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Abstract

The equilibrium and stability of physical systems are fundamental topics with applications
throughout physics. To realize a practical magnetically confined fusion power plant, it is essential
to establish and maintain plasma equilibrium during periods of operation required for energy
production. Moreover, this equilibrium must remain stable in the presence of perturbations.
The work presented here is framed around the two leading magnetic confinement concepts:
stellarators and tokamaks. Within this dissertation, the stellarator studies focus primarily on
equilibrium, whereas the tokamak studies focus on plasma stability. These topics were chosen
to address research questions of particular interest for each confinement concept.

For the equilibrium studies, we investigate three-dimensional plasma confined in stellara-
tors. To this end, two projects were undertaken. The first was a verification study of equilibrium
solvers, while the second was an in-depth investigation of a particular aspect of one equilibrium
solver. In the former, we investigated whether several different three-dimensional (3D) mag-
netohydrodynamic (MHD) equilibrium codes, DESC, SIESTA, SPEC, and VMEC, a would arrive
at the same equilibrium given the same physical system. Although the codes employ different
numerical formulations, they are all based on the same MHD equations and should therefore
converge to the same equilibrium solution. This expectation was confirmed. The latter project
examined how SIESTA modeled magnetic islands, an important aspect of 3D equilibria. This
study sought to better understand the mechanism by which the code introduces perturbations
that generate magnetic islands. We show that increasing the magnitude of the perturbation
parameter, which allows the islands to form, enlarges them and shifts their radial location in the
plasma. Furthermore, a relationship between the location of the island relative to the edge and
its size was identified and investigated.

Regarding stability, motivated by previous tokamak equilibrium research, we investigated

how a simplified version of this system of interest would respond to perturbations. The initial sys-



tem, containing discontinuities in both velocity and pressure, is susceptible to instability growth.
The former would lead to the development of a Kelvin-Helmholtz instability, and the latter could
be modeled as a Rayleigh-Taylor instability. Dispersion relations and asymptotic expressions for
the growth rates were derived for compressible fluids subject to both instabilities, showing the
instability persists beyond where the classical compressible Kelvin-Helmholtz instability would
stabilize. In the presence of flow-aligned magnetic fields, an approximate expression for the field

strength required to suppress the instabilities was also obtained.
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\begin {eqnarray}\begin {aligned} R &= R_0 + a \, \cos (\theta ) + b \, \cos (\theta - N_{P} \, \phi ), \\ Z &= - a \, \sin (\theta ) + b \, \sin (\theta - N_{P} \, \phi ). \end {aligned} \label {ch3:eqn:targetsurface}\end {eqnarray}


   𝑛  =  3 


$n=3$


   𝛽 


$\beta $


$\beta $


   ∇ 


$\nabla $


   ∇  ⋅  B  =  0 


$\nabla \cdot \mathbf {\NoCaseChange {B}}=0$


          (3.1a)                   F  ≡  −  J  ×  B  +  ∇  𝑝  =  0    


\begin {equation}\mathbf {F}\equiv - \mathbf {J}\times \mathbf {B}+\nabla p = 0\end {equation}


          (3.1b)                   ∇  ×  B  =    𝜇  0   J    


\begin {equation}\nabla \times \mathbf {B} = \mu _0 \mathbf {J}\end {equation}


          (3.1c)                   ∇  ⋅  B  =  0    


\begin {equation}\nabla \cdot \mathbf {B}=0\end {equation}


   F 


$\mathbf {F}$


\begin {eqnarray}E & \equiv & \int _{\cal V}\left ( \frac {p}{\gamma -1} + \frac {B^2}{2\mu _0} \right ) \mathrm {~d}v + \int _{\bar {\cal V}} \frac {B^2}{2 \mu _0} \mathrm {~d}v \label {ch3:eq:EF}\end {eqnarray}


   𝑉 


$\cal V$


     𝑉  ¯  


$\bar {\cal V}$


   𝑠  ≡  𝜓  /    𝜓  𝑇  


$s \equiv \psi / \psi _T$


     𝜓  𝑇  


$\psi _T$


   𝑠  =  0 


$s=0$


   𝑠  =  1 


$s=1$


   𝑢 


$u$


   𝑣 


$v$


          (3.3)                     B   VMEC    =    𝐵  𝑢     e  𝑢   +    𝐵  𝑣     e  𝑣     


\begin {equation}\mathbf {B}_{\note \mathrm {VMEC}} = B^u\mathbf {e}_u + B^v \mathbf {e}_v\end {equation}


     e  𝑖  


$\mathbf {e}_i$


          (3.4)                   ∇    𝑃   VMEC      ⋅      e  𝑢   =    ∇    𝑃   VMEC      ⋅      e  𝑣    =  0    


\begin {equation}\nabla P_{\note \mathrm {VMEC}} \, \cdot \, \mathbf {e}^{u}={\note \nabla P_{\mathrm {VMEC}} \, \cdot \, \mathbf {e}^{v}} = 0\end {equation}


     e  𝑖  


$\mathbf {e}^i$


          (3.5)                     𝐶  =    ∑    𝑚  =  0   𝑀     ∑    𝑛  =  −  𝑁   𝑁     𝐶    𝑚  𝑛    (  𝑠  )   sin   (  𝑚  𝑢  −  𝑛    𝑁   fp    𝑣  )     


\begin {equation}{\note C = \sum _{m=0}^M \sum _{n=-N}^N C_{mn}(s)\text {sin}(mu-n N_\mathrm {fp} v) }\end {equation}


          (3.6)                     𝐶  =    ∑    𝑚  =  0   𝑀     ∑    𝑛  =  −  𝑁   𝑁     𝐶    𝑚  𝑛    (  𝑠  )   cos   (  𝑚  𝑢  −  𝑛    𝑁   fp    𝑣  )     


\begin {equation}{\note C = \sum _{m=0}^M \sum _{n=-N}^N C_{mn}(s)\text {cos}(mu-n N_\mathrm {fp} v) }\end {equation}


   𝐶 


$C$


   𝑚 


$m$


   𝑛 


$n$


     𝑁   fp   


$N_\mathrm {fp}$


   𝑀 


$M$


   𝑁 


$N$


          (3.7)                     B   SIESTA    =    𝐵  𝑠     e  𝑠   +    𝐵  𝑢     e  𝑢   +    𝐵  𝑣     e  𝑣   .    


\begin {equation}\mathbf {B}_{\note \mathrm {SIESTA}} = B^s \mathbf {e}_s + B^u \mathbf {e}_u + B^v \mathbf {e}_v.\end {equation}


          (3.8)                   ∇    𝑃   SIESTA      ⋅      e  𝑢   ≠    ∇    𝑃   SIESTA      ⋅      e  𝑣    ≠  0  .    


\begin {equation}\nabla P_{\note \mathrm {SIESTA}} \, \cdot \, \mathbf {e}^{u} \ne {\note \nabla P_{\mathrm {SIESTA}} \, \cdot \, \mathbf {e}^{v}}\ne 0.\end {equation}


$u$


$v$


   𝑠 


$s$


     𝑠   SIESTA    ≡      𝑠   VMEC    


$s_{\note \mathrm {SIESTA}} \equiv \sqrt {s_{\note \mathrm {VMEC}}}$


          (3.9)                     𝐶  =    ∑    𝑚  =  0   𝑀     ∑    𝑛  =  −  𝑁   𝑁     𝐶    𝑚  𝑛    (  𝑠  )   sin   (  𝑚  𝑢  +  𝑛    𝑁   fp    𝑣  )     


\begin {equation}{\note C = \sum _{m=0}^M \sum _{n=-N}^N C_{mn}(s)\text {sin}(mu+n N_\mathrm {fp} v) } \label {ch3:eq:siesta_quants_sin}\end {equation}


          (3.10)                     𝐶  =    ∑    𝑚  =  0   𝑀     ∑    𝑛  =  −  𝑁   𝑁     𝐶    𝑚  𝑛    (  𝑠  )   cos   (  𝑚  𝑢  +  𝑛    𝑁   fp    𝑣  )     


\begin {equation}{\note C = \sum _{m=0}^M \sum _{n=-N}^N C_{mn}(s)\text {cos}(mu+n N_\mathrm {fp} v) } \label {ch3:eq:siesta_quants_cos}\end {equation}


$C$


$m$


$n$


$N_\mathrm {fp}$


          (3.11)                   𝛿  B  =  ∇  ×    (        𝐴  ∥   B     |  B  |    )     


\begin {equation}\delta \mathbf {B} = \nabla \times \left ( \frac {A_\parallel \mathbf {B}}{|\mathbf {B}|} \right )\end {equation}


          (3.12)                     𝐴  ∥   =  𝑎  (  𝑠  )     exp   [  𝑖  (    𝑚  ∗   𝑢  +    𝑛  ∗     𝑁   fp    𝑣  )  ]    


\begin {equation}A_\parallel = a(s)\,\text {exp}[i(m^*u+n^* N_\mathrm {fp}v)] \label {ch3:eq:A_parallel}\end {equation}


   𝑎  (  𝑠  ) 


$a(s)$


     𝑚  ∗  


$m^*$


     𝑛  ∗  


$n^*$


     𝐻   pert   


$H_\mathrm {pert}$


   𝑚      �    𝜄  (  𝑠  )  +  𝑛    𝑁   fp    =  0 


$m\iotabar (s)+nN_\mathrm {fp}=0$


   𝑃  =    𝐻   pert     cos   (    𝑚   res    𝑢  +    𝑛   res      𝑁   fp    𝑣  ) 


\begin {equation*}P=H_\mathrm {pert}\mathrm {cos}(m_\mathrm {res}u+n_\mathrm {res}N_\mathrm {fp}v)\end {equation*}


   𝑤 


$w$


   𝑊  (  𝑠  )  =    1    1  +    (        𝑠  −    𝑠   res     𝑤    )     . 


\begin {equation*}W(s) = \frac {1}{1+\left (\dfrac {s-s_\mathrm {res}}{w} \right )}.\end {equation*}


   E  =  v  ×  B  +  𝜂  J 


\begin {equation*}\mathbf {E}=\mathbf {v}\times \mathbf {B}+\eta \mathbf {J}\end {equation*}


   𝜂 


$\eta $


   𝜂  (  𝑠  )  =    𝑠  2   (  1  −  𝑠  )    𝜂  0   . 


\begin {equation*}\eta (s) = s^2(1-s)\eta _0.\end {equation*}


          (3.13)                   E  =  v  ×  B  +  𝜂  (  𝑠  )  𝑊  (  𝑠  )  𝑃  𝒥  J    


\begin {equation}\mathbf {E}=\mathbf {v}\times \mathbf {B}+\eta (s)W(s)P\mathcal {J}\mathbf {J} \label {ch3:eq:pert_update}\end {equation}


   𝒥 


$\mathcal {J}$


       �    𝜄  =  1  /  4 


$\iotabar =1/4$


   𝑚  =  4 


$m=4$


   𝑛  =  1 


$n=1$


   1  /  2 


$1/2$


   1  /  3 


$1/3$


   𝑟  ≡      𝜓  /    𝜓  𝑇    


$r \equiv \sqrt { \psi / \psi _T }$


\begin {eqnarray}R(r,\theta ,\zeta ) & = & \sum _{l,m,n} R_{l,m,n} \mathcal {Z}_l^m (r,\theta ) Fo^n(\zeta ),\end {eqnarray}


   𝑙  ∈  [  0  ,  𝐿  ] 


$l \in [0,L]$


   𝑚  ∈  [  −  𝑀  ,  𝑀  ] 


$m \in [-M,M]$


   𝑛  ∈  [  −  𝑁  ,  𝑁  ] 


$n \in [-N,N]$


   𝑙 


$l$


$m$


   𝑙  ≥  𝑚 


$l\geq m$


   𝜆 


$\lambda $


   𝑍 


$Z$


     𝒵  𝑙  𝑚  


$\mathcal {Z}_l^m$


$l$


$m$


          (3.15)                     𝒵  𝑚  𝑙   (  𝑟  ,  𝜃  )  =    {              ℛ  𝑙    |  𝑚  |    (  𝑟  )   cos   (  |  𝑚  |  𝜃  )  ,           for    𝑚  ≥  0  ,          ℛ  𝑙    |  𝑚  |    (  𝑟  )   sin   (  |  𝑚  |  𝜃  )  ,           for    𝑚  <  0  ,             


\begin {equation}\mathcal {Z}_m^l(r,\theta ) = \begin {cases} \mathcal {R}_l^{|m|}(r) \cos (|m|\theta ), & \text {for } m\geq 0, \\ \mathcal {R}_l^{|m|}(r) \sin (|m|\theta ), & \text {for } m < 0, \end {cases}\end {equation}


     ℛ  𝑙    |  𝑚  |   


$\mathcal {R}_l^{|m|}$


          (3.16)                     ℛ  𝑙    |  𝑚  |    (  𝑟  )  =    ∑    𝑠  =  0     (  𝑙  −  |  𝑚  |  )  /  2        (  −  1    )  𝑠   (  𝑙  −  𝑠  )  !     𝑠  !    [  (  𝑙  +  |  𝑚  |  )  /  2  −  𝑠  ]   !    [  (  𝑙  −  |  𝑚  |  )  /  2  +  𝑠  ]   !      𝑟    𝑙  −  2  𝑠      


\begin {equation}\mathcal {R}_l^{|m|} (r) = \sum _{s=0}^{(l-|m|)/2} \frac {(-1)^s(l-s)!}{ s!\left [ (l+|m|)/2 - s\right ]! \left [ (l-|m|)/2 + s\right ]! }r^{l-2s}\end {equation}


   𝐹  𝑜 


$Fo$


   𝜁 


$\zeta $


          (3.17)                   𝐹    𝑜  𝑛   (  𝜁  )  =    {             cos   (  |  𝑛  |    𝑁  𝑃   𝜁  )  ,       for    𝑛  ≥  0  ,              sin   (  |  𝑛  |    𝑁  𝑃   𝜁  )  ,       for    𝑛  <  0  .                  


\begin {equation}Fo^n(\zeta ) = \begin {cases} \cos (|n|N_{P}\zeta ), \; \; \text {for } n\geq 0, \\ \sin (|n|N_{P}\zeta ), \; \; \text {for } n < 0. \end {cases}\end {equation}


   (  𝑟  ,  𝜃  ,  𝜁  ) 


$(r, \theta , \zeta )$


     𝑅    𝑙  ,  𝑚  ,  𝑛   


$R_{l,m,n}$


     𝑍    𝑙  ,  𝑚  ,  𝑛   


$Z_{l,m,n}$


     𝜆    𝑙  ,  𝑚  ,  𝑛   


$\lambda _{l,m,n}$


   𝜃 


$\theta $


\begin {eqnarray}\mathbf {B}_{out} \cdot \mathbf {n} & = & 0, \\ \frac {B_{in}^2}{2\mu _0} + p_{in}^2 - \frac {B_{out}^2}{2\mu _0} & = & 0, \\ \mathbf {n} \times (\mathbf {B}_{out} - \mathbf {B}_{in}) - \mu _0 \mathbf {K} & = & 0,\end {eqnarray}


   B 


$\mathbf {B}$


     𝑝    𝑖  𝑛   


$p_{in}$


   𝑟  =  1 


$r=1$


   K 


$\mathbf {K}$


   K  =  n  ×  ∇  Φ 


$\mathbf {K} = \mathbf {n} \times \nabla \Phi $


   Φ 


$\Phi $


   𝜃  ,  𝜁 


$\theta , \zeta $


   |    e  𝜃   ×    e  𝜁   | 


$|\mathbf {e}_{\theta } \times \mathbf {e}_{\zeta }|$


$\beta $


   𝑝  +    𝐵  2   /  2    𝜇  0  


$p+B^2/2\mu _0$


\begin {eqnarray}{\cal F} \equiv \sum _{i=1}^{N_V} \left [E_i - \frac {\mu _i}{2} \left (\int _{{\cal V}_i} \! \mbA _i \cdot \mbB _i \, dv - K_i \right ) \right ]\end {eqnarray}


     𝐸  𝑖  


$E_i$


     𝑉  𝑖  


${\cal V}_i$


     A  𝑖  


$\mbA _i$


     𝐾  𝑖  


$K_i$


     𝑁  𝑉  


$N_V$


     𝜇  𝑖  


$\mu _i$


     𝑁  𝑉   →  ∞ 


$N_V\rightarrow \infty $


   𝐷 


$\cal D$


$\cal D$


$\cal D$


   ∇  ×  B  =  0 


$\nabla \times \mbB =0$


$\cal D$


   ∇  ⋅  B  ≠  0 


$\nabla \cdot \mathbf {B}\ne 0$


   ∇  ⋅  B  =  0 


$\nabla \cdot \mathbf {B}=0$


   (  𝑚  ,  𝑛  ) 


$(m,n)$


   𝜑  =  0 
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    10   .   002  
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    10   .   000  
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$\langle \text {B}\rangle $


   ⟨  𝛽  ⟩ 


$\langle \beta \rangle $


     m  3  


$\text {m}^3$
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$\langle \text {B}\rangle $
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$\langle \beta \rangle $
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$9.692\times 10^{-3}$
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   1  .   9960  
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   1  .   9971  
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   1  .   9967  
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   𝑅  >   10   .  6 
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          (2.35)                     𝐵    d  𝑙    =      B  ⋅  ∇    𝑢  1      d    𝑢  1     =      B  ⋅  ∇    𝑢  2      d    𝑢  2     =      B  ⋅  ∇    𝑢  3      d    𝑢  3     .    


\begin {equation}\frac {B}{\mathrm {d}l}=\frac {\mathbf {B}\cdot \nabla u^1}{\mathrm {d}u^1}=\frac {\mathbf {B}\cdot \nabla u^2}{\mathrm {d}u^2}=\frac {\mathbf {B}\cdot \nabla u^3}{\mathrm {d}u^3}. \label {ch2:eq:Field_Line_Equations}\end {equation}


   v  =  0 


$\mathbf {v}=0$


   v  ≠  0 


$\mathbf {v} \ne 0$


          (2.15)                         J  ×  B     =  ∇  𝑝             ∇  ×  B     =    𝜇  0   J        ∇  ⋅  B     =  0  .       


\begin {equation}\begin {aligned} \mathbf {J}\times \mathbf {B} &= \nabla p \\ \nabla \times \mathbf {B} &= \mu _0 \mathbf {J} \\ \nabla \cdot \mathbf {B} &= 0. \label {ch2:eq:MHD_equil} \end {aligned}\end {equation}


   J  ×  B 


$\mathbf {J}\times \mathbf {B}$


   ∇  𝑝 


$\nabla p$


   J 


$\mathbf {J}$


   ∇  (    𝐵  2   /  2  )  =  B  ×  (  ∇  ×  B  )  +  (  B  ⋅  ∇  )  B 


$\nabla (B^2/2)=\mathbf {B}\times (\nabla \times \mathbf {B})+(\mathbf {B}\cdot \nabla )\mathbf {B}$


          (2.16)                     ∇  ⟂       (  𝑝  +      𝐵  2     2    𝜇  0     )   −      𝐵  2     𝜇  0          𝜅     =  0    


\begin {equation}\nabla _\perp \left ( p+\frac {B^2}{2 \mu _0} \right ) - \frac {B^2}{\mu _0}\boldsymbol {\kappa } =0 \label {ch2:eq:Gen_Pressure_Balance}\end {equation}


     ∇  ⟂   =  ∇  −  b  (  b  ⋅  ∇  ) 


$\nabla _\perp =\nabla - \mathbf {b}(\mathbf {b}\cdot \nabla )$


   b  =  B  /  𝐵 


$\mathbf {b}=\mathbf {B}/B$


       𝜅    =  b  ⋅  ∇  b 


$\boldsymbol {\kappa }=\mathbf {b}\cdot \nabla \mathbf {b}$


     𝐵  2   /  2    𝜇  0  


$B^2/2\mu _0$


   (    𝐵  2   /    𝜇  0   )      𝜅   


$(B^2/\mu _0) \boldsymbol {\kappa }$


          (2.17)                   B  ⋅  ∇  𝑝  =  0  .    


\begin {equation}\mathbf {B} \cdot \nabla p = 0. \label {ch2:eq:b_dot_grad_p}\end {equation}


          (2.18)                   J  ⋅  ∇  𝑝  =  0  .    


\begin {equation}\mathbf {J} \cdot \nabla p=0.\end {equation}


   𝜄 


$\iota $


          (2.19)                   𝜄  =     lim     𝑁  →  ∞        1  𝑁     ∑    𝑛  =  1   𝑁   Δ    𝜃  𝑛   .    


\begin {equation}\iota = \lim _{N\to \infty }\frac {1}{N} \sum _{n=1}^N\Delta \theta _n.\end {equation}


   Δ    𝜃  𝑛  


$\Delta \theta _n$


     𝑛   th   


$n^{\text {th}}$


$\iota $


       �    𝜄 


$\iotabar $


          (2.20)                         �     𝜄  ≡    𝜄    2  𝜋    .    


\begin {equation}\iotabar \equiv \frac {\iota }{2 \pi }.\end {equation}


$\iotabar $


   𝑞  ≡  1  /      �    𝜄 


$q\equiv 1/\iotabar $


   (  𝑝  ,  𝜗  ,  𝜑  ) 


$(p,\vartheta ,\varphi )$


   2  𝜋 


$2\pi $


$2\pi $


$\mathbf {B}$


          (2.21)                   B  =    𝐵  𝑝     e  𝑝   +    𝐵  𝜗     e  𝜗   +    𝐵  𝜑     e  𝜑     


\begin {equation}\mathbf {B}=B^p\mathbf {e}_p+B^\vartheta \mathbf {e}_\vartheta +B^\varphi \mathbf {e}_\varphi \label {ch2:eq:contravariant_B}\end {equation}


          (2.22)                   B  =    𝐵  𝑝   ∇  𝑝  +    𝐵  𝜗   ∇  𝜗  +    𝐵  𝜑   ∇  𝜑    


\begin {equation}\mathbf {B}= B_p \nabla p+B_\vartheta \nabla \vartheta +B_\varphi \nabla \varphi \end {equation}


   ∇    𝑢  𝑖   =    e  𝑖  


$\nabla u^i =\mathbf {e}^i$


     𝐵  𝑖   =  B  ⋅  ∇    𝑢  𝑖  


$B^i=\mathbf {B}\cdot \nabla u^i$


     𝐵  𝑖   =  B  ⋅    e  𝑖  


$B_i=\mathbf {B}\cdot \mathbf {e}_i$


     𝑢  𝑖  


$u^i$


     𝑔    𝑖  𝑗    =    e  𝑖   ⋅    e  𝑗  


$g_{ij}=\mathbf {e}_i\cdot \mathbf {e}_j$


     𝑔    𝑖  𝑗    =  ∇    𝑢  𝑖   ⋅  ∇    𝑢  𝑗  


$g^{ij}=\nabla u^i\cdot \nabla u^j$


     e  𝑖   =    𝑔    𝑖  𝑗    ∇    𝑢  𝑗  


$\mathbf {e}_i=g_{ij}\nabla u^j$


   ∇    𝑢  𝑖   =    𝑔    𝑖  𝑗      e  𝑗  


$\nabla u^i=g^{ij}\mathbf {e}_j$


$\mathbf {e}_i$


       e  ˆ   𝑖   =    e  𝑖   /      𝑔    𝑖  𝑖     =    e  𝑖   /    ℎ  𝑖  


$\hat {\mathbf {e}}_i=\mathbf {e}_i/\sqrt {g_{ii}}=\mathbf {e}_i/h_i$


     ℎ  𝑖  


$h_i$


$\mathcal {J}$


   𝑔 


$g$


          (2.23)                   𝒥  =    e  1   ⋅    e  2   ×    e  3   =    ℎ  1     ℎ  2     ℎ  3     


\begin {equation}\mathcal {J}=\mathbf {e}_1 \cdot \mathbf {e}_2 \times \mathbf {e}_3=h_1h_2h_3 \label {ch2:eq:Jacobian}\end {equation}


          (2.24)                     𝒥    −  1    =  ∇    𝑢  1   ⋅  ∇    𝑢  2   ×  ∇    𝑢  3   .    


\begin {equation}\mathcal {J}^{-1}=\nabla u^1 \cdot \nabla u^2 \times \nabla u^3. \label {ch2:eq:Inverse_Jacobian}\end {equation}


          (2.25)                     e  𝑖   =  𝒥  (  ∇    𝑢  𝑗   ×  ∇    𝑢  𝑘   )    


\begin {equation}\mathbf {e}_i=\mathcal {J} (\nabla u^j \times \nabla u^k) \label {ch2:eq:covariant_to_contravariant_vec}\end {equation}


          (2.26)                   ∇    𝑢  𝑖   =    1  𝒥   (    𝑢  𝑗   ×    𝑢  𝑘   )    


\begin {equation}\nabla u^i=\frac {1}{\mathcal {J}} (u_j \times u_k)\end {equation}


   𝑖  ,  𝑗  ,  𝑘 


$i,j,k$


          (2.27)                   d  𝑙  (   along      𝑢  𝑖   )  =    ℎ  𝑖   .      d     𝑢  𝑖                no summation     


\begin {equation}\mathrm {d}l(\text {along } u^i)=h_i. \mathrm {~d}u^i ~~~~~~\text {no summation}\end {equation}


          (2.28)                   d  S  (   in       𝑢  𝑖   =   constant   )  =      ∇    𝑢  𝑖      |  ∇    𝑢  𝑖   |        d   𝑆  =  ±  𝒥      d     𝑢  𝑗       d     𝑢  𝑘   ∇    𝑢  𝑖     


\begin {equation}\mathrm {d}\mathbf {S}(\text {in $u^i=$ constant})= \frac {\nabla u^i}{|\nabla u^i|}\mathrm {~d}S=\pm \mathcal {J} \mathrm {~d}u^j \mathrm {~d}u^k \nabla u^i \label {ch2:eq:area_element_vector}\end {equation}


          (2.29)                   d  𝑆  =    ℎ  𝑗     ℎ  𝑘       d     𝑢  𝑗       d     𝑢  𝑘   .               no summation     


\begin {equation}\mathrm {d}S=h_jh_k\mathrm {~d}u^j\mathrm {~d}u^k. ~~~~~~\text {no summation}\end {equation}


          (2.30)                     d  3   𝑅  =  𝒥      d     𝑢  1       d     𝑢  2       d     𝑢  3   .    


\begin {equation}\mathrm {d}^3R = \mathcal {J} \mathrm {~d}u^1 \mathrm {~d}u^2 \mathrm {~d}u^3. \label {ch2:eq:volume_element}\end {equation}


          (2.31)                     d  3   𝑅  =      d    𝑢  𝑖      |  ∇    𝑢  𝑖   |    d  𝑆  .    


\begin {equation}\mathrm {d}^3R=\frac {\mathrm {d}u^i}{|\nabla u^i|}\mathrm {d}S. \label {ch2:eq:volume_element_alt}\end {equation}


          (2.32)                   ∇  𝐴  =    ∑  𝑖   ∇    𝑢  𝑖       𝜕  𝐴     𝜕    𝑢  𝑖     .    


\begin {equation}\nabla A = \sum _i \nabla u^i \frac {\partial A}{\partial u^i}. \label {ch2:eq:def_gradient}\end {equation}


          (2.36)                   B  =    ℬ  𝜗   (  ∇  𝜑  ×  ∇  𝑝  )  +    ℬ  𝜑   (  ∇  𝑝  ×  ∇  𝜗  )    


\begin {equation}\mathbf {B}=\mathcal {B}^\vartheta (\nabla \varphi \times \nabla p)+\mathcal {B}^\varphi (\nabla p \times \nabla \vartheta )\end {equation}


   ℬ 


$\mathcal {B}$


   ∇    ℬ  𝜗   ⋅  (  ∇  𝜑  ×  ∇  𝑝  )  +  ∇    ℬ  𝜑   ⋅  (  ∇  𝑝  ×  ∇  𝜗  )  =  0  . 


\begin {equation*}\nabla \mathcal {B}^\vartheta \cdot (\nabla \varphi \times \nabla p)+\nabla \mathcal {B}^\varphi \cdot (\nabla p \times \nabla \vartheta ) = 0.\end {equation*}


          (2.37)                     1  𝒥       (      𝜕    ℬ  𝜗      𝜕  𝜗    +      𝜕    ℬ  𝜑      𝜕  𝜑    )   =  0    


\begin {equation}\frac {1}{\mathcal {J}} \left ( \frac {\partial \mathcal {B}^\vartheta }{\partial \vartheta } + \frac {\partial \mathcal {B}^\varphi }{\partial \varphi } \right ) =0\end {equation}


   𝜗 


$\vartheta $


     𝜕    𝜕  𝜑      ∫  0    2  𝜋      ℬ  𝜑       d   𝜗  =  0 


\begin {equation*}\frac {\partial }{\partial \varphi } \int _0^{2 \pi } \mathcal {B}^\varphi \mathrm {~d}\vartheta =0\end {equation*}


   𝑝 


$p$


   𝜑 


$\varphi $


$\varphi $


     ∫  0    2  𝜋      ℬ  𝜑       d   𝜗  =  𝑔  (  𝑝  ) 


\begin {equation*}\int _0^{2 \pi } \mathcal {B}^\varphi \mathrm {~d}\vartheta =g(p)\end {equation*}


   𝑔  (  𝑝  ) 


$g(p)$


     ℬ  𝜗  


$\mathcal {B}^\vartheta $


     ℬ  𝜑  


$\mathcal {B}^\varphi $


$\mathcal {B}^\vartheta $


          (2.38)                           ℬ  𝜑      =      𝜕  𝑓     𝜕  𝜑    +      𝑔  (  𝑝  )     2  𝜋                 ℬ  𝜗      =      𝜕  𝑓     𝜕  𝜗    +      ℎ  (  𝑝  )     2  𝜋         


\begin {equation}\begin {aligned} \mathcal {B}^\varphi &= \frac {\partial f}{\partial \varphi } + \frac {g(p)}{2 \pi } \\ \mathcal {B}^\vartheta &= \frac {\partial f}{\partial \vartheta } + \frac {h(p)}{2 \pi } \end {aligned}\end {equation}


   𝑓  (  𝑝  ,  𝜗  ,  𝜑  ) 


$f(p,\vartheta ,\varphi )$


   ℎ  (  𝑝  ) 


$h(p)$


   𝑓 


$f$


$g$


   ℎ 


$h$


     𝜓  ′   (  𝑝  )  =  𝑔  (  𝑝  )  /  2  𝜋 


$\psi '(p)=g(p)/2\pi $


     𝜒  ′   (  𝑝  )  =  ℎ  (  𝑝  )  /  2  𝜋 


$\chi '(p)=h(p)/2\pi $


   𝜆  (  𝑝  ,  𝜗  ,  𝜑  )  =  𝑓  (  𝑝  ,  𝜗  ,  𝜑  )  /    𝜓  ′   (  𝑝  ) 


$\lambda (p,\vartheta ,\varphi )=f(p,\vartheta ,\varphi )/\psi '(p)$


$p$


           ℬ  𝜑      =    𝜓  ′   (  𝑝  )    (  1  +      𝜕  𝜆     𝜕  𝜗    )                ℬ  𝜗      =    𝜒  ′   (  𝑝  )  −    𝜓  ′   (  𝑝  )      𝜕  𝜆     𝜕  𝜑    .    


\begin {equation*}\begin {aligned} \mathcal {B}^\varphi &= \psi '(p) \left ( 1 + \frac {\partial \lambda }{\partial \vartheta } \right ) \\ \mathcal {B}^\vartheta &= \chi '(p) - \psi '(p) \frac {\partial \lambda }{\partial \varphi }. \end {aligned}\end {equation*}


$\mathbf {B}$


   B  =    (  1  +      𝜕  𝜆     𝜕  𝜗    )     ∇  𝜓  ×  ∇  𝜗  +  ∇  𝜑  ×  ∇  𝜒  −      𝜕  𝜆     𝜕  𝜑    ∇  𝜑  ×  ∇  𝜓 


\begin {equation*}\mathbf {B} = \left ( 1 + \frac {\partial \lambda }{\partial \vartheta } \right ) \nabla \psi \times \nabla \vartheta + \nabla \varphi \times \nabla \chi - \frac {\partial \lambda }{\partial \varphi } \nabla \varphi \times \nabla \psi \end {equation*}


          (2.39)                   B  =  ∇  𝜓  ×  ∇  𝜃  +  ∇  𝜑  ×  ∇  𝜒    


\begin {equation}\mathbf {B}= \nabla \psi \times \nabla \theta +\nabla \varphi \times \nabla \chi \label {ch2:eq:B_field_magnetic_coordinates}\end {equation}


   𝜃  =  𝜗  +  𝜆 


$\theta = \vartheta + \lambda $


$\mathbf {B}$


   (  𝜓  ,  𝜃  ,  𝜑  ) 


$(\psi ,\theta ,\varphi )$


   𝜓 


$\psi $


   𝜒 


$\chi $


$\psi $


$\chi $


$\varphi $


   𝜓  = 


$\psi =$


          (2.40)                     Ψ  𝑇   =    ∬  𝑆   𝒥    B  ⋅  ∇  𝜑      d   𝜓      d   𝜃    


\begin {equation}\Psi _T = \iint _S \mathcal {J}~\mathbf {B}\cdot \nabla \varphi \mathrm {~d}\psi \mathrm {~d}\theta \end {equation}


          (2.41)                           Ψ  𝑇      =    ∫  0  𝜓   d    𝜓  ′     ∫  0    2  𝜋        B  ⋅  ∇  𝜑     ∇    𝜓  ′   ⋅  (  ∇  𝜃  ×  ∇  𝜑  )        d   𝜃               =    ∫  0  𝜓   d    𝜓  ′     ∫  0    2  𝜋        (  ∇    𝜓  ′   ×  ∇  𝜃  )  ⋅  ∇  𝜑     ∇    𝜓  ′   ⋅  (  ∇  𝜃  ×  ∇  𝜑  )        d   𝜃          =  2  𝜋  𝜓  .       


\begin {equation}\begin {aligned} \Psi _T &= \int _0^\psi \mathrm {d}\psi ' \int _0^{2\pi }\frac {\mathbf {B} \cdot \nabla \varphi }{\nabla \psi '\cdot (\nabla \theta \times \nabla \varphi )}\mathrm {~d}\theta \\ &= \int _0^\psi \mathrm {d}\psi ' \int _0^{2\pi }\frac {(\nabla \psi ' \times \nabla \theta ) \cdot \nabla \varphi }{\nabla \psi '\cdot (\nabla \theta \times \nabla \varphi )}\mathrm {~d}\theta \\ &= 2\pi \psi . \label {ch2:eq:Toroidal_Flux} \end {aligned}\end {equation}


$\theta $


$\psi =$


          (2.42)                     Ψ  𝑃   =    ∬  𝑆   𝒥    B  ⋅  ∇  𝜃      d   𝜓      d   𝜑  .    


\begin {equation}\Psi _P = \iint _S \mathcal {J}~\mathbf {B}\cdot \nabla \theta \mathrm {~d}\psi \mathrm {~d}\varphi .\end {equation}


          (2.43)                           Ψ  𝑃      =    ∫  0  𝜓   d    𝜓  ′     ∫  0    2  𝜋        B  ⋅  ∇  𝜃     ∇    𝜓  ′   ⋅  (  ∇  𝜃  ×  ∇  𝜑  )        d   𝜑               =    ∫  0  𝜓   d    𝜓  ′     ∫  0    2  𝜋        (  ∇  𝜑  ×  ∇  𝜒  )  ⋅  ∇  𝜃     ∇    𝜓  ′   ⋅  (  ∇  𝜃  ×  ∇  𝜑  )        d   𝜑          =    ∫  0  𝜓   d    𝜓  ′     ∫  0    2  𝜋        𝑑  𝜒     𝑑    𝜓  ′         (  ∇  𝜑  ×  ∇    𝜓  ′   )  ⋅  ∇  𝜃     ∇    𝜓  ′   ⋅  (  ∇  𝜃  ×  ∇  𝜑  )        d   𝜑          =  2  𝜋  𝜒  (  𝜓  )  .       


\begin {equation}\begin {aligned} \Psi _P &= \int _0^\psi \mathrm {d}\psi ' \int _0^{2\pi }\frac {\mathbf {B} \cdot \nabla \theta }{\nabla \psi '\cdot (\nabla \theta \times \nabla \varphi )}\mathrm {~d}\varphi \\ &= \int _0^\psi \mathrm {d}\psi ' \int _0^{2\pi }\frac {(\nabla \varphi \times \nabla \chi ) \cdot \nabla \theta }{\nabla \psi '\cdot (\nabla \theta \times \nabla \varphi )}\mathrm {~d}\varphi \\ &=\int _0^\psi \mathrm {d}\psi ' \int _0^{2\pi } \frac {d \chi }{d \psi '} \frac {(\nabla \varphi \times \nabla \psi ') \cdot \nabla \theta }{\nabla \psi '\cdot (\nabla \theta \times \nabla \varphi )}\mathrm {~d}\varphi \\ &= 2\pi \chi (\psi ). \label {ch2:eq:Poloidal_Flux} \end {aligned}\end {equation}


$\chi $


          (2.44)                       d  𝜃     d  𝜑    =      B  ⋅  ∇  𝜃     B  ⋅  ∇  𝜑    =      (  ∇  𝜑  ×  ∇  𝜒  )  ⋅  ∇  𝜃     (  ∇  𝜓  ×  ∇  𝜃  )  ⋅  ∇  𝜑    =      d  𝜒     d  𝜓    .    


\begin {equation}\frac {\mathrm {d}\theta }{\mathrm {d}\varphi }=\frac {\mathbf {B}\cdot \nabla \theta }{\mathbf {B}\cdot \nabla \varphi }=\frac {(\nabla \varphi \times \nabla \chi )\cdot \nabla \theta }{(\nabla \psi \times \nabla \theta ) \cdot \nabla \varphi }=\frac {\mathrm {d}\chi }{\mathrm {d}\psi }.\end {equation}


          (2.45)                       d  𝜃     d  𝜑    =      d  𝜒     d  𝜓    =        �     𝜄  (  𝜓  )  .    


\begin {equation}\frac {\mathrm {d}\theta }{\mathrm {d}\varphi }=\frac {\mathrm {d}\chi }{\mathrm {d}\psi }=\iotabar (\psi ).\end {equation}


   (  𝜃  ,  𝜑  ) 


$(\theta ,\varphi )$


         B     =  ∇  𝜓  ×  ∇  𝜃  +  ∇  𝜑  ×        �     𝜄  ∇  𝜓               =  ∇  𝜓  ×  ∇  𝜃  −  ∇  𝜓  ×        �     𝜄  ∇  𝜑  .    


\begin {equation*}\begin {aligned} \mathbf {B} &= \nabla \psi \times \nabla \theta +\nabla \varphi \times \iotabar \nabla \psi \\ &= \nabla \psi \times \nabla \theta - \nabla \psi \times \iotabar \nabla \varphi . \\ \end {aligned}\end {equation*}


   𝛼  =  𝜃  −      �    𝜄  𝜑 


$\alpha =\theta -\iotabar \varphi $


          (2.46)                   B  =  ∇  𝜓  ×  ∇  𝛼    


\begin {equation}\mathbf {B}= \nabla \psi \times \nabla \alpha \label {ch2:eq:Clebsch_B_field}\end {equation}


          (2.33)                   B  =  𝑐      d   R    


\begin {equation}\mathbf {B} = c \mathrm {~d}\mathbf {R} \label {ch2:eq:Tangent_Vector}\end {equation}


   d  R 


$\mathrm {d}\mathbf {R}$


   R 


$\mathbf {R}$


   B  (    𝐵  1   ,    𝐵  2   ,    𝐵  3   ) 


$\mathbf {B}(B^1,B^2,B^3)$


   d  R  (  𝑑    𝑢  1   ,  𝑑    𝑢  2   ,  𝑑    𝑢  3   ) 


$\mathrm {d}\mathbf {R}(du^1,du^2,du^3)$


       𝐵  1     𝑑    𝑢  1     =      𝐵  2     𝑑    𝑢  2     =      𝐵  3     𝑑    𝑢  3     =  𝑐  . 


\begin {equation*}\frac {B^1}{du^1}=\frac {B^2}{du^2}=\frac {B^3}{du^3}=c.\end {equation*}


$B^i=\mathbf {B}\cdot \nabla u^i$


       B  ⋅  ∇    𝑢  1      𝑑    𝑢  1     =      B  ⋅  ∇    𝑢  2      𝑑    𝑢  2     =      B  ⋅  ∇    𝑢  3      𝑑    𝑢  3     . 


\begin {equation*}\frac {\mathbf {B}\cdot \nabla u^1}{du^1}=\frac {\mathbf {B}\cdot \nabla u^2}{du^2}=\frac {\mathbf {B}\cdot \nabla u^3}{du^3}.\end {equation*}


$l$


   d  R  /  d  𝑙 


$\mathrm {d}\mathbf {R}/\mathrm {d}l$


          (2.34)                     B  𝐵   =      d  R     d  𝑙    .    


\begin {equation}\frac {\mathbf {B}}{B}=\frac {\mathrm {d}\mathbf {R}}{\mathrm {d}l}.\end {equation}


   𝑐 


$c$


   𝐵  /  d  𝑙 


$B/\mathrm {d}l$


   B  (  𝑟  ,  𝜃  ,  𝜑  ) 


$\mbB (r,\theta ,\varphi )$


\begin {eqnarray}\dot {r}=\frac {\mathrm {d} r}{\mathrm {d} \varphi } = \frac {B^r}{B^\varphi } \label {ch3:eq:arb_field_line_follow_eq_a} \\[2ex] \dot {\theta }=\frac {\mathrm {d} \theta }{\mathrm {d} \varphi } = \frac {B^\theta }{B^\varphi } \label {ch3:eq:arb_field_line_follow_eq_b}\end {eqnarray}


   𝑟 


$r$


$\theta $


$\varphi $


$2\pi $


$\varphi $


   𝑓  (  x  )  =  x 


$f(\mbx )=\mbx $


$f$


   𝑔  (  x  )  =  𝑓  (  x  )  −  x  =  0 


$g(\mbx )=f(\mbx )-\mbx =0$


     x  𝑖  


$\mbx _i$


   𝑔  (    x  𝑖   ) 


$g(\mbx _i)$


     𝑔  ′   (    x  𝑖   ) 


$g'(\mbx _i)$


     x    𝑖  +  1    =    x  𝑖   −        𝑔  (    x  𝑖   )       𝑔  ′   (    x  𝑖   )    


$\mbx _{i+1}=\mbx _i-\dfrac {g(\mbx _i)}{g'(\mbx _i)}$


   x 


$\mbx $


$g(\mbx _i)$


   2  ×  1 


$2\times 1$


     𝑔  ′   (  x  ) 


$g'(\mbx )$


   2  ×  2 


$2\times 2$


     𝑔  ′   (    x  𝑖     )    −  1    𝑔  (    x  𝑖   ) 


$g'(\mbx _i)^{-1}g(\mbx _i)$


     𝑔  ′   (  x  )  =    𝑓  ′   (  x  )  −  𝕀 


$g'(\mbx )=f'(\mbx )-\mathbb {I}$


     𝑓  ′   (  x  ) 


$f'(\mbx )$


   𝑓  (  x  ) 


$f(\mbx )$


     𝑓  ′   (  x  )  =  S  (  x  ) 


$f'(\mbx )=\mbS (\mbx )$


   S 


$\mbS $


          (3.25)                     d    d  𝜑    S  =    C  ⋅  S   ,      S  (  0  )  =  𝕀    


\begin {equation}\frac {\mathrm {d} }{\mathrm {d} \varphi }\mathbf {S} = \mathbf {C \cdot \mathbf {S}}, ~~\mathbf {S}(0)=\mathbb {I} \label {ch3:eq:tangent_map_diff_eq}\end {equation}


   C 


$\mbC $


          (3.26)                   C  =    (                      𝜕    𝑟  .      𝜕  𝑟              𝜕    𝑟  .      𝜕  𝜃                   𝜕    𝜃  .      𝜕  𝑟              𝜕    𝜃  .      𝜕  𝜃               )     


\begin {equation}\mathbf {C} = \begin {pmatrix} ~\dfrac {\partial \dot {r}}{\partial r} & \dfrac {\partial \dot {r}}{\partial \theta }~\\[1ex] ~\dfrac {\partial \dot {\theta }}{\partial r} & \dfrac {\partial \dot {\theta }}{\partial \theta }~ \end {pmatrix}\end {equation}


$\mbC $


           C    1  ,  1       =      𝜕    𝑟  .      𝜕  𝑟    =        𝐵  𝜑   (    𝜕  𝑟     𝐵  𝑟   )  −    𝐵  𝑟   (    𝜕  𝑟     𝐵  𝜑   )     (    𝐵  𝜑     )  2                  C    1  ,  2       =      𝜕    𝑟  .      𝜕  𝜃    =        𝐵  𝜑   (    𝜕  𝜃     𝐵  𝑟   )  −    𝐵  𝑟   (    𝜕  𝜃     𝐵  𝜑   )     (    𝐵  𝜑     )  2             C    2  ,  1       =      𝜕    𝜃  .      𝜕  𝑟    =        𝐵  𝜑   (    𝜕  𝑟     𝐵  𝜃   )  −    𝐵  𝜃   (    𝜕  𝑟     𝐵  𝜑   )     (    𝐵  𝜑     )  2             C    2  ,  2       =      𝜕    𝜃  .      𝜕  𝜃    =        𝐵  𝜑   (    𝜕  𝜃     𝐵  𝜃   )  −    𝐵  𝜃   (    𝜕  𝜃     𝐵  𝜑   )     (    𝐵  𝜑     )  2       


\begin {equation*}\begin {aligned} \mathbf {C}_{1,1} &= \dfrac {\partial \dot {r}}{\partial r} = \dfrac {B^\varphi (\partial _r B^r)-B^r(\partial _rB^\varphi )}{(B^\varphi )^2} \\[2ex] \mathbf {C}_{1,2} &= \dfrac {\partial \dot {r}}{\partial \theta } = \dfrac {B^\varphi (\partial _\theta B^r)-B^r(\partial _\theta B^\varphi )}{(B^\varphi )^2} \\[2ex] \mathbf {C}_{2,1} &= \dfrac {\partial \dot {\theta }}{\partial r} = \dfrac {B^\varphi (\partial _r B^\theta )-B^\theta (\partial _rB^\varphi )}{(B^\varphi )^2} \\[2ex] \mathbf {C}_{2,2} &= \dfrac {\partial \dot {\theta }}{\partial \theta } = \dfrac {B^\varphi (\partial _\theta B^\theta )-B^\theta (\partial _\theta B^\varphi )}{(B^\varphi )^2} \\[2ex] \end {aligned}\end {equation*}


     𝜕  𝑖   =  𝜕  /  𝜕  𝑖 


$\partial _i=\partial /\partial i$


$\mbx _i$


$g(\mbx _i)$


   S  (    x  𝑖   ) 


$\mbS (\mbx _i)$


   (  S  (    x  𝑖   )  −  𝕀  )  (    x    𝑖  +  1    −    x  𝑖   )  =  −  𝑔  (    x  𝑖   ) 


$(\mbS (\mbx _i)-\mathbb {I}) (\mbx _{i+1}-\mbx _i)=-g(\mbx _i)$


   (    x    𝑖  +  1    −    x  𝑖   ) 


$(\mbx _{i+1}-\mbx _i)$


   (  S  (    x  𝑖   )  −  𝕀    )    −  1    𝑔  (    x  𝑖   ) 


$(\mbS (\mbx _i)-\mathbb {I})^{-1}g(\mbx _i)$


   (  S  (    x  𝑖   )  −  𝕀    )    −  1   


$(\mbS (\mbx _i)-\mathbb {I})^{-1}$


     x    𝑖  +  1    =    x  𝑖   −  (  S  (    x  𝑖   )  −  𝕀    )    −  1    𝑔  (    x  𝑖   ) 


$\mbx _{i+1}=\mbx _i-(\mbS (\mbx _i)-\mathbb {I})^{-1}g(\mbx _i)$


$\mbx $


   𝑅  >   10   .   85  


$R>10.85$


$R$


$Z$


   [  0  ,  2  𝜋  /  5  ] 


$[0,2\pi /5]$


$R$


$Z$


$[0,2\pi /5]$


     𝑅  0   =   10   𝑚 


$R_0=10m$


   𝑎  =  1  𝑚 


$a=1m$


   𝑏  =  0  .   25   𝑚 


$b=0.25m$


     𝑁  𝑃   =  5 


$N_P=5$


$s$


   2  .  0  ×     10     −  3   


$2.0\times 10^{-3}$


   1  .  0  ×     10     −  3   


$1.0\times 10^{-3}$


$2.0\times 10^{-3}$


   2  ×     10     −  4   


$2\times 10^{-4}$


$\iotabar $


          (3.28)                         �     𝜄  =       lim     𝐾  →  ∞            ∑    𝑘  =  1   𝐾   Δ    𝜃  𝑘        ∑    𝑘  =  1   𝐾   Δ    𝜙  𝑘        


\begin {equation}\iotabar ={\note \lim _{K\rightarrow \infty }\frac {\sum _{k=1}^K \Delta \theta _k}{\sum _{k=1}^K \Delta \phi _k}} \label {ch3:eq:iota}\end {equation}


   𝐾  =   1000  


$K=1000$


   2  .  0  ×     10     −  4   


$2.0\times 10^{-4}$


    NS   =   90  


$\text {NS}=90$


     𝜌  𝑖  


$\rho _i$


   𝑘  𝑔  /    𝑚  3  


$kg/m^3$


     𝑈  𝑖  


$U_i$


   𝑚  /  𝑠 


$m/s$


     𝐵  0  


$B_0$


   𝑇 


$T$


$g$


   𝑚  /    𝑠  2  


$m/s^2$


           2    𝛾  ‾       (  𝑔  +      4    𝑐  2  2       (    𝛾  ‾   +    𝑐  2  2       (    𝑘  𝑥  2   +    𝑘  𝑦  2   )   )   +    𝑔  2     )   −  2    𝛾  ‾       (  𝑔  −      4    𝑐  1  2       (    𝛾  ‾   +    𝑐  1  2       (    𝑘  𝑥  2   +    𝑘  𝑦  2   )   )   +    𝑔  2     )         −    (    1    𝑐  2  2    −    1    𝑐  1  2    )     𝑔      (  𝑔  −      4    𝑐  1  2       (    𝛾  ‾   +    𝑐  1  2       (    𝑘  𝑥  2   +    𝑘  𝑦  2   )   )   +    𝑔  2     )          (4.138)      ×    (  𝑔  +      4    𝑐  2  2       (    𝛾  ‾   +    𝑐  2  2       (    𝑘  𝑥  2   +    𝑘  𝑦  2   )   )   +    𝑔  2     )   =  0  .    


\begin {multline}2 \overline {\gamma }_1^2 \left (g +\sqrt {4 c_2^2 \left (\overline {\gamma }_2^2+c_2^2 \left (k_x^2+k_y^2\right )\right )+g^2}\right ) -2 \overline {\gamma }_2^2 \left (g-\sqrt {4 c_1^2 \left (\overline {\gamma }_1^2+c_1^2 \left (k_x^2+k_y^2\right )\right )+g^2}\right ) \\[2ex] -\left (\frac {1}{c_2^2}-\frac {1}{c_1^2}\right ) g \left (g-\sqrt {4 c_1^2 \left (\overline {\gamma }_1^2+c_1^2 \left (k_x^2+k_y^2\right )\right )+g^2}\right ) \\ \times \left (g+\sqrt {4 c_2^2 \left (\overline {\gamma }_2^2+c_2^2 \left (k_x^2+k_y^2\right )\right )+g^2}\right ) = 0. \label {ch4:eq:KHRTwoB}\end {multline}


   𝑧  =  0 


$z=0$


   𝜌 


$\rho $


$g$


   𝑘 


$k$


$B_0$


   B  =    𝐵  0       𝑒  ˆ   𝑥  


$\mathbf {B}=B_0 \hat {e}_x$


   g  =  −  𝑔      𝑒  ˆ   𝑧  


$\mathbf {g}=-g \hat {e}_z$


     𝑝  0   =    𝜌  0  Γ     𝑐  0  2   →    𝜌  0     𝑐  0  2  


\begin {equation*}p_0 = \rho _0^\Gamma c_0^2 \rightarrow \rho _0 c_0^2\end {equation*}


   𝑃 


$P$


$\rho $


   Γ 


$\Gamma $


     𝑐  0  


$c_0$


$\rho $


          (4.94)                       𝑑    𝑝  0     dz    =  −    𝜌  0   𝑔  .    


\begin {equation}\frac {d p_0}{\text {dz}}=-\rho _0 g. \label {ch4:eq:ddz_bernoulli}\end {equation}


       𝑑    𝜌  0     dz    =  −    𝑔    𝑐  0  2      𝜌  0   . 


\begin {equation*}\frac {d \rho _0}{\text {dz}}=-\frac {g }{c_0^2}\rho _0.\end {equation*}


   𝑧 


$z$


     𝜌  0   =      𝜌  ˆ   0     𝑒    −    𝑔    𝑐  0  2    𝑧    =      𝜌  ˆ   0     𝑒    −    𝑧    𝐿  0      . 


\begin {equation*}\rho _0=\hat {\rho }_0 e^{-\frac {g }{c_0^2}z}=\hat {\rho }_0 e^{-\frac {z}{L_0}}.\end {equation*}


     𝐿  0   ≡      𝑐  0  2   𝑔   . 


\begin {equation*}L_0\equiv \frac {c_0^2}{g}.\end {equation*}


          (4.95)        𝜌    0  1    =      𝜌  ˆ   1     𝑒    −    𝑔    𝑐  1  2    𝑧    =      𝜌  ˆ   1     𝑒    −    𝑧    𝐿  1      ,          𝑧  >  0         (4.96)        𝜌    0  2    =      𝜌  ˆ   2     𝑒    −    𝑔    𝑐  2  2    𝑧    =      𝜌  ˆ   1     𝑒    −    𝑧    𝐿  2      ,          𝑧  <  0         (4.97)        𝑝    0  1    =      𝜌  ˆ   1     𝑐  1  2     𝑒    −    𝑔    𝑐  1  2    𝑧    =      𝜌  ˆ   1     𝑐  1  2     𝑒    −    𝑧    𝐿  1      ,          𝑧  >  0         (4.98)        𝑝    0  2    =      𝜌  ˆ   2     𝑐  2  2     𝑒    −    𝑔    𝑐  2  2    𝑧    =      𝜌  ˆ   2     𝑐  2  2     𝑒    −    𝑧    𝐿  2      ,          𝑧  <  0         (4.99)          𝜌  ˆ   1     𝑐  1  2   =      𝜌  ˆ   2     𝑐  2  2   .    


