1),𝑞)

+𝑀3(U𝑎
−𝑝,𝑞 − U𝑏

−𝑝,𝑞+1)),

F𝑏
−(𝑝+1),𝑞 = (−𝑘)(𝑀4(U𝑏

−(𝑝+1),𝑞 − U𝑎
−(𝑝+1),𝑞)

+𝑀5(U𝑏
−(𝑝+1),𝑞 − U𝑎

−(𝑝+1),𝑞+1)

+𝑀6(U𝑏
−(𝑝+1),𝑞 − U𝑎

−𝑝,𝑞)),

and

(U𝑎
𝑝+1,𝑞)

′ = [



0 −𝜏

𝜏 0
]



U𝑎
𝑝+1,𝑞 +

[



0 𝜎
𝑘

−𝜎
𝑘 0

]



F𝑎
𝑝+1,𝑞,

(U𝑏
𝑝,𝑞)

′
= [




0 −𝜏

𝜏 0
]



U𝑏
𝑝,𝑞 +

[



0 𝜎
𝑘

−𝜎
𝑘 0

]



F𝑏
𝑝,𝑞,

(4.8)
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where

F𝑎
𝑝+1,𝑞 = (−𝑘) (𝑀1 (U𝑎

𝑝+1,𝑞 − U𝑏
𝑝+1,𝑞) +𝑀2 (U𝑎

𝑝+1,𝑞 − U𝑏
𝑝,𝑞) +𝑀3 (U𝑎

𝑝+1,𝑞 − U𝑏
𝑝+1,𝑞−1)) ,

F𝑏
𝑝,𝑞 = (−𝑘) (𝑀4 (U𝑏

𝑝,𝑞 − U𝑎
𝑝,𝑞) +𝑀5 (U𝑏

𝑝,𝑞 − U𝑎
𝑝,𝑞+1) +𝑀6 (U𝑏

𝑝,𝑞 − U𝑎
𝑝+1,𝑞))

respectively. The governing equation for the gyroscopes located at the interface are

(U𝑎
1,𝑞)

′ = [



0 −𝜏

𝜏 0
]



U𝑎
1,𝑞 +

[



0 𝜎
𝑘

−𝜎
𝑘 0

]



F𝑎
1,𝑞,

(U𝑏
−1,𝑞)

′
= [




0 −𝜏𝑙

𝜏𝑙 0
]



U𝑏
−1,𝑞 +

[



0 𝜎
𝑘

−𝜎
𝑘 0

]



F𝑏
−1,𝑞,

(4.9)

where

F𝑎
1,𝑞 = (−𝑘) (𝑀1 (U𝑎

1,𝑞 − U𝑏
1,𝑞) +𝑀2 (U𝑎

1,𝑞 − U𝑏
−1,𝑞) +𝑀3 (U𝑎

1,𝑞 − U𝑏
1,𝑞−1))

F𝑏
−1,𝑞 = (−𝑘) (𝑀4 (U𝑏

−1,𝑞 − U𝑎
−1,𝑞) +𝑀5 (U𝑏

−1,𝑞 − U𝑎
−1,𝑞+1) +𝑀6 (U𝑏

−1,𝑞 − U𝑎
1,𝑞)) .

For each 𝑘|| ∈ [0, 2𝜋], we consider the solutions that propagate along the interface and 

decay along the horizontal direction by letting

U𝑎
𝑝,𝑞(𝑡) =

[



𝑥𝑎

𝑦𝑎

]

𝑝

𝑒𝑖(𝜔𝑡+𝑘||𝑞)  and U𝑏
𝑝,𝑞(𝑡) =

[



𝑥𝑏

𝑦𝑏

]

𝑝

𝑒𝑖(𝜔𝑡+𝑘||𝑞). (4.10)

An edge mode (U𝑎
𝑝,𝑞(𝑡),U𝑏

𝑝,𝑞(𝑡)) is the nontrivial solution to (4.7) - (4.9) which decays to 

zero as 𝑝 → ∞.

