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Abstract

Thisdissertation is devoted to the design and analysis of efficient and structure-preserving
time-stepping methods for nonlinear evolution equations and multiphysics systems. Four novel
classes of methods are developed and analyzed: low regularity integrators (LRIs) for phase
field models, noniterative localized exponential time differencing (ETD) methods for hyperbolic
conservation laws, dynamically regularized Lagrange multiplier (DRLM) methods for the incom-
pressible Navier-Stokes equations and the coupled Cahn-Hilliard-Navier-Stokes system, and
generalized transferable neural networks (GTransNet) for the Cahn-Hilliard equation.

We first construct LRI schemes based on Duhamel’s principle for the classical and conser-
vative Allen-Cahn equations. The schemes are shown to preserve the maximum bound principle,
energy stability, and mass conservation (for the conservative Allen-Cahn equation). Optimal
temporal and fully discrete error estimates are rigorously derived under minimal regularity as-
sumptions on the exact solution, requiring only continuity in time for the Allen-Cahn equation
and Lipschitz continuity for its conservative counterpart. As a result, LRI schemes outperform
classical exponential integrators, particularly when the interfacial parameter approaches zero.

For hyperbolic conservation laws, we combine ETD with the discontinuous Galerkin
method and nonoverlapping domain decomposition to develop global and localized ETD
schemes that are fully explicit and can be coupled with the total variation bounded (TVB) slope
limiter to effectively capture moving shocks. Notably, the localized scheme is noniterative,
allowing local problems to be solved in parallel across subdomains while preserving the large
time step sizes of the global method. Rigorous temporal error analysis and mass conservation
under periodic boundary conditions are established for both schemes.

We then develop the DRLM method for the incompressible Navier-Stokes equations,
where a time-dependent Lagrange multiplier and a regularization parameter are introduced to re-

formulate the equations into an equivalent system. First- and second-order DRLM schemes, with



explicit treatment of the convection term, are shown to be unconditionally energy stable with re-
spect to the original variables. Optimal error estimates are established for the first-order scheme,
with error bounds that decay as the regularization parameter increases. The DRLM framework is
further extended to the Cahn-Hilliard-Navier-Stokes system, where the corresponding schemes
are fully decoupled, mass-conserving, and require no stabilization term.

Finally, we propose a neural network-based framework for the Cahn-Hilliard equation
by combining GTransNet for spatial approximation with stabilized backward differentiation
formulas (BDF) for time discretization. A key feature of the resulting GTransNet-BDF schemes is
the introduction of a mass-conserving projection that corrects output-layer weights produced
by the least-squares system to enforce discrete mass conservation at negligible computational
cost. In addition, the schemes are shown to be energy stable, and their mesh-free nature and
predetermined hidden layers make the method applicable to complex domains and variable

mobility.
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           𝜙    𝑛  +  1       =    𝜙  1    𝑛  +  1    +    𝜂    𝑛  +  1      𝜙  2    𝑛  +  1    ,          𝜇    𝑛  +  1       =    𝜇  1    𝑛  +  1    +    𝜂    𝑛  +  1      𝜇  2    𝑛  +  1    ,          𝐮    𝑛  +  1       =    𝐮  1    𝑛  +  1    +    𝑞    𝑛  +  1      𝐮  2    𝑛  +  1    ,          𝑝    𝑛  +  1       =    𝑝  1    𝑛  +  1    +    𝑞    𝑛  +  1      𝑝  2    𝑛  +  1    .    


\begin {align}\phi ^{n+1}&=\phi _1^{n+1}+\eta ^{n+1}\phi _2^{n+1},\label {p7:de_phi}\\ \mu ^{n+1}&=\mu _1^{n+1}+\eta ^{n+1}\mu _2^{n+1},\label {p7:de_mu}\\ \bm u^{n+1}&=\bm u_1^{n+1}+q^{n+1}\bm u_2^{n+1},\label {p7:de_u}\\ p^{n+1}&=p_1^{n+1}+q^{n+1}p_2^{n+1}. \label {p7:de_p}\end {align}


   Ω 


$\Omega $


   (    𝜙  𝑖    𝑛  +  1    ,    𝜇  𝑖    𝑛  +  1    ) 


$(\phi _i^{n+1},\mu _i^{n+1})$


   𝑖  =  1  ,  2 


$i=1,2$


                  𝜙  1    𝑛  +  1    −    𝜙  𝑛      Δ  𝑡    =  𝑀  Δ    𝜇  1    𝑛  +  1    ,          𝜇  1    𝑛  +  1    =  −  𝜆  Δ    𝜙  1    𝑛  +  1    ;               𝜙  2    𝑛  +  1      Δ  𝑡    +    𝐮  𝑛   ⋅  ∇    𝜙  𝑛   =  𝑀  Δ    𝜇  2    𝑛  +  1    ,          𝜇  2    𝑛  +  1    =  𝜆      (  −  Δ    𝜙  2    𝑛  +  1    +    𝐹  ′   (    𝜙  𝑛   )  )   ,    


\begin {align}&\frac {\phi _1^{n+1}-\phi ^n}{\Delta t}=M\Delta \mu _1^{n+1}, && \mu _1^{n+1}=-\lambda \Delta \phi _1^{n+1};\label {p7:phimu0}\\ &\frac {\phi _2^{n+1}}{\Delta t}+\bm u^n\cdot \nabla \phi ^n=M\Delta \mu _2^{n+1}, && \mu _2^{n+1}=\lambda \left (-\Delta \phi _2^{n+1}+F'(\phi ^n)\right ),\label {p7:phimu1}\end {align}


     𝜙  𝑖    𝑛  +  1   


$\phi _i^{n+1}$


     𝜇  𝑖    𝑛  +  1   


$\mu _i^{n+1}$


$i=1,2$


$\phi ^{n+1}$


$\mu ^{n+1}$


$(\phi _i^{n+1},\mu _i^{n+1})$


   𝑖  =  1  ,  2  , 


$i=1,2,$


$\eta ^{n+1}$


           ∫  Ω   𝐹  (    𝜙  1    𝑛  +  1    +    𝜂    𝑛  +  1      𝜙  2    𝑛  +  1    )    𝑑  𝐱  +    𝐴    1  ,  𝑛  +  1   𝜂   (    𝜂    𝑛  +  1      )  2   +    𝐵    1  ,  𝑛  +  1   𝜂     𝜂    𝑛  +  1    +    𝐶    1  ,  𝑛  +  1   𝜂      =  0  ,    


\begin {align}\label {p7:bE_eta} \int _{\Omega }F(\phi _1^{n+1}+\eta ^{n+1}\phi _2^{n+1})\,d\bm x+A^{\eta }_{1,n+1}(\eta ^{n+1})^2+B^{\eta }_{1,n+1}\eta ^{n+1}+C^{\eta }_{1,n+1}&=0,\end {align}


           𝐴    1  ,  𝑛  +  1   𝜂      =    𝜃  𝜂   −    ∫  Ω     𝐹  ′   (    𝜙  𝑛   )    𝜙  2    𝑛  +  1      𝑑  𝐱  ,          𝐵    1  ,  𝑛  +  1   𝜂      =  −    ∫  Ω     𝐹  ′   (    𝜙  𝑛   )    (    𝜙  1    𝑛  +  1    −    𝜙  𝑛   )     𝑑  𝐱  ,          𝐶    1  ,  𝑛  +  1   𝜂      =  −    𝜃  𝜂   (    𝜂  𝑛     )  2   −    ∫  Ω   𝐹  (    𝜙  𝑛   )    𝑑  𝐱  .    


\begin {align*}A^{\eta }_{1,n+1}&=\theta _{\eta }-\int _{\Omega }F'(\phi ^n)\phi _2^{n+1}\,d\bm x,\\ B^{\eta }_{1,n+1}&=-\int _{\Omega }F'(\phi ^n)\left (\phi _1^{n+1}-\phi ^n\right )d\bm x,\\ C^{\eta }_{1,n+1}&=-\theta _{\eta }(\eta ^n)^2-\int _{\Omega }F(\phi ^n)\,d\bm x.\end {align*}


   𝐹  (  𝜙  ) 


$F(\phi )$


   𝜂 


$\eta $


   1 


$1$


$\eta ^{n+1}$


$\phi ^{n+1}$


$\mu ^{n+1}$


$\Omega $


   (    𝐮  𝑖    𝑛  +  1    ,    𝑝  𝑖    𝑛  +  1    ) 


$(\bm u_i^{n+1},p_i^{n+1})$


$i=1,2$


                  𝐮  1    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    −  𝜈  Δ    𝐮  1    𝑛  +  1    +  ∇    𝑝  1    𝑛  +  1    =    𝜂    𝑛  +  1      𝜇    𝑛  +  1    ∇    𝜙    𝑛  +  1    ,        ∇  ⋅    𝐮  1    𝑛  +  1    =  0  ;               𝐮  2    𝑛  +  1      Δ  𝑡    +    𝐮  𝑛   ⋅  ∇    𝐮  𝑛   −  𝜈  Δ    𝐮  2    𝑛  +  1    +  ∇    𝑝  2    𝑛  +  1    =  0  ,        ∇  ⋅    𝐮  2    𝑛  +  1    =  0  ,    


\begin {align}&\dfrac {\bm u_1^{n+1}-\bm u^n}{\Delta t}-\nu \Delta \bm u_1^{n+1}+\nabla p_1^{n+1}=\eta ^{n+1}\mu ^{n+1}\nabla \phi ^{n+1},&&\nabla \cdot \bm u_1^{n+1}=0;\label {p7:up0}\\ &\dfrac {\bm u_2^{n+1}}{\Delta t}+\bm u^n\cdot \nabla \bm u^n-\nu \Delta \bm u_2^{n+1}+\nabla p_2^{n+1}=0,&&\nabla \cdot \bm u_2^{n+1}=0,\label {p7:up2}\end {align}


     𝐮  1    𝑛  +  1   


$\bm u_1^{n+1}$


     𝐮  2    𝑛  +  1   


$\bm u_2^{n+1}$


$\bm u^{n+1}$


     𝐮  𝑖    𝑛  +  1   


$\bm u_i^{n+1}$


     𝑝  𝑖    𝑛  +  1   


$p_i^{n+1}$


$i=1,2$


$q^{n+1}$


           𝐴    1  ,  𝑛  +  1   𝑞   (    𝑞    𝑛  +  1      )  2   +    𝐵    1  ,  𝑛  +  1   𝑞     𝑞    𝑛  +  1    +    𝐶    1  ,  𝑛  +  1   𝑞      =  0  ,    


\begin {align}\label {p7:bE_q} A^q_{1,n+1}(q^{n+1})^2+B^q_{1,n+1}q^{n+1}+C^q_{1,n+1}&=0,\end {align}


           𝐴    1  ,  𝑛  +  1   𝑞      =    𝜃  𝑞   +    1  2   ‖    𝐮  2    𝑛  +  1      ‖  0  2   +  Δ  𝑡  𝜈  ‖  ∇    𝐮  2    𝑛  +  1      ‖  0  2   ,          𝐵    1  ,  𝑛  +  1   𝑞      =  −    ∫  Ω   (    𝐮  1    𝑛  +  1    −    𝐮  𝑛   )  ⋅    𝐮  2    𝑛  +  1    𝑑  𝐱  +  Δ  𝑡    ∫  Ω     [    𝜂    𝑛  +  1        (    𝜇    𝑛  +  1    ∇    𝜙    𝑛  +  1    )   ⋅    𝐮  2    𝑛  +  1    −  (    𝐮  𝑛   ⋅  ∇    𝐮  𝑛   )  ⋅    𝐮  1    𝑛  +  1    ]     𝑑  𝐱  ,          𝐶    1  ,  𝑛  +  1   𝑞      =  −    𝜃  𝑞   (    𝑞  𝑛     )  2   −    1  2   ‖    𝐮  1    𝑛  +  1    −    𝐮  𝑛     ‖  0  2   −  Δ  𝑡    𝜂    𝑛  +  1      ∫  Ω     [  (    𝐮  𝑛   ⋅  ∇    𝜙  𝑛   )    𝜇    𝑛  +  1    −  (    𝜇    𝑛  +  1    ∇    𝜙    𝑛  +  1    )  ⋅    𝐮  1    𝑛  +  1    ]     𝑑  𝐱  .    


\begin {align*}A^{q}_{1,n+1}&=\theta _q+\frac 12\|\bm u_2^{n+1}\|_0^2+\Delta t\nu \|\nabla \bm u_2^{n+1}\|_0^2,\\ B^{q}_{1,n+1}&=-\int _{\Omega }(\bm u_1^{n+1}-\bm u^n)\cdot \bm u_2^{n+1}d\bm x+\Delta t\int _{\Omega }\left [\eta ^{n+1}\left (\mu ^{n+1}\nabla \phi ^{n+1}\right )\cdot \bm u_2^{n+1}-(\bm u^n\cdot \nabla \bm u^n)\cdot \bm u_1^{n+1}\right ]d\bm x,\\ C^{q}_{1,n+1}&=-\theta _q(q^n)^2-\frac 12\|\bm u_1^{n+1}-\bm u^n\|_0^2-\Delta t\eta ^{n+1}\int _{\Omega }\left [(\bm u^n\cdot \nabla \phi ^n)\mu ^{n+1}-(\mu ^{n+1}\nabla \phi ^{n+1})\cdot \bm u_1^{n+1}\right ]d\bm x.\end {align*}


     𝐴    1  ,  𝑛  +  1   𝑞  


$A^q_{1,n+1}$


   Δ  𝑡    ∫  Ω     (    𝐮  𝑛   ⋅  ∇    𝐮  𝑛   )   ⋅    𝐮  2    𝑛  +  1      𝑑  𝐱  =  −  ‖    𝐮  2    𝑛  +  1      ‖  0  2   −  Δ  𝑡  𝜈  ‖  ∇    𝐮  2    𝑛  +  1      ‖  0  2  


\begin {equation*}\Delta t\displaystyle \int _{\Omega }\left (\bm u^n\cdot \nabla \bm u^n\right )\cdot \bm u_2^{n+1}\,d\bm x=-\|\bm u_2^{n+1}\|_0^2-\Delta t\nu \|\nabla \bm u_2^{n+1}\|_0^2\end {equation*}


     𝐴    1  ,  𝑛  +  1   𝑞   >  0 


$A^q_{1,n+1}>0$


     𝜃  𝑞   >  0 


$\theta _q>0$


$q^{n+1}$


$\bm u^{n+1}$


$p^{n+1}$


     𝜙  ˜   =  2    𝜙  𝑛   −    𝜙    𝑛  −  1   


$\tilde {\phi }^{n+1}=2\phi ^n-\phi ^{n-1}$


     𝐮  ˜   =  2    𝐮  𝑛   −    𝐮    𝑛  −  1   


$\tilde {\bm u}^{n+1}=2\bm u^n-\bm u^{n-1}$


$\bm u\cdot \nabla \phi $


$F'(\phi )$


$\bm u\cdot \nabla \bm u$


$t_{n+1}$


   1  ≤  𝑛  ≤  𝑁  −  1 


$1\le n\le N-1$


                3    𝜙    𝑛  +  1    −  4    𝜙  𝑛   +    𝜙    𝑛  −  1       2  Δ  𝑡    +    𝜂    𝑛  +  1      𝐮  ˜   ⋅  ∇    𝜙  ˜   =  𝑀  Δ    𝜇    𝑛  +  1    ,             𝜇    𝑛  +  1    =  𝜆      (  −  Δ    𝜙    𝑛  +  1    +    𝜂    𝑛  +  1      𝐹  ′   (    𝜙  ˜   )  )   ,               3    𝐮    𝑛  +  1    −  4    𝐮  𝑛   +    𝐮    𝑛  −  1       2  Δ  𝑡    +    𝑞    𝑛  +  1      𝐮  ˜   ⋅  ∇    𝐮  ˜   −  𝜈  Δ    𝐮    𝑛  +  1    +  ∇    𝑝    𝑛  +  1    =    𝜂    𝑛  +  1      𝜇    𝑛  +  1    ∇    𝜙    𝑛  +  1    ,           ∇  ⋅    𝐮    𝑛  +  1    =  0  ,             ∫  Ω     [  3  𝐹  (    𝜙    𝑛  +  1    )  −  4  𝐹  (    𝜙  𝑛   )  +  𝐹  (    𝜙    𝑛  −  1    )  ]     𝑑  𝐱  +    𝜃  𝜂       [  3  (    𝜂    𝑛  +  1      )  2   −  4  (    𝜂  𝑛     )  2   +  (    𝜂    𝑛  −  1      )  2   ]              =    𝜂    𝑛  +  1      ∫  Ω     𝐹  ′   (    𝜙  ˜   )    (  3    𝜙    𝑛  +  1    −  4    𝜙  𝑛   +    𝜙    𝑛  −  1    )     𝑑  𝐱  ,             ∫  Ω       3  |    𝐮    𝑛  +  1      |  2   −  4  |    𝐮  𝑛     |  2   +  |    𝐮    𝑛  −  1      |  2    2     𝑑  𝐱  +    𝜃  𝑞       [  3  (    𝑞    𝑛  +  1      )  2   −  4  (    𝑞  𝑛     )  2   +  (    𝑞    𝑛  −  1      )  2   ]              =    ∫  Ω     (  3    𝐮    𝑛  +  1    −  4    𝐮  𝑛   +    𝐮    𝑛  −  1    +  2  Δ  𝑡    𝑞    𝑛  +  1      𝐮  ˜   ⋅  ∇    𝐮  ˜   )   ⋅    𝐮    𝑛  +  1    𝑑  𝐱             +  2  Δ  𝑡    𝜂    𝑛  +  1      ∫  Ω     [    (    𝐮  ˜   ⋅  ∇    𝜙  ˜   )       𝜇    𝑛  +  1    −    (    𝜇    𝑛  +  1    ∇    𝜙    𝑛  +  1    )   ⋅    𝐮    𝑛  +  1    ]     𝑑  𝐱  .    