\begin {gather}\rho _{0_1}=\hat {\rho }_1 e^{-\frac {g }{c_1^2}z}=\hat {\rho }_1 e^{-\frac {z}{L_1}}, \ \ \ \ z>0 \\ \rho _{0_2}=\hat {\rho }_2 e^{-\frac {g }{c_2^2}z}=\hat {\rho }_1 e^{-\frac {z}{L_2}}, \ \ \ \ z<0 \\ p_{0_1}=\hat {\rho }_1 c_1^2 e^{-\frac {g }{c_1^2}z}=\hat {\rho }_1c_1^2 e^{-\frac {z}{L_1}}, \ \ \ \ z>0 \\ p_{0_2}=\hat {\rho }_2 c_2^2 e^{-\frac {g }{c_2^2}z}=\hat {\rho }_2 c_2^2 e^{-\frac {z}{L_2}}, \ \ \ \ z<0 \\ \hat {\rho }_1 c_1^2 = \hat {\rho }_2 c_2^2.\end {gather}


     𝜌  1  


$\rho _1$


     𝜌  2  


$\rho _2$


   𝑃  ∝    𝜌  Γ  


$P \propto \rho ^\Gamma $


$\Gamma $


   Γ  =  1 


$\Gamma =1$


   𝐴  =  0 


$A=0$


   𝛾 


$\gamma $


          (4.139a)                     𝛾  ˆ   =  −    (    𝑀  1   +    𝑀  𝑐   )     𝑖  +  𝑖        (  1  ∓    𝑖    2    𝐿  ‾     )   +    𝑀  𝑐  2   −          (  1  ∓    𝑖    2    𝐿  ‾     )   2   +  4    𝑀  𝑐  2         


\begin {equation}\hat {\gamma } = - \left (M_1 + M_c \right ) i +i\sqrt { \left (1 \mp \frac {i}{2\overline {L}} \right )+M_c^2 -\sqrt {\left ( 1 \mp \frac {i}{2\overline {L}}\right )^2+4M_c^2}} \label {ch4:eq:AnaKHIwg_a}\end {equation}


          (4.139b)                     𝛾  ˆ   =  −    (    𝑀  1   +    𝑀  𝑐   )     𝑖  −  𝑖        (  1  ±    𝑖    2    𝐿  ‾     )   +    𝑀  𝑐  2   −          (  1  ±    𝑖    2    𝐿  ‾     )   2   +  4    𝑀  𝑐  2         


\begin {equation}\hat {\gamma } = - \left (M_1 + M_c \right ) i -i\sqrt { \left (1 \pm \frac {i}{2\overline {L}} \right )+M_c^2 -\sqrt {\left ( 1 \pm \frac {i}{2\overline {L}}\right )^2+4M_c^2}} \label {ch4:eq:AnaKHIwg_b}\end {equation}


     𝛾  ˆ   =    𝛾    𝑘  𝑐   


$\hat {\gamma }=\frac {\gamma }{kc}$


     𝐿  ‾   =        𝑐  2   𝑘   𝑔  


$\overline {L}=\frac {c^2 k}{g}$


     𝑀  1   =      𝑈  1   𝑐    cos   (  𝜃  ) 


$M_1 = \frac {U_1}{c} \text {cos}(\theta )$


     𝑀  𝑐   =        𝑈  2   −    𝑈  1      2  𝑐     cos   (  𝜃  ) 


$M_c=\frac {U_2-U_1}{2c}\text {cos}(\theta )$


     𝑀  𝑐  


$M_c$


     𝑀  𝑐   >  0 


$M_c>0$


     𝑀  𝑐   <  0 


$M_c<0$


$\gamma $


$g$


$g$


$M_c$


   𝑧  →  ±  ∞ 


$z\rightarrow \pm \infty $


     𝑀  𝑐   >    2  


$M_c>\sqrt {2}$


$M_c$


$M$


$M$


   𝑀  =  0 


$M= 0$


   𝑀  =  ±      2  +  𝑖  /    𝐿  ‾    


$M=\pm \sqrt {2+i/\overline {L}}$


   𝑀  =  ±      2  −  𝑖  /    𝐿  ‾    


$M = \pm \sqrt {2-i/\overline {L}}$


     𝑀  𝑐   ⪆  2 


$M_c\gtrapprox 2$


     𝑀  𝑐   ≫  1 


$M_c\gg 1$


     𝑀  𝑐   ≫    𝐿  ‾  


$M_c\gg \overline {L}^{-1}$


     𝐿  ‾   ≫    𝑀  𝑐  


$\overline {L}^{-1} \gg M_c$


     𝑀  𝑐   →    ∞  +  


$M_c\rightarrow \infty ^+$


          (4.140)                     𝛾  ˆ   =  ±    1    4    𝐿  ‾     𝑀  𝑐     −  𝑖  (  1  +    𝑀  1   )  +  𝒪      (    1    𝑀  𝑐  2    )     


\begin {equation}\hat {\gamma } = \pm \frac {1}{4\overline {L}M_c} - i (1+M_1) + \mathcal {O}\left (\frac {1}{M_c^2} \right ) \label {ch4:eq:AnalyticKHexpansion}\end {equation}


$M_c$


$M_c>\sqrt {2}$


     𝑢  𝑧  


$u_z$


     𝑒    𝑧    ℎ  −    


$e^{zh^-}$


     𝑒    𝑧    ℎ  +    


$e^{zh^+}$


$M_c>\sqrt {2}$


     𝑒      𝑧  ‾     ℎ  ‾    


$e^{\overline {z} \overline {h}^-}$


     𝑧  ‾   =  𝑧  𝑘 


$\overline {z}=z k$


     𝐿  ‾  


$\overline {L}$


     𝑀  𝑐   =  2 


$M_c=2$


   ∼     10     −  6   


$\sim 10^{-6}$


   ∼     10     −  1   


$\sim 10^{-1}$


   𝒪  (  1  ) 


$\mathcal {O}(1)$


   𝐴  ≠  0 


$A\ne 0$


     𝑀  𝑐   =        𝑈  2   −    𝑈  1        𝑐  1   +    𝑐  2    


$M_c = \frac {U_2 - U_1}{c_1 + c_2}$


     𝑀  𝑐   >    2  


$M_c >\sqrt {2}$


     𝑀  𝑐   =    2  


$M_c=\sqrt {2}$


$M_c$


   1  .  3 


$1.3$


     𝑈  2   −    𝑈  1   ≫  1 


$U_2-U_1 \gg 1$


     𝑀  𝑐   ≫  1 


$M_c \gg 1$


   1  /  (    𝑈  2   −    𝑈  1   ) 


$1/(U_2-U_1)$


   1  /    𝑀  𝑐  


$1/M_c$


          (4.141)                   𝛾  ≈  ±      𝑔    𝑐  2      2    𝑐  1   (    𝑈  2   −    𝑈  1   )   cos   (  𝜃  )    −  𝑖  𝑘  (    𝑐  1   +    𝑈  1    cos   (  𝜃  )  )    


\begin {equation}\gamma \approx \pm \frac {g c_2}{2 c_1 (U_2 - U_1) \text {cos}(\theta )} - i k (c_1 + U_1 \text {cos}(\theta )) \label {ch4:eq:KHapprox}\end {equation}


          (4.142)                     𝛾  ˆ   ≈  ±      𝑐  2  +     2    𝐿  ‾     𝑀  𝑐    cos   (  𝜃  )    −  𝑖  (  1  +    𝑀  1    cos   (  𝜃  )  )    


\begin {equation}\hat {\gamma } \approx \pm \frac {c_2^+}{2 \overline {L}_1 M_c \text {cos}(\theta )} - i(1+M_1 \text {cos}(\theta )) \label {ch4:eq:KHapproxNorm}\end {equation}


     𝛾  ˆ   =    𝛾    𝑘    𝑐  1    


$\hat {\gamma }=\frac {\gamma }{kc_1}$


     𝐿  ‾   =        𝑐  1  2   𝑘   𝑔  


$\overline {L}_1=\frac {c_1^2 k}{g}$


     𝑐  𝑖  +   =      𝑐  𝑖       𝑐  1   +    𝑐  2    


$c_i^+=\frac {c_i}{c_1 + c_2}$


   𝜃  ≠  𝜋  /  2 


$\theta \ne \pi /2$


   ± 


$\pm $


$\gamma $


     𝛾  1  


$\gamma _1$


          (4.143)                   𝛾  ≈    𝛾  1   ±      𝑔    𝑐  2      2  (    𝑈  2   −    𝑈  1     )  2      cos   2   (  𝜃  )    −  𝑖        𝑔  2   (    𝑐  2  2   −  2    𝑐  1  2   )  +  4    𝑐  1  4     𝑐  2  2     𝑘  2      8    𝑐  1  3   𝑘  (    𝑈  2   −    𝑈  1     )  2      cos   2   (  𝜃  )    .    


\begin {equation}\gamma \approx \gamma _1\pm \frac {gc_2}{2(U_2-U_1)^2\text {cos}^2(\theta )} -i \frac {g^2(c_2^2-2c_1^2)+4c_1^4c_2^2k^2}{8c_1^3k (U_2-U_1)^2 \text {cos}^2(\theta )}.\end {equation}


$M_c$


$M_c$


$M_c$


     𝑐  1   >    𝑐  2  


$c_1 > c_2$


     𝜌  1   <    𝜌  2  


$\rho _1 < \rho _2$


$M_c$


$M_c$


     𝑀  𝑐   <  0  .  2 


$M_c<0.2$


   𝛾  ∝    𝑐  2   /    𝑐  1  


$\gamma \propto c_2/c_1$


     𝑐  2   /    𝑐  1   <  1 


$c_2/c_1 <1$


     𝑐  2   /    𝑐  1   >  1 


$c_2/c_1>1$


$M_c$


   𝑑  =    𝑈  2   −    𝑈  1  


$d = U_2-U_1$


   𝑑 


$d$


     𝑐  1  


$c_1$


     𝑐  2  


$c_2$


          (4.144)                     𝑑    𝑝  𝑒  𝑎  𝑘    ≈  0  .   37     𝑐  1   +  0  .   48     𝑐  2     


\begin {equation}d_{peak} \approx 0.37 c_1 + 0.48 c_2 \label {ch4:eq:KHpeak}\end {equation}


   (    𝑐  1   +    𝑐  2   ) 


$(c_1+c_2)$


          (4.145)                     𝑀    𝑐    𝑃  𝑒  𝑎  𝑘     ≈  0  .   37     𝑐  1  +   +  0  .   48     𝑐  2  +     


\begin {equation}M_{c_{Peak}} \approx 0.37 c_1^+ + 0.48 c_2^+ \label {ch4:eq:KHpeakMc}\end {equation}


     𝑐  𝑖  +  


$c_i^+$


     𝑑    𝑝  𝑒  𝑎  𝑘    =      3   2   𝑐 


$d_{peak} = \frac {\sqrt {3}}{2}c$


   0  .   85  


$0.85$


     3   ≈  0  .   87  


$\sqrt {3} \approx 0.87$


   𝑔  ∼  𝒪  (   10   ) 


$g \sim \mathcal {O}(10)$


     𝐿  ‾   ∼  𝒪  (     10   7   ) 


$\overline {L}_1 \sim \mathcal {O}(10^7)$


     𝐿  ‾   ∼  𝒪  (  1  ) 


$\overline {L}_1 \sim \mathcal {O}(1)$


$M_c$


$\overline {L}$


$\overline {L}^{-1} \gg M_c$


          (4.146)                     𝛾  ˆ   =  ±  2    𝑀  𝑐     𝐿  ‾   −  𝑖    𝑀  1   +  𝒪  (    𝐿  ‾   )  .    


\begin {equation}\hat {\gamma }= \pm 2 M_c \overline {L} - iM_1 + \mathcal {O}(\overline {L}^2). \label {ch4:eq:small_L_expansion}\end {equation}


$M_c$


           𝑔      (        𝛾  ‾       (    𝐵  2     𝑘  𝑦  2   +    𝐾  2   𝜇  𝑃  )   +    𝐾  2   𝜇  𝑃    𝑉  2  2     𝑘  𝑥  2        𝐾  2     𝛾  ‾       (    𝑐  2  2   +    𝑉  2  2   )   +    𝛾  ‾   +    𝑐  2  2     𝐾  2     𝑉  2  2     𝑘  𝑥  2     −        𝛾  ‾       (    𝐵  2     𝑘  𝑦  2   +    𝐾  2   𝜇  𝑃  )   +    𝐾  2   𝜇  𝑃    𝑉  1  2     𝑘  𝑥  2        𝐾  2     𝛾  ‾       (    𝑐  1  2   +    𝑉  1  2   )   +    𝛾  ‾   +    𝑐  1  2     𝐾  2     𝑉  1  2     𝑘  𝑥  2     )         −        ℎ  −       (    𝛾  ‾   +    𝑉  1  2     𝑘  𝑥  2   )       (    𝛾  ‾       (    𝐵  2   +  𝜇  𝑃  )   +    𝐵  2     𝑐  1  2     𝑘  𝑥  2   )        𝐾  2     𝛾  ‾       (    𝑐  1  2   +    𝑉  1  2   )   +    𝛾  ‾   +    𝑐  1  2     𝐾  2     𝑉  1  2     𝑘  𝑥  2            (4.137)      +        ℎ  +       (    𝛾  ‾   +    𝑉  2  2     𝑘  𝑥  2   )       (    𝛾  ‾       (    𝐵  2   +  𝜇  𝑃  )   +    𝐵  2     𝑐  2  2     𝑘  𝑥  2   )        𝐾  2     𝛾  ‾       (    𝑐  2  2   +    𝑉  2  2   )   +    𝛾  ‾   +    𝑐  2  2     𝐾  2     𝑉  2  2     𝑘  𝑥  2     =  0  .    


\begin {multline}g \left (\frac {\overline {\gamma }_2^2 \left (B^2 k_y^2+K^2 \mu P\right )+K^2 \mu P V_2^2 k_x^2}{K^2 \overline {\gamma }_2^2 \left (c_2^2+V_2^2\right )+\overline {\gamma }_2^4+c_2^2 K^2 V_2^2 k_x^2}-\frac {\overline {\gamma }_1^2 \left (B^2 k_y^2+K^2 \mu P\right )+K^2 \mu P V_1^2 k_x^2}{K^2 \overline {\gamma }_1^2 \left (c_1^2+V_1^2\right )+\overline {\gamma }_1^4+c_1^2 K^2 V_1^2 k_x^2}\right ) \\[2ex] -\frac {h^- \left (\overline {\gamma }_1^2+V_1^2 k_x^2\right ) \left (\overline {\gamma }_1^2 \left (B^2+\mu P\right )+B^2 c_1^2 k_x^2\right )}{K^2 \overline {\gamma }_1^2 \left (c_1^2+V_1^2\right )+\overline {\gamma }_1^4+c_1^2 K^2 V_1^2 k_x^2} \\ +\frac {h^+ \left (\overline {\gamma }_2^2+V_2^2 k_x^2\right ) \left (\overline {\gamma }_2^2 \left (B^2+\mu P\right )+B^2 c_2^2 k_x^2\right )}{K^2 \overline {\gamma }_2^2 \left (c_2^2+V_2^2\right )+\overline {\gamma }_2^4+c_2^2 K^2 V_2^2 k_x^2}=0. \label {ch4:eq:KHRTWB}\end {multline}


   𝛿  𝜂 


$\delta \eta $


   𝛿  𝑛 


$\delta n$


$z=0$


     𝜌  1   =  3  ∗     10     −  7      𝑘  𝑔      𝑚    −  3   


$\rho _1 = 3*10^{-7}~ kg~m^{-3}$


     𝜌  2   =  8  ∗     10     −  8      𝑘  𝑔      𝑚    −  3   


$\rho _2 = 8*10^{-8}~ kg~m^{-3}$


   𝑃  =   200     𝑃  𝑎 


$P = 200~Pa$


   𝑔  =   10     𝑚  /    𝑠  2  


$g = 10~m/s^2$


     𝑘  𝑥   =  1      𝑚    −  1   


$k_x = 1~m^{-1}$


     𝑈  2   −    𝑈  1   =  5  ×     10   5     𝑚  /  𝑠 


$U_2-U_1=5\times 10^5 ~ m/s$


$M_c$


$M_c<0.2$


\begin {eqnarray}\gamma _{inc} =& \sqrt {g k_x A + k_x^2 \rho _1^+ \rho _2^+ \left ( U_2-U_1 \right )^2 - \frac {2 k_x^2 B_x^2}{\mu _0 (\rho _1+\rho _2)}} \nonumber \\ & -ik_x \left ( \rho _1^+ U_1 + \rho _2^+ U_2 \right ) \label {ch4:eq:INCKHRTwB}\end {eqnarray}


     𝜌  𝑖  +   =      𝜌  𝑖       𝜌  1   +    𝜌  2    


$\rho _i^+=\frac {\rho _i}{\rho _1+\rho _2}$


   𝐵 


$B$


          (4.148)                     𝐵    𝑐  𝑟  𝑖    𝑡    𝑖  𝑛  𝑐      =          𝜇  0       (  𝑔      (    𝜌  1  2   −    𝜌  2  2   )   +    𝑘  𝑥     𝜌  1     𝜌  2   (    𝑈  2   −    𝑈  1     )  2   )      2    𝑘  𝑥       (    𝜌  1   +    𝜌  2   )      .    


\begin {equation}B_{crit_{inc}} = \sqrt {\frac {\mu _0 \left ( g \left (\rho _1^2-\rho _2^2\right )+k_x \rho _1 \rho _2 (U_2-U_1)^2 \right )}{2 k_x \left ( \rho _1 + \rho _2 \right )}}.\end {equation}


     𝑘  𝑥     𝜌  1     𝜌  2   (    𝑈  2   −    𝑈  1     )  2   ≫  𝑔      (    𝜌  1  2   −    𝜌  2  2   )  


$k_x \rho _1 \rho _2 (U_2-U_1)^2 \gg g \left (\rho _1^2-\rho _2^2\right )$


          (4.149)                     𝐵    𝑐  𝑟  𝑖    𝑡    𝑖  𝑛  𝑐      ≈          𝜇  0     𝜌  1     𝜌  2      2  (    𝜌  1   +    𝜌  2   )     (    𝑈  2   −    𝑈  1   )    


\begin {equation}B_{crit_{inc}} \approx \sqrt {\frac {\mu _0 \rho _1 \rho _2}{2 (\rho _1+ \rho _2)}} (U_2-U_1) \label {ch4:eq:Aprox_crit_B}\end {equation}


          (4.150)                       𝑉      𝐴   12    𝑐  𝑟  𝑖  𝑡      Δ  𝑈    ≈          𝜌  1  +     𝜌  2  +    2      


\begin {equation}\frac {V_{A_{12}crit}}{\Delta U} \approx \sqrt {\frac { \rho _1^+ \rho _2^+}{2}} \label {ch4:eq:Aprox_crit_V}\end {equation}


     𝑉    𝐴   12     =    𝐵        𝜇  0   (    𝜌  1   +    𝜌  2   )    


$V_{A_{12}}=\frac {B}{\sqrt {\mu _0 (\rho _1+\rho _2)}}$


   0  .   29  


$0.29$


   0  .  2 


$0.2$


   1  .  4 


$1.4$


$M_c$


     𝑀  𝑐   <  1  .  5 


$M_c<1.5$


     𝑀  𝑐   =  1 


$M_c=1$


$A=0$


     𝐿  ‾   ∼  𝒪  (     10   7   ) 


$\overline {L}\sim \mathcal {O}(10^7)$


   Γ  =  5  /  3 


$\Gamma =5/3$


   𝒪  (    Γ   ) 


$\mathcal {O}(\sqrt {\Gamma })$


$M_c$


     𝑀  𝑐   >  2 


$M_c>2$


$M_c=2$


$M_c\gtrapprox 2$


$M_c$


$M_c \gg 1$


$\gamma $


$\mathcal {O}(10^5)$


$\mathcal {O}(10^{-5})$


$\mathcal {O}(10^{-5})$


$M_c$


$M_c$


          (4.151)                     𝐵    𝑐  𝑟  𝑖    𝑡    𝐾  𝐻      ≈        𝜇  0     𝜌  2         (    (    𝑈  2   −    𝑈  1   )   −    𝑐  1   )   .    


\begin {equation}B_{crit_{KH}} \approx \sqrt {\mu _0 \rho _2} \left ( \left (U_2-U_1 \right ) - c_1 \right ). \label {ch4:eq:critBKH}\end {equation}


          (4.152)                     𝑉    𝐴  2    ≈  (    𝑈  2   −    𝑈  1   )  −    𝑐  1     


\begin {equation}V_{A_2} \approx (U_2 - U_1) - c_1 \label {ch4:eq:critb_V_KH}\end {equation}


     𝑉    𝐴  2    =    𝐵        𝜇  0     𝜌  2     


$V_{A_2}=\frac {B}{\sqrt {\mu _0 \rho _2}}$


     𝑀  𝑐   =  2  .  6 


$M_c=2.6$


   1  .   05  


$1.05$


     𝑀  𝑐   <  2 


$M_c<2$


    50   % 


$50\%$


$g$


     𝐿  ‾  


$\overline {L}_1$


      10   3   <    𝐿  ‾   <     10   7  


$10^3<\overline {L}_1<10^7$


$g$


     𝑀  𝑐   ≫    𝐿  ‾  


$M_c \gg \overline {L}_1^{-1}$


   𝑅  𝑒  (  𝛾  )  ∝  𝑔  /    𝑐  1  


$Re(\gamma ) \propto g/c_1$


     𝛾  ˆ   ∝    𝐿  ‾  


$\hat {\gamma } \propto \overline {L}_1^{-1}$


$c_1$


$M_c$


$A\ne 0$


$M_c$


$\overline {L}$


$M_c$


$B$


          (4.100)                       𝜕  𝜌     𝜕  𝑡    +  ∇  ⋅    (  𝜌  U  )   =  0    


\begin {equation}\frac {\partial \rho }{\partial t}+\nabla \cdot \left (\rho \mathbf {U}\right )=0 \label {ch4:eq:KHRT_mass_cont}\end {equation}


          (4.101)                   𝜌      (    𝜕    𝜕  𝑡    +  U  ⋅  ∇  )     U  =  −  ∇  𝑝  −  𝜌  g  +    1  𝜇       (  ∇  ×  B  )   ×  B    


\begin {equation}\rho \left (\frac {\partial }{\partial t}+\mathbf {U}\cdot \nabla \right )\mathbf {U}=-\nabla p-\rho \mathbf {g}+\frac {1}{\mu }\left (\nabla \times \mathbf {B}\right )\times \mathbf {B} \label {ch4:eq:KHRT_mom_cons}\end {equation}


          (4.102)                       𝜕  B     𝜕  𝑡    =  ∇  ×    (  U  ×  B  )     


\begin {equation}\frac {\partial \mathbf {B}}{\partial t}=\nabla \times \left (\mathbf {U} \times \mathbf {B} \right ) \label {ch4:eq:KHRT_faraday}\end {equation}


          (4.103)                   𝑝  =  𝜌    𝑐  2   .    


\begin {equation}p=\rho c^2. \label {ch4:eq:KHRT_closure}\end {equation}


           U  =    U  0   +  𝛿  U  =    𝑈  0       𝑒  ˆ   𝑥   +    (    𝑢  𝑥       𝑒  ˆ   𝑥   +    𝑢  𝑦       𝑒  ˆ   𝑦   +    𝑢  𝑧       𝑒  ˆ   𝑧   )           𝜌  =    𝜌  0   +  𝛿  𝜌          𝑝  =    𝑝  0   +  𝛿  𝑝          B  =    B  0   +  𝛿  B  =    𝐵  0       𝑒  ˆ   𝑥   +    (    𝑏  𝑥       𝑒  ˆ   𝑥   +    𝑏  𝑦       𝑒  ˆ   𝑦   +    𝑏  𝑧       𝑒  ˆ   𝑧   )   .    


\begin {gather*}\mathbf {U}=\mathbf {U}_0 + \delta \mathbf {U}=U_0 \hat {e}_x + \left (u_x \hat {e}_x + u_y \hat {e}_y+ u_z \hat {e}_z\right ) \\ \rho =\rho _0 + \delta \rho \\ p= p_0 + \delta p \\ \mathbf {B}=\mathbf {B}_0 + \delta \mathbf {B}= B_0 \hat {e}_x + \left (b_x \hat {e}_x+b_y \hat {e}_y+b_z \hat {e}_z\right ).\end {gather*}


          (4.104)                     (    𝜕    𝜕  𝑡    +    U  0   ⋅  ∇  )     𝛿  𝜌  +  ∇  ⋅    (  𝛿    𝜌  0   U  )   =  0    


\begin {equation}\left (\frac {\partial }{\partial t}+\mathbf {U}_0\cdot \nabla \right )\delta \rho +\nabla \cdot \left (\delta \rho _0 \mathbf {U} \right )=0 \label {ch4:eq:KHRT_lin_mass_cont}\end {equation}


          (4.105)                   𝜌      (    𝜕    𝜕  𝑡    +    U  0   ⋅  ∇  )     𝛿  U  =  −  ∇  𝛿  𝑝  −  𝛿  𝜌  g  +    1  𝜇       (  ∇  ×  𝛿  B  )   ×    B  0     


\begin {equation}\rho \left (\frac {\partial }{\partial t}+\mathbf {U}_0\cdot \nabla \right )\delta \mathbf {U}=-\nabla \delta p-\delta \rho \mathbf {g}+\frac {1}{\mu }\left (\nabla \times \delta \mathbf {B}\right )\times \mathbf {B}_0 \label {ch4:eq:KHRT_lin_mom_cons}\end {equation}


          (4.106)                     (    𝜕    𝜕  𝑡    +    U  0   ⋅  ∇  )     𝛿  B  =  ∇  ×    (  𝛿  U  ×    B  0   )     


\begin {equation}\left (\frac {\partial }{\partial t}+\mathbf {U}_0\cdot \nabla \right )\delta \mathbf {B}=\nabla \times \left (\delta \mathbf {U} \times \mathbf {B}_0 \right ) \label {ch4:eq:KHRT_lin_faraday}\end {equation}


          (4.107)                   𝛿  𝑝  =  𝛿  𝜌    𝑐  0  2   .    


\begin {equation}\delta p = \delta \rho c_0^2. \label {ch4:eq:KHRT_lin_closure}\end {equation}


   𝛿  𝐹  (  𝑥  ,  𝑦  ,  𝑧  ,  𝑡  )  =    𝐹  ˜   (  𝑧  )    𝑒    𝑖  (    𝑘  𝑥   𝑥  +    𝑘  𝑦   𝑦  )  +  𝛾  𝑡   


\begin {equation*}\delta F(x,y,z,t) = \tilde {F}(z) e^{i(k_x x+k_y y) +\gamma t}\end {equation*}


     𝑘  𝑥  


$k_x$


     𝑘  𝑦  


$k_y$


$\mathbf {K}$


$\gamma $


$\gamma $


          (4.108)        𝛾  ‾   𝛿  𝜌  −      𝑢  𝑧     𝐿  0      𝜌  0   +    𝜌  0   ∇  ⋅  𝛿  U  =  0         (4.109)        𝜌  0     𝛾  ‾     𝑢  𝑥   =  −  𝑖    𝑘  𝑥   𝛿  𝑝         (4.110)        𝜌  0     𝛾  ‾     𝑢  𝑦   =  −  𝑖    𝑘  𝑦   𝛿  𝑝  +      𝐵  0   𝜇       (  𝑖    𝑘  𝑥     𝑏  𝑦   −  𝑖    𝑘  𝑦     𝑏  𝑥   )          (4.111)        𝜌  0     𝛾  ‾     𝑢  𝑧   =  −  𝐷  𝛿  𝑝  −  𝛿  𝜌  𝑔  +      𝐵  0   𝜇       (  𝑖    𝑘  𝑥     𝑏  𝑧   −  𝐷    𝑏  𝑥   )          (4.112)        𝑏  𝑥     𝛾  ‾   +    𝐵  0   ∇  ⋅  𝛿  U  =    𝐵  0   𝑖    𝑘  𝑥     𝑢  𝑥          (4.113)        𝑏  𝑦     𝛾  ‾   =    𝐵  0   𝑖    𝑘  𝑥     𝑢  𝑦          (4.114)        𝑏  𝑧     𝛾  ‾   =    𝐵  0   𝑖    𝑘  𝑥     𝑢  𝑧   ,    


\begin {gather}\overline {\gamma } \delta \rho - \frac {u_z}{L_0} \rho _0 + \rho _0 \nabla \cdot \delta \mathbf {U}=0 \label {ch4:eq:KHRT_norm_mass_cont} \\ \rho _0 \overline {\gamma } u_x = -i k_x \delta p \label {ch4:eq:KHRT_norm_mom_cons_x} \\ \rho _0 \overline {\gamma } u_y= -i k_y \delta p + \frac {B_0}{\mu } \left (i k_x b_y -i k_y b_x \right ) \label {ch4:eq:KHRT_norm_mom_cons_y} \\ \rho _0 \overline {\gamma } u_z= -D \delta p - \delta \rho g + \frac {B_0}{\mu } \left (i k_x b_z - D b_x \right ) \label {ch4:eq:KHRT_norm_mom_cons_z} \\ b_x \overline {\gamma } +B_0 \nabla \cdot \delta \mathbf {U} = B_0 i k_x u_x \label {ch4:eq:KHRT_norm_faraday_x} \\ b_y \overline {\gamma }=B_0 i k_x u_y \label {ch4:eq:KHRT_norm_faraday_y} \\ b_z \overline {\gamma }=B_0 i k_x u_z, \label {ch4:eq:KHRT_norm_faraday_z}\end {gather}


     𝛾  ‾   =  𝛾  +  𝑖    𝑘  𝑥     𝑈  0  


$\overline {\gamma } = \gamma + i k_x U_0$


$u_z$


$u_z$


   𝛿  𝑛  =      𝛿  𝜌   𝜌  


$\delta n=\frac {\delta \rho }{\rho }$


$\delta n$


$u_z$


          (4.115)                     𝛾  ‾   𝛿  𝑛  −      𝑢  𝑧   𝐿   +  ∇  ⋅  𝛿  U  =  0    


\begin {equation}\overline {\gamma } \delta n - \frac {u_z}{L} + \nabla \cdot \delta \mathbf {U}=0 \label {ch4:eq:KHRT_normalized_mass_cont}\end {equation}


          (4.116)                     𝑢  𝑥   =  −      𝑖    𝑘  𝑥     𝑐  2      𝛾  ‾    𝛿  𝑛    


\begin {equation}u_x=-\frac {ik_x c^2}{\overline {\gamma }} \delta n \label {ch4:eq:KHRT_normalized_mom_cons_x}\end {equation}


          (4.117)                     𝑢  𝑦   −    𝐵    𝜌  𝜇    𝛾  ‾         (  𝑖    𝑘  𝑥     𝑏  𝑦   −  𝑖    𝑘  𝑦     𝑏  𝑥   )   =  −      𝑖    𝑘  𝑦     𝑐  2      𝛾  ‾    𝛿  𝑛    


\begin {equation}u_y - \frac {B} {\rho \mu \overline {\gamma }} \left (i k_x b_y -i k_y b_x\right ) = -\frac {i k_y c^2}{\overline {\gamma }} \delta n \label {ch4:eq:KHRT_normalized_mom_cons_y}\end {equation}


          (4.118)                     𝑢  𝑧   −    𝐵    𝜌  𝜇    𝛾  ‾         (  𝑖    𝑘  𝑥     𝑏  𝑧   −  𝐷    𝑏  𝑥   )   =  −      𝑐  2     𝛾  ‾    𝐷  𝛿  𝑛  .    


\begin {equation}u_z-\frac {B}{\rho \mu \overline {\gamma }}\left (i k_x b_z -D b_x\right )=-\frac {c^2 }{\overline {\gamma }}D\delta n. \label {ch4:eq:KHRT_normalized_mom_cons_z}\end {equation}


          (4.119a)                     𝑏  𝑥   =  −    𝐵    𝛾  ‾        (  𝑖    𝑘  𝑦     𝑢  𝑦   +  𝐷    𝑢  𝑧   )     


\begin {equation}b_x = -\frac {B}{\overline {\gamma }} \left (i k_y u_y + D u_z\right ) \label {ch4:eq:KHRT_bx_a}\end {equation}


          (4.119b)                     𝑏  𝑥   =    𝐵    𝛾  ‾        (  𝑖    𝑘  𝑥     𝑢  𝑥   −  ∇  ⋅  𝛿  U  )     


\begin {equation}b_x= \frac {B}{\overline {\gamma }}\left (i k_x u_x-\nabla \cdot \delta \mathbf {U}\right ) \label {ch4:eq:KHRT_bx_b}\end {equation}


          (4.120)                     𝑏  𝑦   =      𝐵  𝑖    𝑘  𝑥      𝛾  ‾      𝑢  𝑦     


\begin {equation}b_y=\frac {B i k_x}{\overline {\gamma }}u_y \label {ch4:eq:KHRT_by}\end {equation}


          (4.121)                     𝑏  𝑧   =      𝐵  𝑖    𝑘  𝑥      𝛾  ‾      𝑢  𝑧   .    


\begin {equation}b_z=\frac {B i k_x}{\overline {\gamma }}u_z. \label {ch4:eq:KHRT_bz}\end {equation}


   𝑖    𝑘  𝑥  


$ik_x$


   𝑖    𝑘  𝑦  


$ik_y$


          (4.122)                   ∇  ⋅  𝛿  U  −  𝐷    𝑢  𝑧   +    𝐵    𝜇  𝜌    𝛾  ‾         (    𝑏  𝑦     𝑘  𝑥     𝑘  𝑦   −    𝑏  𝑥     𝑘  𝑦  2   )   =        𝑐  2     𝐾  2      𝛾  ‾    𝛿  𝑛  .    


\begin {equation}\nabla \cdot \delta \mathbf {U}-Du_z+\frac {B }{\mu \rho \overline {\gamma }}\left (b_y k_x k_y-b_x k_y^2\right )=\frac {c^2 K^2}{\overline {\gamma }}\delta n. \label {ch4:eq:KHRT_comb_mom_xy}\end {equation}


$u_z$


$\delta n$


$\delta n$


          (4.123)                   𝛿  𝑛  =        𝛾  ‾       (    𝑢  𝑧       (    𝛾  ‾   +    𝐾  2     𝑉  2   )   −  𝐿     Du   𝑧       (    𝛾  ‾   +    𝑉  2     𝑘  𝑥  2   )   )      𝐿      (    𝑐  2     𝑉  2     𝐾  2     𝑘  𝑥  2   +    𝐾  2     𝛾  ‾       (    𝑐  2   +    𝑉  2   )   +    𝛾  ‾   )       


\begin {equation}\delta n = \frac {\overline {\gamma } \left (u_z \left (\overline {\gamma }^2+K^2 V^2\right )-L \text {Du}_z \left (\overline {\gamma }^2+V^2 k_x^2\right )\right )} {L \left (c^2 V^2 K^2 k_x^2+K^2 \overline {\gamma }^2 \left (c^2+V^2\right )+\overline {\gamma }^4\right )} \label {ch4:eq:KHRT_delta_n}\end {equation}


     𝐾  2   =    𝑘  𝑥  2   +    𝑘  𝑦  2  


$K^2=k_x^2+k_y^2$


   𝑉  =    𝐵  2   /  𝜇  𝜌 


$V=B^2/\mu \rho $


   𝐷  𝛿  𝑛 


$D\delta n$


          (4.124)                   𝐷  𝛿  𝑛  =        𝛾  ‾       (    𝑉  2      Du   𝑧   −  𝐿    𝑢  𝑧       (    𝛾  ‾   +    𝑉  2     𝑘  𝑥  2   )   )      𝐿      (    𝑐  2     𝑉  2     𝑘  𝑥  2   +    𝛾  ‾       (    𝑐  2   +    𝑉  2   )   )     .    


\begin {equation}D\delta n = \frac {\overline {\gamma } \left (V^2 \text {Du}_z-L u_z \left (\overline {\gamma }^2+V^2 k_x^2\right )\right )} {L \left (c^2 V^2 k_x^2 + \overline {\gamma }^2 \left (c^2+V^2\right )\right )}. \label {ch4:eq:KHRT_D_delta_n}\end {equation}


$z$


   𝑉 


$V$


$z$


$u_z$


          (4.125)                   𝒜      𝑢  𝑧  ″   (  𝑧  )  +  ℬ      𝑢  𝑧  ′   (  𝑧  )  +  𝒞      𝑢  𝑧   (  𝑧  )  =  0    


\begin {equation}\mathcal {A} \ u_z''(z) + \mathcal {B} \ u_z'(z) + \mathcal {C} \ u_z(z) =0 \label {ch4:eq:KHRT_diff_eq}\end {equation}


          (4.126)                     𝑢  𝑧   (  𝑧  )  =    Φ  1     𝑒      ℎ  −   𝑧    +    Φ  2     𝑒      ℎ  +   𝑧      


\begin {equation}u_z(z)=\Phi _1e^{h^-z}+ \Phi _2e^{h^+z}\end {equation}


          (4.127)                     ℎ  ±   =      ℬ  ±        ℬ  2   +  4  𝒜  𝒞       2  𝒜      


\begin {equation}h^\pm =\frac {\mathcal {B} \pm \sqrt {\mathcal {B}^2+4\mathcal {A}\mathcal {C}}}{2\mathcal {A}} \label {ch4:eq:h_pm_def}\end {equation}


          (4.128a)                   𝒜  =    𝐿  𝑖  2       (    𝛾  ‾   +    𝑉  𝑖  2     𝑘  𝑥  2   )       (    𝑐  𝑖  2     𝛾  ‾   +    𝑉  𝑖  2     𝛾  ‾   +    𝑐  𝑖  2     𝑉  𝑖  2     𝑘  𝑥  2   )       (    𝑐  𝑖  2     𝐾  2     𝛾  ‾   +    𝛾  ‾   +    𝐾  2     𝑉  𝑖  2     𝛾  ‾   +    𝑐  𝑖  2     𝐾  2     𝑉  𝑖  2     𝑘  𝑥  2   )     


\begin {equation}\mathcal {A} = L_i^2 \left (\overline {\gamma }_i^2+V_i^2 k_x^2\right ) \left (c_i^2 \overline {\gamma }_i^2+V_i^2 \overline {\gamma }_i^2+c_i^2 V_i^2 k_x^2\right ) \left (c_i^2 K^2 \overline {\gamma }_i^2+\overline {\gamma }_i^4+K^2 V_i^2 \overline {\gamma }_i^2+c_i^2 K^2 V_i^2 k_x^2\right )\end {equation}


           ℬ  =    𝐿  𝑖     𝛾  ‾   (  2    𝑐  𝑖  4     𝑉  𝑖  2     𝛾  ‾     𝑘  𝑥  4   +  2    𝑐  𝑖  4     𝑉  𝑖  2     𝛾  ‾     𝑘  𝑥  2     𝑘  𝑦  2   +    𝑐  𝑖  4     𝛾  ‾     𝑘  𝑥  2   +    𝑐  𝑖  4     𝛾  ‾     𝑘  𝑦  2   +    𝑐  𝑖  2     𝛾  ‾   +    𝑐  𝑖  2     𝑉  𝑖  4     𝛾  ‾     𝑘  𝑥  4   +  3    𝑐  𝑖  2     𝑉  𝑖  4     𝛾  ‾     𝑘  𝑥  2     𝑘  𝑦  2          (4.128b)      +  2    𝑐  𝑖  2     𝑉  𝑖  2     𝛾  ‾     𝑘  𝑥  2   +  3    𝑐  𝑖  2     𝑉  𝑖  2     𝛾  ‾     𝑘  𝑦  2   +  2    𝑉  𝑖  4     𝛾  ‾     𝑘  𝑦  2   +    𝑐  𝑖  4     𝐾  2     𝑉  𝑖  4     𝑘  𝑥  4   )    


\begin {multline}\mathcal {B} = L_i \overline {\gamma }_i^2 \big (2 c_i^4 V_i^2 \overline {\gamma }_i^2 k_x^4+2 c_i^4 V_i^2 \overline {\gamma }_i^2 k_x^2 k_y^2+c_i^4 \overline {\gamma }_i^4 k_x^2+c_i^4 \overline {\gamma }_i^4 k_y^2+c_i^2 \overline {\gamma }_i^6+c_i^2 V_i^4 \overline {\gamma }_i^2 k_x^4+3 c_i^2 V_i^4 \overline {\gamma }_i^2 k_x^2 k_y^2 \\ +2 c_i^2 V_i^2 \overline {\gamma }_i^4 k_x^2+3 c_i^2 V_i^2 \overline {\gamma }_i^4 k_y^2+2 V_i^4 \overline {\gamma }_i^4 k_y^2+c_i^4 K^2 V_i^4 k_x^4 \big )\end {multline}


           𝒞  =    𝑐  𝑖  2     𝐾  2     𝑉  𝑖  4     𝛾  ‾     𝑘  𝑥  2       (    𝑘  𝑦  2       (    𝐿  𝑖  2       (  3    𝑐  𝑖  2   +  2    𝑉  𝑖  2   )       𝑘  𝑥  2   +  2    𝑐  𝑖  2   )   +    𝐿  𝑖  2       (  3    𝑐  𝑖  2   +  2    𝑉  𝑖  2   )       𝑘  𝑥  4   )         +    𝐿  𝑖  2     𝛾  ‾       (    (  2    𝑐  𝑖  2   +  3    𝑉  𝑖  2   )       𝑘  𝑥  2   +  2      (    𝑐  𝑖  2   +    𝑉  𝑖  2   )       𝑘  𝑦  2   )         +    𝐾  2     𝐿  𝑖  2     𝛾  ‾       (      (    𝑐  𝑖  2   +    𝑉  𝑖  2   )   2       𝑘  𝑦  2   +    (    𝑐  𝑖  4   +  6    𝑐  𝑖  2     𝑉  𝑖  2   +  3    𝑉  𝑖  4   )       𝑘  𝑥  2   )         +    𝐾  2     𝑉  𝑖  2     𝛾  ‾   (    (    𝑐  𝑖  2   +    𝑉  𝑖  2   )       𝑘  𝑦  2       (    𝐿  𝑖  2       (  3    𝑐  𝑖  2   +    𝑉  𝑖  2   )       𝑘  𝑥  2   +  2    𝑐  𝑖  2   )          (4.128c)      +    𝐿  𝑖  2       (  3    𝑐  𝑖  4   +  6    𝑐  𝑖  2     𝑉  𝑖  2   +    𝑉  𝑖  4   )       𝑘  𝑥  4   )  +    𝐿  𝑖  2     𝛾  ‾   +    𝑐  𝑖  4     𝐾  4     𝐿  𝑖  2     𝑉  𝑖  6     𝑘  𝑥  6     


\begin {multline}\mathcal {C} = c_i^2 K^2 V_i^4 \overline {\gamma }_i^2 k_x^2 \left (k_y^2 \left (L_i^2 \left (3 c_i^2+2 V_i^2\right ) k_x^2+2 c_i^2\right )+L_i^2 \left (3 c_i^2+2 V_i^2\right ) k_x^4\right ) \\ +L_i^2 \overline {\gamma }_i^8 \left (\left (2 c_i^2+3 V_i^2\right ) k_x^2 + 2 \left (c_i^2+V_i^2\right ) k_y^2\right ) \\ + K^2 L_i^2 \overline {\gamma }_i^6 \left (\left (c_i^2+V_i^2\right )^2 k_y^2+\left (c_i^4+6 c_i^2 V_i^2+3 V_i^4\right ) k_x^2\right ) \\ + K^2 V_i^2 \overline {\gamma }_i^4 \big (\left (c_i^2+V_i^2\right ) k_y^2 \left (L_i^2 \left (3 c_i^2+V_i^2\right ) k_x^2+2 c_i^2\right ) \\ + L_i^2 \left (3 c_i^4+6 c_i^2 V_i^2+V_i^4\right ) k_x^4\big )+L_i^2 \overline {\gamma }_i^{10}+c_i^4 K^4 L_i^2 V_i^6 k_x^6\end {multline}


   𝑖 


$i$


     Φ    1  ,  2   


$\Phi _{1,2}$


     ℎ  −  


$h^-$


     ℎ  +  


$h^+$


$u_z$


   𝛿  𝜂  (  x  ,  𝑡  ) 


$\delta \eta (\mathbf {x},t)$


          (4.129)                     (    𝑢    𝑧  1    −    𝑈  1       𝜕      (  𝛿  𝜂  )      𝜕  𝑥    )     |    𝑧  =  0    =    (    𝑢    𝑧  2    −    𝑈  2       𝜕      (  𝛿  𝜂  )      𝜕  𝑥    )     |    𝑧  =  0      


\begin {equation}\left (u_{z_1}- U_1 \frac {\partial \left (\delta \eta \right ) }{\partial x} \right ) \bigg |_{z=0} =\left (u_{z_2}- U_2 \frac {\partial \left (\delta \eta \right ) }{\partial x} \right ) \bigg |_{z=0} \label {ch4:eq:PerturbedInterface1}\end {equation}


          (4.130)                     𝑢    𝑧  1      |    𝑧  =  0    =    (    𝑈  1       𝜕      (  𝛿  𝜂  )      𝜕  𝑥    +      𝜕      (  𝛿  𝜂  )      𝜕  𝑡    )     |    𝑧  =  0      


\begin {equation}u_{z_1} \big |_{z=0} = \left ( U_1 \frac {\partial \left ( \delta \eta \right )}{\partial x} + \frac {\partial \left (\delta \eta \right )}{\partial t} \right ) \bigg |_{z=0} \label {ch4:eq:PerturbedInterface2}\end {equation}


          (4.131)                     𝑢    𝑧  2      |    𝑧  =  0    =    (    𝑈  2       𝜕      (  𝛿  𝜂  )      𝜕  𝑥    +      𝜕      (  𝛿  𝜂  )      𝜕  𝑡    )     |    𝑧  =  0      


\begin {equation}u_{z_2} \big |_{z=0} = \left ( U_2 \frac {\partial \left ( \delta \eta \right )}{\partial x} + \frac {\partial \left (\delta \eta \right )}{\partial t} \right ) \bigg |_{z=0} \label {ch4:eq:PerturbedInterface3}\end {equation}


          (4.132)                     (  𝛿    𝑝  1   +  𝐷    𝑝  1   𝛿  𝜂  +      𝐵    𝑏    𝑥  1     𝜇   )     |    𝑧  =  0    =    (  𝛿    𝑝  2   +  𝐷    𝑝  2   𝛿  𝜂  +      𝐵    𝑏    𝑥  2     𝜇   )     |    𝑧  =  0      


\begin {equation}\left ( \delta p_1 + Dp_1 \delta \eta + \frac {B b_{x_1}}{\mu } \right ) \bigg |_{z=0} = \left ( \delta p_2 + Dp_2 \delta \eta + \frac {B b_{x_2}}{\mu } \right ) \bigg |_{z=0} \label {ch4:eq:PerturbedPressureContinuity}\end {equation}


          (4.133)                     𝑏    𝑧  1      |    𝑧  =  0    =    𝑏    𝑧  2      |    𝑧  =  0    .    


\begin {equation}b_{z_1} \big |_{z=0} = b_{z_2} \big |_{z=0}. \label {ch4:eq:norm_b_cont}\end {equation}


          (4.134)                   𝛿  𝜂    |    𝑧  =  0    =        (    𝑢    𝑧  1    +    𝑢    𝑧  2    )     |    𝑧  =  0         𝛾  ‾   +    𝛾  ‾       


\begin {equation}\delta \eta \big |_{z=0} = \frac {\left ( u_{z_1} + u_{z_2} \right ) \big |_{z=0}}{\overline {\gamma }_1 + \overline {\gamma }_2} \label {ch4:eq:LinearizedInterfaceLocation}\end {equation}


          (4.135)                     𝑢    𝑧  1      |    𝑧  =  0    =      𝛾  ‾     𝛾  ‾      𝑢    𝑧  2      |    𝑧  =  0      


\begin {equation}u_{z_1} \big |_{z=0} = \frac {\overline {\gamma }_1}{\overline {\gamma }_2} u_{z_2} \big |_{z=0} \label {ch4:eq:VerticalVelocityContinuity}\end {equation}


          (4.136)                     Φ  1   =      𝛾  ‾     𝛾  ‾      Φ  2   .    


\begin {equation}\Phi _1 = \frac {\overline {\gamma }_1}{\overline {\gamma }_2} \Phi _2. \label {ch4:eq:InterfaceContinuityCondition}\end {equation}


   𝛿  𝑝 


$\delta p$


   𝐷  𝑝 


$Dp$


     𝑏  𝑥  


$b_x$


$\delta \eta $


$z=0$


     𝑐  1  2   𝛿    𝜌  1   −  𝛿  𝜂  𝑔    𝜌  1   −        𝐵  2       (  𝐷    𝑢    𝑧  1    +  𝑖    𝑘  𝑦     𝑢    𝑦  1    )      𝜇    𝛾  ‾     =    𝑐  2  2   𝛿    𝜌  2   −  𝛿  𝜂  𝑔    𝜌  2   −        𝐵  2       (  𝐷    𝑢    𝑧  2    +  𝑖    𝑘  𝑦     𝑢    𝑦  2    )      𝜇    𝛾  ‾     . 


\begin {equation*}c_1^2 \delta \rho _1-\delta \eta g \rho _1 -\frac {B^2 \left (Du_{z_1}+i k_y u_{y_1}\right )}{\mu \overline {\gamma }_1} = c_2^2 \delta \rho _2-\delta \eta g \rho _2 -\frac {B^2 \left (Du_{z_2}+i k_y u_{y_2}\right )}{\mu \overline {\gamma }_2}.\end {equation*}


   𝛿  𝜌 


$\delta \rho $


$\delta n$


     𝑢  𝑥  


$u_x$


     𝑢  𝑦  


$u_y$


             𝑐  1  2         𝛿  𝑛    1     𝜌  1   +  𝛿  𝜂  𝑔    𝜌  2   +      𝐵  2     𝜇    𝛾  ‾         (        𝑘  𝑦  2       (    𝑐  2  2         𝛿  𝑛    2     𝛾  ‾   −    𝑉  2  2   𝐷    𝑢    𝑧  2    )        𝛾  ‾   +    𝐾  2     𝑉  2  2     +  𝐷    𝑢    𝑧  2    )   =          𝑐  2  2         𝛿  𝑛    2     𝜌  2   +  𝛿  𝜂  𝑔    𝜌  1   +      𝐵  2     𝜇    𝛾  ‾         (        𝑘  𝑦  2       (    𝑐  1  2         𝛿  𝑛    1     𝛾  ‾   −    𝑉  1  2   𝐷    𝑢    𝑧  1    )        𝛾  ‾   +    𝐾  2     𝑉  1  2     +  𝐷    𝑢    𝑧  1    )   .      


\begin {multline*}c_1^2 \text {$\delta n$}_1 \rho _1+\delta \eta g \rho _2 + \frac {B^2}{\mu \overline {\gamma }_2} \left (\frac {k_y^2 \left (c_2^2 \text {$\delta n$}_2 \overline {\gamma }_2-V_2^2 Du_{z_2}\right )}{\overline {\gamma }_2^2+K^2 V_2^2}+Du_{z_2}\right ) = \\ c_2^2 \text {$\delta n$}_2 \rho _2+\delta \eta g \rho _1 +\frac {B^2}{\mu \overline {\gamma }_2} \left (\frac {k_y^2 \left (c_1^2 \text {$\delta n$}_1 \overline {\gamma }_1-V_1^2 Du_{z_1}\right )}{\overline {\gamma }_1^2+K^2 V_1^2}+Du_{z_1}\right ).\end {multline*}


   𝐴  =  0  .  9 


$A=0.9$


$M_c=\frac {U_2-U_1}{c_1+c_2}$


    Final Exam   =    𝛽  0   +    𝛽  1    Diagnostic   +    𝛽  2    FPF   +    𝛽  3    Social Psychological Factors  


\begin {equation*}\text {Final Exam} = \beta _0 + \beta _1\text {Diagnostic} + \beta _2 \text {FPF} + \beta _3 \text {Social Psychological Factors}\end {equation*}


     𝛽  0  


$\beta _0$


     𝛽  1  


$\beta _1$


     𝛽  2  


$\beta _2$


    Final Exam   =    𝛽  0   +    𝛽  2    FPF  


\begin {equation*}\text {Final Exam} = \beta _0 + \beta _2 \text {FPF}\end {equation*}


$\beta _2$


   𝑝  =  0  .   07  


$p = 0.07$


$p = 0.07$


      10    20   


$10^{20}$


      10   8  


$10^8$


          (1.1)                   D  +  T  →  𝛼  +    n  +   17   .  6       MeV     .    


\begin {equation}\mathrm {D}+\mathrm {T}\rightarrow \alpha + \mathrm {n+17.6\mathrm {~MeV}}. \label {ch1:eq:DT}\end {equation}


   𝛼 


$\alpha $


    17   .  6 


$17.6$


   3  .   38   ×     10   8  


$3.38\times 10^8$


   8  .  4  ×     10   7  


$8.4\times 10^7$


    40  


$40$


$10^{20}$


      10   2  


$10^2$


          (2.1)                             𝜕    𝑛  𝑒      𝜕  𝑡    +  ∇  ⋅    (    𝑛  𝑒     u  𝑒   )      =  0                 𝜕    𝑛  𝑖      𝜕  𝑡    +  ∇  ⋅    (    𝑛  𝑖     u  𝑖   )      =  0       


\begin {equation}\begin {aligned} \frac {\partial n_{e}}{\partial t}+\nabla \cdot \left (n_{e} \mathbf {u}_{e}\right )&=0 \\ \frac {\partial n_{i}}{\partial t}+\nabla \cdot \left (n_{i} \mathbf {u}_{i}\right )&=0 \end {aligned}\end {equation}


          (2.2)                           𝑚  𝑒     𝑛  𝑒       (    𝜕    𝜕  𝑡    +    u  𝑒   ⋅  ∇  )       u  𝑒      =  −  𝑒    𝑛  𝑒       (  E  +    u  𝑒   ×  B  )   −  ∇    𝑝  𝑒   −    𝑚  𝑒     𝑛  𝑒       𝑣  ¯     𝑒  𝑖        (    u  𝑒   −    u  𝑖   )                𝑚  𝑖     𝑛  𝑖       (    𝜕    𝜕  𝑡    +    u  𝑖   ⋅  ∇  )       u  𝑖      =  𝑒    𝑛  𝑖       (  E  +    u  𝑖   ×  B  )   −  ∇    𝑝  𝑖   −    𝑚  𝑒     𝑛  𝑒       𝑣  ¯     𝑒  𝑖        (    u  𝑖   −    u  𝑒   )        


\begin {equation}\begin {aligned} m_{e} n_{e}\left (\frac {\partial }{\partial t}+\mathbf {u}_{e} \cdot \nabla \right ) \mathbf {u}_{e}&=-e n_{e}\left (\mathbf {E}+\mathbf {u}_{e} \times \mathbf {B}\right )-\nabla p_{e}-m_{e} n_{e} \bar {v}_{ei}\left (\mathbf {u}_{e}-\mathbf {u}_{i}\right ) \\ m_{i} n_{i}\left (\frac {\partial }{\partial t}+\mathbf {u}_{i} \cdot \nabla \right ) \mathbf {u}_{i}&=e n_{i}\left (\mathbf {E}+\mathbf {u}_{i} \times \mathbf {B}\right )-\nabla p_{i}-m_{e} n_{e} \bar {v}_{ei}\left (\mathbf {u}_{i}-\mathbf {u}_{e}\right ) \end {aligned}\end {equation}


          (2.3)                           3  2     𝑛  𝑒       (    𝜕    𝜕  𝑡    +    u  𝑒   ⋅  ∇  )       𝑇  𝑒   +    𝑝  𝑒   ∇  ⋅    u  𝑒   +  ∇  ⋅    q  𝑒      =    𝑆  𝑒                3  2     𝑛  𝑖       (    𝜕    𝜕  𝑡    +    u  𝑖   ⋅  ∇  )       𝑇  𝑖   +    𝑝  𝑖   ∇  ⋅    u  𝑖   +  ∇  ⋅    q  𝑖      =    𝑆  𝑖        


\begin {equation}\begin {aligned} \frac {3}{2} n_{e}\left (\frac {\partial }{\partial t}+\mathbf {u}_{e} \cdot \nabla \right ) T_{e}+p_{e} \nabla \cdot \mathbf {u}_{e}+\nabla \cdot \mathbf {q}_{e}&=S_{e} \\ \frac {3}{2} n_{i}\left (\frac {\partial }{\partial t}+\mathbf {u}_{i} \cdot \nabla \right ) T_{i}+p_{i} \nabla \cdot \mathbf {u}_{i}+\nabla \cdot \mathbf {q}_{i}&=S_{i} \end {aligned}\end {equation}


          (2.4)                         ∇  ×  E     =  −      𝜕  B     𝜕  𝑡               ∇  ×  B     =    𝜇  0   𝑒      (    𝑛  𝑖     u  𝑖   −    𝑛  𝑒     u  𝑒   )   +    1    𝑐  2        𝜕  E     𝜕  𝑡          ∇  ⋅  E     =    𝑒    𝜀  0        (    𝑛  𝑖   −    𝑛  𝑒   )         ∇  ⋅  B     =  0       


\begin {equation}\begin {aligned} \nabla \times \mathbf {E}&=-\frac {\partial \mathbf {B}}{\partial t} \\ \nabla \times \mathbf {B}&=\mu _0 e\left (n_{i} \mathbf {u}_{i}-n_{e} \mathbf {u}_{e}\right )+\frac {1}{c^2} \frac {\partial \mathbf {E}}{\partial t} \\ \nabla \cdot \mathbf {E}&=\frac {e}{\varepsilon _0}\left (n_{i}-n_{e}\right ) \\ \nabla \cdot \mathbf {B}&=0 \end {aligned}\end {equation}


     𝑛  𝑒   ,    𝑛  𝑖  


$n_e,n_i$


     u  𝑒   ,    u  𝑖  


$\mathbf {u}_e,\mathbf {u}_i$


     𝑚  𝑒   ,    𝑚  𝑖  


$m_e,m_i$


     𝑝  𝑒   ,    𝑝  𝑖  


$p_e,p_i$


       𝑣  ¯     𝑒  𝑖   


$\bar {v}_{ei}$


     𝑇  𝑒   ,    𝑇  𝑖  


$T_e,T_i$


     𝑞  𝑒   ,    𝑞  𝑖  


$q_e,q_i$


     𝑆  𝑒   ,    𝑆  𝑖  


$S_e,S_i$


   𝐿  ∼  𝑎 


$L \sim a$


   𝜏  ∼  𝑎  /    𝑣    𝑇  𝑖   


$\tau \sim a/v_{Ti}$


   𝑢  ∼  𝐿  /  𝜏  ∼    𝑣    𝑇  𝑖   


$u\sim L/\tau \sim v_{Ti}$


   𝑎  ≫    𝜆    𝐷  𝑒   


$a \gg \lambda _{De}$


     𝜆    𝐷  𝑒   


$\lambda _{De}$


   ∇  ⋅  E 


$\nabla \cdot \mathbf {E}$


   𝜔  ∼  1  /  𝜏 


$\omega \sim 1/ \tau $


   𝜌  ≡    𝑚  𝑖   𝑛 


$\rho \equiv m_i n$


     𝑚  𝑖   ≫    𝑚  𝑒  


$m_i \gg m_e$


     𝑛  𝑒   =    𝑛  𝑖   =  𝑛 


$n_e=n_i=n$


     𝑚  𝑖   /  𝑔  𝑔    𝑚  𝑒  


$m_i /gg m_e$


   v  ≡    u  𝑖  


$\mathbf {v}\equiv \mathbf {u}_i$


     u  𝑒   =  v  −  J  /  𝑒  𝑛 


$\mathbf {u}_e=\mathbf {v}-\mathbf {J}/en$


   𝑝  ≡    𝑝  𝑒   +    𝑝  𝑖  


$p \equiv p_e +p_i$


          (2.5)                       𝜕  𝜌     𝜕  𝑡    +  ∇  ⋅    (  𝜌  v  )   =  0  .    