We aim to show numerically the existence of an edge mode for the joint system in 

Figure C.2 when 𝑔 has opposite signs on each side of the interface. For 𝑘|| ∈ [0, 2𝜋], 

the eigenfrequency 𝜔(𝑘||) will be in the common band gap (𝜆− (𝑘||) , 𝜆+ (𝑘||)). Note that 

the definitions of 𝜆± (𝑘||) are as in (3.21), but the bands are evaluated for the gyroscopic 
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mechanical system.

For (4.7) - (4.9), we consider the solutions of the form (4.10). In the right gyroscopic 

system, by (4.8), u𝑎
𝑝 = [




𝑥𝑎

𝑦𝑎

]

𝑝

and u𝑏
𝑝 = [




𝑥𝑏

𝑦𝑏

]

𝑝

 satisfy

𝑖𝜔u𝑎
𝑝+1 = [




0 −𝜏

𝜏 0
]



u𝑎
𝑝+1

+ [



0 −𝜎

𝜎 0
]



(


[



3
2 0

0 3
2

]



u𝑎
𝑝+1 −

[



3
4

√
3
4

√
3
4

1+4𝑒
4

]



u𝑏
𝑝+1 −

[



3
4 −

√
3
4

−
√
3
4

1
4

]



u𝑏
𝑝
)


𝑖𝜔u𝑏
𝑝 = [




0 −𝜏

𝜏 0
]



u𝑏
𝑝

+ [



0 −𝜎

𝜎 0
]



(


[



3
2 0

0 3
2

]



u𝑏
𝑝 −

[



3
4

√
3
4

√
3
4

1+4𝑒
4

]



u𝑎
𝑝 −

[



3
4 −

√
3
4

−
√
3
4

1
4

]



u𝑎
𝑝+1

)


(4.11)

where 𝑒 = 𝑒𝑖𝑘|| . (4.11) can be simplified as

[



−
√
3 − (1 + 4𝑒)

3
√
3

]



u𝑎
𝑝 +

[



4𝑖𝜔
𝜎

4
𝜎 (𝜏 + 3𝜎

2 )

− 4
𝜎 (𝜏 + 3𝜎

2 ) 4𝑖𝜔
𝜎

]



u𝑏
𝑝 = [




−
√
3 1

−3
√
3
]



u𝑎
𝑝+1,

[



√
3 −1

3 −
√
3
]



u𝑏
𝑝 = [




−4𝑖𝜔
𝜎 − 4

𝜎 (𝜏 + 3𝜎
2 )

4
𝜎 (𝜏 + 3𝜎

2 ) −4𝑖𝜔
𝜎

]



u𝑎
𝑝+1 +

[



√
3 1 + 4𝑒

−3 −
√
3
]



u𝑏
𝑝+1.

It reduces to

𝑅1u𝑝 = 𝑅2u𝑝+1 (4.12)
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where

𝑅1 =

[







−
√
3 − (1 + 4𝑒) 4𝑖𝜔

𝜎
4
𝜎 (𝜏 + 3𝜎

2 )

3
√
3 − 4

𝜎 (𝜏 + 3𝜎
2 ) 4𝑖𝜔

𝜎

0 0
√
3 −1

0 0 3 −
√
3

]







and

𝑅2 =

[







−
√
3 1 0 0

−3
√
3 0 0

−4𝑖𝜔
𝜎 − 4

𝜎 (𝜏 + 3𝜎
2 )

√
3 1 + 4𝑒

4
𝜎 (𝜏 + 3𝜎

2 ) −4𝑖𝜔
𝜎 −3 −

√
3

]







.

Similarly, in the left gyroscopic system, by (4.7), u𝑎
−𝑝 = [




𝑥𝑎

𝑦𝑎

]

−𝑝

and u𝑏
−𝑝 = [




𝑥𝑏

𝑦𝑏

]

−𝑝

 satisfy

𝑖𝜔u𝑎
−𝑝 = [




0 −𝜏𝑙

𝜏𝑙 0
]



u𝑎
−𝑝

+ [



0 −𝜎

𝜎 0
]



(


[



3
2 0

0 3
2

]



u𝑎
−𝑝 −

[



3
4

√
3
4

√
3
4

1+4𝑒
4

]



u𝑏
−𝑝 −

[



3
4 −

√
3
4

−
√
3
4

1
4

]



u𝑏
−(𝑝+1)