\begin {align}&\frac {3\phi ^{n+1}-4\phi ^n+\phi ^{n-1}}{2\Delta t}+\eta ^{n+1}\tilde {\bm u}^{n+1}\cdot \nabla \tilde {\phi }^{n+1}=M\Delta \mu ^{n+1},\label {p7:CN1}\\ &\mu ^{n+1}=\lambda \left (-\Delta \phi ^{n+1}+\eta ^{n+1} F'(\tilde {\phi }^{n+1})\right ),\label {p7:CN2}\\ &\frac {3\bm u^{n+1}-4\bm u^n+\bm u^{n-1}}{2\Delta t}+q^{n+1}\tilde {\bm u}^{n+1}\cdot \nabla \tilde {\bm u}^{n+1}-\nu \Delta \bm u^{n+1}+\nabla p^{n+1}=\eta ^{n+1}\mu ^{n+1}\nabla \phi ^{n+1},\label {p7:CN3}\\ &\nabla \cdot \bm u^{n+1}=0,\label {p7:CN4}\\ &\int _{\Omega }\left [3F(\phi ^{n+1})-4F(\phi ^n)+F(\phi ^{n-1})\right ]d\bm x+\theta _{\eta }\left [3(\eta ^{n+1})^2-4(\eta ^n)^2+(\eta ^{n-1})^2\right ]\notag \\ &\hspace {6cm}=\eta ^{n+1}\int _{\Omega }F'(\tilde {\phi }^{n+1})\left (3\phi ^{n+1}-4\phi ^n+\phi ^{n-1}\right )d\bm x,\label {p7:CN5}\\ &\int _{\Omega }\frac {3|\bm u^{n+1}|^2-4|\bm u^n|^2+|\bm u^{n-1}|^2}{2}\,d\bm x+\theta _q\left [3(q^{n+1})^2-4(q^n)^2+(q^{n-1})^2\right ] \notag \\ &\hspace {3cm}=\int _{\Omega }\left (3\bm u^{n+1}-4\bm u^n+\bm u^{n-1}+2\Delta t q^{n+1}\tilde {\bm u}^{n+1}\cdot \nabla \tilde {\bm u}^{n+1}\right )\cdot \bm u^{n+1}d\bm x\notag \\ &\hspace {3.5cm}+2\Delta t\eta ^{n+1}\int _{\Omega }\left [\left (\tilde {\bm u}^{n+1}\cdot \nabla \tilde {\phi }^{n+1}\right )\mu ^{n+1}-\left (\mu ^{n+1}\nabla \phi ^{n+1}\right )\cdot \bm u^{n+1}\right ]d\bm x.\label {p7:CN6}\end {align}


   {    𝜙  0   ,    𝐮  0   ,    𝜂  0   =  1  ,    𝑞  0   =  1  } 


$\{\phi ^0,\bm u^0,\eta ^0=1,q^0=1\}$


   {    𝜙  1   ,    𝐮  1   ,    𝜂  1   ,    𝑞  1   } 


$\{\phi ^1,\bm u^1,\eta ^1,q^1\}$


   𝑝 


$p$


   𝜇 


$\mu $


     𝑡    𝑛  −  1   


$t_{n-1}$


     𝑡  𝑛  


$t_n$


   {    𝜙    𝑛  +  1    ,    𝜇    𝑛  +  1    ,    𝜂    𝑛  +  1    ,    𝐮    𝑛  +  1    ,    𝑝    𝑛  +  1    ,    𝑞    𝑛  +  1    } 


$\{\phi ^{n+1},\mu ^{n+1},\eta ^{n+1},\bm u^{n+1},p^{n+1},q^{n+1}\}$


$t_{n+1}$


$\phi ^{n+1}$


$\mu ^{n+1}$


$\bm u^{n+1}$


$p^{n+1}$


$(\phi _i^{n+1},\mu _i^{n+1})$


$i=1,2$


                3    𝜙  1    𝑛  +  1    −  4    𝜙  𝑛   +    𝜙    𝑛  −  1       2  Δ  𝑡    =  𝑀  Δ    𝜇  1    𝑛  +  1    ,          𝜇  1    𝑛  +  1    =  −  𝜆  Δ    𝜙  1    𝑛  +  1    ;               3    𝜙  2    𝑛  +  1       2  Δ  𝑡    +    𝐮  ˜   ⋅  ∇    𝜙  ˜   =  𝑀  Δ    𝜇  2    𝑛  +  1    ,          𝜇  2    𝑛  +  1    =  𝜆      (  −  Δ    𝜙  2    𝑛  +  1    +    𝐹  ′   (    𝜙  ˜   )  )   .    


\begin {align}&\frac {3\phi _1^{n+1}-4\phi ^n+\phi ^{n-1}}{2\Delta t}=M\Delta \mu _1^{n+1},&& \mu _1^{n+1}=-\lambda \Delta \phi _1^{n+1};\label {p7:eq:phimu0}\\ &\frac {3\phi _2^{n+1}}{2\Delta t}+\tilde {\bm u}^{n+1}\cdot \nabla \tilde {\phi }^{n+1}=M\Delta \mu _2^{n+1},&&\mu _2^{n+1}=\lambda \left (-\Delta \phi _2^{n+1}+F'(\tilde {\phi }^{n+1})\right ).\label {p7:eq:phimu1}\end {align}


$\eta ^{n+1}$


         3    ∫  Ω   𝐹      (    𝜙  1    𝑛  +  1    +    𝜂    𝑛  +  1      𝜙  2    𝑛  +  1    )     𝑑  𝐱  +    𝐴    2  ,  𝑛  +  1   𝜂   (    𝜂    𝑛  +  1      )  2   +    𝐵    2  ,  𝑛  +  1   𝜂     𝜂    𝑛  +  1    +    𝐶    2  ,  𝑛  +  1   𝜂   =  0  ,       


\begin {align}\label {p7:eq:eta} 3\int _{\Omega }F\left (\phi _1^{n+1}+\eta ^{n+1}\phi _2^{n+1}\right )d\bm x+A^{\eta }_{2,n+1}(\eta ^{n+1})^2+B^{\eta }_{2,n+1}\eta ^{n+1}+C^{\eta }_{2,n+1}=0,\end {align}


           𝐴    2  ,  𝑛  +  1   𝜂      =  3    𝜃  𝜂   −  3    ∫  Ω     𝐹  ′   (    𝜙  ˜   )    𝜙  2    𝑛  +  1    𝑑  𝐱  ,          𝐵    2  ,  𝑛  +  1   𝜂      =  −    ∫  Ω     𝐹  ′   (    𝜙  ˜   )    (  3    𝜙  1    𝑛  +  1    −  4    𝜙  𝑛   +    𝜙    𝑛  −  1    )     𝑑  𝐱  ,          𝐶    2  ,  𝑛  +  1   𝜂      =    𝜃  𝜂       [  −  4  (    𝜂  𝑛     )  2   +  (    𝜂    𝑛  −  1      )  2   ]   +    ∫  Ω     [  −  4  𝐹  (    𝜙  𝑛   )  +  𝐹  (    𝜙    𝑛  −  1    )  ]     𝑑  𝐱  .    


\begin {align*}A^{\eta }_{2,n+1}&=3\theta _{\eta }-3\int _{\Omega }F'(\tilde {\phi }^{n+1})\phi _2^{n+1}d\bm x,\\ B^{\eta }_{2,n+1}&=-\int _{\Omega }F'(\tilde {\phi }^{n+1})\left (3\phi _1^{n+1}-4\phi ^n+\phi ^{n-1}\right )d\bm x,\\ C^{\eta }_{2,n+1}&=\theta _{\eta }\left [-4(\eta ^n)^2+(\eta ^{n-1})^2\right ]+\int _{\Omega }\left [-4F(\phi ^n)+F(\phi ^{n-1})\right ]d\bm x.\end {align*}


$1$


$\eta ^{n+1}$


$\phi ^{n+1}$


$\mu ^{n+1}$


$(\bm u_i^{n+1},p_i^{n+1})$


$i=1,2$


                3    𝐮  1    𝑛  +  1    −  4    𝐮  𝑛   +    𝐮    𝑛  −  1       2  Δ  𝑡    −  𝜈  Δ    𝐮  1    𝑛  +  1    +  ∇    𝑝  1    𝑛  +  1    =    𝜂    𝑛  +  1      𝜇    𝑛  +  1    ∇    𝜙    𝑛  +  1    ,          ∇  ⋅    𝐮  1    𝑛  +  1    =  0  ;               3    𝐮  2    𝑛  +  1       2  Δ  𝑡    +    𝐮  ˜   ⋅  ∇    𝐮  ˜   −  𝜈  Δ    𝐮  2    𝑛  +  1    +  ∇    𝑝  2    𝑛  +  1    =  0  ,          ∇  ⋅    𝐮  2    𝑛  +  1    =  0  .    


\begin {align}&\frac {3\bm u_1^{n+1}-4\bm u^n+\bm u^{n-1}}{2\Delta t}-\nu \Delta \bm u_1^{n+1}+\nabla p_1^{n+1}=\eta ^{n+1}\mu ^{n+1}\nabla \phi ^{n+1},&\quad &\nabla \cdot \bm u_1^{n+1}=0;\label {p7:eq:up0}\\ &\frac {3\bm u_2^{n+1}}{2\Delta t}+\tilde {\bm u}^{n+1}\cdot \nabla \tilde {\bm u}^{n+1}-\nu \Delta \bm u_2^{n+1}+\nabla p_2^{n+1}=0,&\quad &\nabla \cdot \bm u_2^{n+1}=0.\label {p7:eq:up2}\end {align}


$(\bm u_i^{n+1},p_i^{n+1})$


$i=1,2$


$q^{n+1}$


           𝐴    2  ,  𝑛  +  1   𝑞   (    𝑞    𝑛  +  1      )  2   +    𝐵    2  ,  𝑛  +  1   𝑞     𝑞    𝑛  +  1    +    𝐶    2  ,  𝑛  +  1   𝑞   =  0  ,       


\begin {align}\label {p7:eq:q} A^q_{2,n+1}(q^{n+1})^2+B^q_{2,n+1}q^{n+1}+C^q_{2,n+1}=0,\end {align}


           𝐴    2  ,  𝑛  +  1   𝑞      =  3    𝜃  𝑞   +    3  2   ‖    𝐮  2    𝑛  +  1      ‖  0  2   +  2  Δ  𝑡  𝜈  ‖  ∇    𝐮  2    𝑛  +  1      ‖  0  2   ,          𝐵    2  ,  𝑛  +  1   𝑞      =  −    ∫  Ω     (  3    𝐮  1    𝑛  +  1    −  4    𝐮  𝑛   +    𝐮    𝑛  −  1    )   ⋅    𝐮  2    𝑛  +  1    𝑑  𝐱             +  2  Δ  𝑡    ∫  Ω     [    𝜂    𝑛  +  1        (    𝜇    𝑛  +  1    ∇    𝜙    𝑛  +  1    )   ⋅    𝐮  2    𝑛  +  1    −    (    𝐮  ˜   ⋅  ∇    𝐮  ˜   )   ⋅    𝐮  1    𝑛  +  1    ]     𝑑  𝐱  ,          𝐶    2  ,  𝑛  +  1   𝑞      =    𝜃  𝑞       [  −  4  (    𝑞  𝑛     )  2   +  (    𝑞    𝑛  −  1      )  2   ]   −  2  ‖    𝐮  1    𝑛  +  1    −    𝐮  𝑛     ‖  0  2   +    1  2   ‖    𝐮  1    𝑛  +  1    −    𝐮    𝑛  −  1      ‖  0  2              −  2  Δ  𝑡    𝜂    𝑛  +  1      ∫  Ω     [    (    𝐮  ˜   ⋅  ∇    𝜙  ˜   )       𝜇    𝑛  +  1    −    (    𝜇    𝑛  +  1    ∇    𝜙    𝑛  +  1    )   ⋅    𝐮  1    𝑛  +  1    ]     𝑑  𝐱  .    


\begin {align*}A^q_{2,n+1}&=3\theta _q+\frac 32\|\bm u_2^{n+1}\|_0^2+2\Delta t\nu \|\nabla \bm u_2^{n+1}\|_0^2,\\ B^q_{2,n+1}&=-\int _{\Omega }\left (3\bm u_1^{n+1}-4\bm u^n+\bm u^{n-1}\right )\cdot \bm u_2^{n+1}d\bm x\\ &\hspace {2cm}+2\Delta t\int _{\Omega }\left [\eta ^{n+1}\left (\mu ^{n+1}\nabla \phi ^{n+1}\right )\cdot \bm u_2^{n+1}-\left (\tilde {\bm u}^{n+1}\cdot \nabla \tilde {\bm u}^{n+1}\right )\cdot \bm u_1^{n+1}\right ]d\bm x,\\ C^q_{2,n+1}&=\theta _q\left [-4(q^n)^2+(q^{n-1})^2\right ]-2\|\bm u_1^{n+1}-\bm u^n\|_0^2+\frac 12\|\bm u_1^{n+1}-\bm u^{n-1}\|_0^2\\ &\hspace {2cm}-2\Delta t\eta ^{n+1}\int _{\Omega }\left [\left (\tilde {\bm u}^{n+1}\cdot \nabla \tilde {\phi }^{n+1}\right )\mu ^{n+1}-\left (\mu ^{n+1}\nabla \phi ^{n+1}\right )\cdot \bm u_1^{n+1}\right ]d\bm x.\end {align*}


     𝐴    2  ,  𝑛  +  1   𝑞  


$A^q_{2,n+1}$


     𝐴    2  ,  𝑛  +  1   𝑞   >  0 


$A^q_{2,n+1}>0$


$\theta _q>0$


$q^{n+1}$


$\bm u^{n+1}$


$p^{n+1}$


   ℎ  =    ℎ  𝑥   =    ℎ  𝑦  


$h=h_x=h_y$


   ℎ  =    ℎ  𝑥   =    ℎ  𝑦   =    ℎ  𝑧  


$h=h_x=h_y=h_z$


           (  𝛼  𝐼  +  𝜆  𝑀    Δ  2   )     𝜙  =  𝑓  ,       


\begin {align}\label {p7:4th_sys} \left (\alpha I+\lambda M\Delta ^2\right )\phi =f,\end {align}


         𝛼  𝐮  −  𝜈  Δ  𝐮  +  ∇  𝑝  =  𝐠  ,    ∇  ⋅  𝐮  =  0  ,       


\begin {align}\label {p7:Stokes_sys} \alpha \bm u-\nu \Delta \bm u+\nabla p=\bm g,\quad \nabla \cdot \bm u=0,\end {align}


   𝐺  (  𝜙  )  ∶  =  𝐹  (  𝜙  )  −    𝜅  2     𝜙  2   ,     and       𝐸  1   (  𝜙  )  =    ∫  Ω   𝐺  (  𝜙  )  𝑑  𝐱  . 


\begin {equation*}G(\phi ):=F(\phi )-\frac {\kappa }{2}\phi ^2, \quad \text {and} \quad E_1(\phi )=\int _{\Omega }G(\phi )d\bm x. \vspace {-0.2cm}\end {equation*}


         𝑟  (  𝑡  )  =        𝐸  1   (  𝜙  )  +  𝛿    ,    𝑠  (  𝑡  )  =    𝑒    −  𝑡  /  𝑇    ,       


\begin {align}\label {p7:rs} r(t)=\sqrt {E_1(\phi )+\delta },\quad s(t)=e^{-t/T},\end {align}


                𝜕  𝜙     𝜕  𝑡    +    𝑟        𝐸  1   (  𝜙  )  +  𝛿       𝐮  ⋅  ∇  𝜙  =  𝑀  Δ  𝜇  ,            in    Ω  ×  (  0  ,  𝑇  ]  ,           𝜇  =  𝜆      (  −  Δ  𝜙  +  𝜅  𝜙  +    𝑟        𝐸  1   (  𝜙  )  +  𝛿         𝐺  ′   (  𝜙  )  )   ,            in    Ω  ×  (  0  ,  𝑇  ]  ,               𝜕  𝐮     𝜕  𝑡    +    𝑒    𝑡  /  𝑇    𝑠  (  𝑡  )    𝐮  ⋅  ∇  𝐮  −  𝜈  Δ  𝐮  +  ∇  𝑝  =    𝑟        𝐸  1   (  𝜙  )  +  𝛿       𝜇  ∇  𝜙  ,            in    Ω  ×  (  0  ,  𝑇  ]  ,           ∇  ⋅  𝐮  =  0  ,            in    Ω  ×  (  0  ,  𝑇  ]  ,               𝑑  𝑟     𝑑  𝑡    =    1    2        𝐸  1   (  𝜙  )  +  𝛿      [    ∫  Ω     𝐺  ′   (  𝜙  )      𝜕  𝜙     𝜕  𝑡      𝑑  𝐱                   +    1  𝜆     ∫  Ω   (  (  𝐮  ⋅  ∇  𝜙  )  𝜇  −  (  𝜇  ∇  𝜙  )  ⋅  𝐮  )  𝑑  𝐱  ]  ,            in    (  0  ,  𝑇  ]  ,               𝑑  𝑠     𝑑  𝑡    =  −    1  𝑇   𝑠  +    𝑒    𝑡  /  𝑇      ∫  Ω   (  𝐮  ⋅  ∇  𝐮  )  ⋅  𝐮    𝑑  𝐱  ,            in    (  0  ,  𝑇  ]  ,    


\begin {alignat}{2} &\frac {\partial \phi }{\partial t}+\frac {r}{\sqrt {E_1(\phi )+\delta }}\,\bm u\cdot \nabla \phi =M\Delta \mu ,\quad &&\text { in } \Omega \times (0,T],\label {p7:PDE1_}\\ &\mu =\lambda \left (-\Delta \phi +\kappa \phi +\frac {r}{\sqrt {E_1(\phi )+\delta }}\,G'(\phi )\right ),\quad &&\text { in } \Omega \times (0,T],\label {p7:PDE2_}\\ &\frac {\partial \bm u}{\partial t}+e^{t/T}s(t)\,\bm u\cdot \nabla \bm u-\nu \Delta \bm u+\nabla p=\frac {r}{\sqrt {E_1(\phi )+\delta }}\,\mu \nabla \phi ,\quad &&\text { in } \Omega \times (0,T],\label {p7:PDE3_}\\ &\nabla \cdot \bm u=0,\quad &&\text { in } \Omega \times (0,T],\label {p7:PDE4_}\\ &\frac {dr}{dt}=\frac {1}{2\sqrt {E_1(\phi )+\delta }}\bigg [\int _{\Omega }G'(\phi )\frac {\partial \phi }{\partial t}\,d\bm x\notag \\ &\hspace {4cm}+\frac {1}{\lambda }\int _{\Omega }\big ((\bm u\cdot \nabla \phi )\mu -(\mu \nabla \phi )\cdot \bm u\big )d\bm x\bigg ],\quad &&\text { in } (0,T],\label {p7:PDE5_}\\ &\frac {ds}{dt}=-\frac 1Ts+e^{t/T}\int _{\Omega }(\bm u\cdot \nabla \bm u)\cdot \bm u\,d\bm x,\quad &&\text { in } (0,T],\label {p7:PDE6_}\end {alignat}


       𝜙  (  𝑥  ,  𝑦  ,  𝑡  )   


\begin {align}\begin {aligned} \phi (x,y,t)&=\cos (\pi x)\cos (\pi y)\sin (t),\\ p(x,y,t)&=\cos (\pi x)\sin (\pi y)\sin (t),\\ \bm u(x,y,t)&=\left [\pi \sin ^2(\pi x)\sin (2\pi y)\sin (t),-\pi \sin (2\pi x)\sin ^2(\pi y)\sin (t)\right ]^T. \end {aligned}\end {align}


$\varepsilon $


   𝑀 


$M$


   𝜆 


$\lambda $


   𝜈 


$\nu $


   𝑇 


$T$


$h$


$\Delta t$


   𝜅 


$\kappa $


   𝛿 


$\delta $


   𝜅  =  5  /    𝜀  2  


$\kappa =5/\varepsilon ^2$


   𝛿  =   35   /  (  4    𝜀  2   ) 


$\delta =35/(4\varepsilon ^2)$


     𝜃  𝜂  


$\theta _{\eta }$


     𝜃  𝑞  


$\theta _q$


$T=1$


$\theta _{\eta }$


$\theta _q$


$\theta _{\eta }$


$\theta _q$


         𝜙  0   (  𝑥  ,  𝑦  )   


\begin {align}\begin {aligned} \phi _0(x,y)&=0.24\cos (2\pi x)\cos (2\pi y)+0.4\cos (\pi x)\cos (3\pi y),\\ \bm u_0(x,y)&=\left [-\sin ^2(\pi x)\sin (2\pi y),\sin (2\pi x)\sin ^2(\pi y)\right ]^T. \end {aligned} \vspace {-0.2cm}\end {align}


         𝜀  =  0  .  1  ,    𝑀  =  1  ,    𝜆  =  0  .   01   ,    𝜈  =  0  .   01   ,      𝜃  𝜂   =   1000   /    𝜀  2   ,      𝜃  𝑞   =   100   .       