\begin {equation}\frac {\partial \rho }{\partial t}+\nabla \cdot \left (\rho \mathbf {v} \right )=0.\end {equation}


          (2.6)                   𝜌      (    𝜕    𝜕  𝑡    +  v  ⋅  ∇  )     v  =  J  ×  B  −  ∇  𝑝  .    


\begin {equation}\rho \left ( \frac {\partial }{\partial t} + \mathbf {v} \cdot \nabla \right ) \mathbf {v}= \mathbf {J}\times \mathbf {B} - \nabla p.\end {equation}


   𝜂  =    𝑚  𝑒       𝑣  ¯     𝑒  𝑖    /    𝑒  2   𝑛 


$\eta =m_e \bar {v}_{ei}/e^2n$


          (2.7)                   E  +  v  ×  B  =    1    𝑒  𝑛    (  J  ×  B  −  ∇    𝑝  𝑒   )  +  𝜂  J  .    


\begin {equation}\mathbf {E}+\mathbf {v}\times \mathbf {B}=\frac {1}{en}(\mathbf {J} \times \mathbf {B} - \nabla p_e)+ \eta \mathbf {J}.\end {equation}


          (2.8)                     3  2   𝑛      (    𝜕    𝜕  𝑡    +  v  ⋅  ∇  )       𝑇  𝑖   +    𝑝  𝑖   ∇  ⋅  v  =  0  .    


\begin {equation}\frac {3}{2} n\left (\frac {\partial }{\partial t}+\mathbf {v} \cdot \nabla \right ) T_{i}+p_{i} \nabla \cdot \mathbf {v} = 0.\end {equation}


     𝑝  𝑖   =  𝑛    𝑇  𝑖  


$p_i=nT_i$


     𝑑    𝑑  𝑡        (      𝑝  𝑖     𝜌  Γ    )   =  0 


\begin {equation*}\frac {d}{dt} \left ( \frac {p_i}{\rho ^\Gamma } \right )=0\end {equation*}


$\Gamma =5/3$


          (2.9)                     𝑑    𝑑  𝑡        (    𝑝    𝜌  Γ    )   =  0  .    


\begin {equation}\frac {d}{dt} \left ( \frac {p}{\rho ^\Gamma } \right )=0.\end {equation}


          (2.10)                            mass :            𝜕  𝜌     𝜕  𝑡    +  ∇  ⋅    (  𝜌  v  )   =  0                momentum :        𝜌      (    𝜕    𝜕  𝑡    +  v  ⋅  ∇  )     v  =  J  ×  B  −  ∇  𝑝           Ohm’s law :        E  +  v  ×  B  =  𝜂  J           energy :          𝑑    𝑑  𝑡        (    𝑝    𝜌  Γ    )   =  0           Maxwell :        ∇  ×  E  =  −      𝜕  B     𝜕  𝑡                ∇  ×  B  =    𝜇  0   J              ∇  ⋅  B  =  0       


\begin {equation}\begin {aligned} &\text {mass :} && \frac {\partial \rho }{\partial t}+\nabla \cdot \left (\rho \mathbf {v} \right )=0 \\ &\text {momentum :} && \rho \left ( \frac {\partial }{\partial t} + \mathbf {v} \cdot \nabla \right ) \mathbf {v}= \mathbf {J}\times \mathbf {B} - \nabla p \\ &\text {Ohm's law :} && \mathbf {E}+\mathbf {v}\times \mathbf {B}=\eta \mathbf {J} \\ &\text {energy :} && \frac {d}{dt} \left ( \frac {p}{\rho ^\Gamma } \right )=0 \\ &\text {Maxwell :} &&\nabla \times \mathbf {E}=-\frac {\partial \mathbf {B}}{\partial t} \\ & && \nabla \times \mathbf {B}=\mu _0 \mathbf {J} \\ & && \nabla \cdot \mathbf {B}=0 \end {aligned}\end {equation}


$\psi $


   𝑆 


$S$


          (2.11)                   𝜓  =    ∫  𝑆   B  ⋅  n      d   𝑆  .    


\begin {equation}\psi = \int _S \mathbf {B}\cdot \mathbf {n} \mathrm {~d}S.\end {equation}


   v 


$\mathbf {v}$


          (2.12)                       𝑑  𝜓     𝑑  𝑡    =    ∫  𝑆       𝜕  B     𝜕  𝑡    ⋅  n      d   𝑆  −  ∮  v  ×  B  ⋅  d  l    


\begin {equation}\frac {d \psi }{dt} = \int _S \frac {\partial \mathbf {B}}{\partial t} \cdot \mathbf {n}\mathrm {~d}S - \oint \mathbf {v} \times \mathbf {B} \cdot \mathrm {d}\mathbf {l}\end {equation}


   𝑑  l 


$d\mathbf {l}$


          (2.13)                       𝑑  𝜓     𝑑  𝑡    =  −  ∮  (  E  +  v  ×  B  )  ⋅  d  l  .    


\begin {equation}\frac {d \psi }{dt} = - \oint (\mathbf {E} +\mathbf {v} \times \mathbf {B}) \cdot \mathrm {d}\mathbf {l}.\end {equation}


          (2.14)                       𝑑  𝜓     𝑑  𝑡    =  0  .    


\begin {equation}\frac {d \psi }{dt} = 0.\end {equation}


   (  𝑟  ,  𝜃  ,  𝜑  ) 


$(r,\theta ,\varphi )$


   A  =    𝐴  𝑟   ∇  𝑟  +    𝐴  𝜃   ∇  𝜃  +    𝐴  𝜑   ∇  𝜑 


\begin {equation*}\mathbf {A}=A_r\nabla r+A_\theta \nabla \theta +A_\varphi \nabla \varphi \end {equation*}


   𝑔  (  𝑟  ,  𝜃  ,  𝜑  )  =    ∫    𝑟  0   𝑟     𝐴  𝑟   (    𝑟  ′   ,  𝜃  ,  𝜑  )  𝑑    𝑟  ′  


\begin {equation*}g(r,\theta ,\varphi )=\int _{r_0}^r A_r(r',\theta ,\varphi )dr'\end {equation*}


   𝜓  =    𝐴  𝜃   −      𝜕  𝑔     𝜕  𝜃   


\begin {equation*}\psi =A_\theta -\frac {\partial g}{\partial \theta }\end {equation*}


   𝜒  =  −    𝐴  𝜑   +      𝜕  𝑔     𝜕  𝜑   


\begin {equation*}\chi = -A_\varphi +\frac {\partial g}{\partial \varphi }\end {equation*}


     𝑟  0  


$r_0$


          (2.81)                   A  =  𝜓  ∇  𝜃  −  𝜒  ∇  𝜑  +  ∇  𝑔    


\begin {equation}\mathbf {A}=\psi \nabla \theta -\chi \nabla \varphi +\nabla g \label {ch2:eq:Vector_potential_general}\end {equation}


          (2.82)                   B  =  ∇  ×  A  =  ∇  𝜓  ×  ∇  𝜃  +  ∇  𝜑  ×  ∇  𝜒  .    


\begin {equation}\mathbf {B}=\nabla \times \mathbf {A}=\nabla \psi \times \nabla \theta +\nabla \varphi \times \nabla \chi . \label {ch2:eq:B_field_general_representation}\end {equation}


$\chi $


$\chi $


$\psi $


   B  ⋅  ∇  𝜓  =  0 


$\mathbf {B}\cdot \nabla \psi =0$


$\chi $


$\psi $


       d  𝜓     d  𝜑    =      B  ⋅  ∇  𝜓     B  ⋅  ∇  𝜑    =  −      𝜕  𝜒     𝜕  𝜃   


\begin {equation*}\frac {\text {d} \psi }{\text {d} \varphi } = \frac {\mathbf {B}\cdot \nabla \psi }{\mathbf {B}\cdot \nabla \varphi }=-\frac {\partial \chi }{\partial \theta }\end {equation*}


       d  𝜃     d  𝜑    =      B  ⋅  ∇  𝜃     B  ⋅  ∇  𝜑    =      𝜕  𝜒     𝜕  𝜓    . 


\begin {equation*}\frac {\text {d} \theta }{\text {d} \varphi } = \frac {\mathbf {B}\cdot \nabla \theta }{\mathbf {B}\cdot \nabla \varphi }=\frac {\partial \chi }{\partial \psi }.\end {equation*}


   𝑆  =  ∫    𝐿  𝑝   d  𝑡 


\begin {equation*}S=\int L_p \mathrm {d}t\end {equation*}


   𝐿 


$L$


          (2.83)                     𝐿  𝑝   =      𝑚    𝑣  2    2   +  𝑍  𝑒  A  ⋅  v  −  𝑍  𝑒  𝜙    


\begin {equation}L_p=\frac {mv^2}{2}+Ze\mathbf {A}\cdot \mathbf {v}-Ze\phi \end {equation}


   𝑍  𝑒 


$Ze$


$m$


$v$


   𝜙 


$\phi $


   𝑚  /  𝑍  𝑒  →  0 


$m/Ze\rightarrow 0$


   𝜙  =  0 


$\phi =0$


          (2.84)                   𝑆  =  𝑍  𝑒  ∫  A  ⋅  d  𝑟  =  𝑍  𝑒  ∫  (  𝜓      d   𝜃  −  𝜒      d   𝜑  )    


\begin {equation}S = Ze\int \mathbf {A}\cdot \mathrm {d}r=Ze\int (\psi \mathrm {~d}\theta -\chi \mathrm {~d}\varphi ) \label {ch2:eq:Action_integral}\end {equation}


   ∇  𝑔 


$\nabla g$


$S$


   𝛿  𝑆 


$\delta S$


   𝑆  =  ∫  (  𝑝      d   𝑞  −  𝐻      d   𝑡  ) 


\begin {equation*}S=\int (p \mathrm {~d}q-H\mathrm {~d}t)\end {equation*}


   𝜒  (  𝜓  ,  𝜃  ,  𝜑  ) 


$\chi (\psi ,\theta ,\varphi )$


$\chi $


$(\theta ,\varphi )$


$\chi $


   𝜒  (  𝜓  ,  𝜃  ,  𝜑  )  =    𝜒  0   (  𝜓  )  +    ∑    𝑚  ,  𝑛  ≠  0      𝜒    𝑚  𝑛    (  𝜓  )    𝑒    𝑖  (  𝑚  𝜃  −  𝑛  𝜑  )    . 


\begin {equation*}\chi (\psi ,\theta ,\varphi )=\chi _0(\psi )+\sum _{m,n\ne 0} \chi _{mn}(\psi )e^{i(m\theta -n\varphi )}.\end {equation*}


       d  𝜃     d  𝜑    =        �     𝜄  (  𝜓  )  +    ∑    𝑚  ,  𝑛  ≠  0      𝜒    𝑚  𝑛   ′   (  𝜓  )    𝑒    𝑖  (  𝑚  𝜃  −  𝑛  𝜑  )   


\begin {equation*}\frac {\mathrm {d}\theta }{\mathrm {d}\varphi }=\iotabar (\psi )+\sum _{m,n\ne 0} \chi '_{mn}(\psi )e^{i(m\theta -n\varphi )}\end {equation*}


       d  𝜓     d  𝜑    =  −  𝑖    ∑    𝑚  ,  𝑛  ≠  0    𝑚    𝜒    𝑚  𝑛    (  𝜓  )    𝑒    𝑖  (  𝑚  𝜃  −  𝑛  𝜑  )   


\begin {equation*}\frac {\mathrm {d}\psi }{\mathrm {d}\varphi }=-i\sum _{m,n\ne 0} m\chi _{mn}(\psi )e^{i(m\theta -n\varphi )}\end {equation*}


       �    𝜄  =  d    𝜒  0   /  d  𝜓 


$\iotabar =\mathrm {d}\chi _0/\mathrm {d}\psi $


     𝜒  0   ≫    𝜒    𝑚  𝑛   


$\chi _0 \gg \chi _{mn}$


   𝜃  =    𝜃  0   +        �     𝜄  (    𝜓  0   )  𝜑 


\begin {equation*}\theta =\theta _0+\iotabar (\psi _0)\varphi \end {equation*}


   𝜓  =    𝜓  0   −    ∑    𝑚  ,  𝑛        𝑚    𝜒    𝑚  𝑛    (    𝜓  0   )     𝑚      �    𝜄  (    𝜓  0   )  −  𝑛      𝑒    𝑖  [  𝑚    𝜃  0   +  (  𝑚        �     𝜄  (    𝜓  0   )  −  𝑛  )  𝜑  ]    . 


\begin {equation*}\psi =\psi _0-\sum _{m,n} \frac {m\chi _{mn}(\psi _0)}{m\iotabar (\psi _0)-n}e^{i[m\theta _0+(m\iotabar (\psi _0)-n)\varphi ]}.\end {equation*}


$\psi $


   𝑛  /  𝑚  =      �    𝜄  (  𝜓  ) 


$n/m=\iotabar (\psi )$


   𝜒  (  𝜓  ,  𝜃  ,  𝜑  )  =    𝜒  0   (  𝜓  )  +    ∑    𝑛  /  𝑚  =        �     𝜄  (    𝜓  0   )      𝜒    𝑚  𝑛    (  𝜓  )    𝑒    𝑖  (  𝑚  𝜃  −  𝑛  𝜑  )    . 


\begin {equation*}\chi (\psi ,\theta ,\varphi )=\chi _0(\psi )+\sum _{n/m=\iotabar (\psi _0)} \chi _{mn}(\psi )e^{i(m\theta -n\varphi )}.\end {equation*}


   (  𝜓  ,  𝜃  ) 


$(\psi ,\theta )$


$\theta $


   𝛼  =  𝜃  −      �    𝜄  (    𝜓  0   )  𝜑 


$\alpha =\theta -\iotabar (\psi _0)\varphi $


         𝐻  (  𝜓  ,  𝛼  ,  𝜑  )     =  𝜒  (  𝜓  ,  𝜃  ,  𝜑  )  −        �     𝜄  (    𝜓  0   )  (  𝜓  −    𝜓  0   )               =    𝜒  0   (  𝜓  )  +  𝑓  (  𝜓  ,  𝛼  )  −        �     𝜄  (    𝜓  0   )  (  𝜓  −    𝜓  0   )    


\begin {equation*}\begin {aligned} H(\psi ,\alpha ,\varphi ) &=\chi (\psi ,\theta ,\varphi )-\iotabar (\psi _0)(\psi -\psi _0) \\ &= \chi _0(\psi ) +f(\psi ,\alpha )- \iotabar (\psi _0)(\psi -\psi _0) \end {aligned}\end {equation*}


$f$


   𝑛  /  𝑚  =      �    𝜄 


$n/m=\iotabar $


   𝐻  (  𝜓  ,  𝛼  ,  𝜑  )  =        𝜒  0  ″   (    𝜓  0   )  (  𝜓  −    𝜓  0     )  2    2   +  𝑓  (    𝜓  0   ,  𝛼  ) 


\begin {equation*}H(\psi ,\alpha ,\varphi )=\frac {\chi _0''(\psi _0)(\psi -\psi _0)^2}{2}+f(\psi _0,\alpha )\end {equation*}


     𝜒  0   (  𝜓  ) 


$\chi _0(\psi )$


   𝜓  =    𝜓  0  


$\psi =\psi _0$


$\varphi $


   𝑓  (    𝜓  0   ,  𝛼  ) 


$f(\psi _0,\alpha )$


   𝐻  (  𝜓  ,  𝛼  ,  𝜑  )  =        𝜒  0  ″   (    𝜓  0   )  (  𝜓  −    𝜓  0     )  2    2   +  2    𝜒    𝑚  𝑛     cos   (  𝑚  𝛼  )  . 


\begin {equation*}H(\psi ,\alpha ,\varphi )=\frac {\chi _0''(\psi _0)(\psi -\psi _0)^2}{2}+2\chi _{mn}\text {cos}(m\alpha ).\end {equation*}


   𝐻  =  2    𝜒    𝑚  𝑛   


$H=2\chi _{mn}$


   𝜓  −    𝜓  0  


$\psi -\psi _0$


   𝜓  −    𝜓  0   =  ±        4    𝜒    𝑚  𝑛    (  1  −   cos   (  𝑚  𝛼  )  )         �      𝜄  ′   (    𝜓  0   )    


\begin {equation*}\psi -\psi _0=\pm \sqrt {\frac {4\chi _{mn}(1-\text {cos}(m\alpha ))}{\iotabar '(\psi _0)}}\end {equation*}


   Δ  𝜓  =    𝜓   max    −    𝜓   min   


$\Delta \psi =\psi _{\mathrm {max}}-\psi _{\mathrm {min}}$


   Δ  𝜓  =         32     𝜒    𝑚  𝑛           �      𝜄  ′   (    𝜓  0   )     . 


\begin {equation*}\Delta \psi = \sqrt {\frac {32\chi _{mn}}{\iotabar '(\psi _0)}}.\end {equation*}


     2    3  /  2   


$2^{3/2}$


     2  


$\sqrt {2}$


   ∇  ⋅  v    ≠  0 


$\nabla \cdot \mathbf {v}\ \neq 0$


$M$


   𝑥  𝑦 


$xy$


$z=0$


   ±  ∞ 


$\pm \infty $


   𝑥 


$x$


   𝑦 


$y$


$z$


$x$


$x$


          (4.1)                       𝜕  𝜌     𝜕  𝑡    +  U  ⋅  ∇  𝜌  =  0    


\begin {equation}\frac {\partial \rho }{\partial t} + \mathbf {U} \cdot \nabla \rho = 0\end {equation}


          (4.2)                   𝜌      (    𝜕    𝜕  𝑡    +  U  ⋅  ∇  )     U  =  −  ∇  𝑝  −  𝜌  g  +    1  𝜇       (  ∇  ×  B  )   ×  B    


\begin {equation}\rho \left ( \frac {\partial }{\partial t} + \mathbf {U} \cdot \nabla \right ) \mathbf {U} = -\nabla p - \rho \mathbf {g} + \frac {1}{\mu } \left ( \nabla \times \mathbf {B} \right ) \times \mathbf {B}\end {equation}


          (4.3)                       𝜕  B     𝜕  𝑡    =  ∇  ×    (  U  ×  B  )   .    


\begin {equation}\frac {\partial \mathbf {B}}{\partial t} = \nabla \times \left ( \mathbf {U} \times \mathbf {B} \right ).\end {equation}


           U  =    U  0   +  𝛿  U  =    𝑈  0       𝑒  ˆ   𝑥   +    (    𝑢  𝑥       𝑒  ˆ   𝑥   +    𝑢  𝑦       𝑒  ˆ   𝑦   +    𝑢  𝑧       𝑒  ˆ   𝑧   )           𝜌  =    𝜌  0   +  𝛿  𝜌          𝑝  =    𝑝  0   +  𝛿  𝑝          B  =    B  0   +  𝛿  B  =    𝐵  0       𝑒  ˆ   𝑥   +    (    𝑏  𝑥       𝑒  ˆ   𝑥   +    𝑏  𝑦       𝑒  ˆ   𝑦   +    𝑏  𝑧       𝑒  ˆ   𝑧   )     


\begin {gather*}\mathbf {U}=\mathbf {U}_0 + \delta \mathbf {U}=U_0 \hat {e}_x + \left (u_x \hat {e}_x + u_y \hat {e}_y+ u_z \hat {e}_z\right ) \\ \rho =\rho _0 + \delta \rho \\ p= p_0 + \delta p \\ \mathbf {B}=\mathbf {B}_0 + \delta \mathbf {B}= B_0 \hat {e}_x + \left (b_x \hat {e}_x+b_y \hat {e}_y+b_z \hat {e}_z\right )\end {gather*}


$0$


          (4.4)                       𝜕  𝛿  𝜌     𝜕  𝑡    +    U  0   ⋅  ∇  𝛿  𝜌  =  −  𝛿  U  ⋅  ∇    𝜌  0     


\begin {equation}\frac {\partial \delta \rho }{\partial t} + \mathbf {U}_0 \cdot \nabla \delta \rho = -\delta \mathbf {U} \cdot \nabla \rho _0\end {equation}


          (4.5)                     𝜌  0       (    𝜕    𝜕  𝑡    +    U  0   ⋅  ∇  )     𝛿  U  =  −  ∇  𝛿  𝑝  −  𝛿  𝜌    g  +    1  𝜇       (  ∇  ×  𝛿  B  )   ×    B  0     


\begin {equation}\rho _0 \left ( \frac {\partial }{\partial t} + \mathbf {U}_0 \cdot \nabla \right ) \delta \mathbf {U} = -\nabla \delta p - \delta \rho ~ \mathbf {g} + \frac {1}{\mu } \left ( \nabla \times \delta \mathbf {B} \right ) \times \mathbf {B}_0\end {equation}


          (4.6)                     (    𝜕    𝜕  𝑡    +    U  0   ⋅  ∇  )     𝛿  B  =  ∇  ×    (  𝛿  U  ×    B  0   )   .    


\begin {equation}\left ( \frac {\partial }{\partial t} + \mathbf {U}_0 \cdot \nabla \right ) \delta \mathbf {B} = \nabla \times \left ( \delta \mathbf {U} \times \mathbf {B}_0 \right ).\end {equation}


\begin {equation*}\delta F(x,y,z,t) = \tilde {F}(z) e^{i(k_x x+k_y y) +\gamma t}\end {equation*}


   𝛿  𝐹 


$\delta F$


   𝑥  ,  𝑦 


$x, y$


   𝑡 


$t$


          (4.7)                     𝛾  ¯   𝛿  𝜌  =  −    𝑢  𝑧   𝐷    𝜌  0     ⟹    𝛿  𝜌  =      −    𝑢  𝑧   𝐷    𝜌  0      𝛾  ¯      


\begin {equation}\bar {\gamma } \delta \rho = -u_z D\rho _0 \implies \delta \rho = \frac {- u_z D \rho _0}{\bar {\gamma }} \label {ch4:eq:incKHmasscont}\end {equation}


          (4.8)                     𝛾  ¯     𝜌  0     𝑢  𝑥   +    𝜌  0     𝑢  𝑧   𝐷    𝑈  0   =  −  𝑖    𝑘  𝑥   𝛿  𝑝    


\begin {equation}\bar {\gamma } \rho _0 u_x + \rho _0 u_z DU_0 = -ik_x \delta p \label {ch4:eq:incKHmomx}\end {equation}


          (4.9)                     𝛾  ¯     𝜌  0     𝑢  𝑦   −      𝐵  0   𝜇       (  𝑖    𝑘  𝑥     𝑏  𝑦   −  𝑖    𝑘  𝑦     𝑏  𝑥   )   =  −  𝑖    𝑘  𝑦   𝛿  𝑝    


\begin {equation}\bar {\gamma } \rho _0 u_y - \frac {B_0}{\mu } \left (i k_x b_y - i k_y b_x \right ) = -ik_y \delta p \label {ch4:eq:incKHmomy}\end {equation}


          (4.10)                     𝛾  ¯     𝜌  0     𝑢  𝑧   −      𝐵  0   𝜇   (  𝑖    𝑘  𝑥     𝑏  𝑧   −  𝐷    𝑏  𝑥   )  =  −  𝐷  𝛿  𝑝  −  𝛿  𝜌  𝑔    


\begin {equation}\bar {\gamma } \rho _0 u_z - \frac {B_0}{\mu }(i k_x b_z - Db_x) = -D\delta p - \delta \rho g \label {ch4:eq:incKHmomz}\end {equation}


          (4.11)                     𝛾  ¯     𝑏  𝑥   =  𝑖    𝑘  𝑥     𝐵  0     𝑢  𝑥   +    𝑏  𝑧   𝐷    𝑈  0     


\begin {equation}\bar {\gamma } b_x = i k_x B_0 u_x + b_z DU_0\end {equation}


          (4.12)                     𝛾  ¯     𝑏  𝑦   =  𝑖    𝑘  𝑥     𝐵  0     𝑢  𝑦     


\begin {equation}\bar {\gamma } b_y = i k_x B_0 u_y\end {equation}


          (4.13)                     𝛾  ¯     𝑏  𝑧   =  𝑖    𝑘  𝑥     𝐵  0     𝑢  𝑧   .    


\begin {equation}\bar {\gamma } b_z = i k_x B_0 u_z.\end {equation}


   𝛿  B 


$\delta \mathbf {B}$


          (4.14)                     𝑏  𝑧   =      𝑖    𝑘  𝑥   𝐵     𝛾  ¯      𝑢  𝑧     


\begin {equation}b_z = \frac {i k_x B}{\bar {\gamma }} u_z\end {equation}


          (4.15)                     𝑏  𝑦   =      𝑖    𝑘  𝑥   𝐵     𝛾  ¯      𝑢  𝑦     


\begin {equation}b_y = \frac {i k_x B}{\bar {\gamma }} u_y\end {equation}


          (4.16)                     𝑏  𝑥   =      𝑖    𝑘  𝑥   𝐵     𝛾  ¯        (    𝑢  𝑥   +      𝑢  𝑧     𝛾  ¯    𝐷  𝑈  )   .    


\begin {equation}b_x = \frac {i k_x B}{\bar {\gamma }} \left ( u_x + \frac {u_z}{\bar {\gamma }}DU \right ).\end {equation}


$\delta \mathbf {B}$


     𝛾  ¯   𝜌    𝑢  𝑦   −    𝐵  𝜇       (  𝑖    𝑘  𝑥       𝑖    𝑘  𝑥   𝐵     𝛾  ¯      𝑢  𝑦   −  𝑖    𝑘  𝑦       𝑖    𝑘  𝑥   𝐵     𝛾  ¯        (    𝑢  𝑥   +      𝑢  𝑧     𝛾  ¯    𝐷  𝑈  )   )   =  −  𝑖    𝑘  𝑦   𝛿  𝑝 


\begin {equation*}\bar {\gamma } \rho u_y - \frac {B}{\mu } \left (i k_x \frac {i k_x B}{\bar {\gamma }} u_y - i k_y \frac {i k_x B}{\bar {\gamma }} \left ( u_x + \frac {u_z}{\bar {\gamma }}DU \right ) \right ) = -ik_y \delta p\end {equation*}


     𝛾  ¯   𝜌    𝑢  𝑦   +        𝑘  𝑥     𝐵  2      𝜇    𝛾  ¯         (    𝑘  𝑥     𝑢  𝑦   −    𝑘  𝑦     𝑢  𝑥   −        𝑘  𝑦     𝑢  𝑧      𝛾  ¯    𝐷  𝑈  )   =  −  𝑖    𝑘  𝑦   𝛿  𝑝  / 


\begin {equation*}\bar {\gamma } \rho u_y + \frac {k_x B^2}{\mu \bar {\gamma }} \left ( k_x u_y - k_y u_x - \frac {k_y u_z}{\bar {\gamma }}DU \right ) = -ik_y \delta p/\end {equation*}


   𝜁  =    𝑘  𝑥     𝑢  𝑦   −    𝑘  𝑦     𝑢  𝑥  


$\zeta = k_x u_y - k_y u_x$


          (4.17)                     𝛾  ¯   𝜌    𝑢  𝑦   +        𝑘  𝑥     𝐵  2      𝜇    𝛾  ¯         (  𝜁  −        𝑘  𝑦     𝑢  𝑧      𝛾  ¯    𝐷  𝑈  )   =  −  𝑖    𝑘  𝑦   𝛿  𝑝  .    


\begin {equation}\bar {\gamma } \rho u_y + \frac {k_x B^2}{\mu \bar {\gamma }} \left ( \zeta - \frac {k_y u_z}{\bar {\gamma }}DU \right ) = -ik_y \delta p. \label {ch4:eq:incKHmomysub}\end {equation}


     𝛾  ¯   𝜌    𝑢  𝑧   −    𝐵  𝜇       (  𝑖    𝑘  𝑥       𝑖    𝑘  𝑥   𝐵     𝛾  ¯      𝑢  𝑧   −  𝐷      (      𝑖    𝑘  𝑥   𝐵     𝛾  ¯        (    𝑢  𝑥   +      𝑢  𝑧     𝛾  ¯    𝐷  𝑈  )   )   )   =  −  𝐷  𝛿  𝑝  −      −    𝑢  𝑧   𝐷  𝜌     𝛾  ¯    𝑔 


\begin {equation*}\bar {\gamma } \rho u_z - \frac {B}{\mu } \left (i k_x \frac {i k_x B}{\bar {\gamma }} u_z - D\left ( \frac {i k_x B}{\bar {\gamma }} \left ( u_x + \frac {u_z}{\bar {\gamma }}DU \right ) \right ) \right ) = -D\delta p - \frac {- u_z D \rho }{\bar {\gamma }} g\end {equation*}


          (4.18)                     𝛾  ¯   𝜌    𝑢  𝑧   +        𝑘  𝑥     𝐵  2    𝜇       (      𝑘  𝑥     𝛾  ¯      𝑢  𝑧   +  𝐷      (    𝑖    𝛾  ¯        (    𝑢  𝑥   +      𝑢  𝑧     𝛾  ¯    𝐷  𝑈  )   )   )   =  −  𝐷  𝛿  𝑝  +        𝑢  𝑧   𝐷  𝜌     𝛾  ¯    𝑔  .    


\begin {equation}\bar {\gamma } \rho u_z +\frac {k_x B^2}{\mu } \left ( \frac { k_x }{\bar {\gamma }} u_z + D \left ( \frac {i }{\bar {\gamma }} \left ( u_x + \frac {u_z}{\bar {\gamma }}DU \right ) \right ) \right ) = -D\delta p +\frac { u_z D \rho }{\bar {\gamma }} g. \label {ch4:eq:incKHmomzsub}\end {equation}


   −  𝑖    𝑘  𝑦  


$-ik_y$


$ik_x$


   −  𝑖    𝑘  𝑦     𝛾  ¯   𝜌    𝑢  𝑥   −  𝑖    𝑘  𝑦   𝜌    𝑢  𝑧   𝐷  𝑈  =  −    𝑘  𝑥     𝑘  𝑦   𝛿  𝑝 


\begin {equation*}-ik_y\bar {\gamma } \rho u_x -ik_y \rho u_z DU = -k_x k_y \delta p\end {equation*}


   𝑖    𝑘  𝑥     𝛾  ¯   𝜌    𝑢  𝑦   +  𝑖        𝑘  𝑥  2     𝐵  2      𝜇    𝛾  ¯         (  𝜁  −        𝑘  𝑦     𝑢  𝑧      𝛾  ¯    𝐷  𝑈  )   =    𝑘  𝑥     𝑘  𝑦   𝛿  𝑝  . 


\begin {equation*}ik_x\bar {\gamma } \rho u_y + i\frac {k_x^2 B^2}{\mu \bar {\gamma }} \left ( \zeta - \frac {k_y u_z}{\bar {\gamma }}DU \right ) = k_xk_y \delta p.\end {equation*}


   −  𝑖    𝑘  𝑦     𝛾  ¯   𝜌    𝑢  𝑥   −  𝑖    𝑘  𝑦   𝜌    𝑢  𝑧   𝐷  𝑈  +  𝑖    𝑘  𝑥     𝛾  ¯   𝜌    𝑢  𝑦   +  𝑖        𝑘  𝑥  2     𝐵  2      𝜇    𝛾  ¯         (  𝜁  −        𝑘  𝑦     𝑢  𝑧      𝛾  ¯    𝐷  𝑈  )   =  0  . 


\begin {equation*}-ik_y\bar {\gamma } \rho u_x -ik_y \rho u_z DU + ik_x\bar {\gamma } \rho u_y + i\frac {k_x^2 B^2}{\mu \bar {\gamma }} \left ( \zeta - \frac {k_y u_z}{\bar {\gamma }}DU \right ) = 0.\end {equation*}


     (  1  +        𝑘  𝑥  2     𝐵  2      𝜌  𝜇      𝛾  ¯   2     )       (  𝜁  −        𝑘  𝑦     𝑢  𝑧      𝛾  ¯    𝐷  𝑈  )   =  0  . 


\begin {equation*}\left ( 1+ \frac {k_x^2 B^2}{\rho \mu \bar {\gamma }^2} \right ) \left ( \zeta - \frac {k_y u_z}{\bar {\gamma }}DU \right ) = 0.\end {equation*}


          (4.19)                   𝜁  =        𝑘  𝑦     𝑢  𝑧      𝛾  ¯    𝐷  𝑈  .    


\begin {equation}\zeta = \frac {k_y u_z}{\bar {\gamma }}DU. \label {ch4:eq:incKHzeta}\end {equation}


          (4.20)                     𝛾  ¯   𝜌    𝑢  𝑦   =  −  𝑖    𝑘  𝑦   𝛿  𝑝  .    


\begin {equation}\bar {\gamma } \rho u_y = -ik_y \delta p. \label {ch4:eq:incKHmomysimp}\end {equation}


   −    𝑘  𝑥  


$-k_x$


   −    𝑘  𝑦  


$-k_y$


   −    𝑘  𝑥     𝛾  ¯   𝜌    𝑢  𝑥   −    𝑘  𝑥   𝜌    𝑢  𝑧   𝐷  𝑈  −    𝑘  𝑦     𝛾  ¯   𝜌    𝑢  𝑦   =  𝑖    𝑘  𝑥  2   𝛿  𝑃  +  𝑖    𝑘  𝑦  2   𝛿  𝑝 


\begin {equation*}-k_x\bar {\gamma } \rho u_x -k_x \rho u_z DU -k_y \bar {\gamma } \rho u_y= ik_x^2 \delta P + ik_y^2 \delta p\end {equation*}


   −    𝛾  ¯   𝜌  (    𝑘  𝑥     𝑢  𝑥   +    𝑘  𝑦     𝑢  𝑦   )  −    𝑘  𝑥   𝜌    𝑢  𝑧   𝐷  𝑈  =  𝑖    𝐾  2   𝛿  𝑝 


\begin {equation*}-\bar {\gamma } \rho (k_x u_x +k_y u_y) -k_x \rho u_z DU = iK^2 \delta p\end {equation*}


          (4.21)                   −  𝑖    𝛾  ¯   𝜌  𝐷    𝑢  𝑧   −    𝑘  𝑥   𝜌    𝑢  𝑧   𝐷  𝑈  =  𝑖    𝐾  2   𝛿  𝑝  .    


\begin {equation}-i\bar {\gamma } \rho Du_z - k_x \rho u_z DU = iK^2 \delta p. \label {ch4:eq:incKHmomyk2}\end {equation}


   𝑖    𝐾  2  


$iK^2$


   𝐷  𝛿  𝑝 


$D\delta p$


          (4.22)                   −  𝑖    𝐾  2       (    𝛾  ¯   𝜌    𝑢  𝑧   +        𝑘  𝑥     𝐵  2    𝜇       (      𝑘  𝑥     𝛾  ¯      𝑢  𝑧   +  𝐷      (    𝑖    𝛾  ¯        (    𝑢  𝑥   +      𝑢  𝑧     𝛾  ¯    𝐷  𝑈  )   )   )   −        𝑢  𝑧   𝐷  𝜌     𝛾  ¯    𝑔  )   =  𝑖    𝐾  2   𝐷  𝛿  𝑝  .    


\begin {equation}-iK^2 \left ( \bar {\gamma } \rho u_z +\frac {k_x B^2}{\mu } \left ( \frac { k_x }{\bar {\gamma }} u_z + D \left ( \frac {i }{\bar {\gamma }} \left ( u_x + \frac {u_z}{\bar {\gamma }}DU \right ) \right ) \right ) -\frac { u_z D \rho }{\bar {\gamma }} g \right ) = iK^2D\delta p. \label {ch4:eq:incKHmomzKDP}\end {equation}


$u_x$


   𝑖    𝑘  𝑦  2     𝑢  𝑥  


$ik_y^2u_x$


$k_x$


   ∇  ⋅  𝛿  U  =  0 


$\nabla \cdot \delta \mathbf {U}=0$


          (4.23)                   𝑖    𝐾  2     𝑢  𝑥   =  −    (    𝑘  𝑥   𝐷    𝑢  𝑧   +  𝑖    𝑘  𝑦   𝜁  )   =  −    (    𝑘  𝑥   𝐷    𝑢  𝑧   +      𝑖    𝑘  𝑦  2     𝑢  𝑧      𝛾  ¯    𝐷  𝑈  )   .    


\begin {equation}iK^2u_x = - \left (k_x Du_z + ik_y \zeta \right ) = - \left ( k_x Du_z + \frac {ik_y^2 u_z}{\bar {\gamma }}DU \right ). \label {ch4:eq:incKHxvelcomp}\end {equation}


          (4.24)                   −  𝑖    𝐾  2     𝛾  ¯   𝜌    𝑢  𝑧   +        𝑘  𝑥  2     𝐵  2    𝜇       (      −  𝑖    𝐾  2      𝛾  ¯      𝑢  𝑧   +  𝐷      (      𝑖  𝐷    𝑢  𝑧      𝛾  ¯    +        𝑘  𝑥     𝑢  𝑧        𝛾  ¯   2    𝐷  𝑈  )   )   +      𝑖    𝐾  2     𝑢  𝑧   𝐷  𝜌     𝛾  ¯    𝑔  =  𝑖    𝐾  2   𝐷  𝛿  𝑝  .    


\begin {equation}-iK^2 \bar {\gamma } \rho u_z +\frac {k_x^2 B^2}{\mu } \left ( \frac {-iK^2 }{\bar {\gamma }} u_z + D \left ( \frac {i Du_z}{\bar {\gamma }} + \frac {k_xu_z}{\bar {\gamma }^2}DU \right ) \right ) +\frac {iK^2 u_z D \rho }{\bar {\gamma }} g = iK^2D\delta p. \label {ch4:eq:incKHmomzK2Dsim}\end {equation}


$\delta p$


   𝐷 


$D$


           𝐷      (  −  𝑖    𝛾  ¯   𝜌  𝐷    𝑢  𝑧   −    𝑘  𝑥   𝜌    𝑢  𝑧   𝐷  𝑈  )   =         (4.25)      −  𝑖    𝐾  2     𝛾  ¯   𝜌    𝑢  𝑧   +        𝑘  𝑥  2     𝐵  2    𝜇       (      −  𝑖    𝐾  2      𝛾  ¯      𝑢  𝑧   +  𝐷      (      𝑖  𝐷    𝑢  𝑧      𝛾  ¯    +        𝑘  𝑥     𝑢  𝑧        𝛾  ¯   2    𝐷  𝑈  )   )   +      𝑖    𝐾  2     𝑢  𝑧   𝐷  𝜌     𝛾  ¯    𝑔  .    


\begin {multline}D \left ( -i\bar {\gamma } \rho Du_z - k_x \rho u_z DU \right ) = \\[2ex] -iK^2 \bar {\gamma } \rho u_z +\frac {k_x^2 B^2}{\mu } \left ( \frac {-iK^2 }{\bar {\gamma }} u_z + D \left ( \frac {i Du_z}{\bar {\gamma }} + \frac {k_xu_z}{\bar {\gamma }^2}DU \right ) \right ) +\frac {iK^2 u_z D \rho }{\bar {\gamma }} g. \label {ch4:eq:incKHsingleuz}\end {multline}


$u_z$


$\rho $


   𝑈 


$U$


$\rho _1$


$\rho _2$


     𝑈  1  


$U_1$


     𝑈  2  


$U_2$


     𝜌  2   >    𝜌  1  


$\rho _2 > \rho _1$


          (4.26)                   𝜁  =  0    


\begin {equation}\zeta = 0\end {equation}


   −  𝑖    𝛾  ¯   𝜌    𝐷  2     𝑢  𝑧   =  −  𝑖    𝐾  2     𝛾  ¯   𝜌    𝑢  𝑧   +      𝑖    𝑘  𝑥  2     𝐵  2    𝜇       (      −    𝐾  2      𝛾  ¯      𝑢  𝑧   +        𝐷  2     𝑢  𝑧      𝛾  ¯    )  


\begin {equation*}-i\bar {\gamma } \rho D^2u_z = -iK^2 \bar {\gamma } \rho u_z +\frac {ik_x^2 B^2}{\mu } \left ( \frac {-K^2 }{\bar {\gamma }} u_z + \frac { D^2u_z}{\bar {\gamma }} \right )\end {equation*}


          (4.27)                     (    𝛾  ¯   𝜌  +        𝑘  𝑥  2     𝐵  2      𝜇    𝛾  ¯     )       (    𝐷  2   −    𝐾  2   )       𝑢  𝑧   =  0  .    


\begin {equation}\left ( \bar {\gamma }\rho +\frac {k_x^2 B^2}{\mu \bar {\gamma }} \right ) \left ( D^2 -K^2 \right ) u_z = 0. \label {ch4:eq:incKHdiffequz}\end {equation}


          (4.28)                     𝜕  𝑡   𝜂  +    𝑈  𝑥     𝜕  𝑥   𝜂    |    𝑧  =  𝜂    =    𝑈  𝑧     |    𝑧  =  𝜂    .    


\begin {equation}\partial _t \eta + U_x \partial _x \eta \Big |_{z=\eta } = U_z \Big |_{z=\eta }.\end {equation}


       𝛾  ¯   1   𝛿  𝜂  =    𝑢    𝑧  1      |    𝑧  =  0           or             𝛾  ¯   2   𝛿  𝜂  =    𝑢    𝑧  2      |    𝑧  =  0    . 


\begin {equation*}\bar {\gamma }_1 \delta \eta = u_{z_1}\Big |_{z=0} \ \ \ \text {or} \ \ \ \bar {\gamma }_2 \delta \eta = u_{z_2}\Big |_{z=0}.\end {equation*}


$\delta \eta $


          (4.29)                         𝑢    𝑧  1      |    𝑧  =  0         𝛾  ¯   1    =        𝑢    𝑧  2      |    𝑧  =  0         𝛾  ¯   2      


\begin {equation}\frac {u_{z_1}\Big |_{z=0}}{\bar {\gamma }_1} = \frac {u_{z_2}\Big |_{z=0}}{\bar {\gamma }_2}\end {equation}


$u_z$


          (4.30)                     𝑢    𝑧  1    =  𝐴      𝛾  ¯   1     𝑒    −  𝐾  𝑧               for         𝑧  >  0    


\begin {equation}u_{z_1} = A\bar {\gamma }_1 e^{-Kz} \ \ \ \ \ \text {for} \ \ \ z>0\end {equation}


          (4.31)                     𝑢    𝑧  2    =  𝐴      𝛾  ¯   2     𝑒    𝐾  𝑧                   for         𝑧  <  0  .    


\begin {equation}u_{z_2} = A\bar {\gamma }_2 e^{Kz} \ \ \ \ \ \ \ \text {for} \ \ \ z<0.\end {equation}


$z=0$


   𝑧  =  −  𝜖 


$z=-\epsilon $


   𝑧  =  𝜖 


$z=\epsilon $


   𝜖  →  0 


$\epsilon \rightarrow 0$


          (4.32)                     Δ  0       (  −    𝛾  ¯   𝜌  𝐷    𝑢  𝑧   )   =        𝑘  𝑥  2     𝐵  2    𝜇     Δ  0       (      𝐷    𝑢  𝑧      𝛾  ¯    )   +      𝑔    𝐾  2     𝑢  𝑧      𝛾  ¯      Δ  0   (  𝜌  )    


\begin {equation}\Delta _0 \left ( -\bar {\gamma } \rho Du_z \right ) = \frac {k_x^2 B^2}{\mu } \Delta _0 \left ( \frac { Du_z}{\bar {\gamma }} \right ) +\frac {g K^2 u_z }{\bar {\gamma }} \Delta _0(\rho )\end {equation}


     Δ  0   (  𝐴  )  =    𝐴  1   −    𝐴  2  


$\Delta _0 (A)= A_1 - A_2$


     (      𝛾  ¯   1  2     𝜌  1   𝐾  𝐴  +      𝛾  ¯   2  2     𝜌  2   𝐾  𝐴  )   =        𝑘  𝑥  2     𝐵  2    𝜇       (  −  𝐾  𝐴  −  𝐾  𝐴  )   +  𝑔    𝐾  2   (  𝐴    𝜌  1   −  𝐴    𝜌  2   ) 


\begin {equation*}\left ( \bar {\gamma }_1^2 \rho _1 K A+ \bar {\gamma }_2^2 \rho _2 K A \right ) = \frac {k_x^2 B^2}{\mu } \left ( -K A -KA \right ) +gK^2 (A\rho _1 -A \rho _2)\end {equation*}


          (4.33)                       𝛾  ¯   1  2     𝜌  1   +      𝛾  ¯   2  2     𝜌  2   =      −  2    𝑘  𝑥  2     𝐵  2    𝜇   +  𝑔  𝐾  (    𝜌  1   −    𝜌  2   )  .    


\begin {equation}\bar {\gamma }_1^2 \rho _1 + \bar {\gamma }_2^2 \rho _2 = \frac {-2k_x^2 B^2}{\mu } + g K (\rho _1 - \rho _2).\end {equation}


     𝛾  ¯  


$\bar {\gamma }$


   (    𝜌  1   +    𝜌  2   ) 


$(\rho _1+\rho _2)$


   (  𝛾  +  𝑖    𝑘  𝑥     𝑈  1     )  2     𝛼  1   +  (  𝛾  +  𝑖    𝑘  𝑥     𝑈  2     )  2     𝛼  2   =      −  2    𝑘  𝑥  2     𝐵  2      𝜇  (    𝜌  1   +    𝜌  2   )    +  𝑔  𝐾  𝐴 


\begin {equation*}(\gamma +ik_xU_1)^2 \alpha _1 + (\gamma +ik_xU_2)^2 \alpha _2 = \frac {-2k_x^2 B^2}{\mu (\rho _1+\rho _2)} + g K A\end {equation*}


     𝛾  2   +  2  𝑖    𝑘  𝑥   (    𝑈  1     𝛼  1   +    𝑈  2     𝛼  2   )  𝛾  −    𝑘  𝑥  2   (    𝑈  1  2     𝛼  1   +    𝑈  2  2     𝛼  2   )  +      2    𝑘  𝑥  2     𝐵  2      𝜇  (    𝜌  1   +    𝜌  2   )    −  𝑔  𝐾  𝐴  =  0 


\begin {equation*}\gamma ^2 + 2i k_x (U_1 \alpha _1 +U_2 \alpha _2) \gamma - k_x^2 (U_1^2\alpha _1 + U_2^2 \alpha _2 ) +\frac {2k_x^2 B^2}{\mu (\rho _1+\rho _2)} - g K A = 0\end {equation*}


           𝛾  =  −  𝑖    𝑘  𝑥   (    𝑈  1     𝛼  1   +    𝑈  2     𝛼  2   )        ±      (  𝑖    𝑘  𝑥   (    𝑈  1     𝛼  1   +    𝑈  2     𝛼  2   )    )  2   −    (  −    𝑘  𝑥  2   (    𝑈  1  2     𝛼  1   +    𝑈  2  2     𝛼  2   )  +      2    𝑘  𝑥  2     𝐵  2      𝜇  (    𝜌  1   +    𝜌  2   )    −  𝑔  𝐾  𝐴  )         


\begin {multline*}\gamma = -i k_x (U_1 \alpha _1 +U_2 \alpha _2) \\ \pm \sqrt { (i k_x (U_1 \alpha _1 +U_2 \alpha _2))^2 - \left ( - k_x^2 (U_1^2\alpha _1 + U_2^2 \alpha _2 ) + \frac {2k_x^2 B^2}{\mu (\rho _1+\rho _2)} - g K A \right ) }\end {multline*}


          (4.34)                   𝛾  =  −  𝑖    𝑘  𝑥   (    𝑈  1     𝛼  1   +    𝑈  2     𝛼  2   )  ±        𝑘  𝑥  2     𝛼  1     𝛼  2   (    𝑈  1   −    𝑈  2     )  2   +  𝑔  𝐾  𝐴  −      2    𝑘  𝑥  2     𝐵  2      𝜇  (    𝜌  1   +    𝜌  2   )      .    


\begin {equation}\gamma = -i k_x (U_1 \alpha _1 +U_2 \alpha _2) \pm \sqrt { k_x^2 \alpha _1 \alpha _2(U_1 -U_2)^2 + g K A -\frac {2k_x^2 B^2}{\mu (\rho _1+\rho _2)} }.\end {equation}


          (4.35)                       𝜕  𝜌     𝜕  𝑡    +  ∇  ⋅    (  𝜌  U  )   =  0    


\begin {equation}\frac {\partial \rho }{\partial t}+\nabla \cdot \left (\rho \mathbf {U}\right )=0\end {equation}


          (4.36)                   𝜌      (      𝜕  U     𝜕  𝑡    +  U  ⋅  ∇  )     U  =  −  ∇  𝑝    


\begin {equation}\rho \left (\frac {\partial \mathbf {U}}{\partial t}+ \mathbf {U} \cdot \nabla \right ) \mathbf {U}=-\nabla p\end {equation}


          (4.37)                   𝑝  =    𝑐  0  2   𝜌    


\begin {equation}p = c_0^2 \rho \end {equation}


$c_0$


          (4.38)                       𝜕  𝛿  𝜌     𝜕  𝑡    +    U  0   ⋅  ∇  𝛿  𝜌  +    𝜌  0       (  ∇  ⋅  𝛿  U  )   =  0    


\begin {equation}\frac {\partial \delta \rho }{\partial t} + \mathbf {U}_0 \cdot \nabla \delta \rho + \rho _0 \left (\nabla \cdot \delta \mathbf {U} \right ) = 0\end {equation}


          (4.39)                     𝜌  0       (    𝜕    𝜕  𝑡    +    U  0   ⋅  ∇  )     𝛿  U  =  −  ∇  𝛿  𝑝    


\begin {equation}\rho _0 \left ( \frac {\partial }{\partial t} + \mathbf {U}_0 \cdot \nabla \right ) \delta \mathbf {U} = -\nabla \delta p\end {equation}


          (4.40)                   𝛿  𝑝  =    𝑐  0  2   𝛿  𝜌  .    


\begin {equation}\delta p = c_0^2 \delta \rho .\end {equation}


$k_y$


          (4.41)                   ∇  ⋅  𝛿  U  =  −      𝛿  𝜌     𝜌  0      𝛾  ¯     


\begin {equation}\nabla \cdot \delta \mathbf {U} = - \frac {\delta \rho }{\rho _0} \bar {\gamma }\end {equation}


          (4.42)                     𝜌  0     𝛾  ¯   𝛿  U  =  −  ∇  𝛿  𝑝  .    


\begin {equation}\rho _0 \bar {\gamma } \delta \mathbf {U} = - \nabla \delta p.\end {equation}


          (4.43)                     𝜌  0   𝛾  ∇  ⋅  U  =  −    ∇  2   𝛿  𝑝  .    


\begin {equation}\rho _0 \gamma \nabla \cdot \mathbf {U} = - \nabla ^2 \delta p.\end {equation}


          (4.44)                       𝛾  ¯   2   𝛿  𝜌  =    𝑐  0  2     ∇  2   𝛿  𝜌  .    


\begin {equation}\bar {\gamma }^2 \delta \rho = c_0^2 \nabla ^2 \delta \rho .\end {equation}


          (4.45)                       𝛾  ¯   2   𝛿  𝜌  =    𝑐  0  2       (    𝐷  2   −    𝑘  𝑥  2   )     𝛿  𝜌  .    


\begin {equation}\bar {\gamma }^2 \delta \rho = c_0^2 \left ( D^2 - k_x^2 \right ) \delta \rho .\end {equation}


          (4.46)                     𝐷  2   𝛿  𝜌  =    (    𝑘  𝑥  2   +        𝛾  ¯   2     𝑐  0  2    )     𝛿  𝜌  .    


\begin {equation}D^2 \delta \rho = \left (k_x^2 + \frac {\bar {\gamma }^2}{c_0^2} \right ) \delta \rho .\end {equation}


   𝛿  𝜌  =  𝐴    𝑒      ℎ  +   𝑧    +  𝐵    𝑒      ℎ  −   𝑧   


\begin {equation*}\delta \rho = A e^{h^+z}+ B e^{h^-z}\end {equation*}


          (4.47)                     ℎ  ±   =  ±        𝑘  𝑥  2   +        𝛾  ¯   2     𝑐  0  2      .    


\begin {equation}h^\pm = \pm \sqrt { k_x^2 + \frac {\bar {\gamma }^2}{c_0^2}}.\end {equation}


          (4.48)                   𝛿    𝜌  1   =    𝐴  1     𝑒      ℎ  −   𝑧      


\begin {equation}\delta \rho _1= A_1 e^{h^- z}\end {equation}


          (4.49)                   𝛿    𝜌  2   =    𝐴  2     𝑒      ℎ  +   𝑧      


\begin {equation}\delta \rho _2=A_2 e^{h^+ z}\end {equation}


$1$


   2 


$2$


          (4.50)                   𝛿    𝑝  1   =    𝐴  1     𝑐  1  2     𝑒      ℎ  −   𝑧      


\begin {equation}\delta p_1=A_1 c^2_1 e^{h^- z}\end {equation}


          (4.51)                   𝛿    𝑝  2   =    𝐴  2     𝑐  2  2     𝑒      ℎ  +   𝑧    .    


\begin {equation}\delta p_2=A_2 c^2_2 e^{h^+ z}.\end {equation}


          (4.52)                     𝑢  𝑧   =      −  𝐷  𝛿  𝑝     𝜌    𝛾  ¯       


\begin {equation}u_z = \frac {-D \delta p}{\rho \bar {\gamma }}\end {equation}


          (4.53)                     𝑢    𝑧  1    =      −    ℎ  −     𝐴  1     𝑐  1  2     𝑒      ℎ  −   𝑧         𝜌  1       𝛾  ¯   1       


\begin {equation}u_{z_1} = \frac {-h^- A_1 c^2_1 e^{h^- z} }{\rho _1 \bar {\gamma }_1}\end {equation}


          (4.54)                     𝑢    𝑧  2    =      −    ℎ  +     𝐴  2     𝑐  2  2     𝑒      ℎ  +   𝑧         𝜌  2       𝛾  ¯   2     .    


\begin {equation}u_{z_2} = \frac {-h^+ A_2 c^2_2 e^{h^+ z} }{\rho _2 \bar {\gamma }_2}.\end {equation}


          (4.55)                   [  [    𝑈  𝑧   −    𝑈  𝑥     𝜕  𝑥   𝜂  ]  ]    |    𝑧  =  𝜂    =  0    


\begin {equation}[[U_z - U_x \partial _x \eta ]] \Big |_{z=\eta } = 0\end {equation}


          (4.56)                   [  [  𝑃  ]  ]  =  0    


\begin {equation}[[P]] = 0\end {equation}


\begin {equation}\partial _t \eta + U_x \partial _x \eta \Big |_{z=\eta } = U_z \Big |_{z=\eta }.\end {equation}


   [  [    𝑢  𝑧   −  𝑖    𝑘  𝑥   𝑈  𝛿  𝜂  ]  ]    |    𝑧  =  0    =  0 


\begin {equation*}[[u_z - ik_xU \delta \eta ]] \Big |_{z=0} =0\end {equation*}


     𝑢    𝑧  1      |    𝑧  =  0    −  𝑖    𝑘  𝑥     𝑈  1   𝛿  𝜂  =    𝑢    𝑧  2      |    𝑧  =  0    −  𝑖    𝑘  𝑥     𝑈  2   𝛿  𝜂 


\begin {equation*}u_{z_1}\Big |_{z=0} - ik_xU_1 \delta \eta = u_{z_2}\Big |_{z=0} - ik_xU_2 \delta \eta \end {equation*}


          (4.58)                   (    𝑢    𝑧  1    −    𝑢    𝑧  2    )    |    𝑧  =  0    =  (    𝑈  1   −    𝑈  2   )  𝑖    𝑘  𝑥   𝛿  𝜂    


\begin {equation}(u_{z_1}-u_{z_2}) \Big |_{z=0} = (U_1-U_2) ik_x \delta \eta \end {equation}


   [  [  𝛿  𝑝  ]  ]    |    𝑧  =  0    =  0    ⟹    𝛿    𝑝  1     |    𝑧  =  0    =  𝛿    𝑝  2     |    𝑧  =  0      ⟹      𝐴  1     𝑐  1  2   =    𝐴  2     𝑐  2  2  


\begin {equation*}[[\delta p]] \Big |_{z=0} = 0 \implies \delta p_1 \Big |_{z=0}=\delta p_2 \Big |_{z=0} \implies A_1c_1^2 = A_2c^2_2\end {equation*}


          (4.59)                     𝐴  1   =      𝑐  2  2     𝑐  1  2      𝐴  2     


\begin {equation}A_1 = \frac {c_2^2}{c_1^2} A_2\end {equation}


\begin {equation*}\bar {\gamma }_1 \delta \eta = u_{z_1}\Big |_{z=0} \ \ \ \text {or} \ \ \ \bar {\gamma }_2 \delta \eta = u_{z_2}\Big |_{z=0}.\end {equation*}


     (    𝑢    𝑧  1    +    𝑢    𝑧  2    )     |    𝑧  =  0    =  (      𝛾  ¯   1   +      𝛾  ¯   2   )  𝛿  𝜂 


\begin {equation*}\left ( u_{z_1} + u_{z_2} \right ) \Big |_{z=0} = (\bar {\gamma }_1 +\bar {\gamma }_2) \delta \eta \end {equation*}


          (4.60)                   𝛿  𝜂  =        (    𝑢    𝑧  1    +    𝑢    𝑧  2    )     |    𝑧  =  0           𝛾  ¯   1   +      𝛾  ¯   2     .    