)


𝑖𝜔u𝑏
−(𝑝+1) =

[



0 −𝜏𝑙

𝜏𝑙 0
]



u𝑏
−(𝑝+1)

+ [



0 −𝜎

𝜎 0
]



(


[



3
2 0

0 3
2

]



u𝑏
−(𝑝+1) −

[



3
4

√
3
4

√
3
4

1+4𝑒
4

]



u𝑎
−(𝑝+1) −

[



3
4 −

√
3
4

−
√
3
4

1
4

]



u𝑎
−𝑝

)


,

(4.13)
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where 𝜏𝑙 =
𝑙𝑚𝑚𝑔𝑙
𝐼Ω . (4.13) is simplified as

[



4𝑖𝜔
𝜎

4
𝜎 (𝜏𝑙 + 3𝜎

2 )

− 4
𝜎 (𝜏𝑙 + 3𝜎

2 ) 4𝑖𝜔
𝜎

]



u𝑎
−𝑝 +

[



−
√
3 − (1 + 4𝑒)

3
√
3

]



u𝑏
−𝑝 = [




−
√
3 1

−3
√
3
]



u𝑏
−(𝑝+1)

[



√
3 −1

3 −
√
3
]



u𝑎
−𝑝 = [




√
3 1 + 4𝑒

−3 −
√
3
]



u𝑎
−(𝑝+1) +

[



−4𝑖𝜔
𝜎 − 4

𝜎 (𝜏𝑙 + 3𝜎
2 )

4
𝜎 (𝜏𝑙 + 3𝜎

2 ) −4𝑖𝜔
𝜎

]



u𝑏
−(𝑝+1).

It reduces to

𝐿1u−𝑝 = 𝐿2u−(𝑝+1) (4.14)

where

𝐿1 =

[







4𝑖𝜔
𝜎

4
𝜎 (𝜏𝑙 + 3𝜎

2 ) −
√
3 − (1 + 4𝑒)

− 4
𝜎 (𝜏𝑙 + 3𝜎

2 ) 4𝑖𝜔
𝜎 3

√
3

√
3 −1 0 0

3 −
√
3 0 0

]







and

𝐿2 =

[







0 0 −
√
3 1

0 0 −3
√
3

√
3 1 + 4𝑒 −4𝑖𝜔

𝜎 − 4
𝜎 (𝜏𝑙 + 3𝜎

2 )

−3 −
√
3 4

𝜎 (𝜏𝑙 + 3𝜎
2 ) −4𝑖𝜔

𝜎

]







.

Since all matrices are singular, there is no single matrix that relates two horizontally 

consecutive cells on either side of the interface. Thus, the relations are obtained by (4.12) 

and (4.14) for the left and right sides of the interface respectively. For the gyroscopes at 
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the interface of the joint system, by (4.9) and (4.10), we obtain

𝑖𝜔u𝑎
1 = [




0 −𝜏

𝜏 0
]



u𝑎
1 +

[



0 −𝜎

𝜎 0
]



(


[



3
2 0

0 3
2

]



u𝑎
1 −

[



3
4

√
3
4

√
3
4

1+4𝑒
4

]



u𝑏
1 −

[



3
4 −

√
3
4

−
√
3
4

1
4

]



u𝑏
−1
)


,

𝑖𝜔u𝑏
−1 = [




0 −𝜏𝑙

𝜏𝑙 0
]



u𝑏
−1 +

[



0 −𝜎

𝜎 0
]



(


[



3
2 0

0 3
2

]



u𝑏
−1 −

[



3
4

√
3
4

√
3
4

1+4𝑒
4

]



u𝑎
−1 −

[



3
4 −

√
3
4

−
√
3
4

1
4

]



u𝑎
1
)


.