\begin {align*}\varepsilon =0.1,\quad M=1,\quad \lambda =0.01,\quad \nu =0.01,\quad \theta _{\eta }=1000/\varepsilon ^2,\quad \theta _q=100.\end {align*}


     ℰ  1  


$\mathcal {E}_1$


     ℰ  2  


$\mathcal {E}_2$


   𝑇  =   10  


$T=10$


   ℎ  =  Δ  𝑡  ∈  {  4  ×     10     −  3    ,  2  ×     10     −  3    }  . 


$h=\Delta t\in \{\num {4e-3},\num {2e-3}\}.$


$\mathcal {E}_1$


$\mathcal {E}_2$


$h$


$\Delta t$


   𝜀  ∈  {  0  .   01   ,  0  .   02   }  ,    𝑀  =  0  .   002   ,    𝜆  =  0  .   01   ,    𝜈  =  1  ,      𝜃  𝜂   =   1000   /    𝜀  2   ,      𝜃  𝑞   =   100   . 


\begin {equation*}\varepsilon \in \{0.01,0.02\},\quad M=0.002,\quad \lambda =0.01,\quad \nu =1,\quad \theta _{\eta }=1000/\varepsilon ^2,\quad \theta _q=100.\end {equation*}


   𝜀  =  0  .   01   ,    𝑀  =  0  .   001   ,    𝜆  =  0  .   01   ,    𝜈  =  1  ,      𝜃  𝜂   =   1000   /    𝜀  2   ,      𝜃  𝑞   =   1000   . 


\begin {equation*}\varepsilon =0.01,\quad M=0.001,\quad \lambda =0.01,\quad \nu =1,\quad \theta _{\eta }=1000/\varepsilon ^2,\quad \theta _q=1000.\end {equation*}


             𝜕  𝐮     𝜕  𝑡    +  𝐮  ⋅  ∇  𝐮  −  𝜈  Δ  𝐮  +  ∇  𝑝  =  𝜇  ∇  𝜙  +  𝜒  𝜌  (  𝜙  )  𝐠  ,       


\begin {align}\label {CH-NS:Boussinesq} \frac {\partial \bm u}{\partial t}+\bm u\cdot \nabla \bm u-\nu \Delta \bm u+\nabla p=\mu \nabla \phi +\chi \rho (\phi )\bm g,\end {align}


           𝜙  0   (  𝑥  ,  𝑦  )  =   tanh       (      0  .   32   −      (  𝑥  −  0  .  5    )  2   +  (  𝑦  −  2  .  1    )  2      𝜀   )   ,      𝐮  0   (  𝑥  ,  𝑦  )  =  𝟎  ,       


\begin {align}\phi _0(x,y)=\tanh \left (\frac {0.32-\sqrt {(x-0.5)^2+(y-2.1)^2}}{\varepsilon }\right ),\quad \bm u_0(x,y)=\bm 0,\end {align}


         𝜀  =  0  .   01   ,    𝑀  =  0  .   01   ,    𝜆  =  0  .   001   ,      𝜃  𝜂   =   1000   /    𝜀  2   ,      𝜃  𝑞   =   1000   ,    𝜒  =   10   ,      𝜙  ‾   =  0  .       


\begin {align*}\varepsilon =0.01,\quad M=0.01,\quad \lambda =0.001,\quad \theta _{\eta }=1000/\varepsilon ^2,\quad \theta _q=1000,\quad \chi =10,\quad \overline {\phi }=0.\end {align*}


           𝜙  0   (  𝑥  ,  𝑦  ,  𝑧  )  =   tanh       (      0  .   32   −      (  𝑥  −  0  .  5    )  2   +  (  𝑦  −  0  .  5    )  2   +  (  𝑧  −  2  .  1    )  2      𝜀   )   ,      𝐮  0   (  𝑥  ,  𝑦  ,  𝑧  )  =  𝟎  .       


\begin {align}\phi _0(x,y,z)=\tanh \left (\frac {0.32-\sqrt {(x-0.5)^2+(y-0.5)^2+(z-2.1)^2}}{\varepsilon }\right ),\quad \bm u_0(x,y,z)=\bm 0.\end {align}


$\theta $


$\theta $


           𝐮  𝑡   −  𝜈  Δ  𝐮  +  (  𝐮  ⋅  ∇  )  𝐮  +  ∇  𝑝     =  𝐟  ,     in    Ω  ×  (  0  ,  𝑇  ]  ,        ∇  ⋅  𝐮     =  0  ,       in    Ω  ×  (  0  ,  𝑇  ]  ,    


\begin {align}\bm u_t-\nu \Delta \bm u+(\bm u\cdot \nabla )\bm u+\nabla p&=\bm f, \quad \text {in } \Omega \times (0,T], \label {p5:PDE_1}\\ \nabla \cdot \bm u&=0, \,\quad \text {in } \Omega \times (0,T], \label {p5:PDE_2}\end {align}


$h=\frac {\sqrt {\Delta t}}{4}$


$\Delta t$


   ‖    𝑒  𝜙     ‖    𝐿  2   


$\|e_{\phi }\|_{L^2}$


   ‖    𝑒  𝜙     ‖    𝐿  ∞   


$\|e_{\phi }\|_{L^\infty }$


   ‖    𝑒  𝜇     ‖    𝐿  2   


$\|e_{\mu }\|_{L^2}$


   ‖    𝑒  𝜇     ‖    𝐿  ∞   


$\|e_{\mu }\|_{L^\infty }$


   |    𝜂  𝑁   −  1  | 


$|\eta ^N-1|$


$\Delta t$


   ‖    𝑒  𝐮     ‖    𝐿  2   


$\|e_{\bm u}\|_{L^2}$


   ‖    𝑒  𝐮     ‖    𝐿  ∞   


$\|e_{\bm u}\|_{L^\infty }$


   ‖    𝑒  𝑝     ‖    𝐿  2   


$\|e_p\|_{L^2}$


   ‖    𝑒  𝑝     ‖    𝐿  ∞   


$\|e_p\|_{L^\infty }$


   |    𝑞  𝑁   −  1  | 


$|q^N-1|$


$h=\frac {\Delta t}{2}$


$\Delta t$


$\|e_{\phi }\|_{L^2}$


$\|e_{\phi }\|_{L^\infty }$


$\|e_{\mu }\|_{L^2}$


$\|e_{\mu }\|_{L^\infty }$


$|\eta ^N-1|$


$\Delta t$


$\|e_{\bm u}\|_{L^2}$


$\|e_{\bm u}\|_{L^\infty }$


$\|e_p\|_{L^2}$


$\|e_p\|_{L^\infty }$


$|q^N-1|$


$h=\frac {\sqrt {\Delta t}}{4}$


$\Delta t$


$\|e_{\phi }\|_{L^2}$


$\|e_{\phi }\|_{L^\infty }$


$\|e_{\mu }\|_{L^2}$


$\|e_{\mu }\|_{L^\infty }$


   |    𝑒  𝑟   | 


$|e_r|$


$\Delta t$


$\|e_{\bm u}\|_{L^2}$


$\|e_{\bm u}\|_{L^\infty }$


$\|e_p\|_{L^2}$


$\|e_p\|_{L^\infty }$


   |    𝑒  𝑠   | 


$|e_s|$


$h=\frac {\Delta t}{2}$


$\Delta t$


$\|e_{\phi }\|_{L^2}$


$\|e_{\phi }\|_{L^\infty }$


$\|e_{\mu }\|_{L^2}$


$\|e_{\mu }\|_{L^\infty }$


$|e_r|$


$\Delta t$


$\|e_{\bm u}\|_{L^2}$


$\|e_{\bm u}\|_{L^\infty }$


$\|e_p\|_{L^2}$


$\|e_p\|_{L^\infty }$


$|e_s|$


$h=\frac {\sqrt {\Delta t}}{4}$


$\Delta t$


     𝜃  𝜂   =  0  .  1  /    𝜀  2   ,      𝜃  𝑞   =  0  .  1 


$\theta _{\eta }=0.1/\varepsilon ^2,\;\theta _q=0.1$


     𝜃  𝜂   =  1  /    𝜀  2   ,      𝜃  𝑞   =  1 


$\theta _{\eta }=1/\varepsilon ^2,\;\theta _q=1$


     𝜃  𝜂   =   10   /    𝜀  2   ,      𝜃  𝑞   =   10  


$\theta _{\eta }=10/\varepsilon ^2,\;\theta _q=10$


$|\eta ^N-1|$


$|q^N-1|$


$|\eta ^N-1|$


$|q^N-1|$


$|\eta ^N-1|$


$|q^N-1|$


$h=\frac {\Delta t}{2}$


$\Delta t$


$\theta _{\eta }=0.1/\varepsilon ^2,\;\theta _q=0.1$


$\theta _{\eta }=1/\varepsilon ^2,\;\theta _q=1$


$\theta _{\eta }=10/\varepsilon ^2,\;\theta _q=10$


$|\eta ^N-1|$


$|q^N-1|$


$|\eta ^N-1|$


$|q^N-1|$


$|\eta ^N-1|$


$|q^N-1|$


   𝜀  ∈  {  0  .  2  ,  0  .  1  } 


$\varepsilon \in \{0.2,0.1\}$


   𝐿  =  2 


$L=2$


$\varepsilon $


     𝑁  1  


$N_1$


     𝑁  2  


$N_2$


   𝛾 


$\gamma $


     𝑛  𝑥   =    𝑛  𝑦  


$n_x=n_y$


   0  .  2 


$0.2$


    600  


$600$


    500  


$500$


   3 


$3$


    50  


$50$


$0.1$


    1500  


$1500$


    1000  


$1000$


   4 


$4$


    80  


$80$


   𝐿  =  3 


$L=3$


$\varepsilon $


$N_1$


$N_2$


     𝑁  3  


$N_3$


$\gamma $


$n_x=n_y$


$0.2$


$0.1$


$L^{\infty }$


$\varepsilon \in \{0.2,0.1\}$


   𝜀  =  0  .  2 


$\varepsilon =0.2$


$\Delta t$


$L=2$


$L=3$


$1/10$


$1/20$


$1/40$


$1/80$


   1  /   160  


$1/160$


   1  /   320  


$1/320$


$\varepsilon =0.1$


$\Delta t$


$L=2$


$L=3$


$1/10$


$1/20$


$1/40$


$1/80$


$1/160$


$1/320$


$\varepsilon \in \{0.2,0.1\}$


$L=2$


$\varepsilon $


$N_1$


$N_2$


$\gamma $


$0.2$


    2500  


$2500$


$1500$


$1$


$0.1$


    3000  


$3000$


$1500$


$3$


$L=3$


$\varepsilon $


$N_1$


$N_2$


$N_3$


$\gamma $


$0.2$


$1500$


$1500$


$1500$


$1$


$0.1$


$1500$


$1500$


$1500$


$3$


$L^{\infty }$


$\varepsilon \in \{0.2,0.1\}$


$\varepsilon =0.2$


$\Delta t$


$L=2$


$L=3$


$1/10$


$1/20$


$1/40$


$1/80$


$1/160$


$1/320$


$\varepsilon =0.1$


$\Delta t$


$L=2$


$L=3$


$1/10$


$1/20$


$1/40$


$1/80$


$1/160$


$1/320$


$L^{\infty }$


$h = 1/2048$


$L^2$


$L^{\infty }$


          𝜕  𝑡   𝑢  =    𝜀  2   Δ  𝑢  +    𝑓  ‾   (  𝑢  )  ,    𝐱  ∈  Ω  ,    𝑡  >  0  , 


\begin {equation}\label {p3:intro_PDE} \partial _t u=\varepsilon ^2\Delta u + \overline {f}(u), \quad \bx \in \Omega , \; t>0,\end {equation}


   𝑢  (  𝐱  ,  0  )  =    𝑢  0   (  𝐱  ) 


$u(\bx ,0)=u_0(\bx )$


   Ω  ⊂    ℝ  𝑑     (  𝑑  =  1  ,  2  ,  3  ) 


$\Omega \subset \mathbb {R}^d \, (d=1,2,3)$


   𝜀  >  0 


$\varepsilon >0$


   𝑓  ∶  ℝ  →  ℝ 


$f:\mathbb {R}\rightarrow \mathbb {R}$


     𝑓  ‾  


$\overline {f}$


          𝑓  ‾   (  𝑢  )  ∶  =  𝑓  (  𝑢  )  −    1    |  Ω  |      ∫  Ω   𝑓  (  𝑢  (  𝐲  )  )    𝑑  𝐲  . 


\begin {equation}\label {p3:f_mod} \overline {f}(u):=f(u)-\frac {1}{|\Omega |}\int _{\Omega }f(u(\bm y))\,d\bm y.\end {equation}


$\overline {f}$


     𝑑    𝑑  𝑡      ∫  Ω   𝑢  (  𝐱  ,  𝑡  )    𝑑  𝐱  =  0 


$\frac {d}{dt}\int _{\Omega }u(\bm x,t)\,d\bm x=0$


   𝑇  >  0 


$T>0$


$[0,T]$


   0  =    𝑡  0   <    𝑡  1   <  …  <    𝑡  𝑀   =  𝑇 


$0=t_0<t_1<\ldots <t_M=T$


       (  )   


$\Delta t:=\sfrac {T}{M}$


   𝑢  (  𝑡  ) 


$u(t)$


   𝑢  (  ⋅  ,  𝑡  ) 


$u(\cdot ,t)$


     𝑢  𝑚  


$u^m$


   𝑢  (    𝑡  𝑚   ) 


$u(t_m)$


       ∫  Ω   𝑣  


$\displaystyle \int _{\Omega }v$


       ∫  Ω   𝑣  (  𝐲  )    𝑑  𝐲  


$\displaystyle \int _{\Omega }v(\bm y)\,d\bm y$


         𝑢  (    𝑡    𝑚  +  1    )  =    𝑒    Δ  𝑡    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )  +    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝜀  2   Δ      𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝑠  )  )    𝑑  𝑠  .       


\begin {align}\label {p3:duha1} u(t_{m+1})=e^{\Delta t\varepsilon ^2\Delta }u(t_m)+\int _0^{\Delta t} e^{(\Delta t -s)\varepsilon ^2\Delta }\overline {f}(u(t_m+s))\,ds.\end {align}


         𝑢  (    𝑡  𝑚   +  𝑠  )  =    𝑒    𝑠    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )  +    ∫  0  𝑠     𝑒    (  𝑠  −  𝜎  )    𝜀  2   Δ      𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝜎  )  )    𝑑  𝜎  .       


\begin {align}\label {p3:duha2} u(t_m+s)=e^{s\varepsilon ^2\Delta }u(t_m)+\int _0^s e^{(s-\sigma )\varepsilon ^2\Delta }\overline {f}(u(t_m+\sigma ))\,d\sigma .\end {align}


   𝑢  (    𝑡  𝑚   +  𝑠  ) 


$u(t_m+s)$


     𝑒    𝑠    𝜀  2   Δ    𝑢  (    𝑡  𝑚   ) 


$e^{s\varepsilon ^2\Delta }u(t_m)$


           𝑢    𝑚  +  1    =    𝑒    Δ  𝑡    𝜀  2   Δ    (    𝑢  𝑚   +  Δ  𝑡    𝑓  ‾   (    𝑢  𝑚   )  )  ,       


\begin {align}\label {p3:LRI1a} u^{m+1}=e^{\Delta t\varepsilon ^2\Delta }(u^m+\Delta t \overline {f}(u^m)),\end {align}


           𝑢    𝑚  +  1    =    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   +  Δ  𝑡    𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   )  .       


\begin {align}\label {p3:LRI1b} u^{m+1}=e^{\Delta t\varepsilon ^2\Delta }u^m + \Delta t \overline {f}(e^{\Delta t\varepsilon ^2\Delta }u^m).\end {align}


$f$


     𝒞  1  


$\mathcal {C}^1$


$u(t_m+s)$


     𝑒    𝑠    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )  +  𝑠    𝑓  ‾   (  𝑢  (    𝑡  𝑚   )  ) 


$e^{s\varepsilon ^2\Delta }u(t_m)+s\overline {f}(u(t_m))$


           𝑢    𝑚  +  1    ≈    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   +    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝜀  2   Δ      𝑓  ‾   (    𝑒    𝑠    𝜀  2   Δ      𝑢  𝑚   +  𝑠    𝑓  ‾   (    𝑢  𝑚   )  )    𝑑  𝑠  .       


\begin {align}\label {p3:get1_LRI2} u^{m+1}\approx e^{\Delta t\varepsilon ^2\Delta }u^m+\int _0^{\Delta t}e^{(\Delta t -s)\varepsilon ^2\Delta }\overline {f}(e^{s\varepsilon ^2\Delta }u^m+s\overline {f}(u^m))\,ds.\end {align}


$\overline {f}$


                  𝑓  ‾   (    𝑒    𝑠    𝜀  2   Δ      𝑢  𝑚   +  𝑠    𝑓  ‾   (    𝑢  𝑚   )  )  =  𝑓  (    𝑒    𝑠    𝜀  2   Δ      𝑢  𝑚   +  𝑠    𝑓  ‾   (    𝑢  𝑚   )  )  −      1    |  Ω  |      ∫  Ω   𝑓  (    𝑒    𝑠    𝜀  2   Δ      𝑢  𝑚   +  𝑠    𝑓  ‾   (    𝑢  𝑚   )  )         ≈  𝑓  (    𝑒    𝑠    𝜀  2   Δ      𝑢  𝑚   )  +  𝑠    𝑓  ′   (    𝑒    𝑠    𝜀  2   Δ      𝑢  𝑚   )    𝑓  ‾   (    𝑢  𝑚   )  −      1    |  Ω  |      ∫  Ω     (  𝑓  (    𝑒    𝑠    𝜀  2   Δ      𝑢  𝑚   )  +  𝑠    𝑓  ′   (    𝑒    𝑠    𝜀  2   Δ      𝑢  𝑚   )    𝑓  ‾   (    𝑢  𝑚   )  )          =    𝑓  ‾   (    𝑒    𝑠    𝜀  2   Δ      𝑢  𝑚   )  +  𝑠      [    𝑓  ′   (    𝑒    𝑠    𝜀  2   Δ      𝑢  𝑚   )    𝑓  ‾   (    𝑢  𝑚   )  −      1    |  Ω  |      ∫  Ω     𝑓  ′   (    𝑒    𝑠    𝜀  2   Δ      𝑢  𝑚   )    𝑓  ‾   (    𝑢  𝑚   )  ]    .     