\begin {equation}\delta \eta = \frac { \left ( u_{z_1} + u_{z_2} \right )\Big |_{z=0}}{\bar {\gamma }_1 +\bar {\gamma }_2}.\end {equation}


$\delta \eta $


$z=0$


          (4.61)                       −    ℎ  −     𝐴  1     𝑐  1  2        𝜌  1       𝛾  ¯   1     −      −    ℎ  +     𝐴  2     𝑐  2  2        𝜌  2       𝛾  ¯   2     =      (    𝑈  1   −    𝑈  2   )  𝑖    𝑘  𝑥          𝛾  ¯   1   +      𝛾  ¯   2         (      −    ℎ  −     𝐴  1     𝑐  1  2        𝜌  1       𝛾  ¯   1     +      −    ℎ  +     𝐴  2     𝑐  2  2        𝜌  2       𝛾  ¯   2     )   .    


\begin {equation}\frac {-h^- A_1 c^2_1 }{\rho _1 \bar {\gamma }_1} - \frac {-h^+ A_2 c^2_2 }{\rho _2 \bar {\gamma }_2} = \frac {(U_1-U_2) ik_x}{\bar {\gamma }_1 +\bar {\gamma }_2} \left ( \frac {-h^- A_1 c^2_1 }{\rho _1 \bar {\gamma }_1} + \frac {-h^+ A_2 c^2_2 }{\rho _2 \bar {\gamma }_2}\right ).\end {equation}


       ℎ  −       𝜌  1       𝛾  ¯   1     −      ℎ  +       𝜌  2       𝛾  ¯   2     =      (    𝑈  1   −    𝑈  2   )  𝑖    𝑘  𝑥          𝛾  ¯   1   +      𝛾  ¯   2         (      ℎ  −       𝜌  1       𝛾  ¯   1     +      ℎ  +       𝜌  2       𝛾  ¯   2     )   . 


\begin {equation*}\frac {h^- }{\rho _1 \bar {\gamma }_1} - \frac {h^+ }{\rho _2 \bar {\gamma }_2} = \frac {(U_1-U_2) ik_x}{\bar {\gamma }_1 +\bar {\gamma }_2} \left ( \frac {h^- }{\rho _1 \bar {\gamma }_1} + \frac {h^+ }{\rho _2 \bar {\gamma }_2}\right ).\end {equation*}


$\rho $


         ℎ  −     𝑐  1  2      𝑃      𝛾  ¯   1     −        ℎ  +     𝑐  2  2      𝑃      𝛾  ¯   2     =      (    𝑈  1   −    𝑈  2   )  𝑖    𝑘  𝑥          𝛾  ¯   1   +      𝛾  ¯   2         (        ℎ  −     𝑐  1  2      𝑃      𝛾  ¯   1     +        ℎ  +     𝑐  2  2      𝑃      𝛾  ¯   2     )   . 


\begin {equation*}\frac {h^- c_1^2 }{P \bar {\gamma }_1} - \frac {h^+ c_2^2 }{P \bar {\gamma }_2} = \frac {(U_1-U_2) ik_x}{\bar {\gamma }_1 +\bar {\gamma }_2} \left ( \frac {h^- c_1^2 }{P \bar {\gamma }_1} + \frac {h^+ c_2^2 }{P \bar {\gamma }_2}\right ).\end {equation*}


     ℎ  ±  


$h^\pm $


         ℎ  −     𝑐  1  2        𝛾  ¯   1        (  1  −      (    𝑈  1   −    𝑈  2   )  𝑖    𝑘  𝑥          𝛾  ¯   1   +      𝛾  ¯   2     )   =        ℎ  +     𝑐  2  2        𝛾  ¯   2        (  1  +      (    𝑈  1   −    𝑈  2   )  𝑖    𝑘  𝑥          𝛾  ¯   1   +      𝛾  ¯   2     )  


\begin {equation*}\frac {h^- c_1^2 }{\bar {\gamma }_1} \left ( 1 - \frac {(U_1-U_2) ik_x}{\bar {\gamma }_1 +\bar {\gamma }_2} \right ) = \frac {h^+ c_2^2 }{ \bar {\gamma }_2} \left ( 1+ \frac {(U_1-U_2) ik_x}{\bar {\gamma }_1 +\bar {\gamma }_2} \right )\end {equation*}


         ℎ  −     𝑐  1  2        𝛾  ¯   1        (          𝛾  ¯   1   +      𝛾  ¯   2   −  (    𝑈  1   −    𝑈  2   )  𝑖    𝑘  𝑥          𝛾  ¯   1   +      𝛾  ¯   2     )   =        ℎ  +     𝑐  2  2        𝛾  ¯   2        (          𝛾  ¯   1   +      𝛾  ¯   2   +  (    𝑈  1   −    𝑈  2   )  𝑖    𝑘  𝑥          𝛾  ¯   1   +      𝛾  ¯   2     )  


\begin {equation*}\frac {h^- c_1^2 }{\bar {\gamma }_1} \left ( \frac {\bar {\gamma }_1 +\bar {\gamma }_2- (U_1-U_2) ik_x}{\bar {\gamma }_1 +\bar {\gamma }_2} \right ) = \frac {h^+ c_2^2 }{ \bar {\gamma }_2} \left ( \frac {\bar {\gamma }_1 +\bar {\gamma }_2+(U_1-U_2) ik_x}{\bar {\gamma }_1 +\bar {\gamma }_2} \right )\end {equation*}


         ℎ  −     𝑐  1  2        𝛾  ¯   1        (      2      𝛾  ¯   2          𝛾  ¯   1   +      𝛾  ¯   2     )   =        ℎ  +     𝑐  2  2        𝛾  ¯   2        (      2      𝛾  ¯   1          𝛾  ¯   1   +      𝛾  ¯   2     )  


\begin {equation*}\frac {h^- c_1^2 }{\bar {\gamma }_1} \left ( \frac {2\bar {\gamma }_2}{\bar {\gamma }_1 +\bar {\gamma }_2} \right ) = \frac {h^+ c_2^2 }{ \bar {\gamma }_2} \left ( \frac {2\bar {\gamma }_1 }{\bar {\gamma }_1 +\bar {\gamma }_2} \right )\end {equation*}


          (4.62)                     ℎ  −     𝑐  1  2       (        𝛾  ¯   2       𝛾  ¯   1    )   =    ℎ  +     𝑐  2  2       (        𝛾  ¯   1       𝛾  ¯   2    )   .    


\begin {equation}h^- c_1^2 \left ( \frac {\bar {\gamma }_2}{\bar {\gamma }_1} \right ) = h^+ c_2^2 \left ( \frac {\bar {\gamma }_1 }{\bar {\gamma }_2} \right ). \label {ch4:eq:simplified_disp_relation}\end {equation}


$h^\pm $


          (4.63)                     (    𝑘  𝑥  2   +        𝛾  ¯   1  2     𝑐  1  2    )         (        𝛾  ¯   2       𝛾  ¯   1    )   2       𝑐  1  4   =    (    𝑘  𝑥  2   +        𝛾  ¯   2  2     𝑐  2  2    )         (        𝛾  ¯   1       𝛾  ¯   2    )   2       𝑐  2  4   .    


\begin {equation}\left ( k_x^2 + \frac {\bar {\gamma }_1^2}{c_1^2} \right ) \left ( \frac {\bar {\gamma }_2}{\bar {\gamma }_1} \right )^2 c_1^4 = \left ( k_x^2 + \frac {\bar {\gamma }_2^2}{c_2^2} \right ) \left ( \frac {\bar {\gamma }_1 }{\bar {\gamma }_2} \right )^2 c_2^4.\end {equation}


          (4.64)                     (    𝑘  𝑥  2     𝑐  1  2   +      𝛾  ¯   1  2   )         𝛾  ¯   2  4     𝑐  1  2   =    (    𝑘  𝑥  2     𝑐  2  2   +      𝛾  ¯   2  2   )         𝛾  ¯   1  4     𝑐  2  2     


\begin {equation}\left ( k_x^2 c_1^2 + \bar {\gamma }_1^2 \right ) \bar {\gamma }_2^4 c_1^2 = \left ( k_x^2 c_2^2 + \bar {\gamma }_2^2 \right ) \bar {\gamma }_1^4 c_2^2\end {equation}


          (4.65)                     𝛾    𝑘    𝑐  𝑠     =  −  𝑖      (    𝑀  1   +    𝑀  𝑐   ±      1  +    𝑀  𝑐  2   ±      1  +  4    𝑀  𝑐  2       )   .    


\begin {equation}\frac {\gamma }{k c_s} = -i \left ( M_1 +M_c \pm \sqrt {1+M_c^2 \pm \sqrt {1+4M_c^2}} \right ). \label {ch4:eq:comp_KH_solution}\end {equation}


     𝑀  𝑐   =    2  


$M_c = \sqrt {2}$


   |    𝑀  𝑐   |  <    2  


$|M_c|<\sqrt 2$


   |    𝑀  𝑐   |  ≥    2  


$|M_c| \geq \sqrt 2$


$|M_c| \geq \sqrt 2$


$h^\pm $


   |    𝑀  𝑐   |  =    2  


$|M_c|=\sqrt 2$


          (4.67)                       𝜕  𝜌     𝜕  𝑡    +  ∇  ⋅    (  𝜌  U  )   =  0    


\begin {equation}\frac {\partial \rho }{\partial t} + \nabla \cdot \left ( \rho \mathbf {U} \right ) = 0\end {equation}


          (4.68)                   𝜌      (    𝜕    𝜕  𝑡    +  U  ⋅  ∇  )     U  =  −  ∇  𝑝  −  𝜌  g    


\begin {equation}\rho \left ( \frac {\partial }{\partial t} + \mathbf {U} \cdot \nabla \right ) \mathbf {U} = -\nabla p - \rho \mathbf {g}\end {equation}


          (4.69)                   𝑃  =  𝜌    𝑐  0  2   .    


\begin {equation}P=\rho c_0^2.\end {equation}


          (4.70)                     U  0   =  0    


\begin {equation}\mathbf {U}_0 =0\end {equation}


          (4.71)                       𝑑    𝑝  0      𝑑  𝑧    =  −    𝜌  0   𝑔    


\begin {equation}\frac {d p_0}{dz} = -\rho _0g \label {ch4:eq:RTbern}\end {equation}


          (4.72)                     𝑝  0   =    𝜌  0     𝑐  0  2   .    


\begin {equation}p_0=\rho _0 c_0^2.\end {equation}


     𝜌  0  


$\rho _0$


       𝑑  (    𝜌  0     𝑐  0  2   )     𝑑  𝑧    =  −    𝜌  0   𝑔    ⟹      𝜌  0   =      𝜌  ˆ   0     𝑒    −      𝑔  𝑧     𝑐  0  2      =      𝜌  ˆ   0     𝑒    −    𝑧    𝐿  0     


\begin {equation*}\frac {d (\rho _0 c_0^2)}{dz}=-\rho _0g \implies \rho _0 = \hat {\rho }_0 e^{-\frac {gz}{c_0^2}}=\hat {\rho }_0 e^{-\frac {z}{L_0}}\end {equation*}


     𝐿  𝑖   =    𝑐  𝑖  2   /  𝑔 


$L_i= c_i^2/g$


       𝜌  ˆ   0  


$\hat {\rho }_0$


          (4.73)                     𝜌    0  1    =    𝜌  1   =      𝜌  ˆ   1     𝑒    −    𝑧    𝐿  1      ,          𝑧  >  0    


\begin {equation}\rho _{0_1}=\rho _1 = \hat {\rho }_1 e^{-\frac {z}{L_1}}, \ \ \ \ z>0\end {equation}


          (4.74)                     𝜌    0  2    =    𝜌  2   =      𝜌  ˆ   2     𝑒    −    𝑧    𝐿  2      ,          𝑧  <  0    


\begin {equation}\rho _{0_2}=\rho _2 = \hat {\rho }_2 e^{-\frac {z}{L_2}}, \ \ \ \ z<0\end {equation}


          (4.75)                     𝑝    0  1    =    𝑃  1   =      𝜌  ˆ   1     𝑐  1  2     𝑒    −    𝑧    𝐿  1      ,          𝑧  >  0    


\begin {equation}p_{0_1}=P_1=\hat {\rho }_1 c_1^2 e^{-\frac {z}{L_1}}, \ \ \ \ z>0\end {equation}


          (4.76)                     𝑝    0  2    =    𝑃  2   =      𝜌  ˆ   2     𝑐  2  2     𝑒    −    𝑧    𝐿  2      ,          𝑧  <  0  .    


\begin {equation}p_{0_2}=P_2=\hat {\rho }_2 c_2^2 e^{-\frac {z}{L_2}}, \ \ \ \ z<0.\end {equation}


       𝜌  ˆ   1     𝑐  1  2   =      𝜌  ˆ   2     𝑐  2  2   . 


\begin {equation*}\hat {\rho }_1 c_1^2 = \hat {\rho }_2c_2^2.\end {equation*}


           U  =    U  0   +  𝛿  U  =    𝑢  𝑥       𝑒  ˆ   𝑥   +    𝑢  𝑦       𝑒  ˆ   𝑦   +    𝑢  𝑧       𝑒  ˆ   𝑧           𝜌  =    𝜌  0   +  𝛿  𝜌          𝑝  =    𝑝  0   +  𝛿  𝑝    


\begin {gather*}\mathbf {U}=\mathbf {U}_0+ \delta \mathbf {U}=u_x \hat {e}_x + u_y \hat {e}_y+ u_z \hat {e}_z \\ \rho =\rho _0 + \delta \rho \\ p= p_0 + \delta p\end {gather*}


$0$


   𝛿  𝐹  (  𝑥  ,  𝑧  ,  𝑡  )  =    𝐹  ˜   (  𝑧  )    𝑒    𝑖    𝑘  𝑥   𝑥  +  𝛾  𝑡   


\begin {equation*}\delta F(x,z,t) = \tilde {F}(z) e^{ik_x x+\gamma t}\end {equation*}


          (4.77)                   𝛾  𝛿  𝜌  +  𝛿  U  ⋅  ∇    𝜌  0   +    𝜌  0   ∇  ⋅  𝛿  U  =  0    


\begin {equation}\gamma \delta \rho + \delta \mathbf {U} \cdot \nabla \rho _0 + \rho _0\nabla \cdot \delta \mathbf {U} = 0 \label {ch4:eq:RTlinmasscont}\end {equation}


          (4.78)                     𝜌  0   𝛾  𝛿  U  =  −  ∇  𝛿  𝑝  −  𝛿  𝜌  𝑔      𝑒  ˆ   𝑧     


\begin {equation}\rho _0 \gamma \delta \mathbf {U} = -\nabla \delta p - \delta \rho g \hat {e}_z \label {ch4:eq:RTlinmomentum}\end {equation}


          (4.79)                   𝛿  𝑝  =  𝛿  𝜌    𝑐  0  2   .    


\begin {equation}\delta p = \delta \rho c_0^2. \label {ch4:eq:RTpertpress}\end {equation}


   𝛾  𝛿  𝜌  −    𝑢  𝑧           𝜌  ˆ   0     𝑒    −    𝑧    𝐿  0         𝐿  0    +      𝜌  ˆ   0     𝑒    −    𝑧    𝐿  0      ∇  ⋅  𝛿  U  =  0  . 


\begin {equation*}\gamma \delta \rho - u_z \frac {\hat {\rho }_0 e^{-\frac {z}{L_0}}}{L_0} + \hat {\rho }_0 e^{-\frac {z}{L_0}} \nabla \cdot \delta \mathbf {U} = 0.\end {equation*}


          (4.80)                   𝛿  𝑛  =      𝛿  𝜌         𝜌  ˆ   0     𝑒    −    𝑧    𝐿  0        .    


\begin {equation}\delta n = \frac {\delta \rho }{\hat {\rho }_0e^{-\frac {z}{L_0}}}. \label {ch4:eq:RTnormdensity}\end {equation}


       𝜌  ˆ   0     𝑒    −    𝑧    𝐿  0     


$\hat {\rho }_0e^{-\frac {z}{L_0}}$


          (4.81)                   𝛾  𝛿  𝑛  −      𝑢  𝑧     𝐿  0    +  ∇  ⋅  𝛿  U  =  0  .    


\begin {equation}\gamma \delta n - \frac {u_z}{L_0}+ \nabla \cdot \delta \mathbf {U}=0. \label {ch4:eq:RTnormcont}\end {equation}


   𝛾  𝛿  U  =      −  ∇  𝛿  𝑝         𝜌  ˆ   0     𝑒    −    𝑧    𝐿  0        −  𝛿  𝑛  𝑔      𝑒  ˆ   𝑧   =  −        𝑐  0  2   ∇  𝛿  𝜌         𝜌  ˆ   0     𝑒    −    𝑧    𝐿  0        −  𝛿  𝑛  𝑔      𝑒  ˆ   𝑧   . 


\begin {equation*}\gamma \delta \mathbf {U} = \frac {- \nabla \delta p}{\hat {\rho }_0e^{-\frac {z}{L_0}}}- \delta n g \hat {e}_z = -\frac {c_0^2 \nabla \delta \rho }{\hat {\rho }_0e^{-\frac {z}{L_0}}}-\delta n g \hat {e}_z.\end {equation*}


   ∇  𝛿  𝑛  =  ∇      (      𝛿  𝜌         𝜌  ˆ   0     𝑒    −    𝑧    𝐿  0        )   =      ∇  𝛿  𝜌         𝜌  ˆ   0     𝑒    −    𝑧    𝐿  0        +  𝛿  𝜌  ∇      𝑒    𝑧    𝐿  0         𝜌  ˆ   0    . 


\begin {equation*}\nabla \delta n = \nabla \left ( \frac {\delta \rho }{\hat {\rho }_0e^{-\frac {z}{L_0}}} \right ) = \frac {\nabla \delta \rho }{\hat {\rho }_0e^{-\frac {z}{L_0}}}+ \delta \rho \nabla \frac {e^{\frac {z}{L_0}}}{\hat {\rho }_0}.\end {equation*}


       ∇  𝛿  𝜌         𝜌  ˆ   0     𝑒    −    𝑧    𝐿  0        =  ∇  𝛿  𝑛  −  𝛿  𝜌  ∇      𝑒    𝑧    𝐿  0         𝜌  ˆ   0    . 


\begin {equation*}\frac {\nabla \delta \rho }{\hat {\rho }_0e^{-\frac {z}{L_0}}} = \nabla \delta n - \delta \rho \nabla \frac {e^{\frac {z}{L_0}}}{\hat {\rho }_0}.\end {equation*}


   𝛾  𝛿  U  =  −    𝑐  0  2       (  ∇  𝛿  𝑛  −  𝛿  𝜌  ∇      𝑒    𝑧    𝐿  0         𝜌  ˆ   0    )   −  𝛿  𝑛  𝑔      𝑒  ˆ   𝑧   . 


\begin {equation*}\gamma \delta \mathbf {U} = -c_0^2 \left ( \nabla \delta n - \delta \rho \nabla \frac {e^{\frac {z}{L_0}}}{\hat {\rho }_0} \right ) - \delta n g \hat {e}_z.\end {equation*}


   𝛾  𝛿  U  =  −    𝑐  0  2   ∇  𝛿  𝑛  +      𝛿  𝜌         𝜌  ˆ   0     𝑒    −    𝑧    𝐿  0            𝑐  0  2     𝐿  0        𝑒  ˆ   𝑧   −  𝛿  𝑛  𝑔      𝑒  ˆ   𝑧   . 


\begin {equation*}\gamma \delta \mathbf {U} = -c_0^2 \nabla \delta n + \frac {\delta \rho }{\hat {\rho }_0e^{-\frac {z}{L_0}}}\frac {c_0^2}{L_0}\hat {e}_z - \delta n g \hat {e}_z.\end {equation*}


          (4.82)                   𝛾  𝛿  U  =  −    𝑐  0  2   ∇  𝛿  𝑛  .    


\begin {equation}\gamma \delta \mathbf {U} = -c_0^2 \nabla \delta n. \label {ch4:eq:RTdensitygrad}\end {equation}


          (4.83)                   ∇  ⋅  𝛿  U  =  −      𝑐  0  2   𝛾     ∇  2   𝛿  𝑛  .    


\begin {equation}\nabla \cdot \delta \mathbf {U} = -\frac {c_0^2}{\gamma }\nabla ^2\delta n.\end {equation}


          (4.84)                     𝑢  𝑧   =      𝑐  0  2   𝛾     𝜕    𝜕  𝑧    𝛿  𝑛  .    


\begin {equation}u_z=\frac {c_0^2}{\gamma } \frac {\partial }{\partial z} \delta n. \label {ch4:eq:RTuzeq}\end {equation}


     𝛾  2   𝛿  𝑛  +  𝑔    𝜕    𝜕  𝑧    𝛿  𝑛  −    𝑐  0  2     ∇  2   𝛿  𝑛  =  0  . 


\begin {equation*}\gamma ^2 \delta n + g \frac {\partial }{\partial z} \delta n - c_0^2 \nabla ^2 \delta n = 0.\end {equation*}


          (4.85)                       𝜕  2     𝜕    𝑧  2     𝛿  𝑛  −    1    𝐿  0      𝜕    𝜕  𝑧    𝛿  𝑛  −        𝛾  2   +    𝑐  0  2     𝑘  2      𝑐  0  2    𝛿  𝑛  =  0  .    


\begin {equation}\frac {\partial ^2}{\partial z^2} \delta n- \frac {1}{L_0} \frac {\partial }{\partial z} \delta n - \frac {\gamma ^2+c_0^2k^2}{c_0^2} \delta n = 0.\end {equation}


          (4.86)                   𝛿    𝑛  1   =  𝛿      𝑛  ˆ   1     𝑒      𝛼  1  −   𝑧    ,          𝑧  >  0    


\begin {equation}\delta n_1 = \delta \hat {n}_1 e^{\alpha ^-_1 z}, \ \ \ \ z>0\end {equation}


          (4.87)                   𝛿    𝑛  2   =  𝛿      𝑛  ˆ   2     𝑒      𝛼  2  +   𝑧    ,          𝑧  <  0    


\begin {equation}\delta n_2 = \delta \hat {n}_2 e^{\alpha ^+_2 z}, \ \ \ \ z<0\end {equation}


          (4.88)                     𝛼  𝑖  ±   =    1    2    𝐿  𝑖         (  1  ±      1  +  4    𝐿  𝑖   𝑘  (      𝛾  ˆ   2   +  𝑘    𝐿  𝑖   )    )     


\begin {equation}\alpha ^\pm _i = \frac {1}{2L_i} \left ( 1 \pm \sqrt {1+4L_ik(\hat {\gamma }^2+kL_i)} \right )\end {equation}


          (4.89)                       𝛾  ˆ   2   =      𝛾  2     𝑘  𝑔    .    


\begin {equation}\hat {\gamma }^2 = \frac {\gamma ^2}{kg}.\end {equation}


          (4.90)                   𝛾  𝛿  𝜂  =    𝑢  𝑧     |    𝑧  =  0      


\begin {equation}\gamma \delta \eta = u_z \big |_{z=0}\end {equation}


          (4.91)                     𝑢    𝑧  1      |    𝑧  =  0    =    𝑢    𝑧  2      |    𝑧  =  0      


\begin {equation}u_{z_1} \big |_{z=0} = u_{z_2} \big |_{z=0}\end {equation}


          (4.92)                     (  𝛿    𝑝  1   +  𝐷    𝑝  1   𝛿  𝜂  )     |    𝑧  =  0    =    (  𝛿    𝑝  2   +  𝐷    𝑝  2   𝛿  𝜂  )     |    𝑧  =  0      


\begin {equation}\left ( \delta p_1 + Dp_1 \delta \eta \right ) \big |_{z=0} = \left ( \delta p_2 + Dp_2 \delta \eta \right ) \big |_{z=0}\end {equation}


$\delta \eta $


$D$


$u_z$


          (4.93)                     𝛼  1  −     𝐿  1   −    𝛼  2  +     𝐿  2   =    (        𝜌  1   −    𝜌  2      𝜌  1    )         (    𝛼  1  −   −    𝐿  1   )  (    𝛼  2  +     𝐿  2   )         𝑛  ˆ   2   𝑘    𝐿  1     .    


\begin {equation}\alpha ^-_1 L_1 - \alpha ^+_2 L_2 = \left ( \frac {\rho _1-\rho _2}{\rho _1} \right ) \frac {(\alpha ^-_1-L_1)( \alpha ^+_2 L_2)}{\hat {n}^2kL_1}.\end {equation}


          (4.66)                       𝑑  𝜔     𝑑  𝑡    =    1    𝜌  2    ∇  𝑝  ×  ∇  𝜌    


\begin {equation}\frac {d \omega }{dt} = \frac {1}{\rho ^2} \nabla p\times \nabla \rho \end {equation}


   𝜔 


$\omega $


   𝒥  (  ∇  ⋅  B  )  =      𝜕  (  𝒥    𝐵  𝑠   )     𝜕  𝑠    +      𝜕  (  𝒥    𝐵  𝑢   )     𝜕  𝑢    +      𝜕  (  𝒥    𝐵  𝑣   )     𝜕  𝑣   


\begin {equation*}\mathcal {J}(\nabla \cdot \mathbf {B}) = \frac {\partial (\mathcal {J}B^s)}{\partial s} + \frac {\partial (\mathcal {J}B^u)}{\partial u} + \frac {\partial (\mathcal {J}B^v)}{\partial v}\end {equation*}


   𝒥    𝐵  𝑠   =    ∑    𝑚  ,  𝑛    𝒥    𝐵    𝑚  𝑛   𝑠   (  𝑠  )   sin   (  𝑚  𝑢  +  𝑛    𝑁   fp    𝑣  ) 


\begin {equation*}\mathcal {J}B^s = \sum _{m,n} \mathcal {J}B^s_{mn}(s)\text {sin}(mu+nN_\mathrm {fp}v)\end {equation*}


   𝒥    𝐵  𝑢   =    ∑    𝑚  ,  𝑛    𝒥    𝐵    𝑚  𝑛   𝑢   (  𝑠  )   cos   (  𝑚  𝑢  +  𝑛    𝑁   fp    𝑣  ) 


\begin {equation*}\mathcal {J}B^u = \sum _{m,n} \mathcal {J}B^u_{mn}(s)\text {cos}(mu+nN_\mathrm {fp}v)\end {equation*}


   𝒥    𝐵  𝑣   =    ∑    𝑚  ,  𝑛    𝒥    𝐵    𝑚  𝑛   𝑣   (  𝑠  )   cos   (  𝑚  𝑢  +  𝑛    𝑁   fp    𝑣  ) 


\begin {equation*}\mathcal {J}B^v = \sum _{m,n} \mathcal {J}B^v_{mn}(s)\text {cos}(mu+nN_\mathrm {fp}v)\end {equation*}


         𝒥  (  ∇  ⋅  𝐵  )  =         𝜕    𝜕  𝑠      ∑    𝑚  ,  𝑛    𝒥    𝐵    𝑚  𝑛   𝑠   (  𝑠  )   sin   (  𝑚  𝑢  +  𝑛    𝑁   fp    𝑣  )             +       𝜕    𝜕  𝑢      ∑    𝑚  ,  𝑛    𝒥    𝐵    𝑚  𝑛   𝑢   (  𝑠  )   cos   (  𝑚  𝑢  +  𝑛    𝑁   fp    𝑣  )        +       𝜕    𝜕  𝑣      ∑    𝑚  ,  𝑛    𝒥    𝐵    𝑚  𝑛   𝑣   (  𝑠  )   cos   (  𝑚  𝑢  +  𝑛    𝑁   fp    𝑣  )    


\begin {equation*}\begin {aligned} \mathcal {J}(\nabla \cdot B) =~& \frac {\partial }{\partial s} \sum _{m,n} \mathcal {J}B^s_{mn}(s)\text {sin}(mu+nN_\mathrm {fp}v) \\ + &\frac {\partial }{\partial u} \sum _{m,n} \mathcal {J}B^u_{mn}(s)\text {cos}(mu+nN_\mathrm {fp}v) \\ + &\frac {\partial }{\partial v} \sum _{m,n} \mathcal {J}B^v_{mn}(s)\text {cos}(mu+nN_\mathrm {fp}v) \end {aligned}\end {equation*}


         𝒥  (  ∇  ⋅  𝐵  )  =         ∑    𝑚  ,  𝑛    [    𝜕    𝜕  𝑠    𝒥    𝐵    𝑚  𝑛   𝑠   (  𝑠  )   sin   (  𝑚  𝑢  +  𝑛    𝑁   fp    𝑣  )             +     𝒥    𝐵    𝑚  𝑛   𝑢   (  𝑠  )    𝜕    𝜕  𝑢     cos   (  𝑚  𝑢  +  𝑛    𝑁   fp    𝑣  )        +     𝒥    𝐵    𝑚  𝑛   𝑣   (  𝑠  )    𝜕    𝜕  𝑣     cos   (  𝑚  𝑢  +  𝑛    𝑁   fp    𝑣  )  ]    


\begin {equation*}\begin {aligned} \mathcal {J}(\nabla \cdot B) =~& \sum _{m,n} \Bigg [ \frac {\partial }{\partial s} \mathcal {J}B^s_{mn}(s)\text {sin}(mu+nN_\mathrm {fp}v) \\ + & \mathcal {J}B^u_{mn}(s)\frac {\partial }{\partial u}\text {cos}(mu+nN_\mathrm {fp}v) \\[1ex] + & \mathcal {J}B^v_{mn}(s)\frac {\partial }{\partial v} \text {cos}(mu+nN_\mathrm {fp}v) \Bigg ] \end {aligned}\end {equation*}


$u$


$v$


   𝒥  (  ∇  ⋅  𝐵  )  =    ∑    𝑚  ,  𝑛    [  (    𝜕    𝜕  𝑠    𝒥    𝐵    𝑚  𝑛   𝑠   (  𝑠  )  −  (  𝑚  )  𝒥    𝐵    𝑚  𝑛   𝑢   (  𝑠  )  −  (  𝑛  )  𝒥    𝐵    𝑚  𝑛   𝑣   (  𝑠  )  )   sin   (  𝑚  𝑢  +  𝑛    𝑁   fp    𝑣  )  ] 


\begin {equation*}\mathcal {J}(\nabla \cdot B) = \sum _{m,n} \Bigg [\Bigg ( \frac {\partial }{\partial s} \mathcal {J}B^s_{mn}(s) - (m)\mathcal {J}B^u_{mn}(s) - (n)\mathcal {J}B^v_{mn}(s) \Bigg ) \text {sin}(mu+nN_\mathrm {fp}v) \Bigg ]\end {equation*}


     𝜕    𝜕  𝑠    𝒥    𝐵    𝑚  𝑛   𝑠   (  𝑠  )  =  (  𝑚  )  𝒥    𝐵    𝑚  𝑛   𝑢   (  𝑠  )  +  (  𝑛  )  𝒥    𝐵    𝑚  𝑛   𝑣   (  𝑠  )    ∀    (  𝑚  ,  𝑛  ) 


\begin {equation*}\frac {\partial }{\partial s}\mathcal {J}B^s_{mn}(s) = (m)\mathcal {J}B^u_{mn}(s)+ (n)\mathcal {J}B^v_{mn}(s) \quad \forall \, (m,n)\end {equation*}


   𝒥    𝐵    𝑚  𝑛   𝑠   (  𝑠  )  =    𝑋    𝑚  𝑛    (  𝑠  ) 


$\mathcal {J}B_{mn}^s(s)=X_{mn}(s)$


   𝒥    𝐵    𝑚  𝑛   𝑢   (  𝑠  )  =    𝑌    𝑚  𝑛    (  𝑠  ) 


$\mathcal {J}B_{mn}^u(s)=Y_{mn}(s)$


   𝒥    𝐵    𝑚  𝑛   𝑣   (  𝑠  )  =    𝑍    𝑚  𝑛    (  𝑠  ) 


$\mathcal {J}B_{mn}^v(s)=Z_{mn}(s)$


     𝑠  𝑖  


$s_i$


   𝑖  =  {  1  ,  2  ,  .  .  .  ,    𝑁  𝑠   } 


$i=\{1,2,...,N_s\}$


     𝑁  𝑠  


$N_s$


     𝑁  𝑠   −  1 


$N_s-1$


   𝑠  ∈  [    𝑠  𝑖   ,    𝑠    𝑖  +  1    ] 


$s \in [s_i,s_{i+1}]$


     𝑖   th   


$i^\text {th}$


$(m,n)$


          (A2.4)                     𝑋  𝑖   (  𝑠  )  =    𝑥    𝑖  0    +    𝑥    𝑖  1    (  𝑠  −    𝑠  𝑖   )  +    𝑥    𝑖  2    (  𝑠  −    𝑠  𝑖     )  2   +    𝑥    𝑖  3    (  𝑠  −    𝑠  𝑖     )  3   +    𝑥    𝑖  4    (  𝑠  −    𝑠  𝑖     )  4     


\begin {equation}X_i(s) = x_{i_0} + x_{i_1} (s-s_i)+ x_{i_2} (s-s_i)^2 + x_{i_3} (s-s_i)^3 + x_{i_4} (s-s_i)^4\end {equation}


          (A2.5)                     𝑌  𝑖   (  𝑠  )  =    𝑦    𝑖  0    +    𝑦    𝑖  1    (  𝑠  −    𝑠  𝑖   )  +    𝑦    𝑖  2    (  𝑠  −    𝑠  𝑖     )  2   +    𝑦    𝑖  3    (  𝑠  −    𝑠  𝑖     )  3     


\begin {equation}Y_i(s) = y_{i_0} + y_{i_1} (s-s_i) + y_{i_2} (s-s_i)^2 + y_{i_3} (s-s_i)^3\end {equation}


          (A2.6)                     𝑍  𝑖   (  𝑠  )  =    𝑧    𝑖  0    +    𝑧    𝑖  1    (  𝑠  −    𝑠  𝑖   )  +    𝑧    𝑖  2    (  𝑠  −    𝑠  𝑖     )  2   +    𝑧    𝑖  3    (  𝑠  −    𝑠  𝑖     )  3     


\begin {equation}Z_i(s) = z_{i_0} + z_{i_1} (s-s_i) + z_{i_2} (s-s_i)^2 + z_{i_3} (s-s_i)^3\end {equation}


     𝑦  𝑖  


$y_{i}$


     𝑧  𝑖  


$z_i$


     𝑥  𝑖  


$x_i$


             𝑥    𝑖  1    +  2    𝑥    𝑖  2    (  𝑠  −    𝑠  𝑖   )  +  3    𝑥    𝑖  3    (  𝑠  −    𝑠  𝑖     )  2   +  4    𝑥    𝑖  4    (  𝑠  −    𝑠  𝑖     )  3   =        𝑚  (    𝑦    𝑖  0    +    𝑦    𝑖  1    (  𝑠  −    𝑠  𝑖   )  +    𝑦    𝑖  2    (  𝑠  −    𝑠  𝑖     )  2     +    𝑖  3    (  𝑠  −    𝑠  𝑖     )  3   )  +  𝑛  (    𝑧    𝑖  0    +    𝑧    𝑖  1    (  𝑠  −    𝑠  𝑖   )  +    𝑧    𝑖  2    (  𝑠  −    𝑠  𝑖     )  2   +    𝑧    𝑖  3    (  𝑠  −    𝑠  𝑖     )  3   )      


\begin {multline*}x_{i_1} + 2 x_{i_2} (s-s_i)+ 3 x_{i_3} (s-s_i)^2 + 4 x_{i_4} (s-s_i)^3 = \\[1ex] m(y_{i_0} + y_{i_1} (s-s_i) + y_{i_2} (s-s_i)^2 + _{i_3} (s-s_i)^3) + n(z_{i_0} + z_{i_1} (s-s_i) + z_{i_2} (s-s_i)^2 + z_{i_3} (s-s_i)^3)\end {multline*}


   (  𝑠  −    𝑠  𝑖   ) 


$(s-s_i)$


          (A2.7)                     𝑥    𝑖  1    =  𝑚    𝑦    𝑖  0    +  𝑛    𝑧    𝑖  0      


\begin {equation}x_{i_1} = m y_{i_0} + n z_{i_0}\end {equation}


          (A2.8)                     𝑥    𝑖  2    =    𝑚  2     𝑦    𝑖  1    +    𝑛  2     𝑧    𝑖  1      


\begin {equation}x_{i_2} = \frac {m}{2} y_{i_1} + \frac {n}{2} z_{i_1}\end {equation}


          (A2.9)                     𝑥    𝑖  3    =    𝑚  3     𝑦    𝑖  2    +    𝑛  3     𝑧    𝑖  2      


\begin {equation}x_{i_3} = \frac {m}{3} y_{i_2} + \frac {n}{3} z_{i_2}\end {equation}


          (A2.10)                     𝑥    𝑖  4    =    𝑚  4     𝑦    𝑖  3    +    𝑛  4     𝑧    𝑖  3      


\begin {equation}x_{i_4} = \frac {m}{4} y_{i_3} + \frac {n}{4} z_{i_3}\end {equation}


     𝑥    𝑖  0    =    𝑋  𝑖   (  𝑠  =    𝑠  𝑖   ) 


$x_{i_0}=X_i(s=s_i)$


   𝒥    𝐵    𝑚  𝑛   𝑢  


$\mathcal {J}B^u_{mn}$


   𝒥    𝐵    𝑚  𝑛   𝑣  


$\mathcal {J}B^v_{mn}$


   𝒥    𝐵    𝑚  𝑛   𝑠  


$\mathcal {J}B^s_{mn}$


     𝑠  .   =      𝜕  𝑠     𝜕  𝑣    =      𝒥    𝐵  𝑠      𝒥    𝐵  𝑣    


\begin {equation*}\dot {s}= \frac {\partial s}{\partial v} = \frac {\mathcal {J}B^s}{\mathcal {J}B^v}\end {equation*}


     𝑢  .   =      𝜕  𝑢     𝜕  𝑣    =      𝒥    𝐵  𝑢      𝒥    𝐵  𝑣    


\begin {equation*}\dot {u}=\frac {\partial u}{\partial v} = \frac {\mathcal {J}B^u}{\mathcal {J}B^v}\end {equation*}


$0$


   2  𝜋 


$2 \pi $


   2  𝜋  /    𝑁   fp   


$2 \pi /N_\mathrm {fp}$


          (A2.1)                     𝜕    𝜕  𝑣    S  =    C  ⋅  S   ,      S  (  0  )  =  I    


\begin {equation}\frac {\partial }{\partial v}\mathbf {S} = \mathbf {C \cdot \mathbf {S}}, ~~\mathbf {S}(0)=\mathbf {I} \label {eq:tangent_map_diff_eq}\end {equation}


   C 


$\mathbf {C}$


          (A2.2)                   C  =    (                      𝜕    𝑠  .      𝜕  𝑠              𝜕    𝑠  .      𝜕  𝑢                   𝜕    𝑢  .      𝜕  𝑠              𝜕    𝑢  .      𝜕  𝑢               )     


\begin {equation}\mathbf {C} = \begin {pmatrix} ~\dfrac {\partial \dot {s}}{\partial s} & \dfrac {\partial \dot {s}}{\partial u}~\\[3ex] ~\dfrac {\partial \dot {u}}{\partial s} & \dfrac {\partial \dot {u}}{\partial u}~ \end {pmatrix}\end {equation}


           C    1  ,  1       =      𝜕    𝑠  .      𝜕  𝑠    =      𝒥    𝐵  𝑣   (    𝜕  𝑠   𝒥    𝐵  𝑠   )  −  𝒥    𝐵  𝑠   (    𝜕  𝑠   𝒥    𝐵  𝑣   )     (  𝒥    𝐵  𝑣     )  2                  C    1  ,  2       =      𝜕    𝑠  .      𝜕  𝑢    =      𝒥    𝐵  𝑣   (    𝜕  𝑢   𝒥    𝐵  𝑠   )  −  𝒥    𝐵  𝑠   (    𝜕  𝑢   𝒥    𝐵  𝑣   )     (  𝒥    𝐵  𝑣     )  2             C    2  ,  1       =      𝜕    𝑢  .      𝜕  𝑠    =      𝒥    𝐵  𝑣   (    𝜕  𝑠   𝒥    𝐵  𝑢   )  −  𝒥    𝐵  𝑢   (    𝜕  𝑠   𝒥    𝐵  𝑣   )     (  𝒥    𝐵  𝑣     )  2             C    2  ,  2       =      𝜕    𝑢  .      𝜕  𝑢    =      𝒥    𝐵  𝑣   (    𝜕  𝑢   𝒥    𝐵  𝑢   )  −  𝒥    𝐵  𝑢   (    𝜕  𝑢   𝒥    𝐵  𝑣   )     (  𝒥    𝐵  𝑣     )  2       


\begin {equation*}\begin {aligned} \mathbf {C}_{1,1} &= \dfrac {\partial \dot {s}}{\partial s} = \dfrac {\mathcal {J}B^v(\partial _s \mathcal {J}B^s)-\mathcal {J}B^s(\partial _s\mathcal {J}B^v)}{(\mathcal {J}B^v)^2} \\[2ex] \mathbf {C}_{1,2} &= \dfrac {\partial \dot {s}}{\partial u} = \dfrac {\mathcal {J}B^v(\partial _u \mathcal {J}B^s)-\mathcal {J}B^s(\partial _u\mathcal {J}B^v)}{(\mathcal {J}B^v)^2} \\[2ex] \mathbf {C}_{2,1} &= \dfrac {\partial \dot {u}}{\partial s} = \dfrac {\mathcal {J}B^v(\partial _s \mathcal {J}B^u)-\mathcal {J}B^u(\partial _s\mathcal {J}B^v)}{(\mathcal {J}B^v)^2} \\[2ex] \mathbf {C}_{2,2} &= \dfrac {\partial \dot {u}}{\partial u} = \dfrac {\mathcal {J}B^v(\partial _u \mathcal {J}B^u)-\mathcal {J}B^u(\partial _u\mathcal {J}B^v)}{(\mathcal {J}B^v)^2} \\[2ex] \end {aligned}\end {equation*}


          (A2.3)                           𝜕    𝜕  𝑣      S    1  ,  1       =    C    1  ,  1      S    1  ,  1    +    C    1  ,  2      S    2  ,  1                 𝜕    𝜕  𝑣      S    1  ,  2       =    C    1  ,  1      S    1  ,  2    +    C    1  ,  2      S    2  ,  2            𝜕    𝜕  𝑣      S    2  ,  1       =    C    2  ,  1      S    1  ,  1    +    C    2  ,  2      S    2  ,  1            𝜕    𝜕  𝑣      S    2  ,  2       =    C    2  ,  1      S    1  ,  2    +    C    2  ,  2      S    2  ,  2         


\begin {equation}\begin {aligned} \frac {\partial }{\partial v} \mathbf {S}_{1,1} &= \mathbf {C}_{1,1}\mathbf {S}_{1,1}+\mathbf {C}_{1,2}\mathbf {S}_{2,1} \\ \frac {\partial }{\partial v} \mathbf {S}_{1,2} &= \mathbf {C}_{1,1}\mathbf {S}_{1,2}+\mathbf {C}_{1,2}\mathbf {S}_{2,2} \\ \frac {\partial }{\partial v} \mathbf {S}_{2,1} &= \mathbf {C}_{2,1}\mathbf {S}_{1,1}+\mathbf {C}_{2,2}\mathbf {S}_{2,1} \\ \frac {\partial }{\partial v} \mathbf {S}_{2,2} &= \mathbf {C}_{2,1}\mathbf {S}_{1,2}+\mathbf {C}_{2,2}\mathbf {S}_{2,2} \\ \end {aligned}\end {equation}


     S    1  ,  1    (  0  )  =    S    2  ,  2    (  0  )  =  1 


$\mathbf {S}_{1,1}(0)=\mathbf {S}_{2,2}(0)=1$


     S    1  ,  2    (  0  )  =    S    2  ,  1    (  0  )  =  0 


$\mathbf {S}_{1,2}(0)=\mathbf {S}_{2,1}(0)=0$


$r$


$z$


$p$


   B  =    𝐵  𝜃     e  𝜃   +    𝐵  𝑧     e  z  


$\mathbf {B}=B_\theta \mathbf {e}_\theta +B_z \mathbf {e_z}$


   J  =    𝐽  𝜃     e  𝜃   +    𝐽  𝑧     e  𝑧  


$\mathbf {J}=J_\theta \mathbf {e}_\theta +J_z \mathbf {e}_z$


$\nabla \cdot \mathbf {B}=0$


          (2.47)                     𝜇  0   J  =  −      𝑑    𝐵  𝑧      𝑑  𝑟      e  𝜃   +    1  𝑟     𝑑    𝑑  𝑟    (  𝑟    𝐵  𝜃   )    e  𝑧   .    


\begin {equation}\mu _0 \mathbf {J} = -\frac {d B_z}{dr}\mathbf {e}_\theta +\frac {1}{r} \frac {d}{dr}(rB_\theta )\mathbf {e}_z.\end {equation}


          (2.48)                     𝑝  ′   =    𝐽  𝜃     𝐵  𝑧   −    𝐽  𝑧     𝐵  𝜃     


\begin {equation}p'=J_\theta B_z -J_z B_\theta \label {ch2:eq:cylindrical_momentum_equation}\end {equation}


          (2.49)                     𝑑    𝑑  𝑟        (  𝑝  +      𝐵  𝜃  2     2    𝜇  0     +      𝐵  𝑧  2     2    𝜇  0     )   +      𝐵  𝜃  2       𝜇  0   𝑟    =  0  .    


\begin {equation}\frac {d}{dr}\left ( p+\frac {B_\theta ^2}{2 \mu _0} +\frac {B_z^2}{2 \mu _0} \right ) + \frac {B_\theta ^2}{\mu _0 r} =0.\end {equation}


   (  𝑅  ,  𝜙  ,  𝑍  ) 


$(R,\phi ,Z)$


     𝜕  𝜙   𝐹  =  0 


$\partial _{\phi }F=0$


$\mathbf {B}$


          (2.50)                     1  𝑅     𝜕    𝜕  𝑅    (  𝑅    𝐵  𝑅   )  +      𝜕    𝐵  𝑍      𝜕  𝑍    =  0  .    


\begin {equation}\frac {1}{R}\frac {\partial }{\partial R}(RB_R) + \frac {\partial B_Z}{\partial Z} = 0. \label {ch2:eq:toroidal_div_B}\end {equation}


   A 


$\mathbf {A}$


   B  =  ∇  ×  A 


$\mathbf {B}=\nabla \times \mathbf {A}$


     𝐵  𝑅  


$B_R$


     𝐵  𝑍  


$B_Z$


          (2.51)                           𝐵  𝑅      =  −      𝜕    𝐴  𝜙      𝜕  𝑍                 𝐵  𝑍      =    1  𝑅     𝜕    𝜕  𝑅    (  𝑅    𝐴  𝜙   )  .       


\begin {equation}\begin {aligned} B_R &= -\frac {\partial A_\phi }{\partial Z} \\[1ex] B_Z &= \frac {1}{R}\frac {\partial }{\partial R} (RA_\phi ). \end {aligned} \label {ch2:eq:toroidal_mag_components}\end {equation}


   𝜒  =  𝑅    𝐴  𝜙  


$\chi =RA_\phi $


$\chi $


          (2.52)                   B  ⋅  ∇  𝜒  =    𝐵  𝑅       𝜕  𝜒     𝜕  𝑅    +    𝐵  𝑍       𝜕  𝜒     𝜕  𝑍    =  0    


\begin {equation}\mathbf {B}\cdot \nabla \chi =B_R \frac {\partial \chi }{\partial R} + B_Z \frac {\partial \chi }{\partial Z} =0\end {equation}


$\chi $


          (2.53)                   B  =    𝐵  𝜙     e  𝜙   +    1  𝑅   ∇  𝜒  ×    e  𝜙   .    


\begin {equation}\mathbf {B} = B_\phi \mathbf {e}_\phi +\frac {1}{R} \nabla \chi \times \mathbf {e}_\phi .\end {equation}


   ∇  ×  B 


$\nabla \times \mathbf {B}$


          (2.54)                           𝜇  0   J     =  −      𝜕    𝐵  𝜙      𝜕  𝑍      e  𝑅   +    (      𝜕    𝐵  𝑅      𝜕  𝑍    −      𝜕    𝐵  𝑍      𝜕  𝑅    )       e  𝜙   +    1  𝑅     𝜕    𝜕  𝑅    (  𝑅    𝐵  𝜙   )    e  𝑍                =    1  𝑅   ∇  (  𝑅    𝐵  𝜙   )  ×    e  𝜙   −    (    1  𝑅         𝜕  2   𝜒     𝜕    𝑍  2     +    𝜕    𝜕  𝑅        (    1  𝑅       𝜕  𝜒     𝜕  𝑅    )   )       e  𝜙           =    1  𝑅   ∇  (  𝑅    𝐵  𝜙   )  ×    e  𝜙   −    1  𝑅     Δ  ∗   𝜒      e  𝜙        


\begin {equation}\begin {aligned} \mu _0 \mathbf {J} &= -\frac {\partial B_\phi }{\partial Z} \mathbf {e}_R + \left ( \frac {\partial B_R}{\partial Z} -\frac {\partial B_Z}{\partial R} \right ) \mathbf {e}_\phi + \frac {1}{R} \frac {\partial }{\partial R} (R B_\phi )\mathbf {e}_Z \\[1ex] &= \frac {1}{R} \nabla (R B_\phi ) \times \mathbf {e}_\phi - \left ( \frac {1}{R} \frac {\partial ^2 \chi }{\partial Z^2}+ \frac {\partial }{\partial R}\left ( \frac {1}{R}\frac {\partial \chi }{\partial R} \right ) \right ) \mathbf {e}_\phi \\[1ex] &= \frac {1}{R} \nabla (R B_\phi ) \times \mathbf {e}_\phi -\frac {1}{R} \Delta ^* \chi ~\mathbf {e}_\phi \end {aligned}\end {equation}


     Δ  ∗  


$\Delta ^*$


          (2.55)                     Δ  ∗   ≡  𝑅    𝜕    𝜕  𝑅        (    1  𝑅     𝜕    𝜕  𝑅    )   +      𝜕  2     𝜕    𝑍  2     .    


\begin {equation}\Delta ^* \equiv R \frac {\partial }{\partial R}\left ( \frac {1}{R} \frac {\partial }{\partial R} \right )+\frac {\partial ^2}{\partial Z^2}.\end {equation}


$\mathbf {B}$


$\mathbf {J}$


$\mathbf {B}$


$\mathbf {J}$


$\mathbf {B}$


          (2.56)                         B  ⋅  ∇  𝑝     =    1  𝑅   ∇  𝜒  ×    e  𝜙   ⋅  ∇  𝑝               =    e  𝜙   ⋅  ∇  𝜒  ×  ∇  𝑝  =  0  .       


\begin {equation}\begin {aligned} \mathbf {B}\cdot \nabla p &= \frac {1}{R}\nabla \chi \times \mathbf {e}_\phi \cdot \nabla p \\ &= \mathbf {e}_\phi \cdot \nabla \chi \times \nabla p =0. \end {aligned}\end {equation}


   ∇  𝜒  ∥  ∇  𝑝 


$\nabla \chi \parallel \nabla p$


          (2.57)                   ∇  𝑝  =  ∇  𝜒      𝑑  𝑝     𝑑  𝜒      


\begin {equation}\nabla p = \nabla \chi \frac {d p}{d \chi }\end {equation}


   𝑝  =  𝑝  (  𝜒  ) 


$p=p(\chi )$


$\mathbf {J}$


          (2.58)                         J  ⋅  ∇  𝑝     =    1  𝑅   ∇  (  𝑅    𝐵  𝜙   )  ×    e  𝜙   ⋅  ∇  𝑝               =    e  𝜙   ⋅  ∇  (  𝑅    𝐵  𝜙   )  ×  ∇  𝑝  =  0  .       


\begin {equation}\begin {aligned} \mathbf {J}\cdot \nabla p &= \frac {1}{R}\nabla (RB_\phi ) \times \mathbf {e}_\phi \cdot \nabla p \\ &= \mathbf {e}_\phi \cdot \nabla (RB_\phi ) \times \nabla p =0. \end {aligned}\end {equation}


   𝑅    𝐵  𝜙  


$RB_\phi $


   𝐹  (  𝜒  )  =  𝑅    𝐵  𝜙  


$F(\chi )=RB_\phi $


$\chi $


         ∇  𝑝     =  J  ×  B             ∇  𝜒      𝑑  𝑝     𝑑  𝜒       =    (    1      𝜇  0   𝑅    ∇  𝐹  ×    e  𝜙   −    1      𝜇  0   𝑅      Δ  ∗   𝜒      e  𝜙   )   ×    (    𝐹  𝑅     e  𝜙   +    1  𝑅   ∇  𝜒  ×    e  𝜙   )         ∇  𝜒      𝑑  𝑝     𝑑  𝜒       =  −    𝐹      𝜇  0     𝑅  2     ∇  𝐹  +    1      𝜇  0     𝑅  2       Δ  ∗   𝜒  ∇  𝜒        ∇  𝜒      𝑑  𝑝     𝑑  𝜒       =  −    1    2    𝜇  0     𝑅  2     ∇  𝜒      𝑑    𝐹  2      𝑑  𝜒    −    1      𝜇  0     𝑅  2       Δ  ∗   𝜒  ∇  𝜒    


\begin {equation*}\begin {aligned} \nabla p &= \mathbf {J} \times \mathbf {B}\\[1ex] \nabla \chi \frac {d p}{d \chi } &= \left ( \frac {1}{\mu _0 R} \nabla F \times \mathbf {e}_\phi -\frac {1}{\mu _0R} \Delta ^* \chi ~\mathbf {e}_\phi \right ) \times \left ( \frac {F}{R} \mathbf {e}_\phi +\frac {1}{R} \nabla \chi \times \mathbf {e}_\phi \right ) \\[1ex] \nabla \chi \frac {d p}{d \chi } &= -\frac {F}{\mu _0 R^2} \nabla F+\frac {1}{\mu _0 R^2} \Delta ^*\chi \nabla \chi \\[1ex] \nabla \chi \frac {d p}{d \chi } &= -\frac {1}{2\mu _0 R^2} \nabla \chi \frac {d F^2}{d\chi }-\frac {1}{\mu _0R^2} \Delta ^*\chi \nabla \chi \end {aligned}\end {equation*}


     Δ  ∗   𝜒 


$\Delta ^*\chi $


          (2.59)                     Δ  ∗   𝜒  =  −    𝜇  0     𝑅  2       𝑑  𝑝     𝑑  𝜒    −    1  2       𝑑    𝐹  2      𝑑  𝜒      


\begin {equation}\Delta ^*\chi = -\mu _0 R^2 \frac {d p}{d \chi } - \frac {1}{2} \frac {d F^2}{d \chi } \label {ch2:eq:GS_equation}\end {equation}


   𝑝  (  𝜒  ) 


$p(\chi )$


   𝐹  (  𝜒  ) 


$F(\chi )$


$\chi $


   ∇  𝑝  =  J  ×  B 


$\nabla p =\mathbf {J}\times \mathbf {B}$


          (2.60)                   𝑊  =  ∫    (    𝑝    Γ  −  1    +      𝐵  2     2    𝜇  0     )         d   𝑉    


\begin {equation}W = \int \left ( \frac {p}{\Gamma -1}+\frac {B^2}{2 \mu _0}\right )\mathrm {~d}V \label {ch2:eq:MHD_functional}\end {equation}


$\Gamma $


$\psi $


   𝜓  =  0 


$\psi =0$


   𝜓  =    𝜓    𝑚  𝑎  𝑥   


$\psi =\psi _{max}$


$\nabla \cdot \mathbf {B}=0$


$\mathbf {B}\cdot \nabla \psi =0$


   𝜓  =    𝜓  0   ∈  [  0  ,    𝜓    𝑚  𝑎  𝑥    ] 


$\psi =\psi _0 \in [0,\psi _{max}]$


   2  𝜋    𝜓  0  


$2\pi \psi _0$


   2  𝜋  𝜒  (  𝜓  ) 


$2\pi \chi (\psi )$


     ∫    𝜓  <    𝜓  0       𝑝    1  /  Γ        d   𝑉  =  𝑀  (    𝜓  0   )  . 