(4.15)

(4.15) is simplified as

[



√
3 −1

3 −
√
3
]



u𝑏
−1 = [




4𝑖𝜔
𝜎 − 4

𝜎 (𝜏 + 3𝜎
2 )

4
𝜎 (𝜏 + 3𝜎

2 ) 4𝑖𝜔
𝜎

]



u𝑎
1 +

[



√
3
4

1+4𝑒
4

−3
4 −

√
3
4

]



u𝑏
1,

[



−
√
3
4 −1+4𝑒

4

3
4

√
3
4

]



u𝑎
−1 +

[



4𝑖𝜔
𝜎

4
𝜎 (𝜏𝑙 + 3𝜎

2 )

− 4
𝜎 (𝜏𝑙 + 3𝜎

2 ) 4𝑖𝜔
𝜎

]



u𝑏
−1 = [




−
√
3
4

1
4

−3
4

√
3
4

]



u𝑎
1 .

It reduces to

𝑆1u−1 = 𝑆2u1

where

𝑆1 =

[







0 0
√
3 −1

0 0 3 −
√
3

−
√
3
4 −1+4𝑒

4
4𝑖𝜔
𝜎

4
𝜎 (𝜏𝑙 + 3𝜎

2 )
3
4

√
3
4 − 4

𝜎 (𝜏𝑙 + 3𝜎
2 ) 4𝑖𝜔

𝜎

]
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and

𝑆2 =

[







4𝑖𝜔
𝜎 − 4

𝜎 (𝜏 + 3𝜎
2 )

√
3
4

1+4𝑒
4

4
𝜎 (𝜏 + 3𝜎

2 ) 4𝑖𝜔
𝜎 −3

4 −
√
3
4

−
√
3
4

1
4 0 0

−3
4

√
3
4 0 0

]







In this section, we derived the transfer matrices that describe the propagation of the 

solutions along both sides of the interface and matrices governing the solution at the in-

terface. These matrices formulate the transfer matrix approach and characterize how the 

solution behaves along the lattice. They serve as a framework to understand the solution. 

In the next section, we study a finite system of equations for the gyroscopic mechanical 

system and mention our ongoing studies about how to relate these two approaches.

4.2.2 Finite system

In Section 4.1, we have the governing equations for two gyroscopes from two consec-

utive cells, 𝑝 and 𝑝 + 1 on the right system and −𝑝 and −(𝑝 + 1) on the left system, in the 

horizontal direction in order to obtain transfer relations between horizontally consecutive 

cells. If we write governing equations for the gyroscopes from the same cell, we obtain 

a system of equations that relates three horizontally consecutive cells, 𝑝 − 1, 𝑝 and 𝑝 + 1

or −(𝑝 + 1), −𝑝 and −(𝑝 − 1). When these equation systems are obtained for 𝑝 = 1, 2, ...

and 𝑝 = −1,−2, ... we get an infinite system. In this part, our purpose is to truncate this 

infinite system in order to obtain a finite system that includes the governing equations from 

both sides of the interface and the interface itself by using the definition of edge modes. 

The frequency obtained from the truncated system is an approximation for the edge mode 

frequency of the original system.
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For this purpose, for 𝑝 = 2, 3, ..., we have

(U𝑎
𝑝,𝑞)

′ = [



0 −𝜏

𝜏 0
]



U𝑎
𝑝,𝑞 +

[



0 𝜎/𝑘

−𝜎/𝑘 0
]



F𝑎
𝑝,𝑞,

(U𝑏
𝑝,𝑞)

′
= [




0 −𝜏

𝜏 0
]



U𝑏
𝑝,𝑞 +

[



0 𝜎/𝑘

−𝜎/𝑘 0
]



F𝑏
𝑝,𝑞,

(4.16)

where (U𝑎
𝑝,𝑞,U𝑏

𝑝,𝑞) are in (4.10) and

F𝑎
𝑝,𝑞 = (−𝑘) (𝑀1 (u𝑎

𝑝,𝑞 − u𝑏
𝑝,𝑞) +𝑀2 (u𝑎

𝑝,𝑞 − u𝑏
𝑝−1,𝑞) +𝑀3 (u𝑎

𝑝,𝑞 − u𝑏
𝑝,𝑞−1)) ,

F𝑏
𝑝,𝑞 = (−𝑘) (𝑀4 (u𝑏

𝑝,𝑞 − u𝑎
𝑝,𝑞) +𝑀5 (u𝑏

𝑝,𝑞 − u𝑎
𝑝,𝑞+1) +𝑀6 (u𝑏

𝑝,𝑞 − u𝑎
𝑝+1,𝑞))