\begin {equation}\label {p3:get2_LRI2} \begin {array}{ll} &\overline {f}(e^{s\varepsilon ^2\Delta }u^m+s\overline {f}(u^m))=f(e^{s\varepsilon ^2\Delta }u^m+s\overline {f}(u^m))-\displaystyle \frac {1}{|\Omega |}\int _{\Omega }f(e^{s\varepsilon ^2\Delta }u^m+s\overline {f}(u^m)) \\ & \approx f(e^{s\varepsilon ^2\Delta }u^m)+sf'(e^{s\varepsilon ^2\Delta }u^m)\overline {f}(u^m) -\displaystyle \frac {1}{|\Omega |}\int _{\Omega }\left (f(e^{s\varepsilon ^2\Delta }u^m)+sf'(e^{s\varepsilon ^2\Delta }u^m)\overline {f}(u^m)\right ) \\ & = \overline {f}(e^{s\varepsilon ^2\Delta }u^m)+s\left [f'(e^{s\varepsilon ^2\Delta }u^m)\overline {f}(u^m)-\displaystyle \frac {1}{|\Omega |}\int _{\Omega }f'(e^{s\varepsilon ^2\Delta }u^m)\overline {f}(u^m) \right ]. \end {array}\end {equation}


           𝑢    𝑚  +  1       ≈    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   +    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝜀  2   Δ      𝑓  ‾   (    𝑒    𝑠    𝜀  2   Δ      𝑢  𝑚   )    𝑑  𝑠             +    ∫  0    Δ  𝑡    𝑠    𝑒    (  Δ  𝑡  −  𝑠  )    𝜀  2   Δ        [    𝑓  ′   (    𝑒    𝑠    𝜀  2   Δ      𝑢  𝑚   )    𝑓  ‾   (    𝑢  𝑚   )  −    1    |  Ω  |      ∫  Ω     𝑓  ′   (    𝑒    𝑠    𝜀  2   Δ      𝑢  𝑚   )    𝑓  ‾   (    𝑢  𝑚   )  ]     𝑑  𝑠  .    


\begin {align*}u^{m+1}&\approx e^{\Delta t\varepsilon ^2\Delta } u^m + \int _0^{\Delta t} e^{(\Delta t-s)\varepsilon ^2\Delta }\overline {f}(e^{s\varepsilon ^2\Delta }u^m)\,ds\\ &\quad +\int _0^{\Delta t} se^{(\Delta t-s)\varepsilon ^2\Delta }\left [f'(e^{s\varepsilon ^2\Delta }u^m)\overline {f}(u^m)-\frac {1}{|\Omega |}\int _{\Omega }f'(e^{s\varepsilon ^2\Delta }u^m)\overline {f}(u^m)\right ]ds.\end {align*}


   𝑠  =  0 


$s=0$


           𝑢    𝑚  +  1    =    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   +      Δ  𝑡   2       [    𝑒    Δ  𝑡    𝜀  2   Δ      𝑓  ‾   (    𝑢  𝑚   )  +    𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   )  ]   +      Δ    𝑡  2    2     𝑒    Δ  𝑡    𝜀  2   Δ      𝑔  ‾   (    𝑢  𝑚   )  .       


\begin {align}\label {p3:LRI2} u^{m+1}=e^{\Delta t\varepsilon ^2\Delta }u^m+\frac {\Delta t}{2}\left [e^{\Delta t\varepsilon ^2\Delta }\overline {f}(u^m)+\overline {f}(e^{\Delta t\varepsilon ^2\Delta }u^m)\right ]+\frac {\Delta t^2}{2}e^{\Delta t\varepsilon ^2\Delta }\overline {g}(u^m).\end {align}


     𝑔  ‾  


$\overline {g}$


     𝑔  ‾   (    𝑢  𝑚   )  =  𝑔  (    𝑢  𝑚   )  −      1    |  Ω  |      ∫  Ω   𝑔  (    𝑢  𝑚   )  ,  


$\overline {g}(u^m)=g(u^m)-\displaystyle \frac {1}{|\Omega |}\int _{\Omega }g(u^m),$


   𝑔  ∶  =    𝑓  ′     𝑓  ‾  


$g:=f'\overline {f}$


$\overline {f}$


     𝑣  1   ,    𝑣  2   ∈    𝐿  2   (  Ω  ) 


$v_1,v_2\in L^2(\Omega )$


   (    𝑣  1   ,    𝑣  2   )  =    ∫  Ω     𝑣  1   (  𝐱  )    𝑣  2   (  𝐱  )    𝑑  𝐱 


\begin {equation*}(v_1,v_2)=\displaystyle \int _{\Omega }v_1(\bm x)v_2(\bm x)\,d\bm x\end {equation*}


$L^2$


     𝑣  1  


$v_1$


     𝑣  2  


$v_2$


   𝑣  ∈    𝐿  2   (  Ω  ) 


$v\in L^2(\Omega )$


   (    𝑒    𝑡  Δ    𝑣  ,  1  )  =  (  𝑣  ,  1  )  ,    ∀    𝑡  >  0  . 


\begin {equation*}(e^{t\Delta }v,1)=(v,1),\quad \forall \, t>0.\end {equation*}


$v\in L^2(\Omega )$


   {            𝑤  𝑡   =  Δ  𝑤  ,    𝐱  ∈  Ω  ,  𝑡  >  0  ,             𝑤  (  𝐱  ,  0  )  =  𝑣  (  𝐱  )  ,    𝐱  ∈    Ω  ‾   ,            


\begin {equation*}\begin {cases} w_t=\Delta w,\quad \bm x\in \Omega ,t>0,\\ w(\bm x,0)=v(\bm x),\quad \bm x\in \overline {\Omega }, \end {cases}\end {equation*}


$L^2$


     𝑑    𝑑  𝑡    (  𝑤  ,  1  )  =  (  Δ  𝑤  ,  1  )  =  0  ,    𝑡  >  0  . 


\begin {equation*}\frac {d}{dt}(w,1)=(\Delta w,1)=0,\quad t>0.\end {equation*}


   (  𝑤  (  𝑡  )  ,  1  ) 


$(w(t),1)$


   𝑡  >  0 


$t>0$


   𝑤  (  𝑡  )  →  𝑤  (  0  )  =  𝑣 


$w(t)\to w(0)=v$


   𝑡  →    0  +  


$t\to 0^+$


   (  𝑤  (  𝑡  )  ,  1  )  =  (  𝑣  ,  1  ) 


$(w(t),1)=(v,1)$


$t>0$


   𝑤  (  𝑡  )  =    𝑒    𝑡  Δ    𝑤  (  0  )  =    𝑒    𝑡  Δ    𝑣  . 


$w(t)=e^{t\Delta }w(0)=e^{t\Delta }v.$


   Δ  𝑡  >  0 


$\Delta t>0$


   (    𝑢  𝑚   ,  1  )  =  (    𝑢  0   ,  1  )  ,    𝑚  =  1  ,  2  ,  …  ,  𝑀  . 


\begin {equation*}(u^m,1)=(u^0,1),\quad m=1,2,\ldots ,M.\end {equation*}


$L^2$


         (    𝑢    𝑚  +  1    ,  1  )  =  (    𝑒    Δ  𝑡    𝜀  2   Δ    (    𝑢  𝑚   +  Δ  𝑡    𝑓  ‾   (    𝑢  𝑚   )  )  ,  1  )  .       


\begin {align}\label {p3:1st_use_mass} (u^{m+1},1)=(e^{\Delta t\varepsilon ^2\Delta }(u^m+\Delta t \overline {f}(u^m)),1).\end {align}


   (    𝑢    𝑚  +  1    ,  1  )  =  (    𝑢  𝑚   +  Δ  𝑡    𝑓  ‾   (    𝑢  𝑚   )  ,  1  )  =  (    𝑢  𝑚   ,  1  )  , 


\begin {equation*}(u^{m+1},1)=(u^m+\Delta t \overline {f}(u^m),1)=(u^m,1),\end {equation*}


   (    𝑓  ‾   (    𝑢  𝑚   )  ,  1  )  =  0 


$(\overline {f}(u^m),1)=0$


         (    𝑢    𝑚  +  1    ,  1  )     =  (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   +  Δ  𝑡    𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   )  ,  1  )           =  (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   ,  1  )  +  Δ  𝑡  (    𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   )  ,  1  )  =  (    𝑢  𝑚   ,  1  )  ,    


\begin {align*}(u^{m+1},1)&=(e^{\Delta t\varepsilon ^2\Delta }u^m + \Delta t \overline {f}(e^{\Delta t\varepsilon ^2\Delta }u^m),1)\\ &=(e^{\Delta t\varepsilon ^2\Delta }u^m,1)+\Delta t (\overline {f}(e^{\Delta t\varepsilon ^2\Delta }u^m),1)=(u^m,1),\end {align*}


$\Delta t>0$


\begin {equation*}(u^m,1)=(u^0,1),\quad m=1,2,\ldots ,M.\end {equation*}


$L^2$


              (    𝑢    𝑚  +  1    ,  1  )     =    1  2   (    𝑒    Δ  𝑡    𝜀  2   Δ    (    𝑢  𝑚   +  Δ  𝑡    𝑓  ‾   (    𝑢  𝑚   )  )  ,  1  )  +    1  2   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   +  Δ  𝑡    𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   )  ,  1  )                  +      Δ    𝑡  2    2   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑔  ‾   (    𝑢  𝑚   )  ,  1  )  .    


\begin {equation}\label {p3:mass2_1} \begin {aligned} (u^{m+1},1)&=\dfrac 12(e^{\Delta t\varepsilon ^2\Delta }(u^m+\Delta t \overline {f}(u^m)),1) +\dfrac 12(e^{\Delta t\varepsilon ^2\Delta }u^m + \Delta t \overline {f}(e^{\Delta t\varepsilon ^2\Delta }u^m),1)\\ &\quad +\dfrac {\Delta t^2}{2}(e^{\Delta t\varepsilon ^2\Delta }\overline {g}(u^m),1). \end {aligned}\end {equation}


         (    𝑒    Δ  𝑡    𝜀  2   Δ    (    𝑢  𝑚   +  Δ  𝑡    𝑓  ‾   (    𝑢  𝑚   )  )  ,  1  )  =  (    𝑢  𝑚   ,  1  )  =  (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   +  Δ  𝑡    𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   )  ,  1  )  .       


\begin {align}\label {p3:mass2_2} (e^{\Delta t\varepsilon ^2\Delta }(u^m+\Delta t \overline {f}(u^m)),1)=(u^m,1)=(e^{\Delta t\varepsilon ^2\Delta }u^m + \Delta t \overline {f}(e^{\Delta t\varepsilon ^2\Delta }u^m),1).\end {align}


   𝑣  =    𝑔  ‾   (    𝑢  𝑚   ) 


$v=\overline {g}(u^m)$


         (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑔  ‾   (    𝑢  𝑚   )  ,  1  )  =  (    𝑔  ‾   (    𝑢  𝑚   )  ,  1  )  =  0  .       


\begin {align}\label {p3:mass2_3} (e^{\Delta t\varepsilon ^2\Delta }\overline {g}(u^m),1)=(\overline {g}(u^m),1)=0.\end {align}


   (    𝑢    𝑚  +  1    ,  1  )  =    1  2   (    𝑢  𝑚   ,  1  )  +    1  2   (    𝑢  𝑚   ,  1  )  =  (    𝑢  𝑚   ,  1  )  . 


\begin {equation*}(u^{m+1},1)=\frac 12(u^m,1)+\frac 12(u^m,1)=(u^m,1).\end {equation*}


   {    𝑒    𝑡  Δ      }    𝑡  ≥  0   


$\{e^{t\Delta }\}_{t\ge 0}$


   𝒞  (    Ω  ‾   ) 


$\mathcal {C}(\overline {\Omega })$


   ‖    𝑒    𝑡  Δ    𝑣    ‖    𝐿  ∞    ≤  ‖  𝑣    ‖    𝐿  ∞    ,    ∀    𝑡  ≥  0  ,    𝑣  ∈  𝒞  (    Ω  ‾   )  , 


\begin {equation*}\|e^{t\Delta }v\|_{L^\infty }\le \|v\|_{L^\infty },\quad \forall \, t\ge 0,\, v\in \mathcal {C}(\overline {\Omega }),\end {equation*}


   ‖  𝑣    ‖    𝐿  ∞    =     max     𝐱  ∈    Ω  ‾     |  𝑣  (  𝐱  )  | 


$\|v\|_{L^\infty }=\max _{\bm x\in \overline {\Omega }}|v(\bm x)|$


$f$


   𝛽  >  0 


$\beta >0$


   𝑓  (  𝛽  )  ≤  𝑓  (  𝑤  )  ≤  𝑓  (  −  𝛽  ) 


$f(\beta )\le f(w)\le f(-\beta )$


   𝑤  ∈  [  −  𝛽  ,  𝛽  ]  . 


$w\in [-\beta ,\beta ].$


     Ω  𝑇   =  Ω  ×  (  0  ,  𝑇  ) 


$\Omega _T=\Omega \times (0,T)$


$f$


     𝑢  0   ∈  𝒞  (    Ω  ‾   ) 


$u_0\in \mathcal {C}(\overline {\Omega })$


   ‖    𝑢  0     ‖    𝐿  ∞    ≤  𝛽 


$\|u_0\|_{L^\infty }\le \beta $


   𝑢  ∈  𝒞  (      Ω  𝑇   ‾   ) 


$u\in \mathcal {C}(\overline {\Omega _{T}})$


   ‖  𝑢  (  𝑡  )    ‖    𝐿  ∞    ≤  𝛽 


$\|u(t)\|_{L^\infty }\le \beta $


   𝑡  ∈  [  0  ,  𝑇  ]  . 


$t\in [0,T].$


$f$


   [  −  𝛽  ,  𝛽  ]  . 


$[-\beta ,\beta ].$


$f$


$f$


$[-\beta ,\beta ].$


     𝜏  0   ∶  =     max     |  𝜉  |  ≤  𝛽        𝑓  ′   (  𝜉  )  ,    and      𝜏  1   ∶  =  −      (     min     |  𝜉  |  ≤  𝛽        𝑓  ′   (  𝜉  )  )     −  1    . 


\begin {equation*}\tau _0:=\max _{|\xi |\le \beta }f'(\xi ),\text { and }\tau _1:=-\left (\min _{|\xi |\le \beta } f'(\xi )\right )^{-1}.\end {equation*}


     𝜏  1   >  0 


$\tau _{1}>0$


   𝑓  ∈    𝒞  𝑘   (  [  −  𝛽  ,  𝛽  ]  ) 


$f\in \mathcal {C}^{k}([-\beta ,\beta ])$


   𝑘 


$k$


          𝛼  𝑘   ∶  =     max     |  𝜉  |  ≤  𝛽    |    𝑓    (  𝑘  )    (  𝜉  )  |  . 


\begin {equation}\label {p3:eq:alphak} \alpha _k:=\max _{|\xi |\le \beta }|f^{(k)}(\xi )|.\end {equation}


$f$


   𝑣  ∈  𝒞  (    Ω  ‾   ) 


$v\in \mathcal {C}(\overline {\Omega })$


   ‖  𝑣    ‖    𝐿  ∞    ≤  𝛽 


$\|v\|_{L^\infty }\le \beta $


   ‖  𝑣  +  𝜔    𝑓  ‾   (  𝑣  )    ‖    𝐿  ∞    ≤  𝛽  ,    ∀    𝜔  ∈  (  0  ,    𝜏  1   ]  . 


\begin {equation*}\|v+\omega \overline {f}(v)\|_{L^\infty }\le \beta ,\quad \forall \,\omega \in (0,\tau _1].\end {equation*}


     𝑓  0   (  𝜉  )  =  𝜉  +  𝜔  𝑓  (  𝜉  ) 


$f_0(\xi )=\xi +\omega f(\xi )$


   𝜉  ∈  ℝ 


$\xi \in \mathbb {R}$


   |  𝜉  |  ≤  𝛽 


$|\xi |\le \beta $


   𝜔  ∈  (  0  ,    𝜏  1   ] 


$\omega \in (0,\tau _1]$


           𝑓  0  ′   (  𝜉  )  =  1  +  𝜔    𝑓  ′   (  𝜉  )  ≥  1  +  𝜔       min     |  𝜉  |  ≤  𝛽        𝑓  ′   (  𝜉  )  ≥  1  +    𝜏  1        min     |  𝜉  |  ≤  𝛽        𝑓  ′   (  𝜉  )  =  0  .       


\begin {align*}f_0'(\xi )=1+\omega f'(\xi )\ge 1+\omega \min _{|\xi |\le \beta }f'(\xi )\ge 1+\tau _1 \min _{|\xi |\le \beta }f'(\xi )=0.\end {align*}


     𝑓  0  


$f_0$


   [  −  𝛽  ,  𝛽  ] 


$[-\beta ,\beta ]$


   −  𝛽  +  𝜔  𝑓  (  −  𝛽  )  ≤    𝑓  0   (  𝜉  )  ≤  𝛽  +  𝜔  𝑓  (  𝛽  )  ,    ∀    𝜉  ∈  [  −  𝛽  ,  𝛽  ]  . 


\begin {equation*}-\beta +\omega f(-\beta )\le f_0(\xi )\le \beta +\omega f(\beta ),\quad \forall \, \xi \in [-\beta ,\beta ].\end {equation*}


$\|v\|_{L^\infty }\le \beta $


   |  𝑣  (  𝐱  )  |  ≤  𝛽 


$|v(\bm x)|\le \beta $


   𝐱  ∈    Ω  ‾  


$\bm x\in \overline {\Omega }$


         −  𝛽  +  𝜔  𝑓  (  −  𝛽  )  ≤    𝑓  0   (  𝑣  (  𝐱  )  )  ≤  𝛽  +  𝜔  𝑓  (  𝛽  )  ,    ∀    𝐱  ∈    Ω  ‾   .       


\begin {align}\label {p3:bound_g} -\beta +\omega f(-\beta )\le f_0(v(\bm x))\le \beta +\omega f(\beta ),\quad \forall \,\bm x\in \overline {\Omega }.\end {align}


         𝑓  (  𝛽  )  ≤    1    |  Ω  |      ∫  Ω   𝑓  (  𝑣  )  ≤  𝑓  (  −  𝛽  )  .       