\begin {equation*}\int _{\psi <\psi _0} p^{1/\Gamma } \mathrm {~d}V=M(\psi _0).\end {equation*}


   𝑝  /    𝜌  Γ  


$p/\rho ^\Gamma $


   𝑀  (    𝜓  0   ) 


$M(\psi _0)$


   𝑝  ,  B  ,    and    𝜓 


$p,\mathbf {B},\text { and } \psi $


$p$


$\psi $


     J  ×  B   =  ∇  𝑝 


$\mathbf {J\times \mathbf {B}}=\nabla p$


   J  =  ∇  ×  B  /    𝜇  0  


$\mathbf {J}=\nabla \times \mathbf {B}/\mu _0$


          (2.61)                         0  =  𝛿  𝑊     =    ∫    𝜓  =    𝜓  0         𝛿  𝑝     Γ  −  1    d  𝑉               =    1    Γ  −  1      ∫  0    𝜓  0    𝑑  𝜓    ∫    𝜓  =    𝜓  0         𝛿  𝑝     |  ∇  𝜓  |    d  𝑆       


\begin {equation}\begin {aligned} 0 = \delta W &= \int _{\psi =\psi _0} \frac {\delta p}{\Gamma -1}\mathrm {d}V \\ &=\frac {1}{\Gamma -1} \int _0^{\psi _0} d\psi \int _{\psi =\psi _0} \frac {\delta p}{|\nabla \psi |}\mathrm {d}S \label {ch2:eq:pressure_variation} \end {aligned}\end {equation}


         𝑀  (    𝜓  0   )     =    ∫    𝜓  <    𝜓  0     (  𝑝  +  𝛿  𝑝    )    1  Γ        d  𝜓     |  ∇  𝜓  |        d   𝑆               =    ∫    𝜓  <    𝜓  0       (    𝑝    1  Γ    +      𝛿  𝑝   Γ     𝑝      1  Γ   −  1    )         d  𝜓     |  ∇  𝜓  |        d   𝑆          =    ∫    𝜓  <    𝜓  0       𝑝    1  Γ        d  𝜓     |  ∇  𝜓  |        d   𝑆  +    ∫    𝜓  <    𝜓  0         𝛿  𝑝   Γ     𝑝      1  Γ   −  1        d  𝜓     |  ∇  𝜓  |        d   𝑆  .    


\begin {equation*}\begin {aligned} M(\psi _0) &= \int _{\psi <\psi _0} (p+\delta p)^{\frac {1}{\Gamma }} \frac {\mathrm {d}\psi }{|\nabla \psi |}\mathrm {~d}S \\ &= \int _{\psi <\psi _0} \left ( p^{\frac {1}{\Gamma }}+\frac {\delta p}{\Gamma }p^{\frac {1}{\Gamma }-1} \right )\frac {\mathrm {d}\psi }{|\nabla \psi |}\mathrm {~d}S \\ &= \int _{\psi <\psi _0} p^{\frac {1}{\Gamma }} \frac {\mathrm {d}\psi }{|\nabla \psi |}\mathrm {~d}S+\int _{\psi <\psi _0} \frac {\delta p}{\Gamma }p^{\frac {1}{\Gamma }-1}\frac {\mathrm {d}\psi }{|\nabla \psi |}\mathrm {~d}S. \end {aligned}\end {equation*}


$\psi $


          (2.62)                     𝑀  ′   (    𝜓  0   )  =    ∫    𝜓  =    𝜓  0         𝑝    1  Γ      |  ∇  𝜓  |        d   𝑆    


\begin {equation}M'(\psi _0)=\int _{\psi =\psi _0} \frac {p^{\frac {1}{\Gamma }}}{|\nabla \psi |}\mathrm {~d}S \label {ch2:eq:pressure_constraint_derivative}\end {equation}


          (2.63)                   0  =    ∫    𝜓  =    𝜓  0       𝑝      1  Γ   −  1        𝛿  𝑝     |  ∇  𝜓  |        d   𝑆  .    


\begin {equation}0=\int _{\psi =\psi _0} p^{\frac {1}{\Gamma }-1}\frac {\delta p }{|\nabla \psi |}\mathrm {~d}S. \label {ch2:eq:allowed_pressure_var}\end {equation}


     𝑝  0  


$p_0$


     𝑝  1  


$p_1$


     r  0  


$\mathbf {r}_0$


     r  1  


$\mathbf {r}_1$


$\psi $


          (2.64)                   𝛿  𝑝  =    (    𝑝  0    1  −    1  Γ     𝛿  (  r  −    r  0   )  +    𝑝  1    1  −    1  Γ     𝛿  (  r  −    r  1   )  )   |  ∇  𝜓  |    


\begin {equation}\delta p = \left (p_0^{1-\frac {1}{\Gamma }} \delta (\mathbf {r}-\mathbf {r}_0)+ p_1^{1-\frac {1}{\Gamma }} \delta (\mathbf {r}-\mathbf {r}_1)\right )|\nabla \psi | \label {ch2:eq:p_variation_ex}\end {equation}


     𝑝  0   =    𝑝  1  


$p_0=p_1$


   B  ⋅  ∇  𝑝  =  0 


$\mathbf {B}\cdot \nabla p=0$


   B  =  ∇  𝜓  ×  (  ∇  𝜗  +  ∇  𝜆  −        �     𝜄  ∇  𝜑  )  . 


\begin {equation*}\mathbf {B} = \nabla \psi \times (\nabla \vartheta +\nabla \lambda -\iotabar \nabla \varphi ).\end {equation*}


$\mathbf {B}$


$\lambda $


$\psi $


$\lambda $


           𝜇  0   (  𝑊  +  𝛿  𝑊  )     =    1  2   ∫  (  B  +  𝛿  B    )  2       d   𝑉               𝜇  0   𝛿  𝑊     =  ∫  B  ⋅  𝛿  B      d   𝑉          =  ∫  B  ⋅  (  ∇  𝜓  ×  ∇  𝛿  𝜆  )      d   𝑉          =  ∫  ∇  (  𝛿  𝜆  )  ⋅  (  B  ×  ∇  𝜓  )      d   𝑉  .    


\begin {equation*}\begin {aligned} \mu _0(W+\delta W) &= \frac {1}{2}\int (\mathbf {B} +\delta \mathbf {B})^2 \mathrm {~d}V\\ \mu _0 \delta W &= \int \mathbf {B}\cdot \delta \mathbf {B} \mathrm {~d}V \\ &=\int \mathbf {B}\cdot (\nabla \psi \times \nabla \delta \lambda )\mathrm {~d}V \\ &= \int \nabla (\delta \lambda )\cdot (\mathbf {B}\times \nabla \psi ) \mathrm {~d}V. \\ \end {aligned}\end {equation*}


          (2.65)                           𝜇  0   𝛿  𝑊     =  ∫  𝛿  𝜆  (  B  ×  ∇  𝜓  )  ⋅      ∇  𝜓     |  ∇  𝜓  |        d   𝑆  −  ∫  𝛿  𝜆  ∇  ⋅  (  B  ×  ∇  𝜓  )      d   𝑉               =  −  ∫  𝛿  𝜆    ∇  𝜓  ⋅  (  ∇  ×  B  )      d   𝑉  =  0  .       


\begin {equation}\begin {aligned} \mu _0\delta W &= \int \delta \lambda (\mathbf {B}\times \nabla \psi )\cdot \frac {\nabla \psi }{|\nabla \psi |}\mathrm {~d}S -\int \delta \lambda \nabla \cdot (\mathbf {B}\times \nabla \psi ) \mathrm {~d}V \\ &= -\int \delta \lambda ~\nabla \psi \cdot (\nabla \times \mathbf {B})\mathrm {~d}V=0. \end {aligned}\end {equation}


   J  ⋅  ∇  𝜓  =  0 


$\mathbf {J}\cdot \nabla \psi =0$


$\psi $


$\psi $


   𝜓  =  𝑐 


$\psi =c$


   𝑉  (  𝑐  )  =    ∫  0  𝑐   d  𝜓  ∫      d  𝑆     |  ∇  𝜓  |   


\begin {equation*}V(c) = \int _0^c\mathrm {d}\psi \int \frac {\mathrm {d}S}{|\nabla \psi |}\end {equation*}


          (2.66)                   𝛿  𝑉  (  𝑐  )  =  −    ∫    𝜓  =  𝑐        𝛿  𝜓     |  ∇  𝜓  |        d   𝑆    


\begin {equation}\delta V(c) = - \int _{\psi =c}\frac {\delta \psi }{|\nabla \psi |} \mathrm {~d}S \label {ch2:eq:Volume_variation}\end {equation}


   𝑝  (  𝜓  )  =      (        𝑀  ′   (  𝜓  )       𝑉  ′   (  𝜓  )    )   Γ  


\begin {equation*}p(\psi ) = \left (\frac {M'(\psi )}{V'(\psi )} \right )^\Gamma \end {equation*}


$\psi $


       𝛿  𝑝  (  𝜓  )     𝑝  (  𝜓  )    =  −      Γ  𝛿    𝑉  ′   (  𝜓  )       𝑉  ′   (  𝜓  )   


\begin {equation*}\frac {\delta p(\psi )}{p(\psi )} = -\frac {\Gamma \delta V'(\psi )}{V'(\psi )}\end {equation*}


          (2.67)                   ∫  𝛿  𝑝      d   𝑉  =  −  Γ  ∫      𝑝    𝛿    𝑉  ′   (  𝜓  )       𝑉  ′   (  𝜓  )        d   𝑉  =  −  Γ  ∫  𝑝    𝛿  𝑉      d   𝜓  .    


\begin {equation}\int \delta p \mathrm {~d}V = -\Gamma \int \frac {p~ \delta V'(\psi )}{V'(\psi )} \mathrm {~d}V = - \Gamma \int p~ \delta V \mathrm {~d}\psi .\end {equation}


          (2.68)                   ∫  𝛿  𝑝      d   𝑉  =  Γ  ∫    𝑝  ′   (  𝜓  )  𝛿  𝑉      d   𝜓  =  −  Γ  ∫    𝑝  ′   𝛿  𝜓      d   𝑉  .    


\begin {equation}\int \delta p \mathrm {~d}V = \Gamma \int p'(\psi ) \delta V \mathrm {~d}\psi = -\Gamma \int p' \delta \psi \mathrm {~d}V.\end {equation}


$\psi $


         𝛿  𝑊     =  ∫    (        𝑝  ′   𝛿  𝜓  +  𝛿  𝑝     Γ  −  1    +      B  +  𝛿  B     𝜇  0    )         d   𝑉               =  ∫    (  −    𝑝  ′   𝛿  𝜓  +      B  ⋅  (  ∇  𝛿  𝜓  ×  ∇  𝛼  )     𝜇  0    )         d   𝑉  .    


\begin {equation*}\begin {aligned} \delta W &= \int \left (\frac {p' \delta \psi +\delta p}{\Gamma -1} + \frac {\mathbf {B}+\delta \mathbf {B}}{\mu _0} \right ) \mathrm {~d}V \\ &= \int \left ( -p' \delta \psi + \frac {\mathbf {B}\cdot (\nabla \delta \psi \times \nabla \alpha )}{\mu _0}\right ) \mathrm {~d}V. \end {aligned}\end {equation*}


   𝛿  𝜓  =  0 


$\delta \psi =0$


          (2.69)                   𝛿  𝑊  =  ∫  𝛿  𝜓      (      ∇  ⋅  (  B  ×  ∇  𝛼  )     𝜇  0    −    𝑝  ′   )         d   𝑉  .    


\begin {equation}\delta W = \int \delta \psi \left ( \frac {\nabla \cdot (\mathbf {B}\times \nabla \alpha )}{\mu _0} - p'\right ) \mathrm {~d} V.\end {equation}


   𝛿  𝑊  =  0 


$\delta W=0$


          (2.70)                   (  ∇  ×  B  )  ⋅  ∇  𝛼  =    𝜇  0     𝑝  ′   (  𝜓  )  .    


\begin {equation}(\nabla \times \mathbf {B})\cdot \nabla \alpha =\mu _0 p'(\psi ).\end {equation}


   J  ×  B  =  J  ×  (  ∇  𝜓  ×  ∇  𝛼  )  =  (  J  ⋅  ∇  𝛼  )  ∇  𝜓 


\begin {equation*}\mathbf {J}\times \mathbf {B}=\mathbf {J}\times (\nabla \psi \times \nabla \alpha )=(\mathbf {J}\cdot \nabla \alpha )\nabla \psi \end {equation*}


   J  ×  B  =  ∇  𝑝 


$\mathbf {J}\times \mathbf {B}=\nabla p$


   𝜒  (  𝜓  ) 


$\chi (\psi )$


   𝑀  (  𝜓  ) 


$M(\psi )$


       �    𝜄  (  𝜓  ) 


$\iotabar (\psi )$


   𝑝  (  𝜓  ) 


$p(\psi )$


   J  =    𝐽  ∥   b  +    J  ⟂   . 


\begin {equation*}\mathbf {J}=J_\parallel \mathbf {b}+\mathbf {J}_\perp .\end {equation*}


   ∇  ⋅  J  =  0 


$\nabla \cdot \mathbf {J}=0$


          (2.71)                   B  ⋅  ∇      (      𝐽  ∥   𝐵   )   =  −  ∇  ⋅    J  ⟂   .    


\begin {equation}\mathbf {B}\cdot \nabla \left ( \frac {J_\parallel }{B} \right ) = -\nabla \cdot \mathbf {J}_\perp . \label {ch2:eq:parallel_current_MDE}\end {equation}


          (2.72)                   B  ⋅  ∇  𝑓  =  𝑆    


\begin {equation}\mathbf {B}\cdot \nabla f=S \label {ch2:eq:MDE}\end {equation}


$S$


$f$


$f$


$S$


   B  ⋅  ∇  𝑓  =  𝐵      𝜕  𝑓     𝜕  𝑙    =  𝑆 


\begin {equation*}\mathbf {B}\cdot \nabla f=B\frac {\partial f}{\partial l}=S\end {equation*}


$L$


   𝑓  (  𝐿  )  −  𝑓  (  0  )  =    ∫  0  𝐿   𝑆      d  𝑙   𝐵   . 


\begin {equation*}f(L)-f(0)=\int _0^LS\frac {\mathrm {d}l}{B}.\end {equation*}


   𝑓  (  0  )  −  𝑓  (  𝐿  )  =  0 


$f(0)-f(L)=0$


          (2.73)                   ∮  𝑆      d  𝑙   𝐵   =  0  .    


\begin {equation}\oint S\frac {\mathrm {d}l}{B} =0. \label {ch2:eq:MDE_Constraint}\end {equation}


     J  ⟂  


$\mathbf {J}_\perp $


$\mathbf {B}$


$p$


     J  ⟂   =  b  ×    (  J  ×  b  )   . 


\begin {equation*}\mathbf {J}_\perp = \mathbf {b}\times \left (\mathbf {J}\times \mathbf {b}\right ).\end {equation*}


$\mathbf {B}$


     𝐵  2  


$B^2$


     J  ⟂   =      B  ×  ∇  𝑝     𝐵  2    . 


\begin {equation*}\mathbf {J}_\perp =\frac {\mathbf {B}\times \nabla p}{B^2}.\end {equation*}


          (2.74)                   ∇  ⋅    J  ⟂   =  (  B  ×  ∇  𝑝  )  ⋅  ∇      (    1    𝐵  2    )   =    𝑝  ′   (  𝜓  )  (  B  ×  ∇  𝜓  )  ⋅  ∇      (    1    𝐵  2    )   .    


\begin {equation}\nabla \cdot \mathbf {J}_\perp =(\mathbf {B}\times \nabla p)\cdot \nabla \left (\frac {1}{B^2}\right )=p'(\psi )(\mathbf {B}\times \nabla \psi )\cdot \nabla \left (\frac {1}{B^2}\right ).\end {equation}


          (2.75)                     𝑝  ′   (  𝜓  )    𝜕    𝜕  𝛼    ∮      d  𝑙   𝐵   =  0  .    


\begin {equation}p'(\psi )\frac {\partial }{\partial \alpha }\oint \frac {\mathrm {d}l}{B}=0. \label {ch2:eq:pressure_gradient_constraint}\end {equation}


     𝑝  ′   (  𝜓  ) 


$p'(\psi )$


   B  ⋅  ∇  𝜑  =    𝒥    −  1   


$\mathbf {B}\cdot \nabla \varphi =\mathcal {J}^{-1}$


   B  ⋅  ∇  𝜃  =    𝒥    −  1        �    𝜄  (  𝜓  ) 


$\mathbf {B}\cdot \nabla \theta =\mathcal {J}^{-1}\iotabar (\psi )$


          (2.76)                         �     𝜄    𝜕    𝜕  𝜃        (      𝐽  ∥   𝐵   )   +    𝜕    𝜕  𝜑        (      𝐽  ∥   𝐵   )   =  −  𝒥  ∇  ⋅    (      B  ×  ∇  𝑝     𝐵  2    )   .    


\begin {equation}\iotabar \frac {\partial }{\partial \theta } \left (\frac {J_\parallel }{B} \right ) +\frac {\partial }{\partial \varphi } \left ( \frac {J_\parallel }{B}\right ) = -\mathcal {J} \nabla \cdot \left (\frac {\mathbf {B}\times \nabla p}{B^2}\right ). \label {ch2:eq:expanded_MDE}\end {equation}


          (2.77)                       𝐽  ∥   𝐵   =    ∑    𝑚  ,  𝑛      𝑎    𝑚  ,  𝑛    (  𝜓  )    𝑒    𝑖  (  𝑚  𝜃  −  𝑛  𝜑  )      


\begin {equation}\frac {J_\parallel }{B}=\sum _{m,n} a_{m,n}(\psi ) e^{i(m\theta -n\varphi )}\end {equation}


          (2.78)                   −  𝒥  ∇  ⋅    (      B  ×  ∇  𝑝     𝐵  2    )   =    ∑    𝑚  ,  𝑛      𝑏    𝑚  ,  𝑛    (  𝜓  )    𝑒    𝑖  (  𝑚  𝜃  −  𝑛  𝜑  )    .    


\begin {equation}-\mathcal {J} \nabla \cdot \left (\frac {\mathbf {B}\times \nabla p}{B^2}\right )=\sum _{m,n} b_{m,n}(\psi )e^{i(m\theta - n\varphi )}.\end {equation}


          (2.79)                   𝑖  (        �     𝜄  (  𝜓  )  𝑚  −  𝑛  )    𝑎    𝑚  ,  𝑛    =  −    𝑏    𝑚  ,  𝑛    .    


\begin {equation}i(\iotabar (\psi )m-n)a_{m,n} = - b_{m,n}.\end {equation}


$(m,n)$


     𝑏    𝑚  ,  𝑛    =  0 


$b_{m,n}=0$


       �    𝜄  =  𝑛  /  𝑚 


$\iotabar =n/m$


          (2.80)                       𝐽  ∥   𝐵   =    ∑    𝑚  ,  𝑛    𝑖      𝑏    𝑚  ,  𝑛      𝑛  −      �    𝜄  (  𝜓  )  𝑚      𝑒    𝑖  (  𝑚  𝜃  −  𝑛  𝜑  )    +    Δ    𝑚  ,  𝑛    (  𝜓  )  𝛿  (        �     𝜄  (  𝜓  )  𝑚  −  𝑛  )    𝑒    𝑖  (  𝑚  𝜃  −  𝑛  𝜑  )    .    


\begin {equation}\frac {J_\parallel }{B} = \sum _{m,n} i\frac {b_{m,n}}{n-\iotabar (\psi )m}e^{i(m\theta - n\varphi )}+ \Delta _{m,n}(\psi ) \delta (\iotabar (\psi )m-n)e^{i(m\theta - n\varphi )}. \label {ch2:eq:prallel_current_solution}\end {equation}


   𝑥  𝑓  (  𝑥  )  =  0 


$xf(x)=0$


   𝑓  (  𝑥  ) 


$f(x)$


   𝑓  (  𝑥  )  =  0 


$f(x)=0$


   𝑓  (  𝑥  )  =  𝑐  𝛿  (  𝑥  ) 


$f(x)=c\delta (x)$


   𝛿 


$\delta $


   1  /  𝑥 


$1/x$


$\delta $


$1/x$


   𝑝  =    𝑝  0   +  𝛿  𝑝 


$p=p_0+\delta p$


          (2.85)                   (  𝐴      𝜕    𝑥  𝑥    +  𝐵      𝜕    𝑦  𝑦    +  𝐶      𝜕    𝑡  𝑡    +  𝐷      𝜕  𝑥   +  𝐸      𝜕  𝑦   +  𝐹  )  𝜓  (  𝑥  ,  𝑦  ,  𝑡  )  =  0  .    


\begin {equation}(A~ \partial _{xx}+B~\partial _{yy}+C~\partial _{tt}+D~\partial _x+E~\partial _y+F) \psi (x,y,t)=0. \label {ch2:eq:example_pde}\end {equation}


   𝐴  (  𝑥  ,  𝑦  ,  𝑡  )  ,  .  .  .  ,  𝐹  (  𝑥  ,  𝑦  ,  𝑡  ) 


$A(x,y,t),...,F(x,y,t)$


$x$


$t$


     𝜕  𝑥   𝐴  =  .  .  .  =    𝜕  𝑡   𝐹  =  0 


$\partial _xA=...=\partial _tF=0$


$x$


$x$


          (2.86)                   𝜓  (  𝑥  ,  𝑦  ,  𝑡  )  =  𝐾  ∬    𝜓  ˜   (  𝑘  ,  𝑦  ,  𝛾  )    𝑒    𝑖  𝑘  𝑥  +  𝛾  𝑡        d   𝑘      d   𝛾    


\begin {equation}\psi (x,y,t)=K\iint \tilde {\psi }(k,y,\gamma ) e^{ikx+\gamma t} \mathrm {~d}k \mathrm {~d}\gamma \label {ch2:eq:inverse_transforms}\end {equation}


$x$


   𝐾 


$K$


          (2.87)                   𝐾  ∫    (  𝐵    𝜕    𝑦  𝑦    +  𝐸    𝜕  𝑦   +    (    𝛾  2   𝐶  +  𝐹  +  i  𝑘  𝐷  −    𝑘  2   𝐴  )   )       𝜓  ˜   (  𝑘  ,  𝑦  ,  𝛾  )    e    i  𝑘  𝑥        d   𝑘  =  0  .    


\begin {equation}K \int \left (B \partial _{y y}+E \partial _y+\left (\gamma ^2 C+F+\mathrm {i} k D-k^2 A\right )\right ) \tilde {\psi }(k, y, \gamma ) \mathrm {e}^{\mathrm {i} k x} \mathrm {~d} k=0.\end {equation}


          (2.88)                     (  𝐵    𝜕    𝑦  𝑦    +  (  𝐸  +  i  𝑘  𝐶  )    𝜕  𝑦   +    (  𝐹  +  i  𝑘  𝐷  −    𝑘  2   𝐴  )   )       𝜓  ˜   (  𝑘  ,  𝑦  ,  𝛾  )  =  0          ∀      𝑘  ,  𝛾  .    


\begin {equation}\left (B \partial _{y y}+(E+\mathrm {i} k C) \partial _y+\left (F+\mathrm {i} k D-k^2 A\right )\right ) \tilde {\psi }(k, y, \gamma )=0 ~~~~ \forall ~~ k,\gamma . \label {ch2:eq:example_pde_derivatives}\end {equation}


          (2.89)                   𝜓  (  𝑥  ,  𝑦  ,  𝑡  )  =    𝜓  ˜   (  𝑦  )    𝑒    𝑖  𝑘  𝑥  +  𝛾  𝑡      


\begin {equation}\psi (x,y,t)=\tilde {\psi }(y)e^{ikx+\gamma t} \label {ch2:eq:normal_mode_definition}\end {equation}


$k$


$\gamma $


$k$


$\gamma $


$\gamma $


$\gamma $


   𝛾  >  0 


$\gamma >0$


   𝛾  =  0 


$\gamma =0$


   𝛾  <  0 


$\gamma <0$


          (2.90)                       𝜕  𝑓     𝜕  𝑡    =  𝑓  −    𝑓  2   +    1  𝜆         𝜕  2   𝑓     𝜕    𝑥  2     ,        𝑓  (  𝑥  =  0  ,  𝑡  )  =  𝑓  (  𝑥  =  1  ,  𝑡  )  =  0    


\begin {equation}\frac {\partial f}{\partial t} = f -f^2 + \frac {1}{\lambda } \frac {\partial ^2 f}{\partial x^2}, ~~~f(x=0,t)=f(x=1,t)=0\end {equation}


   𝜆  =   constant  


$\lambda =\text {constant}$


          (2.91)                     1  𝜆         𝜕  2   𝑓     𝜕    𝑥  2     +  𝑓  −    𝑓  2   =  0  .    


\begin {equation}\frac {1}{\lambda } \frac {\partial ^2 f}{\partial x^2} +f -f^2 =0.\end {equation}
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          (2.92)                       𝜕  (    𝑓  0   +  𝛿  𝑓  )     𝜕  𝑡    =    𝑓  0   +  𝛿  𝑓  −  (    𝑓  0   +  𝛿  𝑓    )  2   +    1  𝜆         𝜕  2   (    𝑓  0   +  𝛿  𝑓  )     𝜕    𝑥  2     .    


\begin {equation}\frac {\partial (f_0+\delta f)}{\partial t} = f_0+\delta f -(f_0+\delta f)^2 + \frac {1}{\lambda } \frac {\partial ^2 (f_0+\delta f)}{\partial x^2}.\end {equation}


          (2.93)                       𝜕    𝛿  𝑓     𝜕  𝑡    =  𝛿  𝑓  +    1  𝜆         𝜕  2     𝛿  𝑓     𝜕    𝑥  2     .    


\begin {equation}\frac {\partial ~ \delta f}{\partial t} = \delta f + \frac {1}{\lambda } \frac {\partial ^2~ \delta f}{\partial x^2}.\end {equation}


          (2.94)                   𝛿  𝑓  =  𝐴    𝑒    𝑖  𝑘  𝑥  +  𝛾  𝑡      


\begin {equation}\delta f = Ae^{ikx+\gamma t}\end {equation}
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          (2.95)                   𝛾  =  1  −      𝑘  2   𝜆   .    


\begin {equation}\gamma =1-\frac {k^2}{\lambda }.\end {equation}
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          (3.27)                       𝜕  𝑠     𝜕  𝑣    =      𝒥    𝐵  𝑠      𝒥    𝐵  𝑣             𝜕  𝑢     𝜕  𝑣    =      𝒥    𝐵  𝑢      𝒥    𝐵  𝑣     .    


\begin {equation}\frac {\partial s}{\partial v} = \frac {\mathcal {J}B^s}{\mathcal {J}B^v} \quad \quad \frac {\partial u}{\partial v} = \frac {\mathcal {J}B^u}{\mathcal {J}B^v}. \label {ch3:eq:field_line}\end {equation}
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          (3.29)                   ℛ  =    1  2   −    1  4      Tr   (  S  )     


\begin {equation}\mathcal {R} = \frac {1}{2} - \frac {1}{4} {\note \mathrm {Tr}(\mathbf {S})}\end {equation}
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          (3.30)                   𝜔  =         cos     −  1        (  1  −  2  ℛ  )      2  𝜋  𝑚      


\begin {equation}\omega = \frac {\text {cos}^{-1}\left ( 1-2 \mathcal {R}\right )}{2\pi m} \label {ch3:eq:Cary_Hanson_omega}\end {equation}


          (3.31)                   Δ  𝑠  =      4  𝜔     𝑚    |      �      𝜄   VMEC   ′   |      


\begin {equation}\Delta s = \frac {4 \omega }{m~ |\iotabar '_{\note \mathrm {VMEC}}|} \label {ch3:eq:Cary_Hanson_width}\end {equation}
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          (3.32)                   𝒥  (  ∇  ⋅  B  )  =      𝜕  (  𝒥    𝐵  𝑠   )     𝜕  𝑠    +      𝜕  (  𝒥    𝐵  𝑢   )     𝜕  𝑢    +      𝜕  (  𝒥    𝐵  𝑣   )     𝜕  𝑣    .    


\begin {equation}\mathcal {J}(\nabla \cdot \mathbf {B}) = \frac {\partial (\mathcal {J}B^s)}{\partial s} + \frac {\partial (\mathcal {J}B^u)}{\partial u} + \frac {\partial (\mathcal {J}B^v)}{\partial v}. \label {ch3:eq:divB}\end {equation}
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          (3.33)                     𝜕    𝜕  𝑠    𝒥    𝐵    𝑚  𝑛   𝑠   (  𝑠  )  =  𝑚  𝒥    𝐵    𝑚  𝑛   𝑢   (  𝑠  )  +  𝑛  𝒥    𝐵    𝑚  𝑛   𝑣   (  𝑠  )    ∀    (  𝑚  ,  𝑛  )  .    


\begin {equation}\frac {\partial }{\partial s}\mathcal {J}B^s_{mn}(s) = m\mathcal {J}B^u_{mn}(s)+ n\mathcal {J}B^v_{mn}(s) \quad \forall \, (m,n). \label {ch3:eq:div_free_condition}\end {equation}
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of Eq. (4.138) together with the growth-rate for the compressible KHI without
gravity (also computed numerically) for A=0.9 is plotted versus the convective
Mach number, M_c=(U_2-U_1)/(c_1+c_2). Here we have normalized the growth-
rates to lie between 0 and 1 for both cases by dividing the values by the maximal
growth-ratesrespectively. . . . . . .. ... . L
The real component of h"+-=h"+- /k found by evaluating Eq. (4.127) with and
without gravity and eliminating the magnetic field terms is plotted versus the
convective Mach number, M_c=(U_2-U_1)/(2c). Here L=(c"2k)/g. . . . ... ...
The value of the real component of the exponential part of the perturbed z-
velocity, u_z, in the top fluid, e"(z h™-) is plotted versus a normalized length, z=zk.
In this plot we are also only plotting the envelope of the oscillating function.
The normalized real component of the growth-rate, gamma=Re(gamma)/(kc_1),
obtained from the numerical solution of Eq. (4.138) and from the analytic ex-
pression of the incompressible KHI growth-rate for A= 0.9 is plotted versus the

convective Mach number,M_c=(U_2-U_1)/(c_1+c_2). . .. .. .. .. ... ...
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4.6 The normalized real component of the growth-rate, gamma=Re(gamma)/(kc_1),

4.7

4.8

4.9

4.10

obtained from the numerical solution of Eq. (4.138) and from the analytic ex-
pression of the incompressible KHI growth-rate for A= 0.1 is plotted versus the

convective Mach number, M_c=(U_2-U_1)/(c_1+c_2). . . . .. .. .. ... ...

The normalized real component of the growth-rate, gamma=Re(gamma)/(kc_1),

obtained from the numerical solution of Eq. (4.138) and from the approximate
analytic expression described in Eq. (4.142) for A=0.9 is plotted versus the convec-
tive Mach number, M_c=(U_2-U_1)/(c_1+c_2). Also inlaid is a plot of the relative
error, defined as the absolute value of the difference between the numerical and
analytic values divided by the numerical value, as a functionofM_c. . . . . . ..
The normalized real component of the growth-rate, gamma=Re(gamma)/(kc_1),
obtained from the numerical solution of Eq. (4.138) and from the approximate
analytic expression given in Eq. (4.142) for A=0.1is plotted versus the convective
Mach number, M_c=(U_2-U_1)/(c_1+c_2). Also inlaid is a plot of the relative
error, defined as the absolute value of the difference between the numerical and
analytic values divided by the numerical value times 100, as a function of M_c.
The normalized real component of the growth-rate, gamma=Re(gamma)/(kc_1),
obtained from the numerical solution of Eq. (4.138) for different Atwood numbers,
A=(rho_1-rho_2)/(rho_1+rho_2), with and without an RTl present is plotted versus
the convective Mach number, M_c=(U_2-U_1)/(c_1+c_2). Here a negative Atwood

number indicates the system is RT stable and a positive one indicates the system

isRTunstable. . . . . . . . . . e

The normalized real component of the growth-rate, gamma=Re(gamma)/(kc),

obtained by evaluating Eq. (4.139a) for different values of L=(c"2k)/(g) is plotted

versus the convective Mach number,M_c=(U_2-U_1)/(2¢). . .. ... ... ...
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Chapter1

Introduction

According to the U.S. Energy Information Administration’s 2026 Annual Energy Outlook,
the U.S!s electricity demand has increased by 2.1% per year, on average, over the last five years,
and the overall electricity demand is expected to grow by between 25% and 50% by 2050. [1]
A variety of sources will be required to meet these future energy needs. Options such as coal,
oil, and natural gas are cheap sources but are limited in quantity and will eventually run out.
Others, such as wind and solar, are contributing more electricity to the grid as time goes on,
and while technically limitless have their own problems, mainly the lack of consistent power
generation due to external factors such as lack of wind, or lack of sunshine due to clouds or at
night. Nuclear fission generates approximately 17% of all electricity in the country, but is not
expected to increase in the coming decades. [1] One of the main problems with it is the public
distrust in nuclear energy due to disasters such as those which occurred at Chernobyl and most
recently in Fukushima.

This thesis focuses on nuclear fusion - a promising energy option that could contribute
significantly to resolving the increasing energy demand. Fusion energy offers many benefits over
the previously mentioned energy sources. Nuclear fusion typically is proposed to be performed
using deuterium, which is abundant and cheap to extract, and tritium, which is not easy to
collect, but can potentially be bread self-consistently inside working fusion reactors. As such
there should be no problem supplying fuel over the decades as opposed to fossil fuels. Fusion
reactors also could be run continuously, supplying power to the grid as needed, resolving the
issue of consistency found with renewables such as solar and wind power. Lastly, nuclear fusion
is safer than fission as it is not prone to massive accident due to reactor meltdown. At any point
in time inside a fusion device the fuel should only amount to the mass of a few postage stamps,

and as such lacks the ability to allow for anything significant such as a meltdown to occur. [2]
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That is not to say nuclear fusion is without issues. The science of fusion is quite complex
from both a theoretical and engineering standpoint. From a theory perspective, we are required
to find a configuration to confine on the order of 1020 particles per cubic meter to temperatures
beyond 108K. These configurations must also be able to sustain these conditions for lengthy
periods of time to generate electricity. As we have found over decades of research, these are
no easy feats. From the engineering side, there are also several challenges which must be
overcome, such as superconducting magnet development and construction, material design
to handle neutron and heat loads, and technologies to provide heating power to raise plasma
temperatures. [2] Lastly, one must also consider the financial cost to build such a complicated

device, as we have seen with devices such as W7-X and ITER which cost billions of dollars.

1.1 The Fusion Reaction

The most commonly sought after nuclear reaction for a fusion power plant is the
Deuterium-Tritium reaction. This is so because it is the easiest of all fusion reactions to initiate.

[3] The reaction of interest can be written as,

D+T— a+n+17.6 MeV. (1.1)

In Eq. (1.1) a Deuterium atom, an isotope of hydrogen with one neutron, D, collides with a Tritium
atom, an isotope of hydrogen with two neutrons, T, and the byproducts are a helium nucleus, or
alpha particle, a, a neutron, and 17.6 MeV of excess energy. Macroscopically the energy given off
by the reaction is equivalent to 3.38 x 108 MJ/kg of combined D-T fuel. In comparison, one of the
standard reactions which occurs in a fission plant using uranium yields approximately 8.4 x 107
MJ/kg of fuel, and the standard reaction of burning gasoline yields approximately 40 MJ/kg of
gasoline. This shows how little fuel is required for fusion relative to some of the other standard

energy generation methods.
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Figure 1.1: Sample schematics illustrating the general shape and configuration of a tokamak
(left image) and a stellarator (right image). The green represents the plasma, the black lines
represent magnetic field lines, and the blue rings are the toroidal field coils.

1.2 Fusion Devices of Interest

Although several approaches to achieving fusion have been proposed, including mag-
netic confinement fusion (MCF), which uses magnetic fields to confine the plasma, and inertial
confinement fusion (ICF), which uses lasers to compress and heat a fuel pellet, this thesis focuses
exclusively on MCF. Furthermore, while there are several proposed MCF designs, those relevant
to the projects presented herein are the tokamak and stellarator designs. We will proceed to

briefly describe both.

1.2.1 Tokamak

A tokamak is an axisymmetric toroidal device which aims to magnetically confine plasma. It uses
toroidal magnetic field coils to produce toroidal fields, and a transformer to induce a toroidal
current in the plasma to produce poloidal magnetic fields. A simple schematic of the plasma
and coil shapes are presented in Fig. 1.1. It is presently the most popular kind of MCF device due
to historical performance.

With the tokamak design there are both advantages and disadvantages. Some of the
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advantages are related to good physics performance. Large toroidal magnetic fields are readily
achievable which allows for improved plasma confinement. The symmetry of the design guar-
antees certain beneficial plasma properties which improve performance as well. Also from an
engineering and cost standpoint, the design of the magnets are relatively simple, and since they
are all the same, it becomes cost-effective to produce many. On the other hand, there are two
main problems associated with tokamaks.

The first problem is related to the stability of the plasma inside a reactor. Tokamak
plasmas can be subject to various instabilities which can then lead to the catastrophic loss of
plasma containment, an event typically known as a disruption. One method of suppressing these
instabilities is through the use of stronger confining magnetic fields. However, this approach
incurs substantial costs and relies on advances in materials technology to produce magnets
capable of generating stronger magnetic fields. The otherissueis related to the fact that a toroidal
current is induced into the plasma, as one cannot inductively drive a current for an indefinite
period of time. Ideally a fusion power plant would be run as a steady state device so that it would
continuously generate energy. As such other methods of external current drive are required, and

generally they are complex and costly.

1.2.2 Stellarator

The stellarator is a non-axisymmetric toroidal device with helical symmetry. Similar
to the tokamak it uses toroidal magnetic field coils to generate toroidal fields, but unlike the
tokamak, these field coils are designed in such a way that they also produce a poloidal field. As a
result of this distinction, it is not necessary to drive any current in a stellarator to ensure plasma
confinement. A sample schematic of a stellarator plasma and coils can be seen in Fig. 1.1.

As with the tokamak design there are benefits and disadvantages to using a stellarator.
As previously mentioned, since an externally driven current is not required for confinement,
stellarators generally do not experience disruptions. Furthermore, this allows for the device to

be run in steady state, without the need for current drive, which is necessary for a power plant.
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However, these welcomed advantages come at a cost, namely poor confinement properties, and
costly magnet designs. Unless the magnetic fields are optimized, a stellarator’s magnetic field
can lead to arapid loss of particles. Thisis mainly due to the system no longer being axisymmetric.
As such, a great deal of optimizations must be performed to construct fields which will perform
well, a task which can be computationally expensive and time-consuming. Also, the magnets
used in stellarators are not all identical and can have complex shapes, further complicating the

manufacturing process.

1.2.3 Interest In Each Device

This dissertation focuses on two core research topics, each one focusing on a different
problem each device faces, but still linked by the model used to study them. Our interest lie in two
fundamental aspects of physics, equilibrium and stability, and each device motivates the study
of one. In the case of stellarators, the study of 3D equilibria and the subtleties involved are key
aspects of designing a functional power plant Having a solid understanding of the tools available
to perform these calculations is vital for future work. In the case of tokamaks, instabilities are
abundant, and developing methods to control them will allow for better operation of such devices

in the future.

1.3 The Magnetohydrodynamics Model

To perform the studies we are interested in, a choice must be made regarding the physical
model which will be used. One could, for instance, think about looking at a system in terms
of single particle motion. While this could give insight to the kind of motion a particle would
undertake in a fusion device, attempting to model on the order of 1020 particles per cubic
meter in a device whose plasma volume will be on the order of 102 cubic meters and all the
interactions between each particle is quite daunting computationally. Other methods look to
study the average behaviors of the particles, calculating distribution functions forming a kinetic

model. While a valid choice to make, it is still quite complex and computationally challenging.
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A simplification can be made, where one takes fluid moments of the distribution functions,
to derive a fluid description of the plasma. Then a number of assumptions can be made to
obtain closure of the system of equations. This leaves one with a model such as the one used
predominantly herein, the magnetohydrodynamics (MHD) model, and its variations, such as
ideal MHD.

The MHD model, and especially the ideal MHD model, are some of the simplest models
that describe the macroscopic equilibrium and stability properties of a plasma. [3] We say
“simplest” because the model neglects a great deal of physics, such as electromagnetic wave
propagation, relativity, and quantum mechanics. Furthermore, effects such as radiation, radio
frequency (RF) heating and current drive, plasma-wall interactions, and resistive instabilities are
not adequately described by ideal MHD. [3] Even with such a simplified system, the models are
still quite difficult to solve analytically or computationally, especially with the geometries being
studied. Chapter 2 provides a more detailed discussion of the model, its derivation, and several

calculations based on it.

1.4 The Study of Plasma Equilibrium

With the MHD model, it is possible to describe and investigate global behavior of fusion
plasmas. An important area of study related to the successful operation of any MFE device is its
ability to generate a plasma which is in equilibrium. In simple terms, an equilibrium is a state in
which all forces acting on the plasma are balanced, resulting in a configuration that does not
change with time. Ideally, a fusion device is able to bring a plasma to an equilibrium, which is
continuously allowing for fusion reactions to occur. If the system was not in a steady state, then
the plasma would be ever-changing and possibly not reaching the required temperatures needed
for the fusion events to take place. These considerations make the study of plasma equilibria a
critical area of research.

Regarding the tokamak, the problem is simplified because of its axisymmetric geometry.

Due to this, the system essentially become two-dimensional, and other beneficial confinement
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properties arise. A notable one is that in a tokamak, magnetic surfaces, also known as flux
surfaces, are guaranteed to exist. As will be further explained in Chapter 2 these are essentially
surfaces formed by magnetic field lines which lie on tubes of constant pressure. As charged
particles will tend to move along magnetic field lines, being ensured that the field lines will be
confined to the plasma volume is quite desirable.

On the other hand because stellarators are not axisymmetric, nested surfaces are not
guaranteed to occur in the equilibrium. Rather, phenomena known as magnetic islands can form,
and these can lead to rapid transport of particles from the hot core to the cooler edge, which
is the opposite of what one is attempting to accomplish. The optimal design of the stellarator
and its coils is then of great importance, because if the equilibrium generated cannot confine
the plasma properly, then the device will not function as intended. Due to the complexity of the
three-dimensional system, numerical codes are required to calculate stellarator equilibria. In
Chapter 3 we discuss two stellarator equilibrium projects which were performed. The former is
a verification study, comparing some of the different equilibrium solvers to investigate if they
would arrive at the same equilibrium given the same system. The latter is an in-depth study of

how one of the codes resolves magnetic islands, along with related calculations.

1.5 Linear Stability Studies

Once satisfactory equilibria have been found, it becomes necessary to perform stability
studies. These stability studies are meant to determine how the equilibria respond to small
perturbations. If the system is stable, it will either oscillate around the equilibrium or return to
its initial state. If the system is unstable it will move away from the initial equilibrium, possibly
leading to decreased plasma performance or worse, disruptions.

Unfortunately, historically experiments have shown that tokamak equilibria are not stable.
[4-6] Tokamak discharges are susceptible to a plethora of instabilities with space-time scales
varying greatly as well as the physical quantities which characterize the configuration. For this

reason, the study of plasma instabilities, and methods to suppress or mitigate them is vital to
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tokamak research. Chapter 4 examines a stability problem motivated by previous work that
presented an equilibrium susceptible to both Kelvin-Helmholtz [7, 8] and Rayleigh-Taylor [9, 10]
modes, the latter arising from a pressure discontinuity. The former is driven by velocity shear,

whereas the latter is driven by gravity or an analogous force.

1.6 Outline

The dissertation is structured as follows. In Chapter 2, we present the theoretical back-
ground knowledge required to understand the work performed. Chapter 3 then discusses the
two equilibrium projects previously mentioned, a free-boundary verification study, and a study
on magnetic islands. This is followed by Chapter 4 which details the stability analysis performed
for a Kelvin-Helmholtz Rayleigh-Taylor unstable system. Then in Chapter 5, we summarize the
presented research and propose possible future research avenues which build upon what was

presented.
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Chapter 2

Magnetohydrodynamics Theory

2.1 Introduction

To achieve a functional fusion power plant, it is widely accepted that the plasma will need
to be in Magnetohydrodynamic (MHD) equilibrium and MHD stable. As such, it is vital that we
understand the model and the physics involved so that we can design and operate a reactor that
will become a viable source of energy for the future. The majority of the projects discussed in
this thesis were undertaken with one of the models of MHD, and as such this chapter will provide
an introduction on the model, how it is derived, and important aspects and consequences of the
different variations of the model. There are various forms of the MHD model, but the ones that

will be discussed in this thesis are the following:

1. Ideal MHD - The "simplest” form of the model, where the plasma is assumed to have

infinite electrical conductivity.

2. Resistive MHD - Similar to ideal MHD, but it includes finite resistivity so that certain effects,

such as magnetic islands, can occur.

3. Multi Region Relaxed MHD (MRxMHD) - A variation of MHD where the plasma is broken into
various regions of constant pressure to avoid certain mathematical inconsistencies that

occurin ideal MHD.

The chapter is organized as follows. In Sec. 2.2, we derive the MHD model from the two
fluid equations. Section 2.4 discusses some basic background on curvilinear coordinate systems,
as well as its applications to magnetic fields seen in 3D geometries. In Sec. 2.5, one-dimensional
MHD equilibria are investigated, and the same is done for two-dimensional equilibria in Sec. 2.6.

We finish our discussion on equilibria in Sec. 2.7 where we thoroughly describe how 3D equilibria
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are calculated, as well as some of the issues that are associated with them. We finish the chapter
in Sec. 2.8 with an introduction to linear stability theory.

It also bears mentioning that many of the derivations present here originate from the
following sources; J. Freidberg’s Plasma Physics and Fusion Energy [2], and Ideal MHD [3]; P.
Helander’s review article [11]; the text An introduction to Stellarators[12] by L. Imbert-Gérard
et al.; and D’haeseleer et als text Flux Coordinates and Magnetic Field Structure [13]. If further
detail is desired on any of the topics presented in this chapter, please reference any of the listed
sources. They are all well written and good sources to be aware of and are readily available as

reference texts.

2.2 Magnetohydrodynamics Model

2.2.1 Derivation of Magnetohydrodynamics

We will now proceed to give an abbreviated derivation of the MHD model. The derivation
will begin from the two-fluid equations and from there attain the MHD equations. To arrive at the
two-fluid equations one would typically begin with a kinetic model where the goal is to determine
the particle distribution functions of the different quantities. The kinetic model is more accurate
and contains a greater amount of physics, but as a result is much more complicated. Regardless,
the MHD model is adequate in capturing global plasma dynamics, which is the essential physics
studied here. Taking the velocity moments of the kinetic model will allow one to arrive at the
two-fluid equations, where quantities have now lost their velocity dependence and are now
only functions of space and time. The following are the two-fluid equations as well as Maxwell’s
equations as found in J. Freidberg’s book Plasma Physics and Fusion Energy [2].

Conservation of mass:

aaﬂ+v-(neue)=0

t (2.1)
%_l_v.(n.u.)—o

at L¥1) —

Conservation of momentum:
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Conservation of energy:
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3 0 '
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Maxwell’s equations
oB
E=——
V % 3
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V X B = uge (nju; — neu,) + T
¢ (2.4)

VE= (=)
V-B=0

Where ne, nj are the electron and ion number densities, u,, u; are the electron and ion
flow velocities, m,, m; are the electron and ion masses, p,, p; are the electron and ion pressures,
D,j is the frequency of electron and ion collisions, T, T'; are the electron and ion temperatures,
de, q; are the electron and ion heat fluxes, and S,, S; are sink and source functions with other
physics effects contained in them.

With the two-fluid model defined we proceed to derive the MHD model. The first step is to
define the length and time scales of interest, which we can then use to compare the magnitudes
of the different terms in the two-fluid equations. Then, we eliminate terms in the model as a
result of scaling arguments. Finally, we introduce single fluid variables, ignoring terms that are
small, to arrive at the MHD equations.

In the MHD model, the characteristic length is the plasma radius, L ~ a, the characteristic

time is the ion thermal transit time, T ~ a/vT;, which leads to the characteristic velocity, the ion
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thermal velocity, u ~ L/t ~ vrj. Since the plasma scale length satisfies the inequality a > Ap,,
where 1p, is the Debye length, the plasma is quasineutral. This allows for the V - E term in
Poisson’s equation to be dropped. The MHD frequency, w ~ 1/t is small when compared to
the electron cyclotron frequency. This implies that the electron inertia term in the momentum
equation can be neglected. Finally, since the ion thermal velocity is much smaller than the speed
of light, we are able to ignore the displacement current term in the Maxwell-Ampére equation.

Now we proceed to define the single fluid variables. We begin with the density, p = m;n,
where the electron mass is neglected since m; > m,, and from quasi-neutrality the number
densities, n, = n; = n, are the same. Since m;/ggm, the momentum of the fluid is carried by
the ions, and we define the fluid velocity, v = u;. The electron velocity can then be defined in
terms of the current density and fluid velocity, u, = v — J/en. The last quantity is the pressure,
where we define it as the total electron and ion pressure, p = pe + p;. We can now manipulate
the two-fluid equations to reduce them to single-fluid form.

Starting with the conservation of mass, multiplying the ion equation by the ion mass
yields,

dp

We skip over the electron equation as no new information will be gained from it. Next adding the

two momentum equations together and substituting the single fluid variables gives,

p<%+v-V>v=JxB—Vp. (2.6)

The above equation describes the force balance of the plasma, and is central to equilibrium
calculations. Another piece of information can be found by looking solely at the electron momen-
tum equation. Substituting the single fluid variables where possible and setting the resistivity,

7= meDei/ezn, gives after rearranging terms,
1
E+va=E(JxB—Vpe)+77J. (2.7)
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The terms in the parenthesis on the right are the Hall term and electron diamagnetic term
respectively, while the last term on the right corresponds to the plasma resistivity. Both termsin
the parenthesis are small relative to the rest and can be ignored, while choosing to neglect the
resistivity depends on the MHD model you are using. Resistive MHD will keep the term, whereas
ideal MHD will not. The energy conservation equations simplify in the MHD regime, with the
source, sink and heat flux terms all vanishing due to their time scales being much larger than the
MHD one. This reduces the ion energy equation to,

3 (0
§n<§+v-V)Ti+in-v—0. (2.8)

Using the conservation of mass equation to eliminate the divergence term, and remembering

that p; = nT, after rearranging and simplifying one gets,

d(pi\_
i)
where I = 5/3 is the adiabatic index. The electrons have a similar relation, and adding the two

together yields the single-fluid energy equation,

d(p)\_
4(2)-e 29
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With this we have successfully derived the single-fluid MHD equations and repeat them below,

mass: a—p+V-(pv):0
ot
momentum : p(%+v-V)v=JxB—Vp
Ohm’slaw: E+vXxXB=1nJ
d(p
. a(fp)_ 2.10
energy : dt(pF> 0 (2.10)
Maxwell : VXE= _%8
ot
VXB=,L{0J
V-B=0

2.2.2 Frozen-in Flux

One of the important consequences of the ideal MHD formulation is the frozen-in flux

theorem. First, note that the magnetic flux ¢ passing through a surface S in the plasma is,

S

Now let us assume that the plasma contained in the surface is moving with a velocity v. This

movement of the surface will cause the flux passing through it to change in time,

49 _ [9B Las—Dvxs-dl (2.12)
dt 5 Ot

where dl is the arc length along the perimeter of the surface. There is some subtlety in how

the line integral term is obtained. Appendix C of Freidberg’s Ideal MHD book shows a thorough

derivation of how it comes about if the reader is interested. We can then use Faraday’s law to

eliminate the partial time derivative and then use Stoke’s theorem to convert the surface integral
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into a loop integral, giving,

v _9S(E FvxB)-dl (2.13)

From the ideal Ohm’s law we know that the integrand is zero and thus,

dy _

5 =0. (2.14)

Since the surface was chosen arbitrarily setting it to be the plasma cross section implies that the
total flux in an ideal MHD plasma is conserved. This also works in the opposite manner, whereby
setting the surface to be arbitrarily small to only “contain” a magnetic field line, we see that
the field line must move with the plasma and is “frozen” into the fluid. This then implies that
topological changes to the magnetic field are not allowed. Thus, phenomena, such as field line
reconnection, are not allowed under the ideal MHD model. For that to occur, resistive effects

must be included, for they permit the magnetic field to diffuse and change topology.

2.3 Magnetohydrodynamics Equilibrium

With a model that can describe the behavior of a plasma, we are now interested in finding
configurations where the plasma is in equilibrium, as these would be necessary for a potential
fusion reactor. To study an equilibrium, we assume the system is in steady-state, meaning all
quantities are time independent. Another assumption that can be made is whether the system is
static, v = 0, or stationary, v # 0. The former is the one that we will use in this chapter, as well
as Chapter 3, whereas the latter will be used for the equilibrium studied in Chapter 4. While the
equilibria to be discussed presently are magnetohydrostatic equilibria, for the sake of simplicity

they will still be referred to as MHD equilibria. We then have that the MHD equilibrium equations

are:
JXB=Vp
VX B=pugd (2.15)
V.-B=0.
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For this system, an equilibrium is achieved when the magnetic force, J X B, balances the pressure
gradient force, Vp. There are two mechanisms through which the magnetic field keeps the
system in force balance. This can be shown by using Ampére’s law to eliminate J in the pressure
balance equation and and making use of the identity V(B2/2) = Bx (V x B) + (B - V)B to obtain

the following,

BZ) B2
Y +—]-—=%x=0 (2.16)
. (p 210

where V| = V — b(b - V) is the component of the gradient perpendicular to, b = B/B, and
x = b - Vb is the curvature vector. In Eq. (2.16), the B2/2uq term represents the magnetic
pressure, and the (B2/uq)x term represents the magnetic tension created by the curvature of

the magnetic field lines.

2.3.1 Flux Surfaces

Note that if you take the dot product of the pressure balance equation with the magnetic
field vector one gets,

B-Vp=0. (2.17)

Typical equilibrium pressure profiles will peak near the center of the poloidal cross section and
decrease radially outwards. This combined with the above equation implies that magnetic field
lines must lie on surfaces of constant pressure. These surfaces are known as flux surfaces. The
surface which all other standard flux surfaces are centered around is known as the magnetic axis.
Rather than a surface,it is a line where the pressure is a maximum. There is a similar relation for

the current density, where you can dot the momentum equation with the current density to get,
J-Vp=o. (2.18)

Thus, current lines must also lie on surfaces of constant pressure. Another point of interest are the
trajectories of the magnetic field lines on these surfaces. These can be classified as one of three

types: rational, ergodic, and stochastic. Rational field lines close on themselves on a constant
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pressure contour after a finite number of toroidal revolutions. Ergodic field lines instead trace
out the entirety of the contour never closing in on itself. Lastly stochastic field lines are those
which wander and trace a volume of space rather than a closed contour. The later case is the
most undesirable as it is associated with poor confinement properties, mostly due to significant
thermal transport. These stochastic field lines can only be found in systems that lack geometric

symmetry, such as 3D magnetic fields found in a stellarator.

2.3.2 Rotational Transform

Returning to the other two kinds of field lines, the way we characterize them as either
rational or ergodic is by looking at their rotational transform. The rotational transform angle, ¢, is
defined as the average change in poloidal angle of a field line after an infinite number of toroidal

revolutions. Written out as an equation we have,

1 N
t= lim —= AB,,. 2.19
Jm 5 X 20 (2.19)

Here AB,, represents the rotation angle from the nth toroidal revolution. Typically, one does not

work with ¢, but rather, ¢, which is defined as,

L

o (2.20)

t

The quantity ¢ is known as the rotational transform, and represents the average number of
poloidal transits a magnetic field line makes per toroidal transit. In the tokamak community
rather than working with the rotational transform, the safety factor is used, which is defined
as, q = 1/t If the rotational transform of a field line is an irrational number, then it is ergodic,
whereas if it were rational then the field line is rational and closes on itself. Ergodic field lines
will trace out torus shaped tubes in a Poincaré, or puncture, plot, whereas rational field lines will

appear as dashed lines.
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2.4 Magnetic Coordinates

Before beginning the deeper discussion on equilibrium it is helpful, especially for the 3D
case, to introduce magnetic coordinates. This is because by using the right coordinate system we
can simplify a great deal of the mathematics involved as well as easily observe global properties
of the system. An example of a set of magnetic coordinates is a system where one coordinate
is constant on the flux surfaces and the magnetic field lines are straight in terms of the other
two. In this section, we will assume the system is given by a torus and the surfaces of constant
pressure are nested, meaning they lie inside each other. Let the coordinate system be set by
(p, 9, p), representing the pressure, an angle measured along the short way of a torus, the
poloidal direction, increasing by 27 after a full rotation, and an angle measured along the long
way of a torus, the toroidal direction, increasing by 27 after a full rotation. In this coordinate

system the magnetic field, B can be written in terms of its contravariant components as,

B = BPep, + BYeg + BPe,, (2.21)
or in terms of its covariant components,

B=B,Vp+BgVs+B,Vo (2.22)

where Vul = ei, Bi=B- Vui,Bi =B - e;,and the ul are the coordinates of the system. Before
going further into the discussion of the magnetic coordinates, a brief discussion on curvilinear

coordinates is required.