(4.17)

which reduces (4.16) to

𝑖𝜔u𝑎
𝑝 = [




0 −(𝜏 + 3𝜎
2 )

(𝜏 + 3𝜎
2 ) 0

]



u𝑎
𝑝 +

𝜎
4
[



√
3 1 + 4𝑒

−3 −
√
3
]



u𝑏
𝑝 +

𝜎
4
[



−
√
3 1

−3
√
3
]



u𝑏
𝑝−1,

𝑖𝜔u𝑏
𝑝 = 𝜎

4
[



√
3 1 + 4𝑒

−3 −
√
3
]



u𝑎
𝑝 +

[



0 −(𝜏 + 3𝜎
2 )

(𝜏 + 3𝜎
2 ) 0

]



u𝑏
𝑝 +

𝜎
4
[



−
√
3 1

−3
√
3
]



u𝑎
𝑝+1.

It can be written as

𝑖𝜔u𝑎
𝑝 = 𝐶u𝑏

𝑝−1 +𝐴u𝑎
𝑝 +𝐵u𝑏

𝑝

𝑖𝜔u𝑏
𝑝 = 𝐵u𝑎

𝑝 +𝐴u𝑏
𝑝 +𝐶u𝑎

𝑝+1

(4.18)

where

𝐴 = [



0 −(𝜏 + 3𝜎
2 )

(𝜏 + 3𝜎
2 ) 0

]


,𝐵 = 𝜎

4
[



√
3 1 + 4𝑒

−3 −
√
3
]



 and 𝐶 = 𝜎
4
[



−
√
3 1

−3
√
3
]


.

By using block matrices, (4.18) can be written as

𝑖𝜔u𝑝 = 𝑃u𝑝−1 +𝑄u𝑝 +𝑅u𝑝+1
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where

𝑃 = [



02×2 𝐶

02×2 02×2

]


, 𝑄 = [




𝐴 𝐵

𝐵 𝐴
]



and𝑅 = [



02×2 02×2

𝐶 02×2

]



where u𝑝 = [



u𝑎
𝑝

u𝑏
𝑝

]



 and 02×2 = [



0 0

0 0
]



. By switching 𝑝 to −𝑝 and 𝜏  to 𝜏𝑙, we obtain the 

governing equations for the left side of the interface as

𝑖𝜔u−𝑝 = 𝑃u−(𝑝+1) +𝑄𝑙u−𝑝 +𝑅u−(𝑝−1)

where

𝑄𝑙 =
[



𝐴𝑙 𝐵

𝐵 𝐴𝑙

]



 and 𝐴𝑙 =
[



0 −(𝜏𝑙 + 3𝜎
2 )

(𝜏𝑙 + 3𝜎
2 ) 0

]



By similar calculations for the 𝑝 = −1 and 𝑝 = 1 cases, we obtain

𝑖𝜔u−1 = 𝑃u−2 +𝑄𝑙u−1 +𝑅u1,

and

𝑖𝜔u1 = 𝑃u−1 +𝑄u1 +𝑅u2.

Therefore, the governing equations can be written as an infinite dimensional system,

𝑖𝜔u = 𝐻u (4.19)
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where

u =

[











⋮

u−2

u−1

u1

u2

⋮

]











,  and 𝐻 =

[











⋱ ⋱

⋱ 𝑄𝑙 𝑅

𝑃 𝑄𝑙 𝑅

𝑃 𝑄 𝑅

𝑃 𝑄 ⋱

⋱ ⋱

]











By the definition of edge modes, u𝑗 must decay to zero as 𝑗 → ∞ and 𝑗 → −∞. 