\begin {align}\label {p3:bound_avg} f(\beta )\le \frac {1}{|\Omega |}\int _{\Omega } f(v)\le f(-\beta ).\end {align}


   −  𝛽  ≤  𝑣  (  𝐱  )  +  𝜔      (  𝑓  (  𝑣  (  𝐱  )  )  −    1    |  Ω  |      ∫  Ω   𝑓  (  𝑣  )  )   ≤  𝛽  ,    ∀    𝐱  ∈    Ω  ‾   . 


\begin {equation*}-\beta \le v(\bm x)+\omega \left (f(v(\bm x))-\frac {1}{|\Omega |}\int _{\Omega } f(v)\right )\le \beta ,\quad \forall \, \bm x\in \overline {\Omega }.\end {equation*}


$u_0\in \mathcal {C}(\overline {\Omega })$


$\|u_0\|_{L^\infty }\le \beta $


$f$


   {    𝑢  𝑚     }    0  ≤  𝑚  ≤  𝑀   


$\{u^m\}_{0\le m\le M}$


   𝛽 


$\beta $


   ‖    𝑢  𝑚     ‖    𝐿  ∞    ≤  𝛽  ,    𝑚  =  0  ,  1  ,  …  ,  𝑀  , 


\begin {equation*}\|u^m\|_{L^\infty }\le \beta ,\quad m=0,1,\ldots ,M,\end {equation*}


   0  <  Δ  𝑡  ≤    𝜏  1   . 


$0<\Delta t\le \tau _1.$


   ‖    𝑢  𝑚     ‖    𝐿  ∞    ≤  𝛽 


$\|u^m\|_{L^\infty }\le \beta $


   ‖    𝑢    𝑚  +  1      ‖    𝐿  ∞    ≤  𝛽 


$\|u^{m+1}\|_{L^\infty }\le \beta $


         ‖    𝑢    𝑚  +  1      ‖    𝐿  ∞    =  ‖    𝑒    Δ  𝑡    𝜀  2   Δ    (    𝑢  𝑚   +  Δ  𝑡    𝑓  ‾   (    𝑢  𝑚   )  )    ‖    𝐿  ∞    ≤  ‖    𝑢  𝑚   +  Δ  𝑡    𝑓  ‾   (    𝑢  𝑚   )    ‖    𝐿  ∞    ≤  𝛽  .       


\begin {align*}\|u^{m+1}\|_{L^\infty }= \|e^{\Delta t\varepsilon ^2\Delta }(u^m+\Delta t \overline {f}(u^m))\|_{L^\infty }\le \|u^m+\Delta t \overline {f}(u^m)\|_{L^\infty }\le \beta .\end {align*}


   ‖    𝑢    𝑚  +  1      ‖    𝐿  ∞    =  ‖    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   +  Δ  𝑡    𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   )    ‖    𝐿  ∞    ≤  𝛽  , 


\begin {equation*}\|u^{m+1}\|_{L^\infty }=\|e^{\Delta t\varepsilon ^2\Delta }u^m + \Delta t \overline {f}(e^{\Delta t\varepsilon ^2\Delta }u^m)\|_{L^\infty }\le \beta ,\end {equation*}


   ‖    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚     ‖    𝐿  ∞    ≤  ‖    𝑢  𝑚     ‖    𝐿  ∞    ≤  𝛽 


$\|e^{\Delta t\varepsilon ^2\Delta }u^m\|_{L^\infty }\le \|u^m\|_{L^\infty }\le \beta $


     𝛼  2  


$\alpha _2$


     𝛿  0   ∈    (  0  ,    7  8   )  


$\delta _0\in \left (0,\frac 78\right )$


     𝜏  2   >  0 


$\tau _2>0$


           𝛿  0      ∶  =    1    2    𝜏  1             7  4   −  2    𝛿  0        𝛼  2   (  𝑓  (  −  𝛽  )  −  𝑓  (  𝛽  )  )     ,          𝜏  2      ∶  =   min       {  2    𝛿  0     𝜏  1   ,        (    1    𝜏  1    +    𝜏  0   −    𝑓  ′   (  𝛽  )  )     −  1    ,        (    1    𝜏  1    +    𝜏  0   −    𝑓  ′   (  −  𝛽  )  )     −  1    }   .    


\begin {align*}\delta _0&:=\frac {1}{2\tau _1}\sqrt {\frac {\frac {7}{4}-2\delta _0}{\alpha _2(f(-\beta )-f(\beta ))}},\\ \tau _2&:=\min \left \{2\delta _0\tau _1,\:\left (\frac {1}{\tau _1}+\tau _0-f'(\beta )\right )^{-1},\:\left (\frac {1}{\tau _1}+\tau _0-f'(-\beta )\right )^{-1}\right \}.\end {align*}


$u_0\in \mathcal {C}(\overline {\Omega })$


$\|u_0\|_{L^\infty }\le \beta $


$f$


$\{u^m\}_{0\le m\le M}$


$\beta $


\begin {equation*}\|u^m\|_{L^\infty }\le \beta ,\quad m=0,1,\ldots ,M,\end {equation*}


   0  <  Δ  𝑡  ≤    𝜏  2   . 


$0<\Delta t\le \tau _2.$


$\|u^m\|_{L^\infty }\le \beta $


   𝑚 


$m$


$\|u^{m+1}\|_{L^\infty }\le \beta $


         ‖    𝑢    𝑚  +  1      ‖    𝐿  ∞       =      ‖    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   +      Δ  𝑡   2       [    𝑒    Δ  𝑡    𝜀  2   Δ      𝑓  ‾   (    𝑢  𝑚   )  +    𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   )  ]   +      Δ    𝑡  2    2     𝑒    Δ  𝑡    𝜀  2   Δ      𝑔  ‾   (    𝑢  𝑚   )  ‖     𝐿  ∞             ≤      ‖  𝛿    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   +      Δ  𝑡   2     𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   )  ‖     𝐿  ∞             +      ‖  (  1  −  𝛿  )    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   +      Δ  𝑡   2     𝑒    Δ  𝑡    𝜀  2   Δ      𝑓  ‾   (    𝑢  𝑚   )  +      Δ    𝑡  2    2     𝑒    Δ  𝑡    𝜀  2   Δ      𝑔  ‾   (    𝑢  𝑚   )  ‖     𝐿  ∞    ,    


\begin {align*}\|u^{m+1}\|_{L^\infty }&=\left \|e^{\Delta t\varepsilon ^2\Delta }u^m+\frac {\Delta t}{2}\left [e^{\Delta t\varepsilon ^2\Delta }\overline {f}(u^m)+\overline {f}(e^{\Delta t\varepsilon ^2\Delta }u^m)\right ]+\frac {\Delta t^2}{2}e^{\Delta t\varepsilon ^2\Delta }\overline {g}(u^m)\right \|_{L^\infty }\\ &\le \left \|\delta e^{\Delta t\varepsilon ^2\Delta }u^m+\frac {\Delta t}{2}\overline {f}(e^{\Delta t\varepsilon ^2\Delta }u^m)\right \|_{L^\infty }\\ &+\left \|(1-\delta )e^{\Delta t\varepsilon ^2\Delta }u^m+\frac {\Delta t}{2}e^{\Delta t\varepsilon ^2\Delta }\overline {f}(u^m)+\frac {\Delta t^2}{2} e^{\Delta t\varepsilon ^2\Delta }\overline {g}(u^m)\right \|_{L^\infty },\end {align*}


   𝛿  ∈  (  0  ,  1  ) 


$\delta \in (0,1)$


         ‖    𝑢    𝑚  +  1      ‖    𝐿  ∞    ≤  𝛿        ‖    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   +      Δ  𝑡     2  𝛿      𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   )  ‖     𝐿  ∞    +      ‖  (  1  −  𝛿  )    𝑢  𝑚   +      Δ  𝑡   2     𝑓  ‾   (    𝑢  𝑚   )  +      Δ    𝑡  2    2     𝑔  ‾   (    𝑢  𝑚   )  ‖     𝐿  ∞    .       


\begin {align}\label {p3:ind_LRI2} \|u^{m+1}\|_{L^\infty }\le \delta \left \| e^{\Delta t\varepsilon ^2\Delta }u^m+\frac {\Delta t}{2\delta }\overline {f}(e^{\Delta t\varepsilon ^2\Delta }u^m)\right \|_{L^\infty }+\left \|(1-\delta )u^m+\frac {\Delta t}{2}\overline {f}(u^m)+\frac {\Delta t^2}{2}\overline {g}(u^m)\right \|_{L^\infty }.\end {align}


$\|u^m\|_{L^\infty }\le \beta $


   ‖    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚     ‖    𝐿  ∞    ≤  𝛽 


$\|e^{\Delta t\varepsilon ^2\Delta }u^m\|_{L^\infty }\le \beta $


         Δ  𝑡     2  𝛿     ≤    𝜏  1  


$\dfrac {\Delta t}{2\delta }\le \tau _1$


   Δ  𝑡  ≤  2  𝛿    𝜏  1  


$\Delta t\le 2\delta \tau _1$


             ‖    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   +      Δ  𝑡     2  𝛿      𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   )  ‖     𝐿  ∞    ≤  𝛽  .       


\begin {align}\label {p3:1st_norm} \left \| e^{\Delta t\varepsilon ^2\Delta }u^m+\frac {\Delta t}{2\delta }\overline {f}(e^{\Delta t\varepsilon ^2\Delta }u^m)\right \|_{L^\infty }\le \beta .\end {align}


     𝜌  0   ∶  =    1    |  Ω  |      ∫  Ω   𝑓  (    𝑢  𝑚   )  ,      𝜌  1   ∶  =    1    |  Ω  |      ∫  Ω     𝑓  ′   (    𝑢  𝑚   )  ,      𝜌  2   ∶  =    1    |  Ω  |      ∫  Ω   𝑓  (    𝑢  𝑚   )    𝑓  ′   (    𝑢  𝑚   )  . 


\begin {equation*}\rho _0:=\frac {1}{|\Omega |}\int _{\Omega }f(u^m),\quad \rho _1:=\frac {1}{|\Omega |}\int _{\Omega }f'(u^m),\quad \rho _2:=\frac {1}{|\Omega |}\int _{\Omega }f(u^m)f'(u^m).\end {equation*}


     𝑓  ‾   (    𝑢  𝑚   )  =  𝑓  (    𝑢  𝑚   )  −    𝜌  0  


$\overline {f}(u^m)=f(u^m)-\rho _0$


     𝑔  ‾   (    𝑢  𝑚   ) 


$\overline {g}(u^m)$


           𝑔  ‾   (    𝑢  𝑚   )     =  𝑔  (    𝑢  𝑚   )  −    1    |  Ω  |      ∫  Ω   𝑔  (    𝑢  𝑚   )  =    𝑓  ′   (    𝑢  𝑚   )    𝑓  ‾   (    𝑢  𝑚   )  −    1    |  Ω  |      ∫  Ω     𝑓  ′   (    𝑢  𝑚   )    𝑓  ‾   (    𝑢  𝑚   )           =    𝑓  ′   (    𝑢  𝑚   )  (  𝑓  (    𝑢  𝑚   )  −    𝜌  0   )  −    1    |  Ω  |      ∫  Ω     𝑓  ′   (    𝑢  𝑚   )  (  𝑓  (    𝑢  𝑚   )  −    𝜌  0   )           =    𝑓  ′   (    𝑢  𝑚   )  (  𝑓  (    𝑢  𝑚   )  −    𝜌  0   )  +    𝜌  0     𝜌  1   −    𝜌  2   .    


\begin {align*}\overline {g}(u^m)&=g(u^m)-\frac {1}{|\Omega |}\int _{\Omega } g(u^m)=f'(u^m)\overline {f}(u^m)-\frac {1}{|\Omega |}\int _{\Omega }f'(u^m)\overline {f}(u^m)\\ &=f'(u^m)(f(u^m)-\rho _0)-\frac {1}{|\Omega |}\int _{\Omega }f'(u^m)(f(u^m)-\rho _0)\\ &=f'(u^m)(f(u^m)-\rho _0)+\rho _0\rho _1-\rho _2.\end {align*}


                (  1  −  𝛿  )    𝑢  𝑚   +        Δ  𝑡   2      𝑓  ‾   (    𝑢  𝑚   )  +        Δ    𝑡  2    2      𝑔  ‾   (    𝑢  𝑚   )        =  (  1  −  𝛿  )    𝑢  𝑚   +        Δ  𝑡   2    (  𝑓  (    𝑢  𝑚   )  −    𝜌  0   )  +        Δ    𝑡  2    2    [    𝑓  ′   (    𝑢  𝑚   )  (  𝑓  (    𝑢  𝑚   )  −    𝜌  0   )  +    𝜌  0     𝜌  1   −    𝜌  2   ]        =  (  1  −  𝛿  )    𝑢  𝑚   +        Δ  𝑡   2    (  𝑓  (    𝑢  𝑚   )  −    𝜌  0   )  (  1  +  Δ  𝑡    𝑓  ′   (    𝑢  𝑚   )  )  +        Δ    𝑡  2    2    (    𝜌  0     𝜌  1   −    𝜌  2   )  .     


\begin {equation}\label {p3:moti_K} \begin {array}{ll} &(1-\delta )u^m+\dfrac {\Delta t}{2}\overline {f}(u^m)+\dfrac {\Delta t^2}{2}\overline {g}(u^m) \\ &=(1-\delta )u^m+\dfrac {\Delta t}{2}(f(u^m)-\rho _0)+\dfrac {\Delta t^2}{2}[f'(u^m)(f(u^m)-\rho _0)+\rho _0\rho _1-\rho _2] \\ &=(1-\delta )u^m+\dfrac {\Delta t}{2}(f(u^m)-\rho _0)(1+\Delta t f'(u^m))+\dfrac {\Delta t^2}{2}(\rho _0\rho _1-\rho _2). \end {array}\end {equation}


   𝐾  (  𝜉  )  =  (  1  −  𝛿  )  𝜉  +      Δ  𝑡   2   (  𝑓  (  𝜉  )  −    𝜌  0   )  (  1  +  Δ  𝑡    𝑓  ′   (  𝜉  )  )  +      Δ    𝑡  2    2   (    𝜌  0     𝜌  1   −    𝜌  2   )  , 


\begin {equation*}K(\xi )=(1-\delta )\xi +\frac {\Delta t}{2}(f(\xi )-\rho _0)(1+\Delta t f'(\xi ))+\frac {\Delta t^2}{2}(\rho _0\rho _1-\rho _2),\end {equation*}


   𝜉  ∈  [  −  𝛽  ,  𝛽  ] 


$\xi \in [-\beta ,\beta ]$


           𝐾  ′   (  𝜉  )  =  1  −  𝛿  +      Δ  𝑡   2       [    𝑓  ′   (  𝜉  )  (  1  +  Δ  𝑡    𝑓  ′   (  𝜉  )  )  +  Δ  𝑡    𝑓  ″   (  𝜉  )  (  𝑓  (  𝜉  )  −    𝜌  0   )  ]   .       


\begin {align*}K'(\xi )=1-\delta +\frac {\Delta t}{2}\left [f'(\xi )(1+\Delta t f'(\xi ))+\Delta t f''(\xi )(f(\xi )-\rho _0)\right ].\end {align*}


   𝑓  (  𝛽  )  ≤    𝜌  0   ≤  𝑓  (  −  𝛽  ) 


$f(\beta )\le \rho _0\le f(-\beta )$


   |  𝑓  (  𝜉  )  −    𝜌  0   |  ≤  𝑓  (  −  𝛽  )  −  𝑓  (  𝛽  ) 


$|f(\xi )-\rho _0|\le f(-\beta )-f(\beta )$


$\xi \in [-\beta ,\beta ]$


           𝐾  ′   (  𝜉  )     =    7  8   −  𝛿  +    1  2         (    1  2   +  Δ  𝑡    𝑓  ′   (  𝜉  )  )   2   +      Δ    𝑡  2    2     𝑓  ″   (  𝜉  )  (  𝑓  (  𝜉  )  −    𝜌  0   )           ≥    7  8   −  𝛿  −      Δ    𝑡  2    2     𝛼  2   (  𝑓  (  −  𝛽  )  −  𝑓  (  𝛽  )  )  ,    ∀    𝜉  ∈  [  −  𝛽  ,  𝛽  ]  .    


\begin {align*}K'(\xi )&=\frac 78-\delta +\frac 12\left (\frac 12+\Delta t f'(\xi )\right )^2+\frac {\Delta t^2}{2}f''(\xi )(f(\xi )-\rho _0)\\ &\ge \frac 78-\delta -\frac {\Delta t^2}{2}\alpha _2(f(-\beta )-f(\beta )), \quad \forall \,\xi \in [-\beta ,\beta ].\end {align*}


   𝛿  ∈    (  0  ,    7  8   )  


$\delta \in \left (0,\frac 78\right )$


$\Delta t$


   Δ  𝑡  ≤          7  4   −  2  𝛿       𝛼  2   (  𝑓  (  −  𝛽  )  −  𝑓  (  𝛽  )  )       , 


\begin {equation*}\Delta t \le \sqrt {\frac {\frac 74-2\delta }{\alpha _2(f(-\beta )-f(\beta ))}}\,,\end {equation*}


     𝐾  ′   (  𝜉  )  ≥  0 


$K'(\xi )\ge 0$


$\xi \in [-\beta ,\beta ]$


   𝐾 


$K$


$[-\beta ,\beta ]$


$K$


   𝐾  (  𝛽  )  ≤  (  1  −  𝛿  )  𝛽 


$K(\beta )\le (1-\delta )\beta $


   𝐾  (  −  𝛽  )  ≥  −  (  1  −  𝛿  )  𝛽 


$K(-\beta )\ge -(1-\delta )\beta $


         𝐾  (  𝛽  )     =  (  1  −  𝛿  )  𝛽  +      Δ  𝑡   2   (  𝑓  (  𝛽  )  −    𝜌  0   )  (  1  +  Δ  𝑡    𝑓  ′   (  𝛽  )  )  +      Δ    𝑡  2    2   (    𝜌  0     𝜌  1   −    𝜌  2   )  ,        𝐾  (  −  𝛽  )     =  −  (  1  −  𝛿  )  𝛽  +      Δ  𝑡   2   (  𝑓  (  −  𝛽  )  −    𝜌  0   )  (  1  +  Δ  𝑡    𝑓  ′   (  −  𝛽  )  )  +      Δ    𝑡  2    2   (    𝜌  0     𝜌  1   −    𝜌  2   )  .    