2.4.1 Curvilinear Coordinates

The metric coefficients, g;; = e; - e and gt/ = Vul - VuJ can be used to convert between
the two vector representations e; = gijVuj and Vul = gijej, where Einstein summation
notation is used. It is important to make the distinction that the vectors e; are not unit vectors.

Rather, the unit vector is instead defined as €; = e;//gi; = ej/h;, where the h; terms are scale
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factors. The metric coefficient is related to the Jacobian, g, of the coordinate system. We can
construct a three by three matrix populated by the metric coefficients called the metric matrix.
The determinant of said matrix, g, is equal to the square of the Jacobian. The Jacobian itself has

other equivalent definitions, such as,

Jd=e1-eyXe3= h1h2h3 (2.23)
or the inverse Jacobian,

g1 =vul . vu? x vus. (2.24)

Converting between the contravariant and covariant forms can also be done using the Jacobian,
e; = J(Vul x vuk) (2.25)

and

Vul = %(uj X Uf) (2.26)

where only cyclical combinations of i, j, k are allowed, i.e. (1,2,3), (3,1,2), and (2,3,1). With the
Jacobian and metric coefficients one is also able to define the differential arc length, area, and

volume elements. The differential arc length is given by,
dl(along ui) = h;. du! no summation (2.27)

The differential area element vector is,

Vil

_dS = +J dul dukvul (2.28)
|Vul|

ds(in ul = constant) =
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where the sign must be assigned according to the convention chosen for the vector normal to

the surface. The scalar differential area element is,
dS = hjhy du/ duk. nosummation (2.29)
The differential volume element is,
d>R = g du! du? du3. (2.30)

It can be convenient to rewrite the above expression by combining Egs. (2.28) and (2.30) to obtain

dul

d*R= — (2.31)
[Vu'|
Lastly, we give the definition of a gradient,
i 0A
VA=) Vul—. 2.32
; — (2.32)

2.4.2 Equations of a Field Line

With the curvilinear coordinate discussion finished, it is beneficial to discuss the equation
of a magneticfield line. Amagnetic field lineis a curve that is at all points parallel to the magnetic

field vector. In mathematical terms this can be expressed as,

B =cdR (2.33)

where cis a proportionality constant and dR is a differential vector tangent to the field line, and R

is the position vector from the coordinate system origin to any point in space. Solving the above
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equation for the contravariant components of both B(Bl,Bz,B3) and dR(dul, du?, du3) gives,

Bl B2 B3
= = = C.

dul  du?2 du3

Recalling that B! = B - Vu! allows us to rewrite the above equation as,

B-Vul B-Vu?2 B-Vud
dul du? dud

Lastly, we can parameterize the field line curve by the arc length [, then the ensuing vector,

dR/dlis a unit vector, which then gives,

B dR
B4l (2.34)

From Eq. (2.33), we note that the constant ¢ must equal B/dl, and thus the magnetic field line

equations are,
B _B-vu!l B-Vu2 B-VJ? 5 35
dl T dul T duz  dud (239

2.4.3 Magnetic Field in Magnetic Coordinates

From Eq. (2.17) the first termin Eq. (2.21) is eliminated. Then using Eq. (2.25) the magnetic
field can be written as,

B=8%Vo x Vp)+BP(Vp x V) (2.36)

where the B terms have absorbed the Jacobian factor. Since the magnetic field is divergenceless,

taking the divergence of the above equation gives,

VB . (Vo x Vp)+ VB?P - (Vp x V&) = 0.
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Using Egs. (2.32),(2.24) the above equation simplifies to,

0BY  IBY
g( 55 +%)_o (2.37)

thus implying that the terms inside the parenthesis add to zero. Integrating over § yields,
3 2
— BPd9=0
9% Jo

for all values of p and ¢. Integrating over ¢ gives,
2
JRELEEr®
0

where g(p) is some arbitrary function. A similar relation can be obtained for B°. This implies

that B® and B? can be written as,

of . g(p)

Y —

i
9 _

B =3%2r

for some function f(p, 3, ¢) and h(p). The functions f, g, and h, can be redefined as ' (p) =
g(p)/27, x' (p) = h(p)/27,and A(p, 9, ¢) = f(p, 3, %)/’ (p), where primes are derivatives with

respect to p. Substituting the new definitions in the above equations gives,

B = p/( )<1+a_a>
=x'(p) - ¢’(p)£

Then the expression for the magnetic field, B becomes,

oA oA
B_<1 68>V¢XV8+V¢XV)(—%V¢XV¢
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or more compactly,

B=VyYyxVO+VpxVy (2.39)

where 8 = § + A. This is B in magnetic coordinates, (¥, 6, ) where the first term corresponds
to the toroidal component and the second term corresponds to the poloidal component. Itis
important to note that both ¢ and y have physical meaning as they are related to the toroidal and
poloidal magnetic flux, respectively. To demonstrate this, note that both 1) and y are constant
on surfaces of constant pressure and are set to vanish at the magnetic axis. First, we calculate
the toroidal flux, which is found by calculating the amount of magnetic field passing through a
surface of constant ¢ between the magnetic axis and some surface ¢ =constant. The toroidal
flux given by,

Y = f JB-Vodydo (2.40)

S

where Eq. (2.28) has been used to replace the area element vector. Recalling the definition of the

inverse Jacobian in Eq. (2.24), the integral becomes

2 B- Vo
¥r= f dd’] (Vo xVp) "

27T
_ ' (V' x VO) - Vo (2.41)
_fo d¢f() VY’ - (VB X Vo) do

= 2m.

The poloidal flux is found by calculating the amount of magnetic field which passes through a
surface of constant 6 between the magnetic axis and some surface 1) =constant. The poloidal

flux is given by,

lpp=f JB- VO dy do. (2.42)
S
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Similarly as before we have,

¥ 27 B. VO

fo dy V- (VO X Vo) 99

f d¢,f2 (Vo x Vy)- VO

X VY- (Ve x Vo)
‘/¢d¢C/deX(V¢xV¢U-V6d
A AP VP (VO X V)

Wp =

<

(2.43)

= 27 x ().

We can gain further insight into y by returning to the field line equations. Rearranging

terms gives,
dé _B-V6 (VX Vy)-V6 _dy
dp B-Veo (VyxVO)-Vo di’

(2.44)

Recalling that the rotational transform is a measure of the change in poloidal angle relative to

the change in toroidal angle as it transits a torus, we have that,

dé )(

&= 4y =@ (245)

The above equation also shows that magnetic field lines draw out straight lines in the (6, )
plane. It must be emphasized that the equality is only true in these straight field line coordinates,
otherwise the previous definition of the rotational transform is required. Furthermore, with the
above definition, we are able to write Eq. (2.39) is a more compact way known as the Clebsch

representation. First we rearrange some terms to obtain,

B=Vy) X VO+ Ve XxtVy

= Vi X VO — Vi X V.

Then we define o = 6 — tp so we may write,

B=Vyx Va (2.46)
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which will be used in Sec. 2.7.

2.5 One Dimensional Equilibria

With the ideal MHD equilibrium defined, we can now study different configurations and
the associated equilibria. This begins with looking at a one dimensional cylindrical system, where
quantities only have a dependence on the radial coordinate, r. The configuration presented
below is known as the screw pinch, where in a cylinder of arbitrary length current is driven
into the plasma such that it has components in the poloidal direction and the z direction. The
magnetic field lines in this configuration twist around the surface, similar to the threads in a
screw, hence the name.

To begin the analysis, we must make an accounting of the unknowns of the problem to
know what we need to solve for. Those unknowns are: p, B = Bgeg +Bzez,and J = Jgeg+Jze5.
The first and easiest equation to address is the solenoidal condition, V - B = 0, which is satisfied
automatically since the two components of the magnetic field are only dependent on the radial

coordinate. Ampére’s law gives,
d
MOJ = ——ep + ;—r(rBe)ez (247)

Then the current density can be substituted into the pressure balance equation,

p’ = JQBZ - JZBG (2.48)
to get,
2 2
d By B\, Bj
—|p+ + + =0. (2.49)
dr (p 2up  2uo ) Mor

The system has now been reduced to one equation with three unknowns. As a result we are
free to choose arbitrary functions for two of the unknowns, for example the components of

the magnetic field, and determine the remaining one using the above equation. The arbitrary
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functions are typically known as free functions. While the above equilibrium is simple, it does not
have the properties which would be required for a fusion power plant. The magnetic field lines
all go through the vacuum vessel, since it is a straight cylinder, there will be significant energy
loss rates as particles leave the plasma and collide with the walls. A solution to some of these

issues is to add toroidicity and make the system doughnut-shaped rather than a cylinder.

2.6 Two-Dimensional Equilibria

By changing the system from a cylinder to a torus, an extra dimension is added to the
problem. For this toroidal equilibrium we will use a standard cylindrical coordinate system,
(R, ¢, Z),shownin Fig. 2.1. In this configuration we will assume that there is toroidal axisymmetry,
meaning that derivatives of any quantity in the toroidal direction is zero, or simply, d4F = 0.
The analysis of this 2D equilibrium will follow a similar structure as before, except the goal is to
derive what is known as the Grad-Shafranov equation which describes axisymmetric toroidal
equilibrium.

The divergence of B equation with the assumption of axisymmetry gives,

10 dBZ

=3g RBR) + == = 0. (2.50)

We can also express the magnetic field in terms of the vector potential, A. Since B =V X A the
components Bg and Bz can be expressed as,

5A¢

BR:_a_Z

(2.51)
By = R IR (RA¢)

With the forms of Egs. (2.50)-(2.51) a stream function, y = RAg, can be defined which will

facilitate the rest of the derivation. It is worth noting that this is the same y we discussed
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Figure 2.1: Geometry for axisymmetric equilibrium
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previously. Now note that,

B-Vy= BRS—;E+BZZ§ 0 (2.52)

which can be shown by eliminating the partial derivatives using Eq. (2.51). This implies that
magnetic field lines lie on surfaces of constant y. It is also beneficial to recognize that the

magnetic field can be rewritten in terms of its toroidal and poloidal components,
B=B ! \Y% 2
= Bgpep + R X X ep. (2.53)

Next we look at Ampére’s law. Expanding V X B and using the previous results gives,

ang 0Br 0Bz
Mod = ———-€R (ﬁ )

3z ¢ + RoR e (RB $)ez

1 1%y 8 (1dy 554
= BV x g~ (535 + 5k (7)) 2.5
_1 L s

= EV(Rqu)Xqu—EA Xep

where the operator A* is defined as,

d (19 82
A*=R—|== —. 2.
3R (R aR) t oz (2.55)

The last step is to substitute the expressions found above for B and J into the momentum
equation. Before making the substitutions, it is helpful to take the dot product of the momentum
equation with B and J and expand from there to make certain observations. Dotting the equation

with B gives,

B-Vp=%V)(xe¢-Vp (2.56)
=ep - VYXVp=0.

This impliesthat Vy || Vp. Since they are parallel, one can invoke the chain rule to make the
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transformation,

Vp = V)(Z—)lz (2.57)

which indicates that p = p(), and thus the pressure is a flux function. As before, the pressure is
also a free function which the model itself cannot determine.

Taking the dot product of the momentum equation with J yields a similar result,

1
J-Vp==V(RBg)Xep-Vp
R i (2.58)
=€y V(RB¢) X Vp=0.
Again, this indicates that RBy is also a flux function as well as a free function. Let us define
the function, F(y) = RBy to be used in the ensuing steps. Now that the components of the
momentum equation can all be represented in terms of flux functions or y, we can substitute

into the momentum equation,
Vp=JXB

dp (1 1 . F 1 )
V)(d)( = (HORVerqb ,UORA )(e¢> X (Re¢ + RV}(XG¢

dp F

_— = VF + A* ¥V
Xdx HoR? HoR? X

dp 1 dF? 1

—£=_ \Y - A* yV
Xd)( 2[.£0R2 X d){ /,{0R2 XVx

and solving for A* y,

A*y = —ugR2=E - = (2.59)

which is the Grad-Shafranov equation. To solve the equation, one must set the profiles for p()
and F(), as well as boundary conditions, to then solve for y. From there, one is able to calculate
the functional forms of the magnetic field and the current density. In most circumstances, an
analytic solution of Eq. (2.59) does not exist and it is instead solved numerically.

From a theoretical point of view, 2D axisymmetric equilibria are attractive because of
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their relative simplicity, which makes them easier to study. There are some practical challenges
to the design though. A main driver of this is the fact that a net toroidal current is required to
achieve force balance. In a tokamak, this is achieved by driving current into a plasma with a
transformer. This leads to several problems. The first is that it is difficult to indefinitely drive DC
current with a transformer, which makes a tokamak run as a pulsed device rather than a steady
state one. This is undesirable as a fusion power plant would ideally be running continuously.
Itis worth noting that there are non-inductive methods to drive current in the plasma that are
currently a subject of research. Another issue with driving current in the plasma is that this can
lead to a variety of current-driven instabilities, which can lead to catastrophic losses of plasma
confinement, known as disruptions. As a result, the study of instabilities and how to suppress

them is a major area of interest in the field of tokamak physics.

2.7 Three-Dimensional Equilibria

Now we begin the discussion on 3D toroidal equilibria. The third dimension is added to
the system by removing the toroidal symmetry assumed in the previous section. The loss of
axisymmetry makes the problem of calculating the equilibrium more difficult, and as a result
one cannot formulate a relation that is equivalent to the Grad-Shafranov equation for the 3D
case. Thus, a method different from what was previously described must be used. Because most
3D equilibria must be calculated numerically, it is preferable to set up the force balance problem
as a variational principle. What this means is that solutions of the equation Vp = J X Bare in

fact states of minimum MHD energy,

—+—d .
W= f( +2MO) |4 (2.60)

under several constraints. In the above equation, I is the adiabatic index, the first term repre-
sents the plasma’s thermal energy, and the second term represents the magnetic energy. The

constraints are as follows, where they are listed as they are found in Ref [11].
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1. ¥ has nested toroidal flux surfaces ranging from the innermost one, ¥ = 0,t0 ¥ = Y0

on the boundary;
2. V-B=0;
3. B-Vy =0;

4. The toroidal magnetic flux, seen in Eq. (2.41), inside the toroid defined by each level curve

P =Yg € [0,Pmax]is equal to 2mto;

5. The corresponding poloidal flux, seen in Eq. (2.43), is equal to 2y (¥);

f pVT dv = M(y).
Y<ypo

Where the last constraint is stating that, since the entropy density, p/pr, is conserved, the total
mass inside each flux surface is constant, with that quantity being, M(¥). Among all choices of
p, B, and 1, Eq. (2.60) is made stationary if, and only if, p is a function of  aloneand J X B = Vp,
where J = V X B/ug. The goal of this section is to prove the previous statement.

We begin this by varying the pressure. This gives,

0=6W = oP 4y

-1
P=1
o (2.61)

op
= — di —=_ds
Pt w=yo V¥

where Eq. (2.31) was used to change the volume element. For the right-hand side to equal

zero, we require that the surface integral be zero. To show this, we can first vary the pressure in
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constraint 6,
1 d¢
IV¢I

P<ipg

1
:f pT |$¢|ds+j 5—I§’p 1|$¢|ds
p<py VY W<t 4

Then, if we take the derivative of the above equation with respect to ¢, we obtain,

M(go) = f (p+6p)T
Y<Pg

1

M’ (o) = / P s (2.62)
W=t VY|

and,

0=f pF -1 gp ds. (2.63)
P=1hg Ad

Equation (2.63) restricts which variations are permitted. For example, if pg and p; are the

pressures at two locations rg and ry, respectively, on the same 3 surface, then

1-4 1-2
5P=(m)r50—rw+1h &r—rﬂ)WW| (2.64)

is an allowable variation. However, substituting this into Eq. (2.61) requires that pg = p; for the
equality to be satisfied. Hence, the pressure must be constant on a flux surface, making it a flux
function,andB - Vp = 0.
The next step is to vary the magnetic field. First, recall the formulation of the magnetic
field found in Eq. (2.46),
B=Vy)X(V3+Vi-Vp).

This representation of the magnetic field satisfies constraints (3)-(5), and B can be varied by
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varying 1 and 1 separately. Varying 1 gives,

wo(W + W) = %f(s+5s)2 dv
uoaw:fa-asdv
=fB~(V1,b><V5/1)dV
_ f V(1) - (B x V) dV.

Then using the divergence theorem,

A
|V¢|

—fci/le,b-(VXB)deO.

HoSW = f SA(B X V) - - f SAV - (B x Vi) dV

(2.65)

Where the surface integral vanishes because of the dot product of two perpendicular vectors.
Using Maxwell’s equations this implies that J - Vi = 0.
Finally, we must vary ¥, remembering constraint (6). Varying ¥ will change the shape of

the flux surfaces. The volume of the flux surface at ¢ = cis given by,

Vo= /,d¢/RV¢|

and its variation is,

o
dV(c) = f ds (2.66)
e VO
from Eq. (2.62) the pressure can be written as,
_zww§r
“w‘<ww)
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and its variation at constant 9 is,

5p() _ ToV'(®)
) V)

thus giving that,

_ [PV ®) :_f
fépdV— F_/—V’(¢) dv ' | péVdy.

Integrating by parts and using Eq. (2.66) one is able to show that,

f5pdV=Ffp’(¢)5de,b=—Ffp’5¢dV.

Finally, we can vary W with respect to ¢,

SW = /(p5¢+5p B;éB)dV
0

_/( yop+ B (V5¢><Voc)) i

Ko

Integrating by parts and noting that 63 = 0 on the boundaries yields,

5W=f5¢(w—p’) dv.

Taking W = 0 implies that,

(VxB)-Va=uop'®).

Since,

IXB=JX(VpxVa)={J-Va)Vy

(2.67)

(2.68)

(2.69)

(2.70)

we then conclude that J X B = Vp. Thus, the proof is finished. This shows that the equilibrium

for a 3D plasmais entirely determined by the last closed flux surface, and two profile functions.

In this case we chose them to be y(¥) and M(3), but there are different possible choices, such

as ) and p(¥)).
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2.7.1 Problems with 3D Ideal Equilibria

The above proof demonstrates the existence of 3D MHD equilibria, but it does not guar-
antee that the pressure profile and magnetic fields are physical and free of any singularities.
This becomes most evident when one assumes all the magnetic surfaces in the equilibrium are
perfect, closed, and continuously nested. By saying a perfect closed surface, we mean that the
field lines are not stochastic, and by continuously nested we mean that the surfaces all surround
the same central point, the magnetic axis. This assumption can resultin the current density going
to infinity at all surfaces where the rotational transform is rational. This is a problem because flux
surfaces are generally required for good confinement properties, and two of the most commonly
used stellarator equilibrium codes, VMEC [14] and DESC [15], assume the system has perfect
nested flux surfaces. This can be shown in the following manner.

Consider an equilibrium with an arbitrary magnetic field and a pressure profile. We now
undertake the task of computing the current density parallel to the magnetic field. The current

density can be decomposed into a component parallel and perpendicular to the magnetic field,
J=Jb+J;.

Since V - J = 0 from Eq. (2.15), taking the divergence of the above equation and rearranging

terms gives,

B.v(ﬂ)——v-J (2.71)
B)~ + '

Equations like the one above of the form,
B-Vf=S (2.72)

are known as magnetic differential equations (MDE). The S is a source term, and f is an unknown

single-valued function which we are solving for. In order for f to be single valued, there is a
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condition on S. Expanding Eq. (2.72),

B-Vf:B%=S

where the partial derivative is the derivative along the magnetic field line. Integrating over an

arbitrary length L gives,

L
- = [ 5%

0

Then, if the curve beingintegrated along is a rational surface which closes on itself after a distance

L, f(0) = f(L) = 0and
di

Itis now convenient to re-express J | in terms of B and p. Note that,
Ji=bx{Jxb).

Then crossing both sides of the momentum equation with B and dividing by B2, we find that,

_BXxVp

J 52

Taking the divergence and using some vector derivative identities gives,

V.4, =(BxVp)-V (%) = P @D)BX VY-V (é) (2.74)

For Eq. (2.71) to have a solution, the constraint in Eq. (2.73) must be satisfied. We can integrate

the right side of the above equation, and simplifying gives,

;o0 Ldl
p(zﬁ)% 5 =0 (2.75)

This constraint is satisfied if the pressure gradient, p’(y), vanishes on every rational surface.
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There are other ways to satisfy the above equation, but those are restrictive and will not be
mentioned. Further discussion on this topic can be found in Sec. 10.3.2 in the Introduction to
Stellarators textbook. [12] Now we return to solving Eq. (2.71).

Since we have thatB- Vo = g~ 1 and B- V6 = g~ 1¢®) Eq. (2.71) can be expanded as,

a (J] a (I _ BxVp
() 5 (3) =V (550) =1

To solve this differential equation, we can express each of the terms as Fourier series which are

periodic in their angular quantities, (see the next section for a discussion on this method)

J .
=S apn(@)ei(m=n9) (2.77)
B m,n
BXVp) i(m6—
gV (25E) - 3 bmn@elmere) (2.78)

Inserting these into Eq. (2.76), taking derivatives, and eliminating the exponentials gives the

following algebraic equation for the Fourier coefficients,

i()m —n)ay n = —bm n. (2.79)

This implies that for all values of (m, n), by, , = 0 whent = n/m. The general solution to the

differential equation is,

% — n;n i%e“me_”@ + Ay, n()S(e(p)m — n)el(MB—ne), (2.80)

Note, that the solution to the equation xf(x) = 0in the space of generalized functions f(x)
isnot f(x) = 0, but f(x) = cd(x), where cis an arbitrary constant. [11] Thus, there are two
contributions with singularities to the parallel current, one in the form of a §-function, and
the other in the form of 1/x. The §-function term is responsible for the formation of current

sheets around rational flux surfaces, and is not problematic computationally. The 1/x term,
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on the other hand, can become an issue. It contributes to the parallel current throughout the
plasma and is dependent on the pressure gradient, thus sometimes referred to as the pressure
gradient-driven current. [12] If one allows the pressure gradient to become non-zero on a rational
surface, the constraintin Eq. (2.75) is no longer satisfied and the parallel current becomes infinite.
This is precisely what is done in Equilibrium codes such as VMEC, [16] and DESC [15] which
assume nested surfaces and continuous pressure profiles. Thus, it is arguable whether these
solutions are strictly mathematically correct. There are several ways to enforce that the pressure
gradient vanishes. One non-trivial way is to set the pressure gradient to zero everywhere except
at certain irrational surfaces, giving a stepped pressure profile. The SPEC code implements this
method, known as MRxMHD. The more general method to resolve this issue is to do away with

the assumption of nested surfaces, and allow the formation of magnetic islands.

2.7.2 Magneticlslands

To begin the discussion on magnetic islands, we note that we can represent the magnetic
field in a general form which does not require the assumption of magnetic surfaces as in Sec. 2.4.

Let our coordinates be (r, 6, ), and
A=A, Vr+AgVO+AyVyp
be the covariant representation of the vector potential. We can then introduce,

r
o(r6.0) = f A, 6, 9)dr

ro
_ og
¥=49—- 35
_ ag
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where r( is arbitrary. Making the proper substitutions we can re-express the vector potential as,

A=19yVO—- yVp+ Vg (2.81)

and the magnetic field is then,

B=VXA=Vy)pXxVO+VpxVy. (2.82)

The above equation is “equivalent” to the magnetic field in Eq. (2.39). They are technically not
the same equations because the y in the two equations are not the same. In Eq. (2.39), x can be
written as a function of ¢ alone, which then implies the existence of nested magnetic surfaces,
since then B - Vi = 0. Therefore, the representation in Eq. (2.82) is the more general formulation
and holds even if magnetic surfaces do not exist. y being a funtion of 1) alone also implies that

the field line equations are a Hamiltonian system,

d_z,b_B'VlP__a_)(
dp B-Vp 96

d9 B-VO dy
dp B-Vo dY’

This can be proved by showing that the magnetic field lines satisfy a variational principle.

The action of a moving charged particle is,

2
mo
Lp = ——+ZeA v —Ze (2.83)

where the Lagrangian, L is,

where Ze is the charge, m is the mass, v is the velocity, and ¢ is the electrostatic potential. In the

limit where m/Ze — 0 and ¢ = 0, the particle exactly follows the magnetic field, and the action
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becomes,

S=ZefA'dr=Zef(¢d9—)(dga) (2.84)

where Eq. (2.81) has been used to eliminate the vector potential, ignoring the Vg, as it only
contributes a constant to S and does not contribute to its variation 85, assuming the end points

of the integral are fixed. Equation (2.84) is of the form,

S=f(pdq—Hdt)

showing that the field lines are Hamiltonian.
A byproduct of this is that since Hamiltonians are generally chaotic, the magnetic field
lines are also chaotic if the “Hamiltonian”, y(¢, 6, ¢), depends on all three coordinates. Assuming

that y is periodicin (6, p), x can be Fourier decomposed as,

X@®.0.0) = xo@) + O, xmn@)el (M%),
m,n#0

We can then express the field-line equations as,

dé

& =@+ > Xmn()el(mo—ne)

m,n#0

d . i(mo—
% =— E m)(mn(lp)el(me np)
m,n#0
with ¢ = dyo/dy. If xo > xmn, implying that the magnetic field consists almost entirely of

nested flux surfaces, then the above equations can be integrated to give,

0 = 0o + Po)p

Y=19o— Wm—”(l'bo)ei[m@0+(mt(l/’o)—n)§0]_

o o) — n

The above definition of i has a singularity at rational surfaces and indicates that Fourier com-
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ponents with n/m = «(3)) are dominant. Keeping only the dominant components gives the

Hamiltonian,

X@.6,0)=xo@+ Y. xmn@)el(MO=1P),
n/m=t(xq)

Rather than using (3, 0) as the canonical coordinates for the Hamiltonian, we can replace 6 with

a =0 —(yg)e. This then allows for the Hamiltonian to be expressed as,

H(, o, ) = (3,0, 9) = o)(® — Po)
= xo®) + f(, ) — (o) — o)

where, f is the summation term over n/m = t. This Hamiltonian is approximately equal to, (a

non-important constant excluded)

H(p, o, ) =

n _ 2
)(o(l)bo)(;b Yo) t (o)

where the above equation is obtained by expanding yo(¥) about ¢ = 1. Since the right hand
side is independent of the “time” coordinate, ¢, the Hamiltonian is integrable and describes
the formation of magnetic islands around resonant magnetic surfaces. The “potential” well,
f(o, a) dictates the shape of the islands. Keeping only a single pair of harmonics makes the

shape sinusoidal,

n _ 2
Hp.a,0) = Xo(l.bo)(;ﬂ Yo)

+ 2¥mncos(ma).

The system the above equation describes is equivalent to that of an ordinary nonlinear pendulum.
Each value of the Hamiltonian corresponds to a distinct magnetic field line. In particular, the
magnetic island separatrix is defined by H = 2y,,,». Substituting this value into the above

equation and solving for ¢ — 1 gives,

o 4 mn(1 — cos(ma))
¥-vo= i\/ ¢ (%o)
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Figure 2.2: Two possible equilibria. The one on the left is stable, while the one on the right is
unstable.

on the separatrix. The width of the island, AY = ¥max — ¥min, IS then,

_ 32Xmn
Y= \V ¢ @o)

If this width is much smaller than the distance to the next island, then neglecting the non-

resonant Fourier modes is justified. If that is not the case, then the method fails and coupling of

the different Fourier harmonics arises as well tending to make the magnetic field lines chaotic.

2.8 Linear Stability Theory

Once a satisfactory equilibrium is found, it then becomes important to know if it is stable
or unstable. By stable or unstable we mean whether the system will return to its initial state after
being perturbed. An analogy for thisis a ballin a valley or on the top of a hill, as depicted in Fig. 2.2.
A stable equilibrium is similar to a ball in a valley, where any displacement or perturbation will
result in a force acting in the opposite direction, bringing the ball back to its initial point to then
oscillate around the equilibrium. An unstable equilibrium is similar to a ball on the top of a hill,
where any displacement will cause the ball to continue in the direction of the displacement and
away from the equilibrium.

There are various methods one can use to investigate the stability of a system. The method
used later in this thesis is known as the method of normal modes, which will be described below.

Before applying the method of normal modes, there are a few steps that must first be taken. First,
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itis necessary to linearize the equilibrium equations. This is done by expanding each quantity,
such as densities, pressure, or magnetic field, into an equilibrium term and a small perturbation
term, such as p = pg + p. Then one substitutes the expanded term into the original equation
and expands all terms. Components which only consists of equilibrium quantities will all cancel
as they are the ones that must satisfy the equilibrium force balance being studied. Others, which
are products of multiple perturbed quantities are assumed to be too small to make a significant
contribution to the result, and thus are dropped. Thus, the only remaining terms will be those
which are a mixture of equilibrium terms and a single perturbed quantity. This process is known
as linearization.

Once the equations have been linearized we can use the method of normal modes to
assume the form that the perturbations will take. To justify the form these functional forms will

take consider the following PDE,
(AOxx +B0yy + C0y + D0y + Edy + F)(x,y,t) = 0. (2.85)

Where the coefficients can be of the form A(x, y, t), ..., F(x, y, t). If the coefficients are indepen-
dentof xandt,i.e. 3,A = ... = 9;F = 0, and the system is either infinite or periodic in x, then
we can Fourier analyze in the x coordinate as well as Laplace transform in the time coordinate to

take derivatives and reduce the complexity of the problem. We can do that by writing,

Porynt) =K ff Bk v 7)eR5HTE dc dy (2.86

which is the inverse Fourier transform in x as well as the inverse Laplace transform in time,
where K contains the transform prefactors. Then substituting Eq. (2.86) into Eq. (2.85) and taking

derivatives yields,

K / (Bdyy + Edy + (y2C + F +ikD — k2A)) d(k, y, y)e** dk = 0. (2.87)
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And thus
(Bdyy + (E +ikC)dy + (F +ikD — k2A)) (k. . 7) =0 ¥ k.. (2.88)

Rather than studying all the modes, we can make the simplifying assumption that the
function of interestis only a single mode. Then rather than using Eq. (2.86), we make the following
definition,

P(x,y, 1) = P(y)etkx+rt (2.89)

which is the normal mode method. The above equation is equivalent to having performed
the transforms and assumed that the function’s only dependence in k and y are found in the
exponential. One can substitute the above equation into Eq. (2.85) and one should recover
Eq. (2.88), except it will be only for a single k and y.

Once the perturbations are assumed to be of the form in Eq. (2.89) taking derivatives in
the transformed coordinates becomes trivial. Once that is done one must solve the resulting
system of equations, including the boundary conditions which also must be linearized and so
forth, for y which will be known as the growth rate. The stability of the equilibrium will depend
on the sign of the real component of y. If y > 0 the system will be unstable as the perturbations
will grow exponentially in time. If y = 0 the system will be neutrally stable. If y < 0 the system
will be stable as the perturbations will decay exponentially in time.

To demonstrate the method described above a stability analysis will be performed on the

following system,

2
%zf—f2+%%, fx=0,)=f(x=1,£)=0 (2.90)

where, 1 = constant and is positive. Assuming a static equilibrium gives,
19%f )
-—= —f“=0. 291
232t -7 (2:1)

We take the equilibrium solution to be fo(x, t) = 0. Now we add a perturbation to the equilibrium
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and substitute, f = fo + df in the original equation. This gives,

a(f°a+ O _ fo+8f = (fo+8f)2 + 1@. (2.92)
Linearizing according to the standard procedure gives,
86f _5ft 1626f (2.93)
Now we assume the perturbations are normal modes and thus have the form,
§f = Aetkx+rt (2.94)

where y is the growth rate of the perturbation, k is the wave vector, and A is a constant. Substi-

tuting, taking the derivatives and solving for y gives

y=1——. (2.95)

Therefore we have three regions of different stability. When 1 > k2,7 > 0, which makes the
equilibrium unstable. When 1 = k2, y = 0, which makes the equilibrium neutral. When 1 < k2,
y < 0, which makes the equilibrium stable. A similar linear stability analysis is presented in
Chapter 4 to investigate a system subject to both the Kelvin-Helmholtz and Rayleigh-Taylor

instabilities.
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Chapter 3

3D Magnetohydrodynamics Equilibrium

Text and figures in this chapter are reproduced from:

S. R. Hudson, D. Panici, C. Zhu, G. S. Woodbury Saudeau, A. Baillod, M. Cian-
ciosa, A. S. Ware; Verification of the Shafranov shift in free-boundary VMEC, DESC, and
SPEC calculations with elliptical geometry. Phys. Plasmas 1 April 2025; 32 (4): 043906.
https://doi.org/10.1063/5.0253843

G. S. Woodbury Saudeau, M. Cianciosa, D. A. Maurer, A. S. Ware; Modeling and De-
tecting Magnetic Islands in SIESTA. Phys. Plasmas 1 June 2026; 33 (6): 063902. https:

//doi.org/10.1063/5.0330426

with the permission of AIP Publishing.

3.1 Introduction

Fixed- and free-boundary three-dimensional (3D) magnetohydrodynamic (MHD) equilib-
rium calculations are required for the reconstruction of existing stellarator experiments. [17-
35] With a known external field, the plasma pressure and current profiles are adjusted so that
the corresponding equilibrium provides a best-fit to experimental measurements. [36-38] Re-
construction and analyses of observed experimental phenomena is essential for validation of
theoretical models of plasma confinement, which in turn is essential for predictive design.

For both validating physical models and numerical codes against existing experiments

and for designing future experiments, verification of the free-boundary equilibrium calculation
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is required. Verification calculations seek to confirm whether or not a given code is correctly
solving the equations that it was built to solve, as opposed to validation which shows that the
model accurately reproduces experimental behavior. [29, 39-42] The first portion of this chapter
is dedicated to the presentation of verification calculations, both qualitative and quantitative, of
equilibria calculated by the DESC, [15] SPEC, [43] SIESTA, [44] and VMEC [16] codes for the same
system. The second portion will investigate a specific aspect of these kinds of equilibria, namely
magnetic islands.

This chapter is organized as follows. In Sec. 3.2, we give brief descriptions of the equilib-
rium codes used to perform the equilibrium calculations. Section 3.3 discusses the work and
results of the free-boundary equilibrium comparison project. Then Sec. 3.4 is dedicated to the

investigation into modeling and detecting magnetic islands with SIESTA.

3.2 Plasma MHD Equilibrium Codes

3.2.1 Fixed vs Free-Boundary

Before delving into the details of the individual codes used in this chapter, it is important
to discuss the two ways MHD equilibrium codes calculations are performed. These two run modes
are known as fixed boundary and free-boundary. Fixed boundary calculations are performed
by giving the equilibrium code the shape of the plasma boundary or last closed flux surface,
keeping that curve fixed, and then solving the associated equilibrium with said boundary. This
method of finding an equilibrium has the benefit of reducing the computational complexity of
the problem, which in turn makes it more likely for the solver to find a solution. The downside
of this kind of calculation is that it does not represent the most “accurate” solution, as it is
not taking into account the impact of the external magnetic fields. Also, it forces a particular
solution onto the plasma, which given a specific coil set, may not be correct. The free-boundary
method resolves these issues. Typically, when one runs a free-boundary calculation, rather than
provide the plasma boundary, one instead gives an initial guess for the boundary, as well as

information about the vacuum magnetic fields which surround the plasma, and the vacuum
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region surrounding the plasma. The plasma is then allowed to move and deform as the solver
seeks an equilibrium. Although one is able to achieve a higher physics fidelity with a free-
boundary calculation, this increases the complexity of the problem, and thus it becomes that
much more difficult for the equilibrium solver to find a solution. In the ensuing calculations
VMEC, DESC, and SPEC were run as free-boundary calculations while SIESTA was run as a fixed

boundary calculation.

3.2.2 VMEC

The Variational Moments Equilibrium code (VMEC) [16] is a 3D ideal MHD equilibrium
solver that has been widely used in the field since the code’s inception. The static ideal MHD

equations that set the equilibrium are,

=—JXB+Vp=0 (3.1a)
V X B = pupd (3.1b)
V-B=0 (3.1¢)

where F is the residual MHD force, which must vanish in equilibrium. The equilibrium computed
by the code is required to consist of nested flux surfaces and is obtained by minimizing the energy

functional

2 2
E = f(L+B—) dv+fB—dv (3.2)
y\r—1  2ug v 2Ho

where V is the plasma domain and V is the vacuum region.

The coordinate system employed by the code is as follows. The radial coordinate is
defined as the normalized toroidal flux, s = ¥/¥ T, where ¢ T is the total toroidal flux enclosed
by the plasma. In this formulation, s = 0 is set to the magnetic axis, and s = 1 is the plasma

boundary. The other two coordinates used are u, a poloidal angle measured the short way along
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the torus, and v the cylindrical toroidal angle.

In the described coordinate system, the magnetic field in VMEC is of the form,

Bymec = B”eu + Bvev (3.3)

where e; represents the covariant basis vector. The current density will have the same form. We

also have that the pressure is constant on a flux surface, or

VPVMEC . e” = VPVMEC . e” =0 (3.4)

where e represents the contravariant basis vector.
In the code angular quantities are decomposed into Fourier harmonics and radial quan-
tities are finite differenced, resulting in them having the following form assuming stellarator

symmetry, (which means quantities are up-down symmetric, or symmetric across the radial axis)

[45] v N
C= > D Cmn(s)sin(mu— nNev) (3.5)
m=0n=—N

for quantities with sine parity, and

N
Z Cmn(s)cos(mu — nNg,v) (3.6)
0On=-N

@)
Il
Mz

for quantities with cosine parity. Above, C is an arbitrary quantity, mis the poloidal mode number,
nis the toroidal mode number, Ngp is the number of field periods, and M and N are the number
of poloidal and toroidal Fourier modes used in the calculation.

Calculating an equilibrium requires the pressure profile and either the current or rota-
tional transform profile. If VYMEC is run in fixed boundary mode, it also requires the last closed
flux surface is expressed in Fourier amplitudes. If rather it is run in free-boundary mode, the
code requires the vacuum magnetic field, typically provided in the form of an mgrid file. The

boundary is then found when the total magnetic pressure combined with the plasma pressure is
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continuous across the last closed flux surface. In either fixed boundary or free-boundary mode,

VMEC finds an equilibrium by minimizing the energy functional through a variational method.

3.2.3 SIESTA

The Scalable Iterative Equilibrium Solver for Toroidal Applications (SIESTA) [44] is a 3D
ideal/resistive MHD equilibrium solver which does not assume nested flux surfaces. Removing
the nested surface assumption allows the magnetic field and current density to have radial
dependence, i.e.

BsiesTa = BSeS + B”eu + Bvev. (3.7)

A byproduct of this is that the pressure is no longer a constant on grid surfaces,

VPsiesta - €% # VPgiesta - €V # 0. (3.8)

SIESTA begins its calculation from a VMEC equilibrium, using it to set up a computational
grid as well as an initial guess for the equilibrium. The u and v coordinates used in SIESTA are
the same ones used in VMEC, whereas the s coordinate is rescaled from the VMEC one. In SIESTA
the radial coordinate is defined as, sgjpsTa = m This is done to have a more evenly spaced
radial grid as well as to guarantee analyticity of the fields near the magnetic axis. [44] Quantities

in SIESTA are stored in a similar fashion as VMEC quantities assuming stellarator symmetry, [45]

N
> Cn(s)sin(mu + nNg,v) (3.9)
=—N

(@)
1]
Mz

On

for quantities with sine parity, and

DMz

Cmn(s)cos(mu + nNg,v) (3.10)
N

a
1]
Mz

On

for quantities with cosine parity. Above, C is an arbitrary quantity, mis the poloidal mode number,

and n is the toroidal mode number as before, Nyp is the number of field periods, and summed
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over the same values previously mentioned as well. To find an equilibrium, SIESTA displaces the
fields and pressure in order to lower the MHD energy.

While SIESTA does not assume nested surfaces, magnetic islands are unable to form
unless a seed perturbation is applied or resistivity is allowed to diffuse the magnetic field lines.
Theisland seeding is performed by adding a parallel component to the vector potential around a
resonant surface. This helical perturbation is then,

AlB

A = a(s) expli(m*u + n*Ngyv)] (3.12)

where a(s) is the amplitude of the perturbation and m™ and n™ specify the poloidal and toroidal
mode numbers of the perturbation. This quantity has a direct impact on the size of the island
that will be formed. As such, this leads to uncertainties in the equilibrium calculation, since the
actual island size is generally unknown a priori. This is implemented in the code as follows.

To open anisland, SIESTA must be given two input quantities, the poloidal mode of the
resonance, as well as the amplitude of the magnetic perturbation, Hpert. It then searches for a
compatible resonance which satisfies m(s)+nNg, = 0. Ifaresonanceis found a test perturbation
is applied,

P = HpertCoS(Myrestt + NyesNfpV)
which is then scaled by a profile given a width, w,

1
1 +(S —ufres)'

SIESTA then scans the width of the helical perturbation for the lowest energy. Once found the

W(s) =

helical perturbation is applied by modifying the electric field update. Using Ohm’s law the electric
field can be updated as,

E=vxB+nJ
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where the resistivity, 7 is scaled as,

n(s) = s2(1 — s)no.

The field update is set as,
E=vXxB+n(s)W(s)PJJ (3.13)

where J is the Jacobian of the coordinate system. The magnetic field is then updated using a
discrete form of Faraday’s law.

A recent development in SIESTA has added extra versatility to this process. [46] Typically,
SIESTA uses toroidal mode numbers that are multiples of the device’s number of field periods. If
the equilibrium has a resonance with a toroidal mode number not included in this list, a magnetic
island would not form when the perturbation is applied. An example would be a five field period
device with ant = 1/4 resonance. Telling the code to apply a perturbation with m = 4 would
lead to no change because the n = 1 mode is not included. A workaround would be to set the
number of field periods to 1 in the input, and then increase the number of toroidal modes used
toinclude the ones that were originally desired. Doing this would lead to a multi-fold increase in
computational complexity.

Currently, SIESTA can run with user specified toroidal mode numbers, known as “sparse
mode”. This allows the user to run using the usual toroidal mode numbers that are multiples
of the number of field periods, as well as any other desired mode numbers. SIESTA is thus able
to study field periodicity breaking islands for a marginal increase in computational cost. This is
important for devices such as CTH, a five field period device, which regularly observes 1/2 and

1/3 resonant modes. [47]

3.24 DESC

The DESC stellarator equilibrium and optimization code [15, 48-50] solves the equilib-

rium problem in a manner similar to that of VMEC. The coordinate system and magnetic field

71



representation is nearly identical to VMEC’s, differing in the chosen radial coordinate, where
DESC usesr = 4/9/y T, and in the radial discretization. The coordinate mapping in DESC uses a

3D Fourier-Zernike spectral basis, [51] [52]

R(r,6,0) = D) RymnZr 0)Fo"(), (3.14)

I,m,n

wherel € [0,L], m € [-M,M] and n € [-N, N] (with the radial mode numbers Il coupled to the
poloidal m such that! > m, and is dependent on the indexing scheme used, the “ANSI/standard”
indexing was used here [53-55]) , and similarly for A and Z, where Z;" is the Zernike polynomial

of radial degree [ and poloidal degree m, defined as

Riml(r) cos(|ml|6), form >0,
Zin(r,6) = (3.15)

lel(r) sin(jm|6), form <0,

with the radial function R;ml as the shifted Jacobi polynomial,

1—
( |m|)/2 (—1)S(l _ S)' =y

ml, \ _
MUO= L Sz = s - s

(3.16)

and Fo is the typical Fourier seriesin ¢,

cos(|n|[Np¢), forn >0,
Fo*(§) = (3.17)

sin(|n|Np¢), forn <O.

To solve for ideal MHD equilibrium force balance, DESC uses a pseudospectral approach,
minimizing the equilibrium force balance residuals. By weighting the force components by
volume, one can obtain a system of nonlinear algebraic equations for the total MHD force balance
error in the plasma volume [15] evaluated at collocations nodes in (r, 6, {). This system is then

solved in a least-squares sense, with the residual minimized with respect to R; ;5 11, Z] .0, @nd
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Al,m,n- The poloidal angle, 6, in DESC is free to be varied (through variations of the spectral
coefficients) in order to best reduce the force residual, and this has been shown to result in
similarly condensed Fourier spectra as VMEC [49].

The free-boundary problem is approached as a minimization problem [48, 56], where the

objective to minimize is the errors in the free-boundary equilibrium conditions:

Bour-n = 0, (3.18)
B? B2
oy p2 - = (3.19)
210 210
n X (Bour — Bin) — oK = 0, (3.20)

where B is the total magnetic field (from external coils and from the plasma currents), p;, is
the plasma pressure atr = 1, and K is a possible sheet current which may exist on the plasma
boundary, parameterized as another unknown in addition to the plasma shapeas K =n x Vo
with @ given as a Fourier series in (6, {). The errors in satisfying these equations (after being
multiplied by the appropriate surface Jacobian element, |eg X e§|) are minimized with respect
to the plasma boundary shape and the Fourier coefficients describing the surface sheet current,
all while under the constraint of MHD force balance in the volume, in order to obtain a free-
boundary equilibrium solution. For vacuum equilibria, this sheet current is not a necessary
degree of freedom, and for the nonzero 8 equilibria presented, the sheet current was found to
be negligible, so the results shown are without sheet currents as a degree of freedom.

In DESC, the external field may be provided in a number of ways [56]: DESC can take
an mgrid file as is used in VMEC, a representation using Dommaschk potentials [57], or DESC
can take the coil geometry directly, and compute the field where it is needed using Biot-Savart
calculations. The latter “direct-from-coil” calculation was employed for the DESC calculations

presented herein.
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3.2.5 SPEC

The Stepped Pressure Equilibrium Code (SPEC) [43] is a multi region relaxed MHD
(MRxMHD) equilibrium solver which like SIESTA does not assume nested flux surfaces, and as the
name implies, uses a stepped pressure profile rather than a continuous one. This unorthodox
choice is motivated by the previously discussed singular currents in Sec. 2.7.1 that occur in
ideal 3D MHD when assuming nested surfaces. Codes such as VMEC and DESC find solutions
which can have these singular currents present, and thus are not entirely physical. [58] SPEC
avoids this problem by splitting the plasma into a discrete set of nested regions, the number
of which is set as an input parameter depending on the situation. In each of these regions the
pressure is constant throughout and there is a pressure discontinuity at the interface between
two regions. Across each interface the total pressure, p + B2/2, is continuous. Furthermore,
the normal magnetic field on each interface is required to be zero. The choice of where to place
these interfaces is also important. They cannot be located where the rotational transform is
rational, as this will impact any magnetic island that may arise at said rational surface. Instead,
they are chosen to lie where the rotational transform is irrational, to avoid this problem.

To find an equilibrium, SPEC seeks to minimize the MRxMHD functional,

i_%(/ Ai-BidU—Ki)
V.

1

Ny

FEZ

i=1

(3.21)

where Ej is the plasma energy as given in Eq. 3.2 over the volume V', A; is the magnetic vector
potential, K; is the prescribed helicity, N is the number of volumes, and y; is a Lagrange
multiplier. Also in the limit where N}y — co MRXMHD recovers the ideal MHD equilibrium. [59]
This can be understood in the following way. Each interface functions as a nested flux surface,
and in the limit of infinitely many interfaces, the spacing between adjacent volumes tends to
zero, thereby recovering the nested flux surface solution. Furthermore, in this limit, the stepped
pressure profile becomes continuous, as in an ideal MHD equilibrium.

For free-boundary calculations, a computational boundary, D, is included. This must
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lie outside the plasma boundary and inside the external currents. In principle, the geometry
of D is arbitrary; but, in practice, having a computational boundary with a geometry similar to
the plasma boundary provides greater numerical accuracy. In the vacuum region between the
plasma boundary and D, the magnetic field satisfies V X B = 0. To compute the magnetic field
in the vacuum region, the normal field on D is required as a boundary condition, but this is not

known apriori.

3.3 Free-Boundary Equilibrium Comparisons

As is evident by the discussion in the previous section, there are several MHD equilibrium
solvers that are used by the community, and they are all different from one another. These
differences are quite significant, either assuming nested flux surfaces or allowing for magnetic
islands to form, having a stepped pressure profile instead of a continuous one, or the chosen
radial discretization. Regardless, the models are all based on the MHD model and if they are each
given the same system to solve, the resulting equilibria should be identical, or near identical.
As such, verification calculations are needed to prove the codes are solving the equations they
claim to be solving.

When it is available, the numerical approximation can be compared against the exact
solution. For free-boundary calculations, an exact solution is available for the so-called vacuum
case, where the magnetic field is completely provided by the external coils and can be computed
using the Biot-Savart law. For the non-zero pressure case, there are approximate analytic equilib-
ria that are available, which are constructed via near-axis expansions [60-74]; but, for equilibria
with arbitrary geometry and profiles, exact 3D equilibrium solutions are typically not available.
In this case, we can compare one numerical approximation against one another.

The geometry of the flux surfaces determines the local stability and transport properties
of the plasma. One particularly important effect induced by pressure is the global geometrical
shift of the magnetic axis known as the Shafranov shift. [18, 75-80]. In this section, verification

calculations as computed by the VMEC, DESC and SPEC free-boundary MHD equilibrium codes,
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Figure 3.1: The target boundary, a 5 field-period rotating ellipse described by Eq. 3.22, and the
coils represented by the gray loops.

and fixed-boundary SIESTA, as well as other more qualitative comparisons of the equilibria are
presented. Even though SPEC is based on a different theoretical model, the codes have similar
capabilities, and they should agree in certain limits. Biot-Savart calculations are performed using

the FOCUS [81] code.

3.3.1 Rotating Ellipse Stellarator

For expedience, a rather simple configuration was chosen, for which the target boundary

is a “rotating ellipse” defined by,

R=Rg+acos(8)+b cos(6 —Npo),
(3.22)

Z = —a sin(6) + b sin(6 — Np ¢).

The major radius was set to be Ry = 10m, the minor radius to be a = 1m, and b = 0.25m. The

field periodicity is Np = 5. The target surface and coil set are shown in Fig. 3.1.
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Vacuum Quantity VMEC SPEC  SIESTA  DESC

Vol (m3) 46.1555 46.1716 46.1555 46.1554
(B (T) 1.9973 1.9960 1.9971  1.9967

Table 3.1: The macroscopic quantities from the different equilibria calculated by each code.
All except the SIESTA result are from free-boundary calculations. Here (B) refers to the volume
average magnetic field.
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Figure 3.2: Rotational transform calculated from equilibria found by all four codes. The dotted
line beyond approximately R > 10.6 corresponds to the vacuum region in the SPEC calculation.

3.3.2 Vacuum Equilibrium Comparison

We begin the equilibrium discussion with a qualitative comparison of the outputs from
the different codes. This is meant to ensure that the equilibrium calculated by each code is
the identical, or as close as possible to one another. This can be a difficult task as each code
requires different inputs, and these inputs are not all in the same dimensions or units. This is not
a problem with DESC, as it can use the same input as VMEC, and since SIESTA uses a VMEC output
as part of its inputs, it should solve the same equilibrium. On the other hand, the SPEC inputs are
vastly different, and conversions between the different input parameters of SPEC and VMEC were

needed for this analysis. The transformation was recently implemented by Dr. Stuart Hudson
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as part of the work performed in [82]. The first equilibria we analyze is the vacuum case. For
this comparison VMEC and SIESTA were run with 120 radial surfaces, and the Fourier harmonics,
(m, n) were set to 12. For DESC the radial, poloidal and toroidal Fourier resolutions were set to
12. For SPEC the poloidal and toroidal Fourier harmonics were set to 12, and the plasma was
splitinto 7 volumes. Table 3.1 shows that the plasma volume and volume averaged magnetic
field are approximately the same across all cases. We can then look at the rotational transform to
check if there is any variation. Figure 3.2 shows that in vacuum there is no discernible difference
between the rotational transform profiles of the equilibria. Comparing the resulting flux surfaces
for each equilibrium also shows good agreement between the codes.

The first case we consider is the comparison between DESC and VMEC. Since both codes
assume nested surfaces and can take in the same inputs, the flux surfaces should be identical or
near identical. Figure 3.3 shows that the flux surfaces are quite similar. Then, we examine the
comparison between SPEC and VMEC presented in Fig. 3.4. We observe again good agreement
in the shapes of the magnetic surfaces as well as the plasma boundary. Lastly, we have Fig. 3.5
which shows the SPEC and SIESTA surfaces. Once again we note good matching in the surfaces
and boundary. Thus, our qualitative analysis concludes that the vacuum equilibria calculated by
the codes are effectively the same.

Itis desirable to also make comparisons between the codes that are more quantitative
in nature. One particularly important effect induced by pressure is the global geometrical shift
known as the Shafranov shift. [83, 84] In short, the Shafranov shift is an outward displacement of
the magnetic axis due to the pressure and magnetic field. Certain codes, such as VMEC, calculate
the location of the axis as part of its regular execution, while others, such as SPEC and SIESTA
require it to be found afterwards. Since the magnetic axis is an order one fixed point, meaning it
closes on itself after one toroidal rotation, one can locate the field line which satisfies this criteria
using a 2D Newton’s method. This process will be also needed for locating magnetic islands,

another class of fixed points, in Sec. 3.4, and as such we will give a description of the method.
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Figure 3.3: Comparison of flux surfaces from equilibria calculated with DESC and VMEC. The
DESC flux surfaces are the black curves on the top and the VMEC surfaces are the blue curves on
the bottom. Due to VMEC’s formulation, there is a lower surface density near the axis as opposed
to the edge, as opposed to DESC where the surfaces are evenly distributed.
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Figure 3.4: Comparison of flux surfaces from the equilibria calculated with SPEC and VMEC.
The red curves represent the ideal interfaces which separate the plasma into seven volumes.
The black lines within are the plasma flux surfaces, while the black lines outside represent the
vacuum flux surfaces. The blue curves are the VMEC flux surfaces. The visual artifact occurring

around the second to last ideal interface is a result of the rotational transform crossing some
rational surface.
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Figure 3.5: Comparison of flux surfaces from equilibria calculated with SIESTA and SPEC. The red
curves represent the ideal interfaces which separate the plasma volumes. The black lines within
are the plasma flux surfaces, while the black lines outside represent the vacuum flux surfaces.
The blue curves are the SIESTA flux surfaces. The visual artifact occurring around the second
to last ideal interface is a result of the rotational transform crossing some rational surface. The
SIESTA curves that are dashed rather than continuous also correspond to flux surfaces with a
rational rotational transform value.
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3.3.3 Locating Fixed Points

As previously seen in Sec. 2.35, the magnetic field line of an arbitrary magnetic field,

B(r, 0, p), can be parameterized as,

dr B’

. do B®
b= i = 5% (3.24)

)

where ris a radial coordinate, 6 is a poloidal angle, and ¢ is a toroidal angle. One can “follow’
the field line by treating the above set of ordinary differential equations (ODE) as an initial value
problem, treating the toroidal angle as the “time” variable, and typically traversing some multiple
of 27t in ¢. Since the fixed point we are currently interested in is the magnetic axis we need only
follow the field line for one toroidal revolution. The initial value is the starting point in space you
wish to begin following the field line from.

A fixed point of a function is one which satisfies the relation f(x) = x. In this case the
function f is the set of ODEs in Egs. (3.23)-(3.24). Rather than solve this as a traditional fixed
point problem, we can instead reformulate it into a root finding problem, g(x) = f(x) —x = 0.
This is beneficial because Newton’s method is especially good at solving these kinds of problems.

The method is iterative and usually works as follows;
1. Supply aninitial guess for x;.

2. Calculate g(x;) and g’ (x;).

g(x;)

3. Setthe next guesstoxj, 1 = x; — .
HLTT ()

4. Repeat above steps until the change in x is below a certain threshold.

A difficulty arises because in this particular case g(x;) is a 2x 1 matrixand g’ (x) is a 2 X 2 matrix. As

such the correct way to express the division term would be g’(xi)‘lg(xi). Furthermore, we have
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that, g’(x) = f'(x) — [, and f’(x) is the Jacobian matrix of f(x), which will be set to f’(x) = S(x)

for future consistency, Sec. 3.4.3. To find S, we must solve the following system,

d

@s =C-S, S(0)=1 (3.25)
where the matrix C is defined as,
or o
c=| 9 9 (3.26)
% 6
or 06

for added clarity the components of C are,

_ 9 _ BP(3,B") — B'(6,B%)

Ci1

AT or T (B¥)2

e 9 B¥(dgB") — B"(9gB?)