Consequently, for sufficiently large 𝑗, |u𝑗| and |u−𝑗| become negligibly small. This allows 

us to impose homogeneous boundary conditions, for some 𝑁 ∈ ℤ+,

u−(𝑁+1) = 0,  and u𝑁+1 = 0,

and truncate (4.19), and consider a finite-dimensional system

𝑖𝜔v𝑁 = 𝐻𝑁v𝑁 (4.20)

where

v𝑁 =

[















u−𝑁

u−(𝑁−1)

⋮

u−1

u1

⋮

u𝑁−1

u𝑁

]















,  and 𝐻𝑁 =

[















𝑄𝑙 𝑅

𝑃 𝑄𝑙 𝑅

⋱ ⋱ ⋱

𝑃 𝑄𝑙 𝑅

𝑃 𝑄 𝑅

⋱ ⋱ ⋱

𝑃 𝑄 𝑅

𝑃 𝑄

]













2𝑁×2𝑁

.
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Figure 4.2: The upper and lower bands 𝜆±(𝑘||) and the eigenvalue 𝜔(𝑘||) of 𝐻𝑁  in (4.20) 

when 𝑁 = 45 and 𝑔 = 10.

In Figure 4.2, the graph of the numerical approximation for the edge mode frequency 

in the band gap is provided. In Figure 4.3, the decaying condition of the edge mode as 

cells are away from the interface is observed.

4.2.3 An Analysis over Transfer Matrices and Finite System

The transfer matrix approach in Section 4.2.1 is motivated by the decaying property of 

the edge mode on both sides of the interface. This condition requires the edge mode to be 

associated with the generalized eigenvector of the transfer matrices whose eigenvalue has 

modulus less than 1. The interface equations determine whether these decaying solutions 

match across the interface.

The study on the truncated system in Section 4.2.2 produces some numerical evidence 

for the existence of edge modes and provides an approximation for the edge mode fre-

quency in the band gap. This approximation should be consistent with the study of transfer 

matrices. However, when the approximation obtained from the truncated system is applied 

to the transfer matrices, the calculations fail to satisfy the conditions of the transfer matrix 

approach.
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Figure 4.3: The norm of the amplitudes |𝑢𝑗| = | [𝑥𝑎
𝑗 𝑦𝑎𝑗 𝑥𝑏

𝑗 𝑦𝑏𝑗]
𝑡 | obtained from finite system 

with edge mode frequency in the band gap. Horizontal axis is the cell indices.

This inconsistency suggests further investigation on the transfer matrix study. One pos-

sible source of this discrepancy is the singular transfer matrices. More precisely, singular 

transfer matrices may affect the associated eigensystem and the edge modes. Another 

possibility is that the transfer matrix formulation may not fully capture the constraints that 

are necessary for edge mode calculations.

The precise origin of the discrepancy in the transfer matrix approach and the incon-

sistency in the transfer matrices and the finite system approximation remains an open 

question. Nevertheless, Section 4.2.2 provides numerical evidence for the existence of 

the edge mode and motivates a more detailed analysis Section 4.2.1, transfer matrices.
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Chapter 5

Conclusions and Future Work

5.1 Summary

In this dissertation, we studied wave propagation in periodic mechanical topological 

systems. We developed a mathematical theory for topological phases and the existence 

of edge modes in such systems.

We analyzed three periodic mechanical systems, their corresponding topological in-

variants and their interface modes. Depending on the model, the Zak phase, the valley 

Chern number and the Chern number are the topological invariants studied which charac-

terize the global properties of the bulk spectrum and support the existence of edge modes.

The results emphasize the mathematical challenges associated with one- and two-

dimensional models with broken inversion symmetry. In the gyroscopic system where 

time-reversal symmetry is broken, on the other hand, some additional analytical difficulties 

appear due to the singularity of the transfer matrices. However, the existence of edge 

modes is supported by numerical evidence, highlighting problems for further mathematical 

investigation.

In summary, this dissertation provides a mathematical theory for understanding topo-

logical phases and wave localization in periodic mechanical media. By presenting ana-

lytical and numerical results, it strengthens the foundation for future studies in different 

lattices and higher dimensions.
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5.2 Open Problems in the Transfer-Matrix Formulation

Despite the effectiveness of the transfer matrix approach in spring-mass systems, sev-

eral fundamental questions remain open in the gyroscopic setting.