\begin {align*}K(\beta )&=(1-\delta )\beta +\frac {\Delta t}{2}(f(\beta )-\rho _0)(1+\Delta t f'(\beta ))+\frac {\Delta t^2}{2}(\rho _0\rho _1-\rho _2),\\ K(-\beta )&=-(1-\delta )\beta +\frac {\Delta t}{2}(f(-\beta )-\rho _0)(1+\Delta t f'(-\beta ))+\frac {\Delta t^2}{2}(\rho _0\rho _1-\rho _2).\end {align*}


     𝜌  1  


$\rho _1$


   −      1    𝜏  1     ≤    𝑓  ′   (  𝜉  )  ≤    𝜏  0  


$-\dfrac {1}{\tau _1}\le f'(\xi )\le \tau _0$


$\xi \in [-\beta ,\beta ]$


   −      1    𝜏  1     ≤    𝜌  1   ≤    𝜏  0  


$-\dfrac {1}{\tau _1}\le \rho _1\le \tau _0$


           𝜌  0     𝜌  1   −    𝜌  2      =    𝜌  0     𝜌  1   −    1    |  Ω  |      ∫  Ω   𝑓  (    𝑢  𝑚   )    𝑓  ′   (    𝑢  𝑚   )           =    𝜌  1   (    𝜌  0   −  𝑓  (  𝛽  )  )  −    1    |  Ω  |      ∫  Ω   [  𝑓  (    𝑢  𝑚   )  −  𝑓  (  𝛽  )  ]    𝑓  ′   (    𝑢  𝑚   )           ≤    𝜏  0   (    𝜌  0   −  𝑓  (  𝛽  )  )  +    1    𝜏  1      1    |  Ω  |      ∫  Ω   [  𝑓  (    𝑢  𝑚   )  −  𝑓  (  𝛽  )  ]  =  (    𝜌  0   −  𝑓  (  𝛽  )  )    (    𝜏  0   +    1    𝜏  1    )   .    


\begin {align*}\rho _0\rho _1-\rho _2&=\rho _0\rho _1-\frac {1}{|\Omega |}\int _{\Omega }f(u^m)f'(u^m)\\ &=\rho _1(\rho _0-f(\beta ))-\frac {1}{|\Omega |}\int _{\Omega }[f(u^m)-f(\beta )]f'(u^m)\\ &\le \tau _0(\rho _0-f(\beta ))+\frac {1}{\tau _1}\frac {1}{|\Omega |}\int _{\Omega }[f(u^m)-f(\beta )]=(\rho _0-f(\beta ))\left (\tau _0+\frac {1}{\tau _1}\right ).\end {align*}


           𝜌  0     𝜌  1   −    𝜌  2      =    𝜌  1   (    𝜌  0   −  𝑓  (  −  𝛽  )  )  +    1    |  Ω  |      ∫  Ω   [  𝑓  (  −  𝛽  )  −  𝑓  (    𝑢  𝑚   )  ]    𝑓  ′   (    𝑢  𝑚   )             ≥    𝜏  0   (    𝜌  0   −  𝑓  (  −  𝛽  )  )  −    1    𝜏  1      1    |  Ω  |      ∫  Ω   [  𝑓  (  −  𝛽  )  −  𝑓  (    𝑢  𝑚   )  ]  =  (    𝜌  0   −  𝑓  (  −  𝛽  )  )    (    𝜏  0   +    1    𝜏  1    )   .    


\begin {align*}\rho _0\rho _1-\rho _2&=\rho _1(\rho _0-f(-\beta ))+\frac {1}{|\Omega |}\int _{\Omega }[f(-\beta )-f(u^m)]f'(u^m)\\ &\hspace {-0.5cm}\ge \tau _0(\rho _0-f(-\beta ))-\frac {1}{\tau _1}\frac {1}{|\Omega |}\int _{\Omega }[f(-\beta )-f(u^m)]=(\rho _0-f(-\beta ))\left (\tau _0+\frac {1}{\tau _1}\right ).\end {align*}


         𝐾  (  𝛽  )  ≤  (  1  −  𝛿  )  𝛽  +      Δ    𝑡  2    2   (  𝑓  (  𝛽  )  −    𝜌  0   )    (    1    Δ  𝑡    +    𝑓  ′   (  𝛽  )  −    𝜏  0   −    1    𝜏  1    )   ≤  (  1  −  𝛿  )  𝛽  ,       


\begin {align*}K(\beta )\le (1-\delta )\beta +\frac {\Delta t^2}{2}(f(\beta )-\rho _0)\left (\frac {1}{\Delta t}+f'(\beta )-\tau _0-\frac {1}{\tau _1} \right )\le (1-\delta )\beta ,\end {align*}


$\Delta t$


       1    Δ  𝑡     +    𝑓  ′   (  𝛽  )  −    𝜏  0   −      1    𝜏  1     ≥  0 


$\dfrac {1}{\Delta t}+f'(\beta )-\tau _0-\dfrac {1}{\tau _1}\ge 0$


   Δ  𝑡  ≤      (      1    𝜏  1     +    𝜏  0   −    𝑓  ′   (  𝛽  )  )     −  1   


$\Delta t \le \left (\dfrac {1}{\tau _1}+\tau _0-f'(\beta )\right )^{-1}$


         𝐾  (  −  𝛽  )  ≥  −  (  1  −  𝛿  )  𝛽  +      Δ    𝑡  2    2   (  𝑓  (  −  𝛽  )  −    𝜌  0   )    (    1    Δ  𝑡    +    𝑓  ′   (  −  𝛽  )  −    𝜏  0   −    1    𝜏  1    )   ≥  −  (  1  −  𝛿  )  𝛽  ,       


\begin {align*}K(-\beta )\ge -(1-\delta )\beta +\frac {\Delta t^2}{2}(f(-\beta )-\rho _0)\left (\frac {1}{\Delta t}+f'(-\beta )-\tau _0-\frac {1}{\tau _1} \right )\ge -(1-\delta )\beta ,\end {align*}


   Δ  𝑡  ≤      (      1    𝜏  1     +    𝜏  0   −    𝑓  ′   (  −  𝛽  )  )     −  1   


$\Delta t \le \left (\dfrac {1}{\tau _1}+\tau _0-f'(-\beta )\right )^{-1}$


   |  𝐾  (  𝜉  )  |  ≤  (  1  −  𝛿  )  𝛽 


$|K(\xi )|\le (1-\delta )\beta $


$\xi \in [-\beta ,\beta ]$


             ‖  (  1  −  𝛿  )    𝑢  𝑚   +      Δ  𝑡   2     𝑓  ‾   (    𝑢  𝑚   )  +      Δ    𝑡  2    2     𝑔  ‾   (    𝑢  𝑚   )  ‖     𝐿  ∞    ≤  (  1  −  𝛿  )  𝛽  ,       


\begin {align}\label {p3:2nd_norm} \left \|(1-\delta )u^m+\frac {\Delta t}{2}\overline {f}(u^m)+\frac {\Delta t^2}{2}\overline {g}(u^m)\right \|_{L^\infty }\le (1-\delta )\beta ,\end {align}


   Δ  𝑡  ≤   min       {          7  4   −  2  𝛿       𝛼  2   (  𝑓  (  −  𝛽  )  −  𝑓  (  𝛽  )  )     ,        (    1    𝜏  1    +    𝜏  0   −    𝑓  ′   (  𝛽  )  )     −  1    ,        (    1    𝜏  1    +    𝜏  0   −    𝑓  ′   (  −  𝛽  )  )     −  1    }   . 


\begin {equation*}\Delta t\le \min \left \{\sqrt {\frac {\frac 74-2\delta }{\alpha _2(f(-\beta )-f(\beta ))}},\:\left (\frac {1}{\tau _1}+\tau _0-f'(\beta )\right )^{-1},\:\left (\frac {1}{\tau _1}+\tau _0-f'(-\beta )\right )^{-1}\right \}.\end {equation*}


   ‖    𝑢    𝑚  +  1      ‖    𝐿  ∞    ≤  𝛿  𝛽  +  (  1  −  𝛿  )  𝛽  =  𝛽  , 


\begin {equation*}\|u^{m+1}\|_{L^\infty }\le \delta \beta +(1-\delta )\beta =\beta ,\end {equation*}


   Δ  𝑡  ≤   min       {  2  𝛿    𝜏  1   ,            7  4   −  2  𝛿       𝛼  2   (  𝑓  (  −  𝛽  )  −  𝑓  (  𝛽  )  )     ,        (    1    𝜏  1    +    𝜏  0   −    𝑓  ′   (  ±  𝛽  )  )     −  1    }   . 


\begin {equation*}\Delta t\le \min \left \{2\delta \tau _1,\:\sqrt {\frac {\frac 74-2\delta }{\alpha _2(f(-\beta )-f(\beta ))}},\:\left (\frac {1}{\tau _1}+\tau _0-f'(\pm \beta )\right )^{-1}\right \}.\end {equation*}


$\Delta t$


   𝛿  =    𝛿  0  


$\delta =\delta _0$


   2  𝛿    𝜏  1   =          7  4   −  2  𝛿       𝛼  2   (  𝑓  (  −  𝛽  )  −  𝑓  (  𝛽  )  )     , 


\begin {equation*}2\delta \tau _1=\sqrt {\frac {\frac 74-2\delta }{\alpha _2(f(-\beta )-f(\beta ))}},\end {equation*}


$\Delta t$


$0<\Delta t\le \tau _2.$


   𝐹  (  𝑢  )  =    1  4   (    𝑢  2   −  1    )  2  


$F(u)=\frac 14(u^2-1)^2$


   𝑓  (  𝑢  )  =  −    𝐹  ′   (  𝑢  )  =  𝑢  −    𝑢  3  


$f(u)=-F'(u)=u-u^3$


   𝛽  ∈  [    2    3    ,  ∞  ) 


$\beta \in [\frac {2}{\sqrt {3}},\infty )$


$f$


   𝛽  =    2    3   


$\beta =\frac {2}{\sqrt {3}}$


     𝜏  0   =  1  ,      𝜏  1   =    1  3   ,      𝛼  2   =  4    3   ,      𝛿  0   ≈  0  .   54   ,     and       𝜏  2   =    1  7   . 


\begin {equation*}\tau _0=1,\quad \tau _1=\frac 13,\quad \alpha _2=4\sqrt {3},\quad \delta _0\approx 0.54,\quad \text {and} \quad \tau _2=\frac 17. \vspace {-0.1cm}\end {equation*}


   Δ  𝑡  ∈  (  0  ,    1  3   ] 


$\Delta t\in (0,\frac 13]$


   Δ  𝑡  ∈  (  0  ,    1  7   ] 


$\Delta t\in (0,\frac 17]$


   𝐹  (  𝑢  )  =    𝜃  2       [  (  1  +  𝑢  )   ln   (  1  +  𝑢  )  +  (  1  −  𝑢  )   ln   (  1  −  𝑢  )  ]   −      𝜃  𝑐   2     𝑢  2   , 


\begin {equation*}F(u)=\frac {\theta }{2}\left [(1+u)\ln (1+u)+(1-u)\ln (1-u)\right ]-\frac {\theta _c}{2}u^2,\end {equation*}


   𝑓  (  𝑢  )  =  −    𝐹  ′   (  𝑢  )  =    𝜃  2      ln         1  −  𝑢     1  +  𝑢    +    𝜃  𝑐   𝑢 


$f(u)=-F'(u)=\frac {\theta }{2}\ln \frac {1-u}{1+u}+\theta _cu$


   0  <  𝜃  <    𝜃  𝑐  


$0<\theta <\theta _c$


   𝜃  =  0  .  8 


$\theta =0.8$


     𝜃  𝑐   =  1  .  6 


$\theta _c=1.6$


   𝛽  ≈  0  .   987  


$\beta \approx 0.987$


     𝜏  0   =  0  .  8  ,      𝜏  1   ≈  0  .   035   ,      𝛼  2   ≈   2290   .   028   ,      𝛿  0   ≈  0  .   338   ,     and       𝜏  2   ≈  0  .   017   . 


\begin {equation*}\tau _0=0.8,\quad \tau _1\approx 0.035,\quad \alpha _2\approx 2290.028,\quad \delta _0\approx 0.338,\quad \text {and} \quad \tau _2\approx 0.017. \vspace {-0.1cm}\end {equation*}


   Δ  𝑡  ∈  (  0  ,  0  .   035   ] 


$\Delta t\in (0,0.035]$


   Δ  𝑡  ∈  (  0  ,  0  .   017   ] 


$\Delta t\in (0,0.017]$


$\Delta t$


$\beta $


$\Delta t$


$\beta $


$f$


   𝑢 


$u$


   𝑓  ,    𝑓  ‾  


$f,\overline {f}$


   𝑔  ,    𝑔  ‾  


$g,\overline {g}$


$\overline {f}$


$\overline {g}$


   𝑢  ,  𝑣  ∈  𝒞  (    Ω  ‾   ) 


$u,v\in \mathcal {C}(\overline {\Omega })$


   ‖  𝑢    ‖    𝐿  ∞    ≤  𝛽 


$\|u\|_{L^\infty }\le \beta $


$\|v\|_{L^\infty }\le \beta $


   ‖    𝑓  ‾   (  𝑢  )  −    𝑓  ‾   (  𝑣  )    ‖    𝐿  ∞    ≤  2    𝛼  1   ‖  𝑢  −  𝑣    ‖    𝐿  ∞   


$\|\overline {f}(u)-\overline {f}(v)\|_{L^\infty }\le 2\alpha _1\|u-v\|_{L^\infty }$


   ‖    𝑔  ‾   (  𝑢  )  −    𝑔  ‾   (  𝑣  )    ‖    𝐿  ∞    ≤  4  (    𝛼  1  2   +    𝛼  0     𝛼  2   )  ‖  𝑢  −  𝑣    ‖    𝐿  ∞   


$\|\overline {g}(u)-\overline {g}(v)\|_{L^\infty }\le 4(\alpha _1^2+\alpha _0\alpha _2)\|u-v\|_{L^\infty }$


$\overline {f}$


     𝑓  ‾   (  𝑢  )  −    𝑓  ‾   (  𝑣  )  =  𝑓  (  𝑢  )  −  𝑓  (  𝑣  )  −    1    |  Ω  |      ∫  Ω   [  𝑓  (  𝑢  )  −  𝑓  (  𝑣  )  ]  . 


\begin {equation*}\overline {f}(u)-\overline {f}(v)=f(u)-f(v)-\frac {1}{|\Omega |}\int _{\Omega }[f(u)-f(v)].\end {equation*}


         ‖    𝑓  ‾   (  𝑢  )  −    𝑓  ‾   (  𝑣  )    ‖    𝐿  ∞       ≤  ‖  𝑓  (  𝑢  )  −  𝑓  (  𝑣  )    ‖    𝐿  ∞    +    1    |  Ω  |      ∫  Ω   ‖  𝑓  (  𝑢  )  −  𝑓  (  𝑣  )    ‖    𝐿  ∞             =  2  ‖  𝑓  (  𝑢  )  −  𝑓  (  𝑣  )    ‖    𝐿  ∞    ≤  2    𝛼  1   ‖  𝑢  −  𝑣    ‖    𝐿  ∞    .    


\begin {align*}\|\overline {f}(u)-\overline {f}(v)\|_{L^\infty }&\le \|f(u)-f(v)\|_{L^\infty }+\frac {1}{|\Omega |}\int _{\Omega }\|f(u)-f(v)\|_{L^\infty }\\ &=2\|f(u)-f(v)\|_{L^\infty }\le 2\alpha _1\|u-v\|_{L^\infty }.\end {align*}


   ‖    𝑓  ‾   (  𝑣  )    ‖    𝐿  ∞    ≤  2    𝛼  0  


$\|\overline {f}(v)\|_{L^\infty }\le 2\alpha _0$


   ‖    𝑓  ′   (  𝑢  )  −    𝑓  ′   (  𝑣  )    ‖    𝐿  ∞    ≤    𝛼  2   ‖  𝑢  −  𝑣    ‖    𝐿  ∞   


$\|f'(u)-f'(v)\|_{L^\infty }\le \alpha _2\|u-v\|_{L^\infty }$


         ‖  𝑔  (  𝑢  )  −  𝑔  (  𝑣  )    ‖    𝐿  ∞       =  ‖    𝑓  ′   (  𝑢  )    𝑓  ‾   (  𝑢  )  −    𝑓  ′   (  𝑣  )    𝑓  ‾   (  𝑣  )    ‖    𝐿  ∞             ≤  ‖    𝑓  ′   (  𝑢  )  (    𝑓  ‾   (  𝑢  )  −    𝑓  ‾   (  𝑣  )  )    ‖    𝐿  ∞    +  ‖  (    𝑓  ′   (  𝑢  )  −    𝑓  ′   (  𝑣  )  )    𝑓  ‾   (  𝑣  )    ‖    𝐿  ∞             ≤  2    𝛼  1  2   ‖  𝑢  −  𝑣    ‖    𝐿  ∞    +  2    𝛼  0     𝛼  2   ‖  𝑢  −  𝑣    ‖    𝐿  ∞    =  2  (    𝛼  1  2   +    𝛼  0     𝛼  2   )  ‖  𝑢  −  𝑣    ‖    𝐿  ∞    .    


\begin {align*}\|g(u)-g(v)\|_{L^\infty }&=\|f'(u)\overline {f}(u)-f'(v)\overline {f}(v)\|_{L^\infty }\\ &\le \|f'(u)(\overline {f}(u)-\overline {f}(v))\|_{L^\infty }+\|(f'(u)-f'(v))\overline {f}(v)\|_{L^\infty }\\ &\le 2\alpha _1^2\|u-v\|_{L^\infty }+2\alpha _0\alpha _2\|u-v\|_{L^\infty }=2(\alpha _1^2+\alpha _0\alpha _2)\|u-v\|_{L^\infty }.\end {align*}


   ‖    𝑔  ‾   (  𝑢  )  −    𝑔  ‾   (  𝑣  )    ‖    𝐿  ∞    ≤  2  ‖  𝑔  (  𝑢  )  −  𝑔  (  𝑣  )    ‖    𝐿  ∞    ≤  4  (    𝛼  1  2   +    𝛼  0     𝛼  2   )  ‖  𝑢  −  𝑣    ‖    𝐿  ∞    , 


\begin {equation*}\|\overline {g}(u)-\overline {g}(v)\|_{L^\infty }\le 2\|g(u)-g(v)\|_{L^\infty }\le 4(\alpha _1^2+\alpha _0\alpha _2)\|u-v\|_{L^\infty },\end {equation*}


$u$


     𝑓  ‾   (  𝑢  ) 


$\overline {f}(u)$


     𝑔  ‾   (  𝑢  ) 


$\overline {g}(u)$


   𝐿  >  0 


$L>0$


         ‖  𝑢  (  𝑠  )  −  𝑢  (  𝑡  )    ‖    𝐿  ∞    ≤  𝐿  |  𝑠  −  𝑡  |  ,    ∀    𝑠  ,  𝑡  ∈  [  0  ,  𝑇  ]  .       