S 66 _ B%(9,8°%) — B%(9,B%)
217 5 — (BP)2

o 36 _ B?(8gB%) — B(8,B%)
22738 ~ (BP)2

where d; = d/di. Thus, to be able to calculate the update quantity, Eq. 3.25 must also be solved

numerically alongside the field line equations. The full Newton’s method is then,
1. Supply aninitial guess for x;.
2. Calculate g(x;) and S(x;).

3. Solve the system (S(x;) — D(Xj41 — X;) = —g(x;) for (x;11 — x;) to find (S(x;) — H)‘lg(xi).
(This approach offers a computational advantage over the direct calculation of (S(x;) —

n~t)
4. Setthe next guessto xj;1 = X; — (S(x;) — )" 1g(x;).
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Code AxisR(m) AxisZ(m)

VMEC 10.002 0
SPEC 10.002 0
SIESTA 10.000 0

Table 3.2: The location in real space of the magnetic axis at the ¢ = 0 toroidal cross section for
the different codes.

Finite Pressure Quantity VMEC SPEC SIESTA
Vol (m3) 47.8482 47.8627 47.8482
(B) (T) 1.9600 1.9600 1.9600
(B) 2.634x 1073 2.675x 1073 2.634x 1073

Table 3.3: The macroscopic quantities from the different equilibria calculated by each code.
All except the SIESTA result are from free-boundary calculations. Here (B) and (@) refer to the
volume averaged magnetic field and volume averaged plasma beta respectively. The plasma
beta is the ratio of the plasma pressure to the magnetic pressure.

5. Repeat above steps until the change in x is below a certain threshold.

Presented in Table 3.2 are real space location of the magnetic axis for each code’s cal-
culated equilibrium. It is important to mention that the axis locations are not “exactly” the
same for the codes, as they begin to differ at decimal places not shown in the case of SPEC vs
VMEC. Realistically these differences are so small that they would not be detectable/measurable
experimentally. Nonetheless, the agreement between the codes is further indication that the

solvers are calculating the “same” equilibrium.

3.3.4 Finite Pressure Equilibrium Comparison

We now move on to the more interesting and complicated case, equilibria with finite
pressure. We describe it as such because by including finite pressure into the system, the required
calculations become more complex and take into account a greater amount of physical effects. As
aresult, such calculations, especially when performed in free-boundary mode, present significant

challenges for equilibrium solvers, and convergence to a fully resolved equilibrium cannot be
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Figure 3.6: Normalized pressure profile plot. The x-axis is the normalized toroidal flux and the
y-axis is the normalized pressure. The red curve is the VMEC pressure profile, while the blue
curve is the SPEC pressure profile.

guaranteed. For this case we studied the same rotating ellipse configuration as before, except
now a linear pressure profile was used, for simplicity, in VMEC and SIESTA and SPEC was solved
with 16 volumes. See Fig. 3.6 which shows what these look like. All codes use the same Fourier
resolution as before as well.

We begin the qualitative comparison of the different calculated equilibria with the re-
sulting rotational transform profiles as seen in Fig. 3.7. Immediately we see the effect of SPEC’s
stepped pressure profile, as it has led to the equilibrium having a discontinuous iota profile. Since
there is a pressure jump between each interface, to keep the total pressure across interfaces
continuous, the magnetic field must adjust itself, changing the rotational transform, which then
leads to the results shown. Therefore, the shown behavior is to be expected. It becomes clear
when we compare the flux surfaces from the SPEC equilibrium to those found with SIESTA and
VMEC, that this different iota profile does not produce surfaces which are qualitatively distinct.

When we compare the SPEC and VMEC surfacesin Fig. 3.8, they show very good agreement,
with the surfaces looking almost identical. They seem to have settled on the same plasma
boundary for this equilibrium, as well as a similar Shafranov shift. A similar result is shown in
Fig. 3.9. There the SIESTA and SPEC surfaces also match well, with the axis location seeming
to be located in approximately the same place, and the boundaries of the two agreeing as well.

Thus, we see that given approximately the same system with finite pressure the three codes find
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Figure 3.7: Rotational transform calculated from equilibria found by the three codes. The dotted
line beyond approximately R > 10.85 corresponds to the vacuum region in the SPEC calculation.
The SPEC rotational transform is discontinuous because of the pressure jumps between each
interface. Since the total pressure is continuous across each interface, the magnetic field must
adjust itself, changing the rotational transform.
equilibria that look quite similar to each other, even if the rotational transform profiles do not
match.

We are now interested again in the quantitative comparisons between the calculated
equilibria, and for this we again calculate the location of the magnetic axis in the three codes.
From Table 3.4, we see that all three agree on their axis location to two decimal places, now with

some variation at the third decimal place. Again, these differences would not be measurable

experimentally, and as such are effectively the same. This further indicates that while SPEC uses

Code AxisR(m) AxisZ(m)

VMEC 10.421 0
SPEC 10.420 0
SIESTA 10.418 0

Table 3.4: The location in real space of the magnetic axis at the ¢ = 0 toroidal cross section for
the different codes.
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Figure 3.8: Comparison of flux surfaces from equilibria calculated with SPEC and VMEC. The red
curves represent the ideal interfaces which separate the plasma into 16 volumes. The black lines
within are the plasma flux surfaces, while the dashed lines outside represent the vacuum flux

surfaces. The blue curves are the VMEC flux surfaces.
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Figure 3.9: Comparison of flux surfaces from equilibria calculated with SIESTA and SPEC. The red
curves represent the ideal interfaces which separate the plasma volumes. The black lines within
are the plasma flux surfaces, while the black lines outside represent the vacuum flux surfaces.
The blue curves are the SIESTA flux surfaces. The lines that are dashed rather than continuous
also correspond to flux surfaces with a rational rotational transform value.
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Figure 3.10: R and Z coordinates of magnetic axis from VMEC free-boundary finite pressure
equilibrium as functions of the toroidal angle per field period. This is a five field period device,
resulting in the toroidal angle ranging from [0, 27/5].
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Figure 3.11: R and Z coordinates of magnetic axis from SPEC free-boundary finite pressure
equilibrium as functions of the toroidal angle per field period. This is field period device, resulting
in the toroidal angle ranging from [0, 277/5].
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a different formulation of MHD, using many volumes, it is able to find a similar equilibrium as
codes which use ideal MHD. We can also compare the location of the axis across the entire device
rather than only one toroidal slice. Looking at Figs. 3.10-3.11 we see that for the present case
the SPEC and VMEC magnetic axes match throughout the device as well. For a more thorough
investigation on the error of the axis location between SPEC and both VMEC and DESC, see Ref.

[82].

3.3.5 Conclusion

In this study we performed an investigation of free-boundary equilibria of the same
system calculated with several codes. We show that for both the vacuum and finite pressure
cases theresulting equilibria found all agree when subjected to a qualitative comparison. The flux
surfaces in both cases and the rotational transform in the vacuum case were indistinguishable
between the various cases. We also carried out quantitative comparisons based on the location
of the magnetic axis. For both the vacuum and finite pressure systems the agreement on the axis

location was very good, and any error found would not be measurable experimentally regardless.

3.4 Detecting and Measuring Magnetic Islands in SIESTA

3.4.1 Introduction

One of the current problems in 3D MHD equilibria is the presence of magnetic islands in
the plasma. Ideally, toroidal plasmas will have nested flux surfaces as this would generally lead to
the best confinement properties. Unfortunately, since 3D magnetic fields found in devices such
as stellarators [85] are no longer axisymmetric, nested flux surfaces are no longer guaranteed.
[11] Depending on the rotational transform profile of the device, islands can form in the plasma
and bring with them undesirable results such as particle and heat transport from the core to the
edge, among other things.

As such, the study of how to eliminate the occurrence of magnetic islands, or to minimize

their size has been a long-term active research subject. [86-91] One avenue that has been
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explored to reduce the presence of magnetic islands is to have transform profiles that are flat
and do not cross low order rationals. [92] The downside of this approach is that the confinement
benefits of magnetic shear will not be available to this configuration. [92, 93] Another method,
which this work builds towards, is to set up an optimization loop where one defines a parameter
which quantifies the size of magnetic islands present in the equilibrium, and then proceeds to
modify the configuration in an attempt to reduce or remove entirely the island. This latter method
employs Greene’s residue which gives a local measure of the stochasticity of a Hamiltonian
system around a fixed point. [94, 95] Using the residue to reduce islands has been looked at
previously with particular emphasis on the work by Cary and Hanson, [86, 87] which was the
first to implement this approach for stellarator geometries, and most recently with the works by
Baillod et al. [90] and Smiet et al. [91] who implemented this in SIMSOPT [96] with the Stepped
Pressure Equilibrium Code (SPEC).[43]

If an actual measurement of the island size is desired, say to compare a computational
model to experiment, the residue alone is not sufficient. Over the years several methods for
calculating the width of magnetic islands have been developed. [97-99] The simplest, yet most
time-consuming, method is to generate a Poincaré plot of the magnetic surfaces. From the
graph one is able to visually measure the width of the island. An issue with this method arises
with generating a puncture plot of sufficient resolution, given that following large numbers of
field lines for hundreds of revolutions around the torus is a lengthy process, even when the
computation is performed in parallel. Therefore, a more computationally efficient and robust
method is required if these kinds of calculations need to be performed on a regular basis. The
method derived by Cary and Hanson [98] has none of the above issues. It makes use of the
previously mentioned residue as well as the shear of the unperturbed magnetic field at the island
O-point to calculate the island width.

We use the Scalable Iterative Equilibrium Solver for Toroidal Applications (SIESTA) [44] to
calculate the plasma equilibrium with magnetic islands. SIESTA is a 3D MHD equilibrium code

that does not assume nested flux surfaces and can switch between using ideal and resistive
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MHD in its calculation. As part of its inputs it takes an equilibrium calculated by the Variational
Moments Equilibrium Code (VMEC)[16] to set up both the computational grid and the initial
guess for the solver. Applying a helical magnetic perturbation coupled with the implemented
resistivity, the code is able to resolve magnetic islands.

Several considerations motivate the use of SIESTA for this study, despite similar inves-
tigations having previously been conducted using SPEC. The first is that SIESTA is capable of
converging to a solution for strongly shaped configurations. Another is related to recent develop-
ments in the SIESTA code that give it a functionality that other codes do not have. It is now able
to work with toroidal mode numbers that do not match the field periodicity of the device without
significantly increasing the problem size. This allows for the study of islands with toroidal mode
number not matching the field periodicity of the device at a marginal increase in computational
cost. [46] The inclusion of these asymmetric Fourier modes has been observed to have significant
impact on SIESTA equilibria with islands. [100] Centurién and Martinell showed that by including
the asymmetric low order Fourier modes the resulting magnetic islands were significantly larger
than the case where only field periodic Fourier modes were included. Observing these islands in
SPEC with similar low order Fourier modes would require a significant increase in computational
complexity and would lead to an increased likelihood of non-convergence. The last reason we
will mention is the integration of SIESTA into V3FIT, [101, 102] which allows for the reconstruction
of experimental equilibria with islands. When reconstructing those equilibria both the size and
phase of the island are unknowns and reconstructions will be required to determine them.

It is known that inaccuracies form in numerical MHD calculations when V - B # 0. [103,
104] This likewise holds true with field line following and fixed point identification, as issues
arose with initial calculations performed. Development of methods to guarantee divergence-free
interpolation can be found in various publications over the years. [105-111] A standard method
is to calculate the vector potential from the magnetic field data, interpolate it, then take the curl
to find the magnetic field. One can use the equation V - B = 0 to find two of the components

of the magnetic field and use them to fix the third component. Also used are methods where
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the components are set to polynomial equations, and a system of equations is solved to assign
the coefficients of each polynomial. In cases where quantities are represented as Fourier series,
is it only necessary to interpolate in the radial coordinate as angular quantities are calculated
analytically. To ensure that the magnetic field was kept divergence-free in our analysis, we
developed an interpolation method which maintains the divergence-free quality of the magnetic
field using a mixture of the above-mentioned techniques.

For this project, we apply a 2D Newton method to locate fixed points of the magnetic field
line map in SIESTA equilibria with magnetic islands. These fixed points correspond to O-points
and X-points. We then make use of the residue of the fixed points to characterize the island’s
size. We perform this analysis on two different V3FIT shot reconstructions of CTH [112] plasmas
known to have islands present. A scan was performed in the perturbation magnitude given as an
input to SIESTA to study its effect on the resulting equilibrium. We confirm expected behaviors of
increased island size with increased perturbation size, as well as observe unexpected behavior
of island width saturation and island displacement.

This section is organized as follows. The device used for the equilibrium calculations is
reviewed in Sec. 3.4.2. Sections 3.4.3 and 3.4.4 summarize some of the key mathematics used in
the analysis. Then Sections 3.4.5 and 3.4.6 go into the results of the analysis and expand on the

findings. Lastly, the conclusions are presented in Section 3.4.7.

3.4.2 Compact Toroidal Hybrid

CTH is a torsatron-tokamak hybrid located in Auburn University’s physics department. It
is a five-field period device with a 0.75 m major radius, and a 0.29 m minor radius. [112] It has a
central solenoid from which one can drive currentin the plasma. An added benefit of thisis that by
varying the amount of current driven in the plasma, it is possible to vary the rotational transform
profile to study different configurations. CTH flux surfaces from the equilibrium calculated using
VMEC for the two shots studied can be seen in Figs. 3.12-3.13, and the corresponding rotational

transform profiles can be found in Fig. 3.14. The Poincaré plots for some of the SIESTA equilibria

93



¢=0 ¢ = 90° ¢ = 180°
0.2
0.1
N 0.0
-0.1
-0.2

06 07 08 09 06 07 08 09 0.6 07 08 09

R R R

Figure 3.12: CTH Shot 12092031 flux surfaces from VMEC equilibrium at three toroidal slices, the
initial point, the quarter field period and the half field period.
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Figure 3.13: CTH Shot 14092626 flux surfaces from VMEC equilibrium at three toroidal slices, the
initial point, the quarter field period and the half field period.
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Figure 3.14: lota profiles of the VMEC equilibrium for the two CTH shots. The horizontal axis is
plotted using the SIESTA radial coordinate, s.
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can be seenin Figs. 3.15-3.16.

3.4.3 Fixed Points and Island Size

We use the Cary-Hanson method [87, 98] to detect and measure magnetic island O-points
and X-points in a plasma equilibrium. For convenience, we will give a brief summary below.

The following of magnetic field lines through a full toroidal loop can be treated as a
mapping. [113] The system of equations we used in the SIESTA coordinate system are the

following,

S u
The Jacobian term has been kept because SIESTA uses the JB! terms in its internal calculations
and they will always cancel, thus having no impact on the results. Also keeping the Jacobian will
be beneficial for the interpolation that will be explained in the next subsection.

Points that close on themselves after a fixed number of toroidal loops (they map onto
themselves) are known as fixed points. In the presence of magnetic islands, the field-line flow
map in a plasma equilibrium will always have multiple fixed points. One fixed point that is always
present is the magnetic axis, as following the axis field line once around toroidally will map back

to the initial point. A quantity that is closely related to the behavior of the other fixed points is

the rotational transform, ¢. In general, the rotational transform can be defined as,

K
~_AB
t= lim Zk‘l k

—_— (3.28)
K-> ZI]le A¢k

where 6 is an arbitrary poloidal angle, ¢ is an arbitrary toroidal angle, and the Ay, A¢j, terms
represent the change in the angle after the kth toroidal transit.

Magnetic islands form at rational values of iota, t = n/m, where n is the toroidal mode
number and m is the poloidal mode number. When iota is rational the field-line returns to its
original location after m toroidal revolutions. Therefore, when looking for O-points and X-points,

the fixed points must return the same point after making m toroidal revolutions corresponding
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Figure 3.15: CTH Shot 12093031 flux surfaces from SIESTA equilibrium for two different perturba-
tion magnitudes. The case on the left used a perturbation of 2.0 x 1073, whereas the case on
the right used a perturbation of 1.0 X 1073. The black curves are lines of constant normalized
toroidal flux, intended to represent VMEC surfaces. In the above plots, the core region is plotted
with a lower flux surface density as opposed to around the island region for improved visual
clarity.
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Figure 3.16: CTH Shot 14092626 flux surfaces from SIESTA equilibrium for two different perturba-
tion magnitudes. The case on the left used a perturbation of 2.0 x 1073, whereas the case on the
right used a perturbation of 2 x 10™%. The black curves are lines of constant normalized toroidal
flux, intended to represent VMEC surfaces. In the above plots, the core region is plotted with a
lower flux surface density as opposed to around the island region for improved visual clarity.
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K = 1000.
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to the resonant value of iota.

To locate these fixed points we implement a 2D Newton method to find the roots of the
equation, g(x) = f(x) — x = 0, where f is the flow map. A derivative of f is required to perform
the Newton step, and this quantity proves to be the tangent map. This is convenient as the
tangent map is required for the ensuing analysis.

Once the fixed points are found, we can get a measure of the size of the island. The first

method is calculating the quantity known as the Greene’s residue, [94, 95] defined as,

R =

Tr(S) (3.29)

N =
E

where S is the Jacobian matrix, or the tangent map at the fixed point. For a more detailed
discussion on how the tangent map is calculated, refer to Appendix 2. The residue itself gives a
way to quantify the size of the island. When 0 < R < 1, the residue is associated with an O-point,
and when R < 0 or R > 1 theresidue is associated with an X-point, the former being the more
typical case.

To calculate the radial width of the magnetic island, we apply the formulas derived in

Ref. [98], specifically Egs. (44)-(45), which are the following,

-1
1-2R
o= ( ) (3.30)
2mm
4
As= —2 (3.31)
m [tymecl

where w is the frequency of trajectories near the fixed point, As is the radial width, in s, of
the island at its widest point, and #,yec = dtymec/dssiesta is the shear of the unperturbed
equilibrium. Note that in the original formulation, the shear is calculated in terms of the tangent
map parameters, where it is calculated from the unperturbed flow. Since a VMEC equilibrium
is required to calculate the corresponding SIESTA equilibrium, we already have the rotational

transform of the case without any islands, and can easily calculate the shear from them.
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The other method we use to calculate the size of the island is to measure the length of the
portion of the rotational transform profile that is flat from the SIESTA equilibrium. In the region
of anisland, the value of iota stays fixed at the resonant rational value. As such, it is possible to
estimate the radial width of the island in flux coordinate space in this manner. An example of
island flattening of the ¢ profile is shown in Fig. 3.17.

The island measurement using the rotational transform, calculated from Eq. (3.28), is
performed as follows. As the system has stellarator symmetry, and the fixed points are even
order, because m = 2, there exists a plane at eitherv = 0 orv = 27/m where an O-point is
located on the line Z = 0. [87] Choosing that plane and setting the initial poloidal angle (u = 0),
the rotational transform is calculated for each s using 100 toroidal rotations (K = 100). For the s
resolution, we choose the increment to be one fifth of the SIESTA grid size. The island width is
the span in s for which the rotational transform values are within 2% of 1/2. The percentage is

chosen to account for any numerical error in the transform calculation.

3.4.4 Divergence-Free Interpolation

Here we present a simple analytic method developed to ensure the divergence of the mag-
netic field is effectively zero. All ensuing quantities will be assumed to be stellarator symmetric
for simplicity.

The divergence of the magnetic field can be expressed as,

6(7B%) | 3JBY) , 8dB")

J(V-B) = as ou ov

(3.32)

In the above case JBS has sine parity, and both JBY and BV have cosine parities due to the
stellarator symmetry. Substituting the respective Fourier expansions using Egs. (3.9)-(3.10) into

Eq. (3.32), taking the poloidal and toroidal derivatives, and rearranging terms yields the condition
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for a divergence free magnetic field,

2 IBian(s) = mIBiun(s) + ndBlun(s) V(m.n), (3.33)

The last step is to interpolate each Fourier coefficient, JBY,;,, and JBh,,,, as an order n spline,
and then use Eq. (3.33) to set the coefficients of the n + 1 order spline which interpolates the
Fourier coefficients gByy,;,. Note that the coefficients without a radial term that would vanish after
taking the radial derivative are set by the actual value of the quantity on the grid. We have used
cubic polynomials to interpolate the poloidal and toroidal field terms, and quartic polynomials
to interpolate the radial terms. Using this method the divergence of the magnetic field is on
the order of machine precision on all points in the grid. It is worth noting that the method can
easily be extended to stellarator asymmetric cases. Following the same process yields another
condition necessary for divergence free fields that is entirely composed of the asymmetric terms.

Equation (3.33) is derived and the method is discussed in more detail in Appendix 2.

3.4.5 Perturbation Magnitude Scan

We have studied V3FIT reconstructions of two CTH shots, numbers 12092031 and
14092626, which were known to have + = 1/2 islands. The reconstructions were rerun at higher
resolution, specifically using 100 surfaces and setting both the number of poloidal and toroidal
modes to six. VMEC was then run in free-boundary mode, assuming stellarator symmetry, until
the square of each component of the force residual, F, was below 1 X 1021, Such a low VMEC
force residual was chosen because it has been observed to improve convergence in SIESTA.
Afterwards SIESTA was run with a fixed boundary in “sparse” mode until it obtained a squared
force residual below 10729, The device was changed to only have a single field period, rather
than five, and the toroidal modes n = {0, +1, +5, +£10, 15, +20, +25, +30} were chosen so that
a perturbation with a poloidal mode number of m = 2 would open the island.

Finally, the equilibrium was calculated for various values of the helical perturbation input

parameter, Hpert, With values ranging from 1 x 10~%t0 2 x 1073. The range of values was chosen
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by seeing what was the smallest value which allowed an island to form, and the largest value for
which SIESTA could converge to the desired force residual. Plots of the equilibria with islands
can be seen in Figs. 3.15-3.16. Because these cases were run assuming stellarator symmetry, the
resulting equilibria had either the O-points or X-points at the line Z = 0, as one would expect.
[87] In real space the islands were most visible when they were located on the top and bottom of
the plasma with the X-points on the mid-plane.

Itis clear from the plots that the larger perturbation results in largerislands. Aninteresting
byproduct of the larger islands is the deformation of the flux surfaces. It is most easily seen
when comparing the SIESTA surfaces to the surfaces of constant s. In the plot with the smallest
perturbation the SIESTA surfaces appear to match the constant s surfaces well. In the case of the
larger perturbations the islands deform the flux surfaces in the entire plasma, most significantly
in the case of Shot 12093031 with the 2 x 10™3 perturbation. This indicates how inaccurate
a VMEC solution could be in the presence of large islands, as well as how VMEC could still be
reasonably accurate when smallislands are present.

We now move our attention to the islands in the equilibrium and their response to the
choice of perturbation value. This is shown in Figs. 3.18-3.19 where we have plotted the magni-
tudes of the residues found for both O-points and X-points as functions of the perturbation given
to SIESTA. As expected, increasing the helical perturbation results in larger residues, which then
implies larger magnetic islands. We observe that the magnitude of the residues for the O-points
and X-points in each shot are roughly the same. The main exclusion from this behavior is the last
pointin Fig. 3.18 that is approximately three times larger in magnitude than the corresponding
X-point. The two plots show different relationships between the residue and the perturbation.
Shot 12092031 indicates an approximately linear relationship between the two parameters, the
curve in Fig. 3.18 being y = 81.3x is included to corroborate this. Shot 14092626 has an approxi-
mate quadratic relationship, the curve in Fig. 3.19 being y = 38,000x2 + 39x is included to show
this. Itis important to mention that the points on the left of both plots with constant residues

were excluded in the curve fitting, as well as the outlier on the right in Fig. 3.18.
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Figure 3.18: Residue as a function of the perturbation size for CTH shot 12092031. Both axes are
set to a log scale.

Also, note that in both cases the residue is relatively constant until some threshold value
is reached, upon which the residue increases from then on. The cause of this can be seen when
looking at the island width calculation as a function of the perturbation size plotted for both
shotsin Figs. 3.20-3.21.

From these plots it becomes clear that for smaller residues SIESTA opens an island but
is only able to resolve it to the resolution of the grid. A greater radial resolution is required to
observe smaller islands, though they are so small at that perturbation magnitude one can ignore
them. We will now discuss the overall behavior of the island widths for the two different shots

It is first worth noting the relative agreement between the two methods employed to
calculate the magnetic island width, with most relative errors ranging between 1% — 15%. If we
Taylor expand Eq. (3.30) about R = 0 we see that for small residues the Cary-Hanson island
width is proportional to RI/Z, to leading order. This then would imply that the island widths

for shots 12092031 and 14092626 should be approximately proportional to the square root
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Figure 3.19: Residue as a function of the perturbation size for CTH shot 14092626. Both axes are
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of the perturbation size and the perturbation size, respectively. This behavior is seen in both
Figs. 3.20-3.21, with the linear relationship being especially clear in shot 14092626. This calls
into question why the islands in the two equilibria have differing dependencies on the helical
perturbation. A possible explanation for this behavior is the coupling of the radial location of the
resonance with the fact that SIESTA was run in fixed-boundary mode.

If we look at Figs. 3.22-3.23 we can see that the O-point in shot 12092031 is located further
towards the edge of the plasma than in shot 14092626, with initial s values of approximately
0.922 and 0.857 respectively. In both cases as the perturbation size grows the O-points move
inwards, while the X-points move outwards. Comparing the island width plots with the radial
location plots, some inferences can be made.

Since SIESTA was run in fixed boundary mode, the last closed flux surface could not
change from the initial VMEC solution. As the islands grow in size, they require more room to

exist and will move inwards to gain this space to not affect the plasma edge. The issue is that the
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Figure 3.20: Island Width as a function of the perturbation size for CTH shot 12092031 for both
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island grows much faster than it moves inwards, and as such it will no longer have the ability to
expand without affecting the boundary. This may lead to solutions, that while possible according
to the code, are not physical or an accurate response to the resonant perturbation applied. Free

boundary runs may be required to study these larger islands located near the edge of the plasma.

3.4.6 lIsland-Plasma Boundary Interaction

The location of the resonance with respect to the boundary has an impact on the resulting
island, as an Hpert value of 2 X 1073 resulted in islands (O-points) with residues of approximately
0.23 for shot 14092626 and 0.32 for shot 12092031. To investigate this further, we performed a
set of SIESTA runs where we varied the plasma boundary while keeping the perturbation value
fixed. This was done by taking the VMEC equilibrium calculated for shot 14092626, running it for
one iteration in SIESTA, converting all the VMEC quantities to the SIESTA grid, removing the data
of the last few surfaces, and then running SIESTA like normal with this reduced case. This would
give approximately the same equilibrium as before, but now the plasma edge is located closer to
the resonant surface. For this study we chose to use Hpert = 2 X 10™4, as it resulted in a small,
but still noticeable island, as seen in Fig. 3.16, which is not too close to the boundary, allowing
us to remove several surfaces. The results of this investigation can be found in Table 3.5.

There are some limitations with the procedure that must be mentioned. While we are
applying the same value of Hpet to each of the equilibria, we cannot fully control when it is
applied. Before SIESTA applies the resonant perturbation, the squared force residuals must
first reach values below a certain threshold, ©(10~19), and thus it takes a few ideal iterations to
achieve this. Sometimes the solver is able to achieve force residuals that are several orders of
magnitude smaller than the threshold, and others it just passes it. This is important because of
how the perturbation is applied in Eqg. (3.13), where it is a scale factor applied to the currents. If
the equilibrium is too well resolved before the perturbation is applied then the radial currents
will be very small and the perturbation will not have the same effect as if it were applied at higher

values. Therefore, we are not certain these perturbations are applied equally across the different
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NS O-pointRes. O-PointR(m) Island Width (m) Unpert. Energy (J) AEpert(J)

100 9.692 x 10~3 0.8835 5271 x 10~3 37421.314 0.007
99 1.535 % 10™2 0.8831 7.232 %1073 37425.782 0.013
97 3.224 x 1072 0.8824 9.958 X 103 37434.763 0.024
95  5.456 x 10™2 0.8819 1.191 x 10~2 37443.783 0.040
90 8.322 % 1072 0.8815 1.271 x 10~2 37466.226 0.073

Table 3.5: Data from surface removal study. All fixed point data was taken from the toroidal
plane where the O-point is located at Z = 0. Since each calculation in SIESTA is performed with
the radial coordinate ranging from 0 to 1, and thus will be different for each case, we have used
the cylindrical radial coordinate R for the spatial quantities. The unperturbed MHD energy is
calculated for each equilibrium where no island was seeded, and the energy decrease was the
change in MHD energy in the equilibrium which included the island.

configurations. This analysis does provide insight into the limitations of how SIESTA handles the
relationship between island locations and the fixed boundary.

It is clear from these results that moving the resonance closer to the boundary has an
effect when running fixed-boundary SIESTA. As we move the plasma edge closer to the resonant
region, we see the residue and island width both increasing, as well as the O-point moving
inwards. The increased island size can be observed in Fig. 3.24. This indicates that large islands

near the plasma boundary should be studied with a free-boundary formulation in SIESTA, as this

should eliminate any effects from the fixed boundary and allow the island to expand unopposed.

3.4.7 Conclusion

In this study we developed a method to locate and characterize magnetic islands from
a SIESTA equilibrium, as well as an analytic method to ensure a divergence free interpolated
magnetic field. Both were successfully implemented on two test cases, VMEC reconstructions
of CTH equilibria with known n = 1, m = 2 islands present. This was done by studying the
sensitivity of the magnetic island size with respect to the helical perturbation SIESTA input
parameter. A scan was performed on helical perturbation values that ranged over several orders
of magnitudes, and several trends were noted in the equilibrium calculated.

First, as the perturbation magnitude was increased, the island size increased as well. This
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Figure 3.24: CTH Shot 14092626 flux surfaces from SIESTA equilibrium for two different number
of SIESTA surfaces. Both cases on the used a perturbation of 2.0 x 10~4. The plot on the left is
from a SIESTA equilibrium with the last ten surfaces removed, (NS = 90), while the plot on the
right is the same as in Fig. 3.16, repeated for the reader’s convenience. The black curves are lines
of constant normalized toroidal flux, intended to represent VMEC surfaces. The black lines on
the left plot are the same as those in the right, to emphasize the original boundary and surfaces.
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was observed for both island size measurements made, the Cary-Hanson method and the width
of the flattened section of the rotational transform profile, as well as visually from the puncture
plots. We also found that while smaller perturbations, relatively speaking, still opened islands in
SIESTA, they could only be resolved to the size of the SIESTA grid. While not shown, these islands
were difficult to see in the puncture plots, if at all. It was also noted that the radial location of
the O-points and X-points changed with increasing perturbation size as well. Furthermore, we
observed overall trends in the two cases regarding the island width’s dependence on the helical
perturbation. One shot, 12092031, showed the island width being approximately proportional to
the square root of the perturbation, whereas the other, 14092626, showed a linear relationship
between the two. A possible explanation for this was attributed to the initial point where the
island formed, with the island that formed near the plasma edge was possibly restricted in its
ability to expand because it could not deform the plasma boundary. Although, it was also noted
that the perturbations located closer to the plasma edge in shot 12092031 resulted in larger
islands than those in shot 14092626 with the same perturbation magnitude. It was also noted that
the O-points moved radially inwards, while the X-points moved radially outwards with increasing
perturbation size for both cases, likely allowing the islands to expand.

Additionally, to investigate further the relationship between the location of the resonance
relative to the plasma boundary, we performed a set of equilibrium calculations were several
radial surfaces were removed prior to calculating the equilibrium. This was done to simulate the
resonance occurring closer to the last closed flux surface. We found that the magnetic islands
became larger and moved inwards as the plasma boundary moved closer to the resonance
location. The cause for this behavior is unknown, but we believe that free-boundary calculations
would be required to investigate if this behavior is physical, or a result of calculating fixed-

boundary equilibria.
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Chapter 4

Linear Stability Studies

Some text and figures in this chapter are reproduced from,

Gabriel S. Woodbury Saudeau, Riccardo Betti, Luca Guazzotto; Linear stability analysis of com-
pressible Kelvin-Helmholtz and Rayleigh-Taylor instability and the effect of a flow-aligned mag-
netic field. Phys. Plasmas 1 February 2026; 33 (2): 022107. https://doi.org/10.1063/

5.0301956

with the permission of AIP Publishing.

4.1 Introduction

The Kelvin-Helmholtz instability (KHI) [7, 8] and the Rayleigh-Taylor instability (RTI) [9,
10] are widely studied fluid/plasma instabilities that are known to occur in several physical
phenomena, such asinertial confinement fusion [114-116] in the case of the RTl and astrophysical
settings [117-121] or magnetic confinement fusion [122, 123] in the case of the KHI. The KHI is
an instability driven by shear flow in a fluid or plasma [124, 125], while the RTl is an instability
driven by gravity or a gravitational-like force in the presence of a density gradient oriented in the
opposite direction.[124, 125]

When a linear stability analysis is conducted on either the KHI or RTI, the compressibility
of the fluid must be taken into consideration. In a sizable portion of the literature, the analysis is
made with the assumption that the fluid is incompressible; it is simpler and reasonably accurate
in most cases. The incompressible KHI and RTI are widely studied and have analytic forms of their
growth-rates, which are easy to deduce physical meaning from. [124] This is especially true in the

case where both instabilities are present in the same system, as there is a known analytic form of
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the growth-rate in the literature.[125] The linear theory on the compressible unmagnetized KHI
has been studied extensively for close to a century. Landau [126] and Miles [127] have studied
the vortex sheet approximation, where the fluid velocities are discontinuous at the interface, of
the homogeneous KHI and showed that compressibility stabilizes the instability. It was found
that for the system to be stable, the Mach number of the relative flow must be greater than 23/2,
or \/E when the flows are equal and opposite. Plesset and Hseih [128] included gravity in their
stability analysis of the vortex sheet. They showed that for supersonic flow velocities, due to
the presence of gravity and the stratified fluids, the system was always unstable. There is not a
consensus on this result, as Miles [129] disagreed with their results, claiming that their dispersion
relation was incorrect. The case for a finite thickness shear layer has also been investigated by
several authors. [130-133] The shear layer was shown to be unstable for all Mach numbers larger
than one due to modes which are not present in the vortex sheet approximation.

The magnetic compressible KHI has likewise been extensively investigated. Several
authors have worked on the vortex sheet approximation for this case. [134-137] Of note is the
recent publication by Peyrichon et al. [137] They were able to show analytically and numerically
the stabilizing effect a flow-aligned magnetic field has on the system for both homogeneous
and heterogeneous flows. Additionally they validated their analytical work by comparing it to
numerical simulations. The shear layer version of the problem has also been analyzed. [121,
138-140] Miura and Pritchett [121] investigated the case of compressible flows with a finite shear
layer and arbitrary magnetic field orientation. In this work, the authors discuss the effect the
magnetic field transverse and parallel to the flow has on the stability of the system. They find
that the system is more unstable when the magnetic field is transverse to the flow as opposed to
when it is parallel.

Although we will focus on analytical calculation, we note for completeness that other
authors have examined both the linear and nonlinear behavior of the KHI using a computational
approach. [141-144] Briard et al. [144] for example were able to recover the linear growth-rates

for the MHD KHI found in Miura and Pritchett’s seminal paper. [121]
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The linear stability of the compressible RTI has been the subject of sustained study by var-
ious authors over time. [145-149] Livescu [148] in particular set out to resolve prior contradictory
findings which stated compressibility has a stabilizing effect or a destabilizing effect on the RTI. In
the case of an inviscid, infinite domain, and lack of surface tension, the author demonstrates that
higher equilibrium pressures at the interface are associated with weaker compressibility effects
and faster instability growth, whereas larger specific heat ratios similarly diminish compressibility
but lead to a reduction in growth rate. The linear stability of the magnetic compressible RTI
has also be examined in recent studies. [150-152] In these works the focus was mainly on the
effects of compressibility on the system, as opposed to the stabilization effects of the magnetic
field. Various numerical studies have likewise been performed over the years in regards to the
nonlinear behavior, see e.g. [153-155]. Given the analytical focus of our work on the linear phase
of the instability, we will not discuss them further.

The interest in the KHI and RTI comes from our work on tokamak equilibrium in the
presence of highly sheared (discontinuous in the ideal magnetohydrodynamic, or MHD, model)
velocities. [156, 157] In the equilibrium first described in Ref. [156], a contact discontinuity
exists between two regions of the plasma with a finite jump in plasma density, pressure, and
velocity. This system is potentially at risk of developing a KHI due to the velocity discontinuity.
Moreover, the pressure jump acts as an additional instability drive, which, for simplicity, can be
approximated as a constant gravitational field pointing from the “heavy” to the “light” side of
the discontinuity. In summary, a detailed analysis of the combined KHI and RTI with a magnetic
field in a plasma will give the first stability model of the discontinuous equilibrium in Ref. [156].

To the authors’ knowledge, little work has been done to look at the linear stability of a
compressible system where both the KHI and RTI are present. In one paper of note, [158] the
authors examined the compressible KHI and RTI through both non-porous and porous-media.
They considered only numerical solutions of their dispersion relation for small velocity differences.
Another publication of note[159] investigated the compressible KHI in the presence of both a

magnetic field and gravity. However, the derivation is done while assuming that the densities of
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the two fluids are constant throughout, which is not self-consistent with the equilibrium.

4.2 Kelvin-Helmholtz

4.2.1 Introduction

The KHl is an instability of sheared flows. As previously stated, the instability occurs when
you have two fluids in contact with each other that are flowing at different velocities. This could
be done in a variety of ways, such as setting the fluid velocities as equal and opposite, setting one
fluid to be at rest, or setting them both to be arbitrary different velocities. Furthermore, there
are many other considerations one must consider when studying this instability. | will proceed to
briefly cover a few of these.

Perhaps the most critical aspect of the problem one must take into consideration is the
compressibility of the fluid. | say this because the difficulty of the problem increases significantly
when one assumes the fluid to be compressible. In simple terms, this would meanthat V- v # 0.
One must take compressibility effects into account when the Mach number, M, of the fluid flows
are greater than 0.3, and they become much more prevalent as the Mach number increases. The
analysis of the linear stability of the incompressible KHI is relatively easy and adding on varying
degrees of complexities to the problem does not impair the finding of analytic expressions for
the growth-rate of the instability. The same cannot be said of the compressible case, as will be
shown later on.

Another important part one must decide on when doing the analysis of this instability is
the velocity profile at the interface of the two fluids. One method is to treat the velocity at the
interface to be discontinuous, that is to say on one side of the interface it is a certain velocity, and
on the other side it is a completely different velocity. The other velocity profile at the interface
used is a sharp, but continuous, change of the velocity, using a function such as tanh(Ax), where
the value of A determines the size of the interface.

Lastly, additional physics can be included in the analysis of the instability, such as the

presence of gravity or a magnetic field, and fluid viscosity. Generally these are included as simple
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constant scalars or vector fields in the equilibrium. Depending on the configuration they could
either have a stabilizing or destabilizing effect on the system.

To give the reader further background we will show two derivations of the linear growth-
rate of the KHI, one assuming incompressible fluids, and the other assuming compressible fluids.
The incompressible case will be performed following the derivation shown in (Chandrasekhar),
whereas the compressible case will follow a process similar to the derivation shown in (Landau

and Lif).

4.2.2 Incompressible Kelvin Helmholtz Instability

First, we will look at the incompressible KHI. The system will be composed of two semi-
infinite fluids in a Cartesian coordinate system. The interface between the two fluids will be
the xy-plane at z = 0, and will extend into £o0 in both x and y. The fluids will also extend into
infinity in their respective z direction, the top fluid towards positive infinity, and the bottom fluid
towards negative infinity. Included in the system are a gravitational acceleration in the negative
z direction, and a uniform magnetic field pointing in the positive x direction. The fluid will be
assumed to be inviscid, and both fluids will flow with arbitrary velocities along x. Lastly, we will

be using the ideal MHD equations to govern the system. The equilibrium equations are thus,

dp

0 1
p(§+U-V)U=—Vp—pg+ﬁ(V><B)><B (4.2)
oB
E—VX(UXB). (4.3)
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To see if the system is unstable or not we must perturb the equilibrium. Perturbing the system

leads to redefining the variables as such,

U=Ug+8U = Ugey + (uxly + uyey + uzy)
p=po+8p
p=po+dp

where the terms with deltas or lower case (as is the case for the components of the velocity and
magnetic field) are the leading order perturbation terms and those with a 0 subscript are the
equilibrium quantities. Substituting these into the governing equations and dropping equilibrium

terms and those of higher order leads to the following linearized equations,

% + UO . V5p =—-0U- Vp() (4-4)

) 1
po(a+uo.v)5u=—V5p—5pg+p(VX5B)XBO (4.5)
(%+U0-V>5B=VX(5UXBO). (4.6)

The next step in the analysis is to assume the perturbations are normal modes and are of the
following form,

SF(x,y,z,t) = F(z)e!lxX+kyy)+vi

where OF is an arbitrary perturbed quantity. Substituting and taking all the partial derivatives

with respect to x, y and t, gives,
—u;D
yop = —uzDpy = Op = M

Ypoux + pouzDUg = —ikySp (4.8)
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_ Bo ;. ; ;
7pouy — 70 (ikxby — ikyby) = —ikySp
_ By ,.
YPouz — T(Ikxbz — Dby) = —Dép — 6pg

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

Henceforth, | will be dropping the 0 subscript that indicates the equilibrium term. Now we have

8 unknowns, the perturbed quantities, and 8 equations, the seven above and the divergence of

B equation. The next step is to solve for each unknown and reduce the system to a differential

equation in z of a single unknown. Solving for the components of 6B gives,

ik
bz= ;/C uz
ik
by, = —2—yu
Y=
b, = K <ux+u7ZDU>.

Substituting the components of B into Eq. (4.9) then gives

U
or
_ kB2 ( kyuz )
uy + — | kyuy — kyty — ——DU | = —ikOp/
YpPUy 7 xUy yUx 7 yop
Let { = kyuy — kyuy. Substituting,
_ ka2 ( kyuz )
Uy, + —— — ——DU| =—ikd
TPUy + =5 ¢ 7 yop
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Doing the same as above for Eq. (4.10) and using Eq. (4.7),

_ B ( ikyB (ikx ( Uy ))) —uzDp
u, ——|ik u, —D u, + —DU =—-Dép—- —=—
Ypuz 7 X 7 z 7 X 7 p 7

or

_ kB2 (kx <i ( Uy ))) uzDp
uz + —uz +D(-|\uxy+ =DU||)=—-Dép + ——3g.
ypuz 1 y 4z A p 7 g

Now multiplying Eq. (4.8) by —iky, and Eq. (4.17) by iky,

2np2 k.,u

Adding the two together,

k2B2
—ikyypux — ikypuz DU + ikyypuy + i 7 (g“ -

Rearranging,

2p2 kyu
(1 + kxi) <§ - ZDU) =0.
PHT

Which implies that,

Substituting into the Eq. (4.17) gives,
ypuy = —ikydp.
Multiplying Eq. (4.8) by —kx and Eq. (4.20) by —k,, then adding together gives,

—kx¥pux — kxpuzDU — kyypuy, = ik,2C5P + ik}z,ép
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—7p(kxuy + kyuy) — kyxpuzDU = iK25p
—i7pDuy — kypu,DU = iK28p. (4.21)

Now multiplying Eq. (4.18) by iK? and solving for DSp,

2 .
—iK? (]7puz + k)lCuB <k7xuz +D <% (ux + %DU))) — %g) = iK2D&p. (4.22)

To eliminate u, add and subtract ika,ux and multiply all terms by k, in the incompressible

condition, V - 6U = 0, giving,

ik3u
iK%y = — (kyDug + iky¢) = — (kxDuz + yy ZDU). (4.23)
Substituting Eq. (4.23) into Eq. (4.22), and simplifying

—iK%ypu, +

202 [ _ix2 ; K2
k2B ( iK uz+D<lD_uz_I_kaZZDU))_F@g:iKzDép. (4.24)
7

To eliminate & p, take the D of Eq. (4.21) and substitute into Eq. (4.24)

D (—iypDuy — kypu,DU) =

k2B? (—iK2 iD k iK2u,D
— iK%ypu, + )fu ( ly uz +D l;z+ ’fgzDU +#g. (4.25)
7

And, thus, the equation is in terms of only one perturbed quantity, u,. Until now, the analysis
has been performed assuming the fluid density, p and the flow velocity, U to be arbitrary. Let pq,

P2, U1, and Uj, be the fluid density and flow velocity of the top and bottom fluid, respectively,

and that py > pj1. In each fluid, this leads to Egs. (4.19) and (4.25) becoming

&=0 (4.26)
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ik2B2 ( —K2 D?u, )

—i)‘/pDzuZ = —iKz)‘/,ouz + — Uy + —
14 14
L kZB2\ o5 o
+ 2 )(D? - K?)u, =0. (4.27)
(J/P raL )uz

The continuity equation of the perturbed interface must be satisfied,

dem + Uxaxn] = Uz} . (4.28)
zZ=n) zZ=n
Linearizing gives,
71677 - uzl‘Z:O or 72677 - uzz{Z:O.
Solving for 7 and equating the two gives,
u u
ZI|Z=0 - ZZ}ZZO (4.29)

71 72

which gives us the condition for the continuity of u,. With this in mind the solutions of Eq. (4.27)
are
Kz for z>0 (4.30)

uz, = Ay, e

Uz, = A)‘/zeKZ for z < 0. (4.31)

To finally get the dispersion relation, integrate Eq. (4.25) across the interfaceatz = 0fromz = —¢

to z = ¢, and taking the limit as € — 0, and using the relations above,

_ kB2 (Du K2u
Ao (=7pDuz) = JL Ao( 7z)+g 7 ZAo(p) (4.32)

where Ag(A) = A1 — A,. Simplifying,

_ _ k3B
(7io1KA +73p2KA) = == (KA — KA) + gK*(Ap1 = Ap2)
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—2k3B?

7ip1 + 7302 = +gK(p1 — p2)- (4.33)

Expanding out the 7 terms and dividing by (o1 + p2),

(y+ik U )zoc +(J/+ik U )Zoc ——;2( ? +gKA
xY1 1 xY 2 2 ( E 2)
2 2ik (U U ) I:Z(UZ U2 ) kasz qu
Ve + x(Urar + Uap)y — Ky 10‘1"‘ 2 a2 +—(1| 2)_ 0

y = —ikx(Uiay + Upap)

2k2B2
+ . | (iky(U1a +Ua))2—(—k2(U2a + U2ay) + —22X27 A)
\/xll 202 x\U1a 202 Iv‘(Pl"‘Pz)g
y = —iky (Ut +Uoc)+\/k2cxoc(U —U)2+gKA—2k92“—m (4.34)
x\U 141 2U42) = xU1U2 U 1 2 :“(P1+,02)‘ .

The expression above is the dispersion relation.

4.2.3 Compressible Kelvin Helmholtz Instability

Now | will derive the compressible KHI. The setup will be the same asin theincompressible
case, except there will be no background magnetic field, no gravity, and we will work in only two
dimensions, since there are no effects in the third dimension in this configuration. The governing

equations are,

% +V-(pU)=0 (4.35)
ot
p(%—l:+U-V)U=—Vp (4.36)
_ 2
p =cgyp (4.37)
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where ¢ is the speed of sound inside the fluid. Perturbing the equation as done previously, and

linearizing the equations gives,

agitp+U0-V5p+p0(V-5U)=0 (4.38)
e}
Lo (a + Ug - V) 6U =-Vép (4.39)

5p = cdp. (4.40)

Using the same ansatz as before for the form of the perturbations, (without the ky, component)

taking the derivatives, and rearranging terms leads to,
V.-U=—-——7y (4.41)

po7oU = —=Vip. (4.42)

Taking the divergence of the above equation yields,
porV -U = —-V25p. (4.43)

Substituting for the divergence on the left, and our expression for the pressure

7280 = c(z)Vzép. (4.44)
Which is then,
728p = c§ (D* — k%) 8p. (4.45)
Solving for the derivative,
-2
D%5p = (k}c + 7’—2) 5p. (4.46)
o
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The solution to this equation is,

Sp = AehTZ 4 Beh ™z

=2
h = +q | k3 + 5 (4.47)
o

Requiring that the densities must vanish at infinity gives,

where,

op1 = Aleh_z (4.48)

dpy = A26h+z (4.49)

where the subscripts indicate the top (1) or bottom (2) fluid. For the pressure equation substitut-

ing the expression for the density gives,
Sp1 = Alc%eh_z (4.50)

Spy = Azc%eh+z. (4.51)

The z-component of the momentum equation is, solving for the perturbed velocity,

—Dép
u, = —Pop (4.52)
27 py
or
— a2 h
gy = ALTE (4.53)
P1Y1
Uy, = —h+A2c%eh+Z (4.54)
22 P27, . -
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With this in hand, we now look at the jump conditions and the interface equation

following to be satisfied,

[1Uz = Uxdunll|_ =0

[[P]]=0
zZ=n zZ=7

Linearizing the jump conditions yields,

[[uz — ikeUSY]]| =0

(uz, ~tzy)| _ = (U1~ Upikedy

[16pll_ =0 = ép1| _ =6pa| = = 41§ =233
2
C
Ap= 24,
1
716m = ”Zl| or 7,01 = uz, o

Adding the two gives,

(uzl + uZz) |Z=0 = (71 + 72)577

or
(uzy +uz,) {z=0

on = — —
7 V11TV,
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(4.55)
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(4.57)

(4.58)
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Substituting the expression for 67 into the previous equation and evaluating at z = 0 gives,

—h~A1c;  —htAxd (U} - Uy)iky (—h‘Alc% s —h+A2c§> w1
P17; p2¥, 117 P17 P27, ) '
Simplifying
h™  ht (U1—U2)ikx( h~ N ht )
P171 P2V, 71tV P17y p2¥2)
Substituting the expression for p,
hci  h*q Uy - Upiky (h‘c% . h*c%)
Py, Py, 71t7; Py, Py,
Simplifying and solving for h*
~2 : 2 .
h™cy (1 N Uz)lkx> _hq (1 L Wi Uz)lkx)
" 71t+7; 72 SR
h=c? (71 +7,— (U1 - Uz)ikx> _ htc3 (71 +7,+ (U1 - Uz)ikx)
" rt7; %) rt7;
h=c3 ( 27, ) _ k't ( 27, )
71n \n+7) 7 \N1t7,
h=c? (Q) =htc} (ﬁ> (4.62)
V1 16)

Squaring both sides and substituting for h* gives,
_2 = 0\ 2 52 5 o\ 2
k% + y—; (y—z) et =k + y—g (ﬁ) c5. (4.63)
Simplifying further gives,

(k,%c% + y%) 73c3 = (k}cc% + y%) 7ic3 (4.64)
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which is the dispersion relation. This equation has an analytic solution, but it is so lengthy and
complicated that it is difficult to gain any insight from it. However, setting the fluid densities to
be equal allows for an analytic solution of the growth-rate which is straightforward to interpret.

With this simplification, solving for the growth-rate gives,

%=—i<M1+Mci\/1+Mgi\/1+4Mg). (4.65)
S

The instability is then stabilized when the radical is zero, which occurs when M, = \/5

It should be pointed out that these solutions to Eq. (4.62) are only valid on a specific
domain. Equation (4.65) satisfies Eq. (4.62) when |[M.| < \/2, but not when M| > V2. The
reason this occurs is twofold. The first issue is that Eq. (4.65) is a solution of the square of Eq.
(4.62), and as such, a solution of that equation is not guaranteed to solve the original unsquared
equation. The second reason is more physical, when |[M.| > \/Ethe perturbations no longer
satisfy the boundary condition of vanishing at infinity. This can be seen in Fig. 4.3, where h*
goesto0at M| = \/E With the real component going to 0, the perturbations cannot vanish at

infinity.

4.3 Rayleigh-Taylor
4.3.1 Introduction

The RTI is an instability driven by gravity. The classical set-up for this instability is a
dense fluid being supported by a lighter fluid in the presence of a gravitational force. In this
configuration the system has an increased amount of potential energy as compared to the case
where the two fluids swap locations. Since the system would prefer to be in a lower energy state
the fluids will move to attain this state. By doing so, the potential energy from the top fluid will
be converted to kinetic energy which then causes the instability.

Another way to interpret this instability is to look at it in term of baroclinicity, which is

a measure of how misaligned the pressure and density gradients are. Taking the curl of the
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momentum equation gives,
dw
dt

_ pizv;a X Vp (4.66)
where w is the fluid vorticity. Due to the fluid configuration the pressure and density gradients
are not aligned causing an increase in vorticity. This leads to a positive feedback loop as the
increased vorticity will increase the misalignment of the two gradients which then increases the
vorticity even more.

Do note that this is not the only way this instability can occur, and other considerations
can be made to study their impact on the system. Some examples of these would be fluid
compressibility, the presence of a magnetic field, or fluid viscosity. To give the reader some
background on this instability | will derive the linear growth-rate of the compressible RTI. The

incompressible case is found by performing the same analysis as was done for the KHI, only

setting the equilibrium fluid velocities to zero instead.

4.3.2 Compressible Rayleigh-Taylor Instability

As with the KHI we will be studying the stability of the RTI using ideal MHD. The set up
will be as before with two fluids superimposed on each other with the interface located on the
xy-plane. The top fluid will be fluid 1 and the bottom fluid will be fluid 2. Assuming an inviscid,

isothermal, ideal gas with no dissipation, the governing equations are

PLy. (PU) =0 (4.67)
at
)
p(a+U-V>U=—Vp—pg (4.68)
P = pc3. (4.69)

The equilibrium quantities here are,

Up=0 (4.70)
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dpo _

4z = P08 (4.71)
Po = poC(Z). (4.72)
Using the above equations to solve for pg gives,
_8z z
d(pocg) R
———"=—pog => po=Pge 0 =pye 10

where L; = c%/g is the stratification length and g, is the density at the interface. Thus in the two

fluids we have,

zZ
PO; = P1 = Py i, z>0 (4.73)
_Zz
pOZ =py = [jze LZ, z<0 (4.74)
_Z
po, =P1=pycde 1, z2>0 (4.75)
_Zz
=Py =5 2, Ly
Po, =P =pyc5e “2, z<0. (4.76)
This also implies,
Pyl = pyc3.

The next step in the derivation is to perturb the equilibrium and linearize the equations. Perturb-

ing the system leads to redefining the variables as such,

U - UO+5U :uxéx'i‘uyéy‘l‘uzéz
p=po+dp

p=po+dp

where the terms with deltas or lower case (as is the case for the components of the velocity) are

the leading order perturbation terms and those with a 0 subscript are the equilibrium quantities.
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Assuming the perturbation are normal modes and have the form,

SF(x,z,t) = F(z)etkxx+vt

the linearized equations are,

y6p + 36U -Vpg+poV:-6U=0 (4.77)
poydU = —Vép — dpge, (4.78)
Sp = Spcd. (4.79)

The next step is to manipulate the system of equations until we have a differential equation of a
single unknown. In this case we will solve for the density. Substituting the expressions for the

equilibrium density into Eq. (4.77) gives,

Yép — uz

Let us now define the following,

(4.80)

Dividing the equation by ﬁoe_m then gives,
Uz

yon— —+V-0U =0. (4.81)
Lo

We can do the same for Eq. (4.78),
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Now, note that,

zZ
dp Vép el
Vén=V —z |= _£+5pV—O
Pge Lo Poe Lo
And thus,
Z
Lo
V5PZ =Vdén — 5pVeA—-
n Po
pge 0
Substituting the above gives,
Z
2 efo
yéU = —cg| Vén — 6pV—— | — dnge,.
Po
Expanding and taking the gradient of the exponential gives,
2
c
yoU = —c%Vén + op = —Oéz —dnge,.
_Z Lo
pge Lo
Note that the two terms on the right cancel, thus giving,
y8U = —c3Vén. (4.82)
Taking the divergence of Eq. (4.82) gives,
2
V.5U = —70V25n. (4.83)
The z-component of Eq. (4.82) gives,
2
g 8
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Substituting both of these into Eq. (4.81) and simplifying yields,
0
2 225, —
y 5n+gazén—cov én =0.

Taking the Laplacian and rearranging gives us the differential equation of the normalized density,

52 19, 7r+chk?