5.2.1 Relation between transfer matrices and truncated systems

A central open problem concerns the relationship between the transfer matrix formu-

lation on infinite domains and numerical results obtained from truncated finite systems. 

While truncated models show eigenfrequencies in the band gap and the localization of the 

solution, the precise mathematical connection between these observed modes and the 

transfer matrix spectrum is not yet fully understood.

5.2.2 Singularity of transfer matrices in gyroscopic systems

In contrast to classical spring-mass systems, transfer matrices arising in gyroscopic 

lattices are singular. This introduces nontrivial kernels and complicates the propagation of 

solutions. A deeper understanding of how this degeneracy affects the existence, unique-

ness, and stability of edge modes is required. In particular, it is unclear whether additional 

constraints are necessary to characterize edge states completely.

5.2.3 Numerical approximation and error analysis

Although the numerical simulations on the truncated model exhibit expected qualitative 

behavior, namely frequency in the band gap and the localization near the interface, a 

rigorous error analysis is still missing. A quantitative study of convergence rates, finite 

size effects, and approximation accuracy would provide a more complete justification of 

the numerical observations.
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5.2.4 Toward a rigorous bulk-edge theory

More broadly, a complete mathematical framework for transfer matrices and the exis-

tence of edge states in gyroscopic lattices is still lacking. Developing such a theory would 

clarify the relationship between band structure, topological invariants, and edge modes, 

thereby strengthening the mathematical foundation of topological mechanical systems.

5.3 Future Directions

5.3.1 Extensions of current models

Several natural extensions of the present work arise from modifications of the geomet-

ric and dynamical setting. One direction is the study of interfaces with curved geometry, 

which would generalize the current interface analysis and introduce new challenges in 

band structure and edge mode studies.

Another extension concerns one-dimensional systems with boundary conditions in-

volving a fixed point. In such a configuration, one semi-infinite periodic system is coupled 

to a fixed point boundary which has the trivial topological index, providing a different mech-

anism for edge states. Higher dimensional analogues include interfaces with embedded 

defects or constrained boundary directions.

Additionally, damped mechanical systems represent a natural generalization. The 

presence of damping introduces first order derivatives into the governing equations, lead-

ing to richer spectral behavior and potentially new types of localized modes.

5.3.2 Continuous analogues

A second direction concerns continuous models, such as acoustic and elastic media. 

These systems replace discrete lattice equations with partial differential equations and 

provide a continuous analogue of the discrete topological systems studied in this work. 
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Understanding how discrete topological invariants affect continuous settings remains an 

important open direction.

5.4 Future Directions for Gyroscopic Systems

The present analysis is based on linearized equations of motion. An important exten-

sion is the study of nonlinear gyroscopic systems, where amplitude dependent effects may 

lead to new phenomena such as nonlinear localization, bifurcations of edge states, and 

energy dependent topological behavior.

Gyroscopic lattices also share structural similarities with chiral phonon systems in solid 

state physics, where lattice vibrations exhibit intrinsic angular momentum. Investigating 

this connection may provide further insight into the relationship between topology, energy 

transport, and wave localization in physical systems.
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Appendix A

Supplementary Figures for Chapter 2

Figure A.1: One-dimensional lattice consisting of an array of masses connected by 

springs.

Figure A.2: The topological mechanical system in one dimension
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Appendix B

Supplementary Figures for Chapter 3

(a) The periodic mechanical system. (b) Periodic cell 𝑌𝑝,𝑞 = {(𝑝 + 𝑡1)a1 + (𝑞 +
𝑡2)a2 ∶ 0 ≤ 𝑡1, 𝑡2 ≤ 1}.

Figure B.1: The periodic mechanical system over the honeycomb lattice.

Figure B.2: The topological mechanical system formed by two hexagonal lattices with 

opposite 𝛽 values. The interface direction is parallel to a2.
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Appendix C

Supplementary Figures for Chapter 4

Figure C.1: Gyroscopic mechanical system. Gyroscopes are hanged to a plate and their 

tips are joined each other by identical springs and form hexagonal lattice.

Figure C.2: The gyroscopic mechanical system formed by two hexagonal lattice with op-

posite sign 𝑔. The interface is parallel to a2 direction.
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