\begin {align}\label {p3:consL} \|u(s)-u(t)\|_{L^\infty }\le L|s-t|,\quad \forall \, s,t\in [0,T].\end {align}


         ‖    𝑓  ‾   (  𝑢  (  𝑠  )  )  −    𝑓  ‾   (  𝑢  (  𝑡  )  )    ‖    𝐿  ∞       ≤  2    𝛼  1   𝐿  |  𝑠  −  𝑡  |  ,        ‖    𝑔  ‾   (  𝑢  (  𝑠  )  )  −    𝑔  ‾   (  𝑢  (  𝑡  )  )    ‖    𝐿  ∞       ≤  4  (    𝛼  1  2   +    𝛼  0     𝛼  2   )  𝐿  |  𝑠  −  𝑡  |  ,    ∀    𝑠  ,  𝑡  ∈  [  0  ,  𝑇  ]  .    


\begin {align*}\|\overline {f}(u(s))-\overline {f}(u(t))\|_{L^\infty }&\le 2\alpha _1L|s-t|,\\ \|\overline {g}(u(s))-\overline {g}(u(t))\|_{L^\infty }&\le 4(\alpha _1^2+\alpha _0\alpha _2)L|s-t|,\quad \forall \, s,t\in [0,T].\end {align*}


   𝑢  ∈  𝒞  (  [  0  ,  𝑇  ]  ,    𝒞  2   (    Ω  ‾   )  ) 


$u\in \mathcal {C}([0,T],\mathcal {C}^2(\overline {\Omega }))$


   𝑠  ,  𝑡  ≥  0 


$s,t\ge 0$


   𝑠  +  𝑡  ≤  𝑇 


$s+t\le T$


   ‖    𝑒    𝑠    𝜀  2   Δ      𝑓  ‾   (  𝑢  (  𝑡  )  )  −    𝑓  ‾   (  𝑢  (  𝑡  +  𝑠  )  )    ‖    𝐿  ∞    ≤  𝐶  𝑠  , 


\begin {equation*}\|e^{s\varepsilon ^2\Delta }\overline {f}(u(t))-\overline {f}(u(t+s))\|_{L^\infty }\le Cs,\end {equation*}


   𝐶  =    𝜀  2        max     𝑡  ∈  [  0  ,  𝑇  ]      ‖  Δ  𝑓  (  𝑢  (  𝑡  )  )    ‖    𝐿  ∞    +  2    𝛼  1   𝐿 


$C=\varepsilon ^2 \max _{t\in [0,T]}\|\Delta f(u(t))\|_{L^\infty }+2\alpha _1L$


   𝑠 


$s$


   𝑡 


$t$


              ‖  (    𝑒    𝑠    𝜀  2   Δ    −  1  )    𝑓  ‾   (  𝑢  (  𝑡  )  )    ‖    𝐿  ∞       =      ‖    ∫  0  𝑠     𝑒    𝜎    𝜀  2   Δ      𝜀  2   Δ    𝑓  ‾   (  𝑢  (  𝑡  )  )    𝑑  𝜎  ‖     𝐿  ∞                  =      ‖    𝜀  2     ∫  0  𝑠     𝑒    𝜎    𝜀  2   Δ    Δ  𝑓  (  𝑢  (  𝑡  )  )    𝑑  𝜎  ‖     𝐿  ∞             ≤    𝜀  2     ∫  0  𝑠   ‖    𝑒    𝜎    𝜀  2   Δ    Δ  𝑓  (  𝑢  (  𝑡  )  )    ‖    𝐿  ∞    𝑑  𝜎  ≤    𝜀  2   𝑠  ‖  Δ  𝑓  (  𝑢  (  𝑡  )  )    ‖    𝐿  ∞    ≤    𝜀  2     𝑐  1   𝑠  ,    


\begin {equation}\label {p3:LRI_term_1} \begin {aligned} \|(e^{s\varepsilon ^2\Delta }-1)\overline {f}(u(t))\|_{L^\infty }&=\displaystyle \left \|\int _{0}^se^{\sigma \varepsilon ^2\Delta }\varepsilon ^2\Delta \overline {f}(u(t))\,d\sigma \right \|_{L^\infty }\\ &=\left \|\varepsilon ^2\int _{0}^se^{\sigma \varepsilon ^2\Delta }\Delta f(u(t))\,d\sigma \right \|_{L^\infty } \vspace {0.2cm}\\ &\le \displaystyle \varepsilon ^2\int _0^s\|e^{\sigma \varepsilon ^2\Delta }\Delta f(u(t))\|_{L^\infty }d\sigma \le \varepsilon ^2s\|\Delta f(u(t))\|_{L^\infty } \le \varepsilon ^2c_1s, \end {aligned}\end {equation}


     𝑐  1   =     max     𝑡  ∈  [  0  ,  𝑇  ]      ‖  Δ  𝑓  (  𝑢  (  𝑡  )  )    ‖    𝐿  ∞   


$c_1=\max _{t\in [0,T]}\|\Delta f(u(t))\|_{L^\infty }$


$f$


     𝒞  2   (  [  −  𝛽  ,  𝛽  ]  ) 


$\mathcal {C}^2([-\beta ,\beta ])$


$u$


   𝒞  (  [  0  ,  𝑇  ]  ,    𝒞  2   (    Ω  ‾   )  ) 


$\mathcal {C}([0,T],\mathcal {C}^2(\overline {\Omega }))$


$u$


         ‖    𝑓  ‾   (  𝑢  (  𝑡  )  )  −    𝑓  ‾   (  𝑢  (  𝑡  +  𝑠  )  )    ‖    𝐿  ∞    ≤    𝑐  2   𝑠  ,       


\begin {align}\label {p3:LRI_term_2} \|\overline {f}(u(t))-\overline {f}(u(t+s))\|_{L^\infty }\le c_2s,\end {align}


     𝑐  2   =  2    𝛼  1   𝐿 


$c_2=2\alpha _1L$


            ‖    𝑒    𝑠    𝜀  2   Δ      𝑓  ‾   (  𝑢  (  𝑡  )  )  −    𝑓  ‾   (  𝑢  (  𝑡  +  𝑠  )  )    ‖    𝐿  ∞    ≤  ‖  (    𝑒    𝑠    𝜀  2   Δ    −  1  )    𝑓  ‾   (  𝑢  (  𝑡  )  )    ‖    𝐿  ∞    +  ‖    𝑓  ‾   (  𝑢  (  𝑡  )  )  −    𝑓  ‾   (  𝑢  (  𝑡  +  𝑠  )  )    ‖    𝐿  ∞    ≤  𝐶  𝑠  ,    


\begin {align*}&\|e^{s\varepsilon ^2\Delta }\overline {f}(u(t))-\overline {f}(u(t+s))\|_{L^\infty } \le \|(e^{s\varepsilon ^2\Delta }-1)\overline {f}(u(t))\|_{L^\infty }+\|\overline {f}(u(t))-\overline {f}(u(t+s))\|_{L^\infty }\le Cs,\end {align*}


   𝐶  =    𝜀  2     𝑐  1   +    𝑐  2  


$C=\varepsilon ^2c_1+c_2$


$u$


$\mathcal {C}([0,T],\mathcal {C}^2(\overline {\Omega }))$


$u_0\in \mathcal {C}(\overline {\Omega })$


$\|u_0\|_{L^\infty }\le \beta $


$\{u^m\}_{0\le m\le M}$


   𝐶  >  0 


$C>0$


$\Delta t$


   Δ  𝑡  ∈  (  0  ,    𝜏  1   ] 


$\Delta t\in (0,\tau _1]$


   ‖    𝑢  𝑚   −  𝑢  (    𝑡  𝑚   )    ‖    𝐿  ∞    ≤  𝐶  (    𝑒    2    𝛼  1     𝑡  𝑚     −  1  )  Δ  𝑡  ,    𝑚  =  0  ,  1  ,  …  ,  𝑀  . 


\begin {equation*}\|u^m-u(t_m)\|_{L^\infty }\le C(e^{2\alpha _1 t_m}-1)\Delta t,\quad m=0,1,\ldots ,M.\end {equation*}


           𝑢    𝑚  +  1    −  𝑢  (    𝑡    𝑚  +  1    )     =    𝑒    Δ  𝑡    𝜀  2   Δ    (    𝑢  𝑚   −  𝑢  (    𝑡  𝑚   )  )  +  Δ  𝑡    𝑒    Δ  𝑡    𝜀  2   Δ    (    𝑓  ‾   (    𝑢  𝑚   )  −    𝑓  ‾   (  𝑢  (    𝑡  𝑚   )  )  )             +    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝜀  2   Δ    [    𝑒    𝑠    𝜀  2   Δ      𝑓  ‾   (  𝑢  (    𝑡  𝑚   )  )  −    𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝑠  )  )  ]  𝑑  𝑠  .    


\begin {align*}u^{m+1}-u(t_{m+1})&=e^{\Delta t \varepsilon ^2\Delta }(u^m-u(t_m))+\Delta t e^{\Delta t \varepsilon ^2\Delta }(\overline {f}(u^m)-\overline {f}(u(t_m)))\\ &\qquad +\int _0^{\Delta t}e^{(\Delta t-s)\varepsilon ^2\Delta }[e^{s\varepsilon ^2\Delta }\overline {f}(u(t_m))-\overline {f}(u(t_m+s))]ds.\end {align*}


         ‖    𝑢    𝑚  +  1    −  𝑢  (    𝑡    𝑚  +  1    )    ‖    𝐿  ∞    ≤  (  1  +  2    𝛼  1   Δ  𝑡  )  ‖    𝑢  𝑚   −  𝑢  (    𝑡  𝑚   )    ‖    𝐿  ∞    +        𝑐  3   Δ    𝑡  2    2   ,       


\begin {align*}\|u^{m+1}-u(t_{m+1})\|_{L^\infty }\le (1+2\alpha _1\Delta t)\|u^m-u(t_m)\|_{L^\infty }+\frac {c_3\Delta t^2}{2},\end {align*}


          𝑐  3   =    𝜀  2        max     𝑡  ∈  [  0  ,  𝑇  ]      ‖  Δ  𝑓  (  𝑢  (  𝑡  )  )    ‖    𝐿  ∞    +  2    𝛼  1   𝐿  , 


\begin {equation}\label {p3:eq:c3} c_3=\varepsilon ^2 \max _{t\in [0,T]}\|\Delta f(u(t))\|_{L^\infty }+2\alpha _1L,\end {equation}


         ‖    𝑢  𝑚   −  𝑢  (    𝑡  𝑚   )    ‖    𝐿  ∞    ≤        𝑐  3   Δ  𝑡     4    𝛼  1     [  (  1  +  2    𝛼  1   Δ  𝑡    )  𝑚   −  1  ]  ≤        𝑐  3   Δ  𝑡     4    𝛼  1     (    𝑒    2    𝛼  1   𝑚  Δ  𝑡    −  1  )  =  𝐶  (    𝑒    2    𝛼  1     𝑡  𝑚     −  1  )  Δ  𝑡  ,       


\begin {align*}\|u^m-u(t_m)\|_{L^\infty }\le \frac {c_3\Delta t}{4\alpha _1}[(1+2\alpha _1\Delta t)^m-1]\le \frac {c_3\Delta t}{4\alpha _1}(e^{2\alpha _1 m\Delta t}-1)=C(e^{2\alpha _1 t_m}-1)\Delta t,\end {align*}


   𝐶  =      𝑐  3     4    𝛼  1    


$C=\frac {c_3}{4\alpha _1}$


           𝑢    𝑚  +  1    −  𝑢  (    𝑡    𝑚  +  1    )     =    𝑒    Δ  𝑡    𝜀  2   Δ    (    𝑢  𝑚   −  𝑢  (    𝑡  𝑚   )  )  +  Δ  𝑡  [    𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   )  −    𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )  )  ]             +    ∫  0    Δ  𝑡    [    𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )  )  −    𝑒    (  Δ  𝑡  −  𝑠  )    𝜀  2   Δ      𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝑠  )  )  ]  𝑑  𝑠  .    


\begin {align*}u^{m+1}-u(t_{m+1})&=e^{\Delta t\varepsilon ^2\Delta }(u^m-u(t_m))+\Delta t[\overline {f}(e^{\Delta t\varepsilon ^2\Delta }u^m)-\overline {f}(e^{\Delta t\varepsilon ^2\Delta }u(t_m))]\\ &\qquad +\int _0^{\Delta t}[\overline {f}(e^{\Delta t\varepsilon ^2\Delta }u(t_m))-e^{(\Delta t-s)\varepsilon ^2\Delta }\overline {f}(u(t_m+s))]ds.\end {align*}


                ‖    𝑢    𝑚  +  1    −  𝑢  (    𝑡    𝑚  +  1    )    ‖    𝐿  ∞       ≤  (  1  +  2    𝛼  1   Δ  𝑡  )  ‖    𝑢  𝑚   −  𝑢  (    𝑡  𝑚   )    ‖    𝐿  ∞            +    ∫  0    Δ  𝑡    ‖    𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )  )  −    𝑒    (  Δ  𝑡  −  𝑠  )    𝜀  2   Δ      𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝑠  )  )    ‖    𝐿  ∞    𝑑  𝑠  .      


\begin {equation}\label {p3:est1_err_LRI1b} \begin {array}{rl} \|u^{m+1}-u(t_{m+1})\|_{L^\infty }&\le (1+2\alpha _1\Delta t)\|u^m-u(t_m)\|_{L^\infty } \vspace {4pt}\\ &\displaystyle +\int _0^{\Delta t}\|\overline {f}(e^{\Delta t\varepsilon ^2\Delta }u(t_m))-e^{(\Delta t-s)\varepsilon ^2\Delta }\overline {f}(u(t_m+s))\|_{L^\infty }ds. \end {array}\end {equation}


            ‖    𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )  )  −    𝑒    (  Δ  𝑡  −  𝑠  )    𝜀  2   Δ      𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝑠  )  )    ‖    𝐿  ∞             ≤  ‖    𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )  )  −    𝑓  ‾   (  𝑢  (    𝑡    𝑚  +  1    )  )    ‖    𝐿  ∞    +  ‖    𝑓  ‾   (  𝑢  (    𝑡    𝑚  +  1    )  )  −    𝑒    (  Δ  𝑡  −  𝑠  )    𝜀  2   Δ      𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝑠  )  )    ‖    𝐿  ∞             ≤  2    𝛼  1   ‖  𝑢  (    𝑡    𝑚  +  1    )  −    𝑒    Δ  𝑡    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )    ‖    𝐿  ∞    +    𝑐  3   (  Δ  𝑡  −  𝑠  )           =  2    𝛼  1         ‖    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝜀  2   Δ      𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝑠  )  )    𝑑  𝑠  ‖     𝐿  ∞    +    𝑐  3   (  Δ  𝑡  −  𝑠  )           ≤  2    𝛼  1     ∫  0    Δ  𝑡    ‖    𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝑠  )  )    ‖    𝐿  ∞    𝑑  𝑠  +    𝑐  3   (  Δ  𝑡  −  𝑠  )  ≤  4    𝛼  0     𝛼  1   Δ  𝑡  +    𝑐  3   (  Δ  𝑡  −  𝑠  )  ,    


\begin {align}&\|\overline {f}(e^{\Delta t\varepsilon ^2\Delta }u(t_m))-e^{(\Delta t-s)\varepsilon ^2\Delta }\overline {f}(u(t_m+s))\|_{L^\infty } \nonumber \\ &\le \|\overline {f}(e^{\Delta t\varepsilon ^2\Delta }u(t_m))-\overline {f}(u(t_{m+1}))\|_{L^\infty }+\|\overline {f}(u(t_{m+1}))-e^{(\Delta t-s)\varepsilon ^2\Delta }\overline {f}(u(t_m+s))\|_{L^\infty } \nonumber \\ &\le 2\alpha _1\|u(t_{m+1})-e^{\Delta t\varepsilon ^2\Delta }u(t_m)\|_{L^\infty } + c_3(\Delta t-s) \nonumber \\ &=2\alpha _1\left \|\int _0^{\Delta t}e^{(\Delta t-s)\varepsilon ^2\Delta }\overline {f}(u(t_m+s))\,ds\right \|_{L^\infty }+c_3(\Delta t-s) \nonumber \\ &\le 2\alpha _1 \int _0^{\Delta t}\|\overline {f}(u(t_m+s))\|_{L^\infty }ds+c_3(\Delta t-s)\le 4\alpha _0\alpha _1\Delta t +c_3(\Delta t-s), \label {p3:est2_err_LRI1b}\end {align}


   ‖    𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝑠  )  )    ‖    𝐿  ∞    ≤  2  ‖  𝑓  (  𝑢  (    𝑡  𝑚   +  𝑠  )  )    ‖    𝐿  ∞    ≤  2    𝛼  0  


$\|\overline {f}(u(t_m+s))\|_{L^\infty }\le 2\|f(u(t_m+s))\|_{L^\infty }\le 2\alpha _0$


         ‖    𝑢    𝑚  +  1    −  𝑢  (    𝑡    𝑚  +  1    )    ‖    𝐿  ∞       ≤  (  1  +  2    𝛼  1   Δ  𝑡  )  ‖    𝑢  𝑚   −  𝑢  (    𝑡  𝑚   )    ‖    𝐿  ∞    +    ∫  0    Δ  𝑡    [  4    𝛼  0     𝛼  1   Δ  𝑡  +    𝑐  3   (  Δ  𝑡  −  𝑠  )  ]  𝑑  𝑠           =  (  1  +  2    𝛼  1   Δ  𝑡  )  ‖    𝑢  𝑚   −  𝑢  (    𝑡  𝑚   )    ‖    𝐿  ∞    +    (  4    𝛼  0     𝛼  1   +      𝑐  3   2   )     Δ    𝑡  2   .    