Requiring that the perturbations vanish at infinity leads to the following solutions for each fluid,

Sny = 611e%1%, 2> 0 (4.86)
Sny = 5ﬁ2e“5r 2 z<0 (4.87)
where,
af = 2% (1 + \/ 1+ 4L;k(5% + kLi)) (4.88)
and
92 = Z—Z. (4.89)

Now that we have an expression for the normalized density, the next step is to apply the jump
conditions at the interface and then form an equation that consists solely of constants and the

growth-rate. The interface equations are,

v8n = uz|,_, (4.90)
uzl|z:0 = u22|z:0 (4.91)
(8p1+Dp18n)|,_, = (6p2 + Dp2dn) | _, (4.92)

133



where &7 is the location of the perturbed interface in z, and D is a partial derivative in z. Using
Eqg. (4.84) to eliminate u, and Eqgs. (4.71), (4.79), and (4.80) to eliminate the pressures, some

straightforward algebra leads to the following dispersion relation,

P1— Pz) (ay — Ll)(“;Lz)_

OC_Ll — OC+L2 = (
1 2 P1 A2k,

(4.93)

4.4 Combined Compressible System

With both the KHI and RTI derivations done, we can now work on the most complicated
case so far, the compressible KHRTI with a magnetic field. In this section, we derive an analytic
dispersion relation for the growth rate of the compressible Kelvin-Helmholtz instability (KHI) in
the presence of gravity, under the assumption of a continuous density profile at the interface.
On this basis, we analyze the asymptotic behavior of the growth rate in the limit of large velocity
differences, as well as the spatial structure of the associated eigenfunctions. The analysis is then
extended to the compressible KHRTI, where we present the asymptotic expansion of the growth
rate with respect to the velocity difference and characterize the dependence of its peak value on
the same parameter. Finally, we investigate the effect of a uniform flow-aligned magnetic field,
identifying the approximate field strength required for stabilization and comparing the result
with the incompressible case.

The rest of the chapter is organized as follows. In Sec. 4.4.1, we define the system and
the geometry of the problem. In Sec. 4.4.2, we introduce the governing equations and perform
the linear stability analysis, obtaining dispersion relations for both the case with and without a
magnetic field. In Sec. 4.4.3, we discuss the results obtained for both cases studied. Our analytic
approximations for various quantities of interest are presented, such as expressions for the
growth-rate or for the magnetic field required to stabilize the instability. Lastly, in Sec. 4.4.4, we

summarize our results.
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Figure 4.1: 3D representation of the system studied. p; is the fluid density in kg/m3, U is the fluid
flow velocity in m/s, By is the equilibrium magnetic field in T, g is the gravitational acceleration
in m/s2, and the axes all are measured in meters. Not pictured is the pressure which is measured
in pascals.
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4.4.1 Definingthe System

We assume the simple slab geometry shown in Fig. 4.1. We use Cartesian coordinates,
and the interface of the two fluids is the xy plane at z = 0. The letters in the image have
the following meanings: p is the density of the fluid, U is the fluid’s streaming velocity, g is
the gravitational acceleration, k is the wave vector and its components, and By, is the uniform
magnetic field present throughout the plasma. The magnetic field and streaming velocities point
in the x direction (i.e. B = Bpéy), while the gravitational force points in the negative z direction
(i.e. g = —géz). The subscripts 1 and 2 differentiate quantities for the top and bottom fluids,
respectively. The 0 subscript indicates that the parameter is an equilibrium quantity.

The fluids are assumed to be ideal (i.e., inviscid) and compressible. For simplicity, we
use an isothermal closure condition and ignore surface tension for the stability analysis. As a

consequence of the isothermal assumption, the equilibrium pressure is governed by the equation
Po = p§ch = Poch

where P is the pressure, p is the plasma density, T is the adiabatic index, and ¢ is the speed of
sound in the plasma and the subscript indicates that they are the equilibrium quantities. From

Bernoulli’s equation we see that the only spacial dependenceisin P and p and thus have,

dpo _
o, = —Pos (4.94)

Substituting the previous definition for P and rearranging terms gives,

doo _ _ 8
Er e
o
Integrating over z gives,
_%Z _i
p.e 0 =p.e Lo
Po = Pp€ = Po€
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Where we have defined the following stratification length,

2
Ly= 2
0 = —.
8
Thus we have the following results,
_iz yA
A c? N
po, =P 1 =pe ", z>0 (4.95)
_iz zZ
R 2 ~ 1L,
po, =Pre 2 =pe "2, z<0 (4.96)
_%Z _i
Po, = ﬁlc%e ‘1 = ﬁlc%e L1, z>0 (4.97)
_%Z _i
Po, = bzc%e 2 = ,bzc%e Lz, z<o0 (4.98)
,610% = ,620%. (4.99)

Henceforth, p; and p, without the hats will refer to the equilibrium fluid density of the
top and bottom fluids respectively, while the version with a hat will refer to the fluid density at
the interface. A polytropic relation, P « pr, with arbitrary " is more general, but makes the two
fluids finite in z, thus complicating the boundary conditions significantly. Setting ' = 1 allows

for the two fluids to be infinite in z.

4.4.2 Linear Stability

The governing equations for our system are the compressible ideal MHD equations, plus

our closure condition,
dp

3 +V-(pU)=0 (4.100)
0 1
g—? =V x (U x B) (4.102)
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p = pc?. (4.103)

Now we will assume the system is in equilibrium and then slightly perturb it from this

equilibrium. The variables will now have the following form,

p=po+dp
p=po+dp

Where the terms with a 0 subscript represent the equilibrium quantities, and the terms with
deltas or lower case (as is the case for the components of the velocity and magnetic field) are the
1st order perturbation terms. Substituting these into our governing equations, dropping zeroth

and second order terms, and derivatives of constant quantities leads to the following linearized

equations,
(% + U - V) dp+V-(0pgU)=0 (4.104)
0 1
p(a+UO-V>5U =—V5p—6pg+/7(V><53)><Bo (4.105)
0
(5 +Up - V) 6B =V X (6U X Bg) (4.106)
op = 5,00%. (4.107)

Analyzing the perturbations into normal modes, we take our perturbed quantities to have
the general form,

SF(x,y,2,t) = F(z)e!lxX+kyy)+vi

where ky and ky, are the components of the wave vector K and y is the growth-rate of the
perturbed quantity. Our end goal is to get a dispersion relation that shows us how y behaves.

Using the new form of the perturbations we can take the derivatives in Egs. (4.104)-(4.107) and get
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the following equations. Note that the vector equations are now separated into their component

equations and derivative with respect to z will be represented with a’D’.

780 — 2 pg + poV - 6U =0
Lo

poYuyx = —ikydp

— . By ,. ;
poyuy = —ikydp + 70 (ikxby — ikyby)

_ By .
povuz = —DOp — Spg + 70 (ikycb; — Dby)

bz? = Boikxuz,

(4.108)

(4.109)

(4.110)
(4.111)

(4.112)
(4.113)

(4.114)

wherey = y + ik, U . Henceforth the 0 subscript that indicates the equilibrium terms will be

dropped.

The next step is to reduce this system of equations into a single differential equation with

asingle unknown which can then be solved. The unknown of interest is u, the perturbed velocity

in the z direction. The general process will be to express every perturbed quantity in terms of

uy and én = %‘O, the normalized density, and then convert all the 6n terms into terms with u.

First let us divide out the density from Eqgs.(4.108)-(4.111) and, in the case of the momentum

equations, isolate the perturbed density.

75n—’“‘L—Z+v.5u=o

. 2
uxz—lkfc on
14
2
B ,. . y€
uy — — (ikyby — ikyby ) = — on
Yy PMV( X¥y yx) ¥
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B 2

Uy (ikyb, — Dby) = —=Dén. (4.118)
%% %

Now solving Faraday’s Law for the components of the magnetic field,

B .

by = Bl_kx Uy, (4.120)
Y

b, = B}k" Ug. (4.121)

With all of these in hand we can now begin reducing our system of equations. First let us combine
Eqgs.(4.116)-(4.117) by multiplying the former by iky, the latter by ik, and adding them together
to get,
B c?K?
V - 8U — Duy + —= (bykyky — byk}) = ——on. (4.122)
4 2 (oykeky ~ bii) = 1
Then using the previous equations we can eliminate all the variables except u; and dn and solve

for on,
7wz (7 + K2V2) - Lou, (77 + V2iZ))

on = 2 4
L(c2V2K2KZ + K27° (2 + V2) +7 ")

(4.123)

where K% = k2 + k2, and V = B%/up. We can do a similar process for Dén in Eq.(4.118) to get,
X y

7(V2Duz — Lug (72 +V23))

Dén = (4.124)

L(2V2E +7° (2 +V2))

Then taking the z derivative of Eq. (4.123), taking note that the V terms have a z dependency

from the density, and then equating it to the above equation yields a differential equation in u,

Aug(z) + Buy(z) + Cuy(z) =0 (4.125)
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whose solution is then,

-~ +
Uy (z) = el Z + @07 2 (4.126)

where,

+ 2
. _ BxVB21adc w127

h 24

2 -2 =2 =2 -4 -2
A= in <7i + Vl-zk)zc) (c%yi + Vl-zyi + C%Vizk)zc (C%sz/i +v; + KZVizyi + C%KZVizk%)

(4.128a)

B = Liy; (2c4V2yl ki + 2c4V2yl kxky +cf Nz kx +cf 2 ky +c? yl + czV4)/l ki + 3cZV4yl kxky

+22VEIE + 32V + 2V I + AK2VAKE)  (4.128)

e = 3R2V7IE (k3 (13 (3¢ +2V2) k3 + 2¢2) + I3 (3¢ + 2V2) k)
+ 177 (26 + 397+ 2(F +12) )
+ KZL%?? <(cf + Viz)2 kg + (¢} + 6c2V2 + 3V4) k%)
K4 VD) G (B (3 + V2) 1+ 26)

+ 2 (3¢t + 62V2 + VAV k) + 137, + cAKALZVEOKS  (4.128¢)

with the i subscript indicating the value is from either fluid 1 or 2, and @1 ; are constants. The
perturbation must go to zero at positive and negative infinity; as such, the solution that is valid
in the top fluid is the term with h~, and for the bottom fluid the term with h™.

Now that u; is known, the last steps of the derivation can proceed. At the boundary
between the two fluids certain linearized conditions must be satisfied. These are known as the
jump conditions or the interface equations. ([160]) The location of the perturbed interfacein z is
defined as dn(x, t). Since there is no mixing occurring between the two fluids, their displacements
must match. Another requirement is that the total pressure and magnetic field normal to the

interface are continuous across the interface. This then yields the following equations that must
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be satisfied,

d (én) 6(577)>
(uzl U, i ) ( -Uj i o (4.129)
_ 5(577) d (6n)
g, = <U ) » (4.130)
_ a(577) 6(577)
”Zz|z 0 _< 5 ) o (4.131)
Bb BbX2
<5p1 + Dp16n+ —) = (5p2 + Dpydn + —) (4.132)
M z=0 M z=0
bzl|z=0 = b22|z=0. (4.133)

Assuming the same normal mode as before for the perturbed quantity, taking the deriva-

tives and substituting Eq. (4.121) into Eq. (4.133) we have that,

(“21 + “Zz) l2=0

oyl = 1 (4.134)
=0 Y172
"
uZ1|Z_0 _—uzZ|Z_0 (4.135)
72
o, = Z—1¢2. (4.136)
72

Now we will begin to substitute into the pressure balance equation, Eq. (4.132), and this
will yield the dispersion relation. We will use Eq. (4.107) to eliminate the d p terms, Eq. (4.94)
to eliminate Dp, Eq. (4.119a) to eliminate by, and Eq. (4.134) to eliminate &7. Henceforth, the
evaluated at z = 0 will be dropped, but addressed later. After substituting, we have,
2 : 2 ;
B?(Dug, + ikyuy, ) B?(Dug, + ikyuy, )

= = c36p, — 8ngos — =
1241 MY

c38p1 — dnge1 —
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Next, we change the §p terms into &n, and use Eqs. (4.116)-(4.117) to eliminate uy and uy, giving,

2 (.2 = 2
ky (czénzyz -V Du22)
75 + K212

ci8nyp1 + Sngps + iz ( + Duz2> =
2

2(.2 - 2
k3 (c3on17, — VDug,)
7> + K212

c%énzpz + dngp1 + 7 ( + Duzl).
2

Next we use Eq. (4.134) to replace &7, and Eq. (4.123) to eliminate dn. Using Eq. (4.136)

to evaluate at z = 0, simplifying and rearranging terms leads to the full dispersion relation,

75 (B2 + K2uP) + K2uPV2k}: 7 (B2KG + KZ/,LP) + K2uPV2k2
K275 (3 + V3) + 75 + 3K2VEKE: K271 (3 + VR) + 7, + K2VEK}

h~ (71 + Vf kx) <y1 (32 + uP) + B%c k}c)
K2771 (c1 +V ) + 71 + AK2V2 k2
nt (73 +V2i3) ()/2 (B2 + uP) + B2c31} )

-2 —4
K27, (3 + V§) +7, + 3K2VEk:

=0. (4.137)

In the limit of no magnetic field the dispersion relation is,

27 (g ¥ \/ 43 (P + (13 +13)) + gZ) - 27, (g - \/ 4t (71 + 1 (i +K5)) + gZ)

—(iz——) (g \/4c (yf+ kx+ky))+g2)

2
X (g + \/40 7/2 +c5 (k% + ky)) + gz) =0. (4.138)
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4.4.3 Results and Discussion
Results Without Magnetic Fieldand A = 0

In the specific case of the two fluids being of equal density at the interface Eq. (4.138) has

an analytic solution for y. The normalized growth-rate is as follows,

. . 2
77=—(M1+Mc)i+i\ <1$$)+M§—\/<1¢§> + 4M? (4.139a)
i i)2
7=—(M;+Mp)i-— i\ (1 + f) + M2 - <1 + E> + 4M? (4.139b)
— 2 -
where, § = % L= %,Ml = %cos(@), and M, = %cos(@). The two sets of equations

represent the solution depending on the sign of M.. When M, > 0 the growth-rate follows Eq.
(4.139a), and when M. < 0 it follows Eq. (4.139b). The two sets of plus-minuses or minus-pluses
dictate the sign of the real component of y. In both cases, when the top signs are chosen the real
component is positive, and the opposite configuration gives a negative real component. Itis
important to note that, since the density gradient is aligned with the gravitational acceleration,
the system is RT stable. Also note that here and moving forward g will be assumed to be positive,
as switching the sign of g effectively switches the sign of M. To the authors’ knowledge, this
analytic result is not found in the literature. Since these modes satisfy the boundary conditions,
namely that the perturbations vanish at z — +oo0, we conclude these are physical solutions of
the dispersion relation.

The key insight from this result is that, due to the presence of gravity, there are now
imaginary terms in the radicals, as opposed to the pure compressible KHI. These new terms
cause the system to always be unstable, beyond even where the case without gravity would
stabilize, M, > \/5 For simplicity, we will work in the frame where the fluid velocities are equal

and opposite. Thisremoves the terms outside the radical and changes the M. terms to M. Setting
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the square root equal to zero and solving for M in Eqs. (4.139a)-(4.139b) gives, M = 0 and either
M = /2 +i/Lor M = +1/2 —i/L depending on the flow orientation. The first solution is
physically valid, when there is no flow and thus no KHI. The second set of solutions are not
physically valid as the Mach number is a real quantity. As such, because of the gravitational term,
there is no non-zero value of the Mach number that allows the system to be stable.

We will examine asymptotic behavior in the rest of this section. We found in our cal-
culations that the asymptotic regime occurs for M, Z 2 (not necessarily M, > 1) as long as
M. > f_l. Different asymptotics are found forf_1 > M,, which will be mentioned later on. In

the limit of M, — oot Eq. (4.139a) has the following expansion,

A~

=+—

—i(1+Mp) + (9( 1 ) (4.140)
4LM,

M?
where the plus minus sign accounts for the positive and negative real components from Eq.
(4.139a). We see from the expansion that the real component of the growth-rate is inversely pro-
portional to M., indicating that the instability persists even with increasing velocity differences.

Another notable aspect of the instability is the behavior of the eigenfunctions. In the
region beyond M, > \/2 the value of the growth-rate is several orders of magnitude smaller than
the peak value, see Fig. 4.2 for an example of this. While the growth-rate is small, the resulting
eigenfunctions are very broad and impact large portions of the plasma. As defined earlier, the
perturbed z-velocity, u,, is proportional to ezl or eZth depending on the fluid chosen. Fig. 4.3
shows the behavior of the real component of the h terms in the exponentials for the case with

and without gravity. We see that for M, > \/5 the terms with gravity are nonzero and flatten out

significantly. This occurs because the real parts of the coefficients in the exponential are small.

An example of this is shown in Fig. 4.4 which plots ezl as a function of z = zk for different
values of L at M, = 2.
We remark that we are now considering a system in a region of instability where the

growth-rate has decreased by over nine orders of magnitude from its peak. While one may
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Figure 4.2: The real component of the growth-rate obtained from the numerical solution of Eq.
(4.138) together with the growth-rate for the compressible KHI without gravity (also computed

numerically) for A = 0.9 is plotted versus the convective Mach number, M, = ng;f]l. Here we
1t¢2
have normalized the growth-rates to lie between 0 and 1 for both cases by dividing the values by

the maximal growth-rates respectively.
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Figure 4.3: The real component of i~ = h*/k found by evaluating Eq. (4.127) with and without
gravity and eliminating the magnetic field terms is plotted versus the convective Mach number,
M. = U2— - Czk
c =
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reasonably think that the mode is at this point stabilized for all practical purposes, we observe
that systems in a strongly, but not fully, stabilized regime can still be very important areas of
study.

One such example, and one of the major concerns and constraints in tokamak physics and
operation, in particular for the multi-billion dollar ITER experiment and for other experiments
aiming to reach breakeven, is the Resistive Wall Mode (RWM). An uncontrolled RWM can cause a
disruption, i.e. a sudden termination of the plasma discharge, which has the potential to severely
damage the experiment for high performance discharges. What makes this relevant to our point
is that the RWM is a resistively stabilized external kink mode. The external kink mode is a fast-
growing tokamak instability that develops over Alfvén time scales, ~ 10~0s for tokamak relevant
parameters. An ideal (superconductive) wall close enough to the plasma stabilizes the external
kink mode. If the wall has a finite resistivity the external kink is only partially stabilized and

transforms into a mode now growing on scales of the order of the resistive diffusion timescale of
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Figure 4.4: The value of the real component of the exponential part of the perturbed z-velocity,

Uz, in the top fluid, eZh s plotted versus a normalized length, z = zk. In this plot we are also
only plotting the envelope of the oscillating function.
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the wall, ~ 10~1-0(1)s, depending on the resistivity and thickness of the wall and the geometry
of the machine.

In short, all of the previous discussion is to bring to the attention of the reader that in
other cases a change in growth rate of several orders of magnitude transforms an intractable
instability into one that can be controlled in real time in an experiment. Papers rarely show
plots of growth rates in the external kink and resistive wall regimes on the same figure, but some
examples can be found for instance in Ref. [161, 162].

Coming back to our work, our aim is to obtain general results rather than focus on a
specific problem such as the RWM one. A direct application of our results is in fact beyond the

scope of this paper.

Results Without Magnetic Field and A # 0

We start our analysis of the results considering solutions of Eq. (4.138) for large convective
Ux-Up
c1+Cp
region where M, > /2 is of interest because in the standard two-dimensional compressible

Mach numbers, with the convective Mach number being defined as, M. = . [137] The
KH problem, the instability is stabilized by the increasing velocity difference. [132, 163] This is
shown in Fig. 4.2. In the case where the densities are equal in both fluids, the compressible KHI
without gravity is stabilized at M, = \/5 The stabilization point is dependent on the densities of
the two fluids. That is the reason why in Fig. 4.2 the stabilization occurs for a slightly different
value of M. , approximately 1.3. This behavior has been shown previously in the literature. [137]

We find that for U, — U7 > 1, or M > 1, the growth-rate can be expressed to leading-

orderin1/(Uy — Uy)or1/M; as,

- %) .
YR 12c1(U2 —U7)cos® ik(cy + Uqcos(6)) (4.141)
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or in non-dimensional form,

+
c
pat——2 i1+ Mjcos(6)) (4.142)
2L1M.cos(6)
— c4k .
where, 7 = L, Ly = Lot = L, 0 # m/2, and the * indicates that there are two sets of
kcq g 1 c1t+cp

roots which have different signs in their real component. Setting the sound speeds to be equal in
Eq. (4.142) recovers the resultin Eq. (4.140) as one would expect. The next terms in the expansion
for both the real and imaginary components are second-order in the expansion parameters and
only cause small changes in the numerical values of y as given by Eqgs. (4.141) and (4.142). We
include them to emphasize that the growth-rate can, in principle, be expanded to arbitrary order,

and the continued dependence on gravity. Letting the right-hand side of Eq. (4.141) be ¥ then,

N gco _ gz(c% - 20%) + 4(:‘1‘c%k2
" 2(Up = Up)?cos?(6)  8c3k(Uy — Up)2cos2(6)

YR 71 (4.143)

When we compare Eqgs. (4.141) and (4.142) to the numerical result, they exhibit good
agreement when M. becomes sufficiently large, as seen in Figs. (4.7)-(4.8). We also note that
the approximation is more accurate when the Atwood number is closer to 1. Furthermore, the
numerical solutions of Eq. (4.138) match well with the incompressible solutions at low M,.
This indicates that our dispersion relation behaves correctly when compressibility effects are
negligible. This is seen clearly in Figs. (4.5)-(4.6).

Equations (4.141)-(4.142) show that the growth-rate of the instability is inversely propor-
tional to the convective Mach number, and also proportional to the gravitational acceleration
the system experiences. Therefore, the velocity difference still has a stabilizing effect at high M,
as in the compressible pure KHI, and gravity has a destabilizing effect. It is also worth noting
that Egs. (4.141)-(4.142) still hold when the system is RT stable, i.e. ¢ > ¢ or p; < p3. This
means that there is still an instability present due to the presence of gravity, as opposed to the

incompressible case where gravity would have a stabilizing effect. We emphasize that this is
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Figure 4.5: The normalized real component of the growth-rate, = lec(w, obtained from the
1
numerical solution of Eq. (4.138) and from the analytic expression of the incompressible KHI
growth-rate for A = 0.9 is plotted versus the convective Mach number, M. = %
1t¢2
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Figure 4.6: The normalized real component of the growth-rate, ¥ = R;C(Y), obtained from the

numerical solution of Eq. (4.138) and from the analytic expression of the incompressible KHI
growth-rate for A = 0.1 is plotted versus the convective Mach number, M, = U2—U1'
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Figure 4.7: The normalized real component of the growth-rate, = Rl:c()l/)’ obtained from the
numerical solution of Eq. (4.138) and from the approximate analytic expression described in Eq.
(4.142) for A = 0.9 is plotted versus the convective Mach number, M, = I?%Zl Alsoinlaidis a

plot of the relative error, defined as the absolute value of the difference between the numerical
and analytic values divided by the numerical value, as a function of M,.
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Figure 4.8: The normalized real component of the growth-rate, ¥ = , obtained from the

kCl
numerical solution of Eq. (4.138) and from the approximate analytic expression given in Eq.
(4.142) for A = 0.1 is plotted versus the convective Mach number, M, = lé'z—U1' Alsoinlaidis a

+C)
plot of the relative error, defined as the absolute value of the difference between the numerical

and analytic values divided by the numerical value times 100, as a function of M,.
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Figure 4.9: The normalized real component of the growth-rate, ¥ = , obtained from the

an RTI present is plotted versus the convective Mach number, M, =

. Here a negative

only true in the large M, region, as in the low M, region, M. < 0.2, the growth-rate behaves
like the incompressible solution found in the literature, as seen in Figs. (4.5)-(4.6), where gravity
can stabilize the system when the system is RT stable. The differences in the magnitude of the
growth-rate between the RT stable configuration and the unstable one are most notable when
there is no velocity difference — thus there only being an RTI present — and at high velocities,
which is shown in Fig. 4.9. This can also be seen from Eq. (4.141) where y « c3/c1. When the
system is RT stable, c5/c1 < 1 which leads to a smaller growth-rate. In comparison, when the
system is RT unstable, c/c1 > 1 causes the growth-rate to be larger.

It is also of interest to investigate the position (i.e., the value of M) for which the growth-
rate of the compressible KHI reaches its largest value with respect to the difference in velocities or

the convective Mach number, see Fig. 4.2. Since the main driver of the instability is the difference
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in the fluid velocities,d = U, — U1, there will be a value of d which will maximize the growth-rate.

We find the following first order in ¢; and ¢, approximation of the peak’s position,
dpeqk ~ 0.37c1 + 0.48¢; (4.144)
or in non-dimensional form dividing every term by (c1 + ¢3),
~ + +
Mep, . ~ 0-37¢] +0.48¢3 (4.145)

where clf is defined after Eq. (4.142). We find that this expression is within approximately 5% of
the actual peak. For reference when comparing to the homogeneous compressible KHI without
gravity [132, 163] one finds it to be, dpeak = ?c. In the limit when the sound speeds are equal
the constants in Eqs. (4.144)-(4.145) add to 0.85, which is less than \/— ~ 0.87. This discrepancy
may be caused by the observed increased contribution of higher order effects when the sound
speeds approach the same value.

Another source of error is the lack of a gravity term in the expression, as a very small
linear dependence was observed. The above results were found with g ~ 9(10), or in terms of
the normalized stratification length, L; ~ ©(107). In this regime gravity has a minor impact on
the peak. That is no longer true when gravity is much larger, or L; ~ O(1) or smaller. In fact,
when using such parameters one finds that not only is the location of the peak shifted to higher

values of M, the actual peak value increases as well. Plotting the real component of Eq. (4.139a)

for different values of L in Fig. 4.10 showcases this behavior. Furthermore, in the case where

L > M. inEqgs. (4.139a)-(4.139b), the growth-rate’s leading order behavior is as such,
— )
7 = +2M.L —iM7 + O(L). (4.146)

Which is quite different that the large M. behavior seen in Eq. (4.140).
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Results With Magnetic Field

The last case we consider is the more challenging one, including the presence of a mag-
netic field. For this problem, the dispersion relation becomes considerably more complex than
the one considered so far, see Eq. (4.137). Solving the dispersion relation presents a non-trivial
challenge. Without setting an exceptionally high numerical precision, approximately 200 to 300
digits, it becomes arduous to obtain accurate results. The unusual need for such high precision
stems from the fact that the solution of the dispersion relation requires various operations in-
volving very large and very small numbers, which cannot be completed accurately with standard
precision.

Another numerical issue to note occurs because of the method that was used to find the
roots of Eq. 4.137. We clarify the issue by describing the process used to study the effect of B
on the system. In that case, we initially solve the equation using a very small value for B with
an initial guess of the growth-rate obtained from Eq. 4.141. Then we progressively increase B
by small amounts, using the previous results as initial guess for the numerical solver. It was
found that the numerical solver may fail if the initial guess has inaccuracies as small as a fraction
of a percentage point. The problem is exacerbated by the fact that there are many roots to Eq.
4,137, with only a specific one being the one of interest. Moreover, some roots can be very close
to one another, either in their real or imaginary part. This can occasionally lead the solver to
converge to a root different from the desired one. Fortunately, the behaviors of the various roots
are noticeably different from one another, either the plots would be discontinuous or a kink
would appear, thus it was straightforward to determine when the solver switched from one root
to another. For all of the reasons above, high accuracy and precision are required for the solver
to keep track of the roots we are interested in.

In the ensuing results, unless the specific parameter is being varied or otherwise specified,
we have used the following input parameters: p; = 3% 10~/ kg m™3, 05 = 8 %+ 1078 kg m™3,
P =200Pa,g =10m/s?, k, =1m~L, U, — Uy = 5 x 10° m/s.

First, we will mention the effect the magnetic field has at low M. At low convective Mach
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number, M, < 0.2, the system behaves as the incompressible one does. In this regime, the flow
aligned magnetic field acts as an effective surface tension, stabilizing the system. [124] In the

incompressible case, the expression for the growth-rate of the magnetic KHRTI is, [124, 125]

2k2 B2
ine = 1/ gkxA + k2pT ot (Uy - Up)? — XX
YVinc \/g X xXP1 P2 (U2 1) 110(01+02)
—iky (0] U1 + p3U») (4.147)
where pi = P Setting the radical in Eq. 4.147 to zero and solving for B gives,
Lop1te:

(4.148)

| ko (g(el = p3) + kxp1p2(U2 ~ UL2)
crtline 2kyx (p1 + p2) '

Since kyp102(Uz —Up)? > g (p% — p%) we can approximate the expression to be,

Hor1P2
Buyiy .| OPIP2 ) (4.149)
“ritine 2o +p2) 2 !

or as,
VAlzcl’it o pr-zi_ (4 150)
AU ~ 2 '
where Va, = L. With the given parameters the right hand side of the above equa-
Mo(P1+P2)

tion is approximately 0.29.

As previously stated, the growth-rates found from Eq. (4.137) should match with those
from Eq. (4.147) at low convective Mach numbers. A result of this is that they should both show
the same stabilizing behavior regarding a flow aligned magnetic field. This exact behavior is
seen, for example, in Fig. 4.11.

Now we will discuss the effect the magnetic field has on the system in the region where
the convective Mach number is between 0.2 and 1.4. Here compressibility effects have a larger
impact on the growth-rate of the instability, and as a result the incompressible solution is no

longer valid. In this regime of M, the work of Peyrichon, et al. [137] serves as a good benchmark.
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Figure 4.11: The real component of the normalized growth-rate, y = RkeT(ly) obtained from

vV
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, for M, = 0.026.
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(13) from Ref. [137], and numerical solutions of Eq. (4.137) plotted versus ML = ﬁ. Here
A

is the Alfvén velocity. Also note that A = 0 and M, = 1 for this plot.
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For M. < 1.5 their results and ours should align well, even if there are some differences in the
two systems.

We will proceed to compare our results and the ones of Ref. [137] for the parameters listed
previously, except we set M, = 1 and A = 0 to make use of their Eq. (13). In this regime
L ~ 0(107), meaning that gravitational effects will be minimal and should not contribute
meaningful discrepancies between the two results. Furthermore, Ref. [137] uses an adiabatic
index, I' = 5/3. This causes differences in the results, such as discrepancies in the required
field for stabilization of approximately O(\/f) when plotted versus the magnetic field strength.
However, we expect good numerical agreement when dimensionless quantities are used and
the polytropic index is absorbed into the convective Mach number. This is confirmed in Fig. 4.12,
where the two curves are indistinguishable.

Lastly, we will now discuss the effects of the magnetic field on the system in the high M,

regime. We designate this region with M, > 2. M. = 2 was chosen as the limit of the region
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Figure 4.13: Qualitative comparison of the normalized compressible and incompressible KHRTI
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growth-rates, real component only, vs ;4[1]2 at M. = 6.6. Where Vap, = #. Here we
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have normalized the growth-rates to lie between 0 and 1 for all cases by dividing the values by
the maximal growth-rates respectively. The maximum growth-rate of the incompressible case is
approximately, @(10°), while the compressible case’s growth-rate is approximately, ©(1072).
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Figure 4.14: The real component of the growth-rate, y, in s~! plotted versus the magnitude of

the magnetic field, B, in Tesla, obtained from the numerical solution of Eq. (4.137) for different
U,—U;

convective Mach numbers, M, = .
Cl+02

for convenience, since for M Z 2 the numerical solution approaches the asymptotic solution
more and more closely, as seen in Figs. 4.7 and 4.8. In this highly compressible domain, the
magnetic field should have a weaker stabilizing effect than in the less compressible case as has
been shown previously. [137]

We can qualitatively show this by making the same comparison made in Fig. 4.11 but at a
higher value of M. While the incompressible result is inaccurate at M, > 1, this comparison
is meant to emphasize the change in the stabilization due to the magnetic field. Fig. 4.13
shows this difference in behavior. It is important to note the normalization used in this plot.
For both cases, the largest value of y is found when the magnetic field is 0. The growth-rate of
the incompressible case is approximately, ©(10°), while the compressible case’s growth-rate is
approximately, @(107>). Fig. 4.13 shows that a stronger magnetic field is required to suppress a

less unstable system.
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Looking further into the effect the magnetic field has on the system we were able to find
a noticeable pattern. As mentioned earlier in this section we solved Eq. (4.137) numerically
for increasing B until the system reached a point where the growth-rate decreased rapidly with
approximately 1% increments in B and the solver was no longer able to find a solution. The
increment in B was generally @(107°). A plot of the growth-rate versus the magnitude of the
magnetic field is shown in Fig. 4.14.

From this plot we can see that the growth-rate’s dependence on the magnetic field has
changed significantly compared to the previous cases. While the growth-rate decreases for in-
creasing M, as it should given Eq. (4.142), the necessary field required to suppress the instability
increases. This further shows that the increased dominance of compressibility effects lessens
the stabilizing ability of the magnetic field.

Another aspect of Fig. 4.14 that was noteworthy was the B field required to stabilize the
instability. While it may not be immediately obvious, the points where the curves in Fig. 4.14 go
to zero are evenly spaced with the evenly spaced values of M. Note that we used evenly spaced,
round values of the difference in velocity as input rather than round values for the Mach numbers.
The Mach numbers are themselves evenly spaced. A plot of the critical magnetic field versus the
difference in fluid velocities (not shown) confirms that the relation between the two quantities is
linear. Using unit analysis and the quantities we were using for the calculation we were able to

obtain an approximate expression for this critical magnetic field,

Beritg gy ® VHop2 (U2 —Ur) —c1). (4.151)
Expressing it solely in terms of velocities we also have,
VAZ ~r(Uy—-Up)—c (4.152)

where V4, = _B_istheAlfvén velocity of the bottom fluid.

VHOR2

This expression was tested for various densities and convective Mach numbers, and it
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was found to be accurate. Rescaling the horizontal axis in Fig. 4.14 as the ratio of the two sides
of Eq. (4.152), it is easy to show that all the curves go to zero when Eq. (4.152) is approximately
satisfied. This is shown in Fig. 4.15. It is worth noting that the approximation is more accurate as
the convective Mach number increases, though it is still accurate for lower values, as the curve
for M. = 2.6 goes to zero at approximately 1.05 in Fig. 4.15. At velocity differences where the
asymptotic behavior is not as prevalent, M, < 2, we noted this expression to be overestimating
the required field for stabilization by over 50%.

An aspect of Eq. (4.151) that needs to be emphasized is its independence of the value of g
or L, for the values tested, 103 < L; < 107. Increasing the value of g by orders of magnitude only
increased the magnitude of the growth-rate by similar orders of magnitude, and had no impact
on the stabilization of the instability. After further investigation we found that, in this regime
of M. > fl_l, Re(y) « g/cy,ory fl_l, as found in the case without a magnetic field in Egs.
(4.141)-(4.142). This can be seen in Fig. 4.16. The linear dependence on gravity is anticipated as
without its presence there would be no instability; the continued inverse dependence on ¢y is

unexpected although in line with the previous findings.

4.4.4 Conclusion

In this study we have investigated the stability of the compressible KHI and RTI both with
and without a magnetic field. In the case without a magnetic field, an analytic expression for the
growth-rate of the instability, Egs. (4.139a)-(4.139b) was found for the case where there was no
density discontinuity at the interface. This then allowed us to find the asymptotic behavior of
the instability for large M, as well as show how deep into the fluid the eigenfunctions persist. In
the case where A # 0 an approximate analytic expression for the growth-rate of the KHRTI for
large M. was obtained. This expression, Eq. 4.141, shows that the real part of the growth-rate is
proportional to gravity times the speed of sound of the bottom fluid, and inversely proportional to
the speed of sound of the top fluid times the difference in fluid velocities. This expression matches

the one found for the case of equal densities at the interface in the proper limit. Furthermore,
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we found an expression that estimates the location of the point of maximum growth-rate with
respect to the flow shear with low error, when gravity is small. The equation shows that the peak
occurs at a value of the difference in velocities that is equal to a linear combination of the fluid
sound speeds. When gravity is large, or L is small, we show that the peak of the instability shifts
upwards in magnitude and towards larger values of M.

In the case where a magnetic field aligned with the fluid flow is present, the field has
a stabilizing effect like in the incompressible case. However, the stabilizing behavior is quite
different. The growth-rate’s dependence on Bis non-linear, and there is a critical value of B where
the system rapidly stabilizes. We found an accurate expression for the critical point, Eq. 4.151,
which implies that the mode is stabilized when the Alfvén velocity of the bottom fluid plus the
sound speed of the top fluid equals the difference in fluid velocities. We compared our numerical
results qualitatively to that of the incompressible case and showed that for low shear they match
well. At high shear the behaviors diverge, and increased compressibility diminishes the magnetic
field’s ability to stabilize the system. In addition, we show that our results qualitatively match

those found in Ref. [137].
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Chapter 5

Conclusion

In this thesis, we have undertaken the task to study magnetically confined plasmas from
two different, yet related approaches. First we studied the equilibria of 3D magnetically confined
plasmas, with both an idealized case and a case from experimental reconstructions. The former
was done to facilitate the comparison and verification of different computational models used to
find stellarator equilibria against one another. These codes are routinely used by the community
and as such it is important to ensure that, while they use different formulations or models of
MHD, given the same system they all reach the same of close to the same solution. For the
latter, we took reconstructions of equilibria which were known to have magnetic islands and
used them as a vehicle to further investigate how the SIESTA code handles magnetic islands,
as well as develop methods to detect and characterize them. Since magnetic islands naturally
arise in non-axisymmetric toroidal plasmas, improving our understanding of these structures
requires a deeper understanding of the computational framework used to model them. These
investigations comprise the totality of the work presented in Chapter 3.

There we presented the results of both the qualitative and quantitative comparisons
performed for the validation study. We were able to show that the equilibria found by the solvers
for both the vacuum and finite pressure cases matched well across all the codes. Consistency in
the resulting flux surfaces and magnetic axis locations among the different equilibria provided
confidence that the computational codes were identifying the same equilibrium solution.

Then we performed a systematic study on the impact the helical perturbation input
parameter has on the magnetic islands present in the calculated equilibrium. For this we used
reconstructions of two shots from the Compact Toroidal Hybrid which were known to have
islands. We were able to show that increasing the magnitude of the perturbation parameter

increased the island size, but that the behavior was not uniform across the two cases. A possible
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explanation for this was the location of the resonant surface relative to the edge. To further
investigate this we performed another analysis were we artificially moved the boundary closer to
the resonance. This was done by removing the outer surfaces from the initial problem. We found
that as the resonance was brought closer to the edge of the plasma, the effect of the perturbation
became more pronounced, and as a result a larger island formed in the equilibrium. This specific
interplay was unexpected and bears future investigation to better understand the mechanisms
which are causing the effects seen.

The second approach we used to study magnetically confined plasmas was though a
linear stability analysis. Once a system is in equilibrium, it becomes important to know if it has
beneficial properties, for say use in reactor design. One of the most important properties of
the equilibrium is whether is stable or not, as ideally the system would stay in equilibrium for
extended periods of time. In the work presented in Chapter 4 we investigate the stability of a
compressible fluid system that is subject to two instabilities, the Kelvin-Helmholtz and Rayleigh-
Taylor instabilities, with and without a magnetic field. Motivated by the work presented in Ref.
[156] we investigated the linear stability of a similar system. This allowed for a simpler geometry
to be used, slab rather than toroidal, while still being able to investigate the important physics
present.

While the problem was quite complex, we were able to find out a great deal about the
system. In the case where there was no magnetic field we were able to find an analytic expression
for the growth-rate of the instability when the fluids had the same density. In the case where the
densities were different we were able to find the asymptotic behavior of the growth-rate for very
large flow velocities. In the case of a flow aligned magnetic field we were able to show that at
very high flow rates, beyond the point where the standard KHI is stabilized, the magnetic field’s
ability to suppress the instability is lessened. Regardless, it still does suppress it, and we were

able to find an accurate approximate expression for the critical field required for this.
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5.1 Future Work

The work presented in this thesis motivates several directions for future research. Below,
a number of potential projects are outlined that would build upon the present results and

constitute natural continuations of this work.

5.1.1 Additional Free-Boundary Verification Studies

The verification study performed in this thesis was done with an idealized design to ensure
the different codes would be able to adequately resolve their equilibrium. For example SPEC
can be fragile due to how it was implemented. Regardless, it would be worthwhile to extend the
study to more complex and realistic designs. Performing the analysis on devices with torsion,
non-zero toroidal plasma current, or stellarator asymmetric geometries would allow for more
robust verification between the various codes.

A possible starting point for this could be running vacuum and finite pressure cases of
CTH equilibria, as it has a non-zero toroidal plasma current being driven during its operation.
This should be straightforward for VMEC and SIESTA since there is extensive experience running
both to calculate CTH equilibria. DESC should also be relatively easy to run since VMEC already is
used and converting the VMEC inputs is not difficult. Free-boundary SPEC may pose a greater
challenge, as initial forays into running it were performed previously. The difficulty arose from
getting the vacuum magnetic fields from the coils using FOCUS. It struggled with this task, and

we were unable to diagnose the exact cause of this.

5.1.2 Additional Magnetic Island Studies

In the work investigating magnetic islands in SIESTA, all the equilibria were calculated
with a fixed boundary. It would be valuable to extend the analysis by repeating these equilibrium
calculations using free-boundary formulations. This would be especially insightful to understand
how large islands near the edge are resolved by the code, as well as how they would deform the

boundary, if at all. This analysis was not pursued because, at the time, uncertainty remained
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regarding the accuracy of free-boundary SIESTA equilibria computed in sparse mode. Additional
work is therefore required to verify that free-boundary calculations in sparse mode are performed
reliably and accurately.

We were able to demonstrate the relationship between magnetic island size and the
proximity of the resonant surface to the plasma boundary. This was done by forcing the boundary
closer to the resonance by removing outer surfaces and fixing the new last closed flux surface. It
would be worth performing an analysis where instead of moving the surface, one changes the
rotational transform profile. One could calculate various equilibria of the same system, except
the iota profile is shifted so that the location of the resonant surface of interest is located at
different points in the plasma. This would allow for further investigation on the relationship

between of the resonant surface’s proximity to the boundary and the island size.

5.1.3 Additional KHRTI Studies

The linear stability analysis performed in this thesis was for a slab geometry. Whileitis a
valid geometry to study, it is a simplified one. The problem as presented is very complicated and
adding any further complexities will only increase the complexity of the problem. Regardless, it
would be worthwhile to perform the analysis with more realistic geometries. A possible first step
would be to calculate the growth rate of the instability again using a cylinder rather than a slab,
and thus make the fluids rotate rather than only move in a specific direction. This would allow
for rotational effects to be accounted for and see how they impact the stability of the system. The
magnetic field could be set as having only an angular component like in a z pinch. If results with
the cylinder are found the next step would be to attempt the analysis with a toroidal geometry.
Although, at that point an analytic solution may no longer be feasible and a numerical one may

be required.
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Appendix 1

Free-Point Friday

The appendix of this dissertation will cover an intervention performed on an algebra
based introductory physics lab course during the author’s first year at Auburn. Most of this

appendix is reproduced from,

Nathan D. Davis, Gabriel S. Woodbury Saudeau, Spencer H. Johnson, Eric W. Burkholder; Free-
Point Friday: An Intervention Model for Introductory Physics. Phys. Teach. 1 February 2024; 62
(2): 84-86. https://doi.org/10.1119/5.0094456

with the permission of AIP Publishing.

Al.1 Background

Before the intervention, the course teaching assistants (TAs) noticed that students were
getting on average, below 50% on their weekly lab quizzes. To help students resolve deficiencies
in understanding and facilitate a greater understanding of the concepts covered in lecture, the
TAs saw a need for an intervention. The concept for FPF originated from previous work in physics
education research. It has been shown that interventions can reinforce a student’s cognitive
understanding and bolster their overall skills related to problem-solving, and that these skills
could have far greater benefits even outside of the physics classroom [164]. Specifically, the
application of isomorphic problems for practice to reinforce relevant concepts and explicit
incentives like grade-recovery can have positive impacts on student performance [165, 166].
Wanting to leverage the potential gains from an intervention utilizing these characteristics, FPF
was implemented by first-year graduate TAs to promote learning among students in an algebra-

based introductory physics course while also incentivizing participation with grade recovery

186


https://doi.org/10.1119/5.0094456

Assessment Percentage Grades Dropped

Lecture Quizzes 10% 2 Lowest
Laboratory Quizzes 10% 2 Lowest
Laboratory Reports  15% 1 Lowest
Exams (3) 45% 1 Lowest
Final Exam 20% N/A

Table Al.1: Course Assessment/Grading Structure

hence the name “Free-Point-Friday”.

The course studied was composed of two weekly 75-minute lectures and one 3-hour lab
that met once weekly. The lab sessions typically began with a quiz on the content covered during
the lecture portion of the class from the previous week. This was then followed up with review
of the previous week’s quiz, which in total took approximately 1 hour of instructional time with
the remaining 2 hours left for students to complete the assigned lab activity. The grading and
assessment structure of the course is outlined in Table A1.1. The total enrollment in the course
was 194 students; 57% of the students were women, 12% were first-generation college students,

and 11% underrepresented minority students.

Al.2 Free-Point Friday Methodology

FPF had to have a flexible format that could provide multiple avenues for students to
engage in the material at their comfort level. In practice, the TAs elected to schedule one day out
of the week for the students to come and go at their leisure to review the incorrect items received
on the previous week’s lab recitation quiz or resolve gaps in understanding. We chose Friday
as there were no laboratory sections scheduled that day. While in attendance students had an
option to either work on the new quiz with their peers, ask TAs questions while they circulate
throughout the room, or sit amongst a group of their peers and interact with a TA as they review
the material in an informal lecture format. Figure Al.1 provides a flow diagram of what a student
would do when attending a typical FPF session.

This intervention required roughly 2 hours of volunteer time per week from on average
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If Everything
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Student Signs Out
And Gets Points

Figure A1.1: FPF Flow Diagram
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4-5 TAs not necessarily associated with the course. On average, there was one TA in attendance
per 3-4 students attending. It is also important to note that no extra training was provided for the
TAs in preparation for the execution of FPF. While it is not replicable to always have TAs volunteer
extra time, we believe the scale of the intervention is modest enough that it could easily be
incorporated into existing course structures. For example, at Auburn, we are making the weekly
quiz an online assignment completed before lab and then spending the recitation portion of the
lab period doing an FPF-style activity with the students.

The goal behind FPF was to construct a positive and encouraging environment for students
in this introductory physics class while giving students immediate feedback for them to assess
their understanding of concepts. Utilizing this feedback can facilitate the student’s ability to then
apply skills and gain a better understanding of new problem sets to help resolve past mistakes
while providing an opportunity for assessment correction to motivate practice and learning.
Traditionally, assessment corrections are employed as an intervention to allow students an
opportunity for grade recovery as well to take advantage of the benefits of the self-examination
of mistakes. For example, some instructors have implemented forms of assessment corrections
thatinclude, but are not limited to, exam/quiz corrections to motivate students to self-assess their
mistakes and hopefully correct their deficiency in understanding the topics covered [167, 168].
The first key distinction between those traditionally employed versus FPF is that FPF is wholly an
interaction between students rather than between a student and a faculty member. The second
difference is that the assessment correction was completed with quizzes that contained different
problems than those seen on quizzes given in the lab. They covered the same material to give
students a wider degree of exposure to different problems for deliberate practice on the topic
of interest, while also motivating students with incentives for grade recovery and a free point.
This also was designed to promote the near transfer of material [169]. The intervention was built
upon two foundational principles of learning: Deliberate Practice and Motivation [170].

Deliberate Practice: Active participation in FPF inherently required deliberate practice of

the material. The TAs intended to provide new questions with a slightly higher degree of difficulty
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than that of the quiz taken during the lab meeting. In doing this, students had exposure to more
problems while having an opportunity to work through them with a sufficient level of support.
The TAs provided the timely feedback that is essential for deliberate practice [171].

Motivation: The motivation piece was straightforward. Students who attended and ac-
tively participated in FPF were allowed to receive 50% of the points they had lost on the previous
week’s quiz or any previous quiz in case they had missed a previous session of FPF, plus an extra
1 point (quizzes were out of 10 points, so 10%) [170]. While the overall reward of points did not
amount to any significant portion of the student’s grade it was observed that students saw the
benefit of attending FPF outside of grade recovery. So, for example, an average FPF student
would receive 2.5 points on a quiz they initially received 5 out of 10 points on plus the free point
for a total of 3.5 points added to their original grade. It is interesting to note that the low stakes
high reward nature of the program provided sufficient motivation for students to complete the
new quiz with minimal instruction as well as allowed students to examine the application and

correction of previously made mistakes.

Al.3 Analysis

We collected data on the students who did and did not attend FPF from this course.
For all students, we had physics diagnostic scores as well as data from a social psychological
survey administered during the first lab period [172]. We also had all students’ final exam scores.
Only students’ mindsets toward intelligence and science self-efficacy were correlated with exam
performance after performing a backwards stepwise regression, so we only analyzed those factors
in the final model [173]. The mindset questions were taken from Dweck, and the self-efficacy
questions were taken from Ballen et al. [174, 175] We verified that the survey items loaded
onto two distinct factors using confirmatory factor analysis. Finally, we had the FPF attendance
records: 63 of the 154 students in the class attended FPF at least one time. Among students who
attended at least once, the average attendance was 2.2 sessions (s.d = 1.5).

To analyze the effects of FPF on student performance, we conducted a multiple linear
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regression of their final exam grades. The model we tested was:

Final Exam = Bg + f1Diagnostic + 5,FPF + S3Social Psychological Factors

The coefficient 8 indicates the average final exam score for students with average physics
preparation and self-efficacy in the control group. The coefficient 51 measures the correlation
between pre-test physics scores and final exam grades. The coefficient f, measures the effect of
attending at least one FPF session while controlling for students’ incoming physics knowledge
(diagnostic score) and their social psychological factors (attitudes toward intelligence and science
self-efficacy). This allows us to test whether the positive effects of FPF are due to more prepared
students taking advantage of the extra points and whether the students who attended had more
confidence in their ability to do science in the first place. The results are shown in Figure A1.2.

The bars on the left represent the outcomes of the following regression equation:

Final Exam = S + 3,FPF

which is mathematically equivalent to a t-test. The bars on the right of Figure A1.2 represent the
outcomes of equation (1). The bars on the left indicate the outcomes of equation (2). In both
cases, B2 would represent the difference between the orange bar and the blue bar.

We see that students who attended at least one FPF session scored slightly better on the
final exam (comparing solid orange with solid blue bars), but that effect was not statistically sig-
nificant. However, once we controlled for incoming physics preparation and social-psychological
factors, we saw that FPF students performed about 7% (0.42 standard deviations) better on the
final exam (orange shaded bar versus blue shaded bar). This suggests that despite coming in with
lower levels of physics preparation (correlation between FPF and incoming physics knowledge =
-0.15, p = 0.07) and more negative mindsets toward science (correlation between mindset and

FPF attendance =-0.14, p = 0.07), the FPF students were able to perform as well as some of the
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Figure Al1.2: Exam scores for traditional and FPF students (left bars) as well as adjusted scores
(right bars). Error bars represent the standard error on the grade estimates. Adjusted scores rep-
resent the scores for students with average diagnostic scores and incoming social psychological
profiles as represented in equation 1 above.
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more prepared students in the course. We will note that we measured several other dimensions
of student thinking, including test anxiety, motivation to learn, interest in physics and sense
of belonging, and none of these were able to explain the difference between FPF and non-FPF
students.

It is important to note the limitations of a program like the FPF model discussed in this
paper. The first one is the time commitment of a graduate student or instructor. Time must
be considered when preparing a quiz consisting of new problems that are relevant to topics of
interest along with the added 2 hours once a week to meet with students for the assessment
correction and recitation. One shortcoming that was encountered was limited graduate students
to accommodate approximately 45 students in attendance for the first session. This inevitably
hurt students’ initial perception of the activity, leading to slightly lower attendance. In our current
implementation, students take the weekly quiz on WebAssign before coming to recitation. They
then work in small groups on isomorphic practice problems. This requires minimal additional

time from the students, but no additional TA time.

Al.4 Conclusion

We have shown how a modest intervention turning summative assessments into oppor-
tunities for deliberate practice and points recovery was correlated with improved final exam
scores for roughly 40% of the students in an algebra-based physics course at Auburn University.
Students were given weekly opportunities to receive supplemental instruction and work on more
difficult isomorphic problems for both point-recovery and learning purposes. This shows that
instructors wishing to improve learning can incorporate opportunities for isomorphic practice

into their courses, and that minimal points are required to motivate students to participate.
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Appendix 2

Detecting and Measuring Magnetic Islands in SIESTA Supplementary Material

A2.1 Tangent Map Calculation

To calculate the tangent map we must first define the map. The equations that define the

map are the field line equations in Eq. (2.35) which we copy below for the reader,

_ s _ 7B
dv  gJBVY

and,
jo ou_ 7B
~dv gBV

To advance the field-line the equations must be integrated from 0 to 27, or 27/ Ny if the system
has field period symmetry. The tangent map itself cannot be directly calculated, rather it is

obtained by solving the system of differential equations,

)
355=¢'S s(0) =1 (A2.1)

where the matrix, C, is defined as,

a5 08
3s du
C— (A2.2)
ou ou
3s du
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or in terms of the components,

_ 85 JBY(3;9B%) — JB5(359BY)

L5 T (JBV)2
_ é _ HBU(duHBS) —HBS(auHBU)
b27 ou ~ (JBY)2
_du _ JBU(659B*) — JBH(859BY)
217 95 (JBY)2
_ du _ JBY(8yJB*) — JB(3,IBY)
227 Bu (JBY)2

The exact equations to be solved are then,

0
5—051,1 =€1,181,1 + €1 2521
0
a—vsl,z =€1,1812 +C1,2822
0

—S =C»1S C, »S
3021 2,191,1 T €22521

0
552,2 =C2,1812+C22822

with the initial conditions, $1 1(0) = S5 2(0) = 1 and $7 3(0) = S2,1(0) = 0.

A2.2 Interpolation Method

As previously stated the divergence of the magnetic field can be expressed as,

9gB%) L 9GBY) . 3(JB)

J(V-B) = as ou ov

(A2.3)

In SIESTA the magnetic field components, assuming stellarator symmetry have the following

form,

JBS = Z IBun(s)sin(mu + nNg,v)

m,n
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JBY* = " JBin(s)cos(mu + nNgpv)
m,n

= Y. IBhn(s)cos(mu + nNg,v)
m,n

Substituting into the divergence equation then gives,

J(V-B) = Z IByan(s)sin(mu + nNgpv)

mn

a& Z IBin(s)cos(mu + nNg,v)
m,n

0
+35 > IBYn(s)cos(mu + nNgv)
m,n
Putting all the terms under the same summation gives,

J(V-B) = Z %HB%H(S)sin(mu + nNfpL)

m,n

+Han(s) cos(mu + nNfpL)

+5’an(3) cos(mu + anpv)]
Now we take the derivatives with respect to u and v and simplify, yielding,

Jv-B=Y [(%33%@) — (M) Ban(s) - (n)ﬁB;)nn(@)sin(mu * anpv>]

m,n

Therefore for the divergence to be equal to zero, the terms in the parenthesis must cancel. In

other words we require that,
0
5359 Bimn(s) = (M)dBinn(s) + (WIBinn(s) V¥ (m,n)

Hence, the interpolated Fourier coefficients must satisfy the above relation.
To make interpolations of the field that satisfy the divergence free condition we use

the following method. We shall make use of cubic and quartic polynomial splines for these
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interpolations. First we redefine some quantities. Let By, 1,(s) = Xpn(s), IBiin(s) = Yiun(s),
and IBin(s) = Zyn(s). Let each radial grid point be defined as s;, where i = {1, 2, ..., Ny} and
Ng is the number of surfaces. Each Fourier coefficient is then represented by a set of Ny — 1
polynomial splines, where the radial coordinate s lies on the interval s € [sj, sj41]. Then each ith

spline of any particular (m, n) pair can be represented as,

Xi(s) = Xi, + x,-l(s —sj)+ xiz(s —5))% + xi3(5 —5;)3 + xi4(s — 5 (A2.4)
Yi(s) = yig + iy (s = 51) + i, (s = 5)% + yis (s — 51)° (A2.5)
Zi(s) = zjy + zj; (s — 5i) + 2, (s — 5i)% + zj5 (s — 5i)3 (A2.6)

The y; and z; terms are calculated via interpolation, while the x; terms are unknowns, but can
be found using the divergence free condition. Substituting these equations in the divergence

free relation and taking the radial derivative gives,

Xip + 2xi2(s —sj) + 3xi3(s - si)2 + 4xi4(s - Si)3 =

M(ig + iy (=50 + iy (5= 5 +i5 (5= 5)°) + n(zj, +2i; (5= 1) + 2, (s = 57> + 23, (s— 7))

Equating coefficients will equal powers of (s — s;) gives,

Xiy = myi, + nzj, (A2.7)
m n

Xiy = ?yil + Ezil (A2.8)
m n

Xiz = ?yiz + gziz (A2.9)
m

Xi4 = Zyi?’ + 1213 (A210)

The last coefficient Xiy = X;(s = s;). After interpolating the JBY;;,, and B}, Fourier coeffi-
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cients, we can use Eqgs. (B4)-(B7) to assign the coefficients for the B}y, spline terms, ensuring a

divergence free field.
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