\begin {align*}\|u^{m+1}-u(t_{m+1})\|_{L^\infty }&\le (1+2\alpha _1\Delta t)\|u^m-u(t_m)\|_{L^\infty }+\int _0^{\Delta t}[4\alpha _0\alpha _1\Delta t +c_3(\Delta t-s)]ds\\ &= (1+2\alpha _1\Delta t)\|u^m-u(t_m)\|_{L^\infty }+\left (4\alpha _0\alpha _1+\frac {c_3}{2}\right )\Delta t^2.\end {align*}


   𝐶  =  2    𝛼  0   +      𝑐  3     4    𝛼  1    


$C=2\alpha _0+\frac {c_3}{4\alpha _1}$


   𝐶 


$C$


         𝐶     =  2    𝛼  0   +      𝜀  2     4    𝛼  1          max     𝑡  ∈  [  0  ,  𝑇  ]      ‖  Δ  𝑓  (  𝑢  (  𝑡  )  )    ‖    𝐿  ∞    +    1  2   𝐿  ,    


\begin {align*}C&=2\alpha _0+\frac {\varepsilon ^2}{4\alpha _1}\max _{t\in [0,T]}\|\Delta f(u(t))\|_{L^\infty }+\frac 12 L,\end {align*}


     𝛼  0  


$\alpha _0$


     𝛼  1  


$\alpha _1$


   𝐿 


$L$


$u$


$C$


$\varepsilon $


      max     𝑡  ∈  [  0  ,  𝑇  ]      ‖  Δ  𝑓  (  𝑢  (  𝑡  )  )    ‖    𝐿  ∞   


$\max _{t\in [0,T]}\|\Delta f(u(t))\|_{L^\infty }$


$L$


$C$


$T$


$C$


$\varepsilon $


$T$


   Ω  =  (  −  0  .  5  ,  0  .  5    )  2  


$\Omega =(-0.5,0.5)^2$


   Ω  =  (  −  0  .  5  ,  0  .  5    )  3  


$\Omega =(-0.5,0.5)^3$


     𝑓  1   (  𝑢  )  =  𝑢  −    𝑢  3   ,     and       𝑓  2   (  𝑢  )  =    𝜃  2      ln         1  −  𝑢     1  +  𝑢    +    𝜃  𝑐   𝑢  , 


\begin {equation*}f_1(u)=u-u^3,\quad \text {and} \quad f_2(u)=\frac {\theta }{2}\ln \frac {1-u}{1+u}+\theta _cu,\end {equation*}


$\theta =0.8$


$\theta _c=1.6$


     𝑢  0   (  𝑥  ,  𝑦  )  =    1  2      cos   (  2  𝜋  𝑥  )   cos   (  2  𝜋  𝑦  )  ,    (  𝑥  ,  𝑦  )  ∈    Ω  ‾   , 


\begin {equation*}u_0(x,y)=\frac 12 \cos (2\pi x)\cos (2\pi y),\quad (x,y)\in \overline {\Omega },\end {equation*}


$\|u_0\|_{L^\infty }\le \beta $


   𝛽  ∈  {  2  /    3   ,  0  .   987   } 


$\beta \in \{2/\sqrt {3},0.987\}$


   ℎ  =    ℎ  𝑥   =    ℎ  𝑦   =  1  /   2048  


$h=h_x=h_y=1/2048$


     ℎ  𝑥  


$h_x$


     ℎ  𝑦  


$h_y$


   𝑥 


$x$


   𝑦 


$y$


   𝑓  =    𝑓  1  


$f=f_1$


$\varepsilon $


   0  .   01   ,  0  .   005  


$0.01, 0.005$


$0.0025$


$T$


   1  ,  2 


$1,2$


$4$


   Δ  𝑡  ∈  {  𝑇  /   16   ,  𝑇  /   32   ,  …  ,  𝑇  /   256   } 


$\Delta t\in \{T/16,T/32,\ldots ,T/256\}$


$L^2$


$L^{\infty }$


   Δ  𝑡  =  𝑇  /   1024  


$\Delta t=T/1024$


$L^2$


$L^{\infty }$


$\varepsilon $


$T$


$L^2$


$L^{\infty }$


$\varepsilon $


$L^{2}$


$L^{\infty }$


$\varepsilon $


   𝑓  =    𝑓  2  


$f=f_2$


   𝜀  =  0  .   0025  


$\varepsilon =0.0025$


   0  .   001  


$0.001$


$T=4$


$L^2$


$L^{\infty }$


$L^2$


$L^{\infty }$


$T$


$\varepsilon $


         𝐶     =    1    2    𝛼  ˜       𝑐  4   +    1    6    𝛼  ˜         (    𝜀  2        max     𝑡  ∈  [  0  ,  𝑇  ]      ‖  Δ  𝑔  (  𝑢  (  𝑡  )  )    ‖    𝐿  ∞    +  4    𝛼  0  2     𝛼  2   +  4    𝜀  2     𝛼  0     𝛼  2        max     𝑡  ∈  [  0  ,  𝑇  ]      ‖  Δ  𝑢  (  𝑡  )    ‖    𝐿  ∞                        +    𝜀  2     𝛼  1        max     𝑡  ∈  [  0  ,  𝑇  ]      ‖  Δ  𝑓  (  𝑢  (  𝑡  )  )    ‖    𝐿  ∞    +  6    𝛼  1  2   𝐿  )   .    


\begin {align*}C&=\frac {1}{2\widetilde {\alpha }_1}c_4+\frac {1}{6\widetilde {\alpha }_1}\left (\varepsilon ^2\max _{t\in [0,T]}\|\Delta g(u(t))\|_{L^\infty }+4\alpha _0^2\alpha _2+4\varepsilon ^2\alpha _0\alpha _2\max _{t\in [0,T]}\|\Delta u(t)\|_{L^\infty }\right .\\ &\hspace {4cm}\left .+\varepsilon ^2\alpha _1\max _{t\in [0,T]}\|\Delta f(u(t))\|_{L^\infty }+6\alpha _1^2L\right ).\end {align*}


   −  0  .  9 


$-0.9$


   0  .  9 


$0.9$


$\varepsilon =0.01$


   𝑡  =  1  ,   10   ,   20   ,   40   ,   100  


$t=1,10,20,40,100$


   Δ  𝑡  =  0  .  1 


$\Delta t=0.1$


   ℎ  =    ℎ  𝑥   =    ℎ  𝑦   =  1  /   1024  


$h=h_x=h_y=1/1024$


   Δ  𝑡  ∈  {  0  .  1  ,  0  .  2  ,  0  .  5  } 


$\Delta t\in \{0.1,0.2,0.5\}$


   𝑇  =   100  


$T=100$


   𝛽  =  2  /    3  


$\beta =2/\sqrt {3}$


   Δ  𝑡  =  0  .  5 


$\Delta t=0.5$


$\Delta t=0.1$


$t=1,10,20,40,100$


   Δ  𝑡  ∈  {  0  .  1  ,  0  .  2  } 


$\Delta t\in \{0.1,0.2\}$


$\Delta t=0.5$


$\Delta t$


$\varepsilon =0.01$


   ℎ  =    ℎ  𝑥   =    ℎ  𝑦   =    ℎ  𝑧   =  1  /   128  


$h=h_x=h_y=h_z=1/128$


$\Delta t=0.1$


   𝑡  =  1  ,   40   ,   100  


$t=1, 40, 100$


$\Delta t\in \{0.1,0.2,0.5\}$


$\Delta t=0.1$


   𝑡  =  1  ,   40   ,   100  


$t=1,40,100$


$\Delta t=0.1$


   Δ  𝑡  =  0  .  2 


$\Delta t=0.2$


$u$


   𝒞  (  [  0  ,  𝑇  ]  ,    𝒞  4   (    Ω  ‾   )  ) 


$\mathcal {C}([0,T],\mathcal {C}^4(\overline {\Omega }))$


$u_0\in \mathcal {C}(\overline {\Omega })$


$\|u_0\|_{L^\infty }\le \beta $


$\{u^m\}_{0\le m\le M}$


$C>0$


$\Delta t$


   Δ  𝑡  ∈  (  0  ,    𝜏  2   ] 


$\Delta t\in (0,\tau _2]$


   ‖    𝑢  𝑚   −  𝑢  (    𝑡  𝑚   )    ‖    𝐿  ∞    ≤  𝐶  (    𝑒    2    𝛼  ˜     𝑡  𝑚     −  1  )  Δ    𝑡  2   ,    𝑚  =  0  ,  1  ,  …  ,  𝑀  , 


\begin {equation*}\|u^m-u(t_m)\|_{L^\infty }\le C(e^{2\widetilde {\alpha }_1 t_m}-1)\Delta t^2,\quad m=0,1,\ldots ,M,\end {equation*}


     𝛼  ˜   =    𝛼  1   +  𝑇  (    𝛼  1  2   +    𝛼  0     𝛼  2   ) 


$\widetilde {\alpha }_1=\alpha _1+T(\alpha _1^2+\alpha _0\alpha _2)$


         𝑢    𝑚  +  1    −  𝑢  (    𝑡    𝑚  +  1    )   


\begin {align}\label {p3:err_LRI2_1} \begin {aligned} u^{m+1}-u(t_{m+1})&=e^{\Delta t\varepsilon ^2\Delta }(u^m-u(t_m)) \\ &\quad \displaystyle +\frac {\Delta t}{2}\left [e^{\Delta t\varepsilon ^2\Delta }(\overline {f}(u^m)-\overline {f}(u(t_m)))+\overline {f}(e^{\Delta t\varepsilon ^2\Delta }u^m)-\overline {f}(e^{\Delta t\varepsilon ^2\Delta }u(t_m))\right ] \\ &\quad \displaystyle +\frac {\Delta t^2}{2}e^{\Delta t\varepsilon ^2\Delta }(\overline {g}(u^m)-\overline {g}(u(t_m)))+R(t_m), \end {aligned}\end {align}


   𝑅  (    𝑡  𝑚   ) 


$R(t_m)$


         𝑅  (    𝑡  𝑚   )  =      Δ  𝑡   2   [    𝑒    Δ  𝑡    𝜀  2   Δ      𝑓  ‾   (  𝑢  (    𝑡  𝑚   )  )     +    𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )  )  ]  +      Δ    𝑡  2    2     𝑒    Δ  𝑡    𝜀  2   Δ      𝑔  ‾   (  𝑢  (    𝑡  𝑚   )  )           −    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝜀  2   Δ      𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝑠  )  )    𝑑  𝑠  .    


\begin {align*}R(t_m)=\frac {\Delta t}{2}[e^{\Delta t\varepsilon ^2\Delta }\overline {f}(u(t_m))&+\overline {f}(e^{\Delta t\varepsilon ^2\Delta }u(t_m))]+\frac {\Delta t^2}{2}e^{\Delta t\varepsilon ^2\Delta }\overline {g}(u(t_m))\\ &-\int _0^{\Delta t}e^{(\Delta t-s)\varepsilon ^2\Delta }\overline {f}(u(t_m+s))\,ds.\end {align*}


         ‖    𝑢    𝑚  +  1    −  𝑢  (    𝑡    𝑚  +  1    )    ‖    𝐿  ∞    ≤    (  1  +  2    𝛼  1   Δ  𝑡  +  2  (    𝛼  1  2   +    𝛼  0     𝛼  2   )  Δ    𝑡  2   )     ‖    𝑢  𝑚   −  𝑢  (    𝑡  𝑚   )    ‖    𝐿  ∞    +  ‖  𝑅  (    𝑡  𝑚   )    ‖    𝐿  ∞    .       


\begin {align}\label {p3:bound_err_LRI2} \|u^{m+1}-u(t_{m+1})\|_{L^\infty }\le \left (1+2\alpha _1\Delta t+2(\alpha _1^2+\alpha _0\alpha _2)\Delta t^2\right )\|u^m-u(t_m)\|_{L^\infty }+\|R(t_m)\|_{L^\infty }.\end {align}


$R(t_m)$


   𝑅  (    𝑡  𝑚   )  =    𝑅  1   (    𝑡  𝑚   )  +    𝑅  2   (    𝑡  𝑚   ) 


$R(t_m)=R_1(t_m)+R_2(t_m)$


     𝑅  𝑖   (    𝑡  𝑚   )  ,    𝑖  =  1  ,  2 


$R_i(t_m),\:i=1,2$


           𝑅  1   (    𝑡  𝑚   )     =      Δ  𝑡   2   [    𝑒    Δ  𝑡    𝜀  2   Δ      𝑓  ‾   (  𝑢  (    𝑡  𝑚   )  )  +    𝑓  ‾   (    𝑒    Δ  𝑡    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )  )  ]  −    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝜀  2   Δ      𝑓  ‾   (    𝑒    𝑠    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )  )    𝑑  𝑠  ,          𝑅  2   (    𝑡  𝑚   )     =    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝜀  2   Δ    [    𝑓  ‾   (    𝑒    𝑠    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )  )  −    𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝑠  )  )  +  𝑠    𝑒    𝑠    𝜀  2   Δ      𝑔  ‾   (  𝑢  (    𝑡  𝑚   )  )  ]  𝑑  𝑠  .    


\begin {align*}R_1(t_m)&=\frac {\Delta t}{2}[e^{\Delta t\varepsilon ^2\Delta }\overline {f}(u(t_m))+\overline {f}(e^{\Delta t\varepsilon ^2\Delta }u(t_m))]-\int _0^{\Delta t}e^{(\Delta t-s)\varepsilon ^2\Delta }\overline {f}(e^{s\varepsilon ^2\Delta }u(t_m))\,ds,\\ R_2(t_m)&=\int _0^{\Delta t} e^{(\Delta t-s)\varepsilon ^2\Delta }[\overline {f}(e^{s\varepsilon ^2\Delta }u(t_m))-\overline {f}(u(t_m+s))+se^{s\varepsilon ^2\Delta }\overline {g}(u(t_m))]ds.\end {align*}


   𝜑  (  𝑠  )  =    𝑒    (  Δ  𝑡  −  𝑠  )    𝜀  2   Δ      𝑓  ‾   (    𝑒    𝑠    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )  ) 


$\varphi (s)=e^{(\Delta t-s)\varepsilon ^2\Delta }\overline {f}(e^{s\varepsilon ^2\Delta }u(t_m))$


   𝑠  ∈  [  0  ,  Δ  𝑡  ] 


$s\in [0,\Delta t]$


     𝑅  1   (    𝑡  𝑚   ) 


$R_1(t_m)$


   𝜑 


$\varphi $


           𝑅  1   (    𝑡  𝑚   )  =      Δ  𝑡   2   [  𝜑  (  0  )  +  𝜑  (  𝑠  )  ]  −    ∫  0    Δ  𝑡    𝜑  (  𝑠  )    𝑑  𝑠  =    1  2     ∫  0    Δ  𝑡    𝑠  (  Δ  𝑡  −  𝑠  )    𝜑  ″   (  𝑠  )    𝑑  𝑠  .       


\begin {align*}R_1(t_m)=\frac {\Delta t}{2}[\varphi (0)+\varphi (s)]-\int _0^{\Delta t}\varphi (s)\,ds=\frac 12 \int _0^{\Delta t}s(\Delta t-s)\varphi ''(s)\,ds.\end {align*}


         ‖    𝑅  1   (    𝑡  𝑚   )    ‖    𝐿  ∞    ≤      Δ    𝑡  3     12         sup     𝑠  ∈  [  0  ,  Δ  𝑡  ]      ‖    𝜑  ″   (  𝑠  )    ‖    𝐿  ∞    .       


\begin {align}\label {p3:trap_rule} \|R_1(t_m)\|_{L^\infty }\le \frac {\Delta t^3}{12}\sup _{s\in [0,\Delta t]}\|\varphi ''(s)\|_{L^\infty }.\end {align}


     𝜑  ″   (  𝑠  ) 


$\varphi ''(s)$


      sup     𝑠  ∈  [  0  ,  Δ  𝑡  ]      ‖    𝜑  ″   (  𝑠  )    ‖    𝐿  ∞    ≤   12     𝑐  4  


$\sup _{s\in [0,\Delta t]}\|\varphi ''(s)\|_{L^\infty }\le 12c_4$


     𝑐  4  


$c_4$


     𝒞  4   (  [  −  𝛽  ,  𝛽  ]  ) 


$\mathcal {C}^4([-\beta ,\beta ])$


$f$


$\mathcal {C}([0,T],\mathcal {C}^4(\overline {\Omega }))$


$u$


$\Delta t$


         ‖    𝑅  1   (    𝑡  𝑚   )    ‖    𝐿  ∞    ≤    𝑐  4   Δ    𝑡  3   .       


\begin {align}\label {p3:R_1} \|R_1(t_m)\|_{L^\infty }\le c_4\Delta t^3.\end {align}


   ‖    𝑅  2   (    𝑡  𝑚   )    ‖    𝐿  ∞   


$\|R_2(t_m)\|_{L^\infty }$


         ‖    𝑅  2   (    𝑡  𝑚   )    ‖    𝐿  ∞       ≤    ∫  0    Δ  𝑡    ‖    𝑓  ‾   (    𝑒    𝑠    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )  )  −    𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝑠  )  )  +  𝑠    𝑒    𝑠    𝜀  2   Δ      𝑔  ‾   (  𝑢  (    𝑡  𝑚   )  )    ‖    𝐿  ∞    𝑑  𝑠           ≤    ∫  0    Δ  𝑡    ‖    𝑓  ‾   (    𝑒    𝑠    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )  )  −    𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝑠  )  )  +  𝑠    𝑔  ‾   (  𝑢  (    𝑡  𝑚   )  )    ‖    𝐿  ∞    𝑑  𝑠             +    ∫  0    Δ  𝑡    𝑠  ‖  (    𝑒    𝑠    𝜀  2   Δ    −  1  )    𝑔  ‾   (  𝑢  (    𝑡  𝑚   )  )    ‖    𝐿  ∞    𝑑  𝑠  .    


\begin {align*}\|R_2(t_m)\|_{L^\infty }&\le \int _0^{\Delta t}\|\overline {f}(e^{s\varepsilon ^2\Delta }u(t_m))-\overline {f}(u(t_m+s))+se^{s\varepsilon ^2\Delta }\overline {g}(u(t_m))\|_{L^\infty }ds\\ &\le \int _0^{\Delta t}\|\overline {f}(e^{s\varepsilon ^2\Delta }u(t_m))-\overline {f}(u(t_m+s))+s\overline {g}(u(t_m))\|_{L^\infty }ds\\ &\hspace {2.5cm}+\int _0^{\Delta t}s\|(e^{s\varepsilon ^2\Delta }-1)\overline {g}(u(t_m))\|_{L^\infty }ds.\end {align*}


   ‖  (    𝑒    𝑠    𝜀  2   Δ    −  1  )    𝑔  ‾   (  𝑢  (    𝑡  𝑚   )  )    ‖    𝐿  ∞    ≤    𝜀  2     𝑐  5   𝑠  , 


$\|(e^{s\varepsilon ^2\Delta }-1)\overline {g}(u(t_m))\|_{L^\infty }\le \varepsilon ^2c_5s,$


     𝑐  5   =     max     𝑡  ∈  [  0  ,  𝑇  ]      ‖  Δ  𝑔  (  𝑢  (  𝑡  )  )    ‖    𝐿  ∞   


$c_5=\max _{t\in [0,T]}\|\Delta g(u(t))\|_{L^\infty }$


     𝒞  3   (  [  −  𝛽  ,  𝛽  ]  ) 


$\mathcal {C}^3([-\beta ,\beta ])$


$f$


$\mathcal {C}([0,T],\mathcal {C}^2(\overline {\Omega }))$


$u$


       ‖    𝑅  2   (    𝑡  𝑚   )    ‖    𝐿  ∞     


\begin {align}\label {p3:R_2} \begin {aligned} \|R_2(t_m)\|_{L^\infty }&\le \displaystyle 2\int _0^{\Delta t}\|f(e^{s\varepsilon ^2\Delta }u(t_m))-f(u(t_m+s))+sg(u(t_m))\|_{L^\infty }ds+\frac {\varepsilon ^2c_5}{3}\Delta t^3 \vspace {0.15cm}\\ &=:\displaystyle 2\int _0^{\Delta t}\|I_1+I_2+I_3+I_4\|_{L^\infty }ds+\frac {\varepsilon ^2c_5}{3}\Delta t^3, \end {aligned}\end {align}


     𝐼  𝑗  


$I_j$


   𝑗  =  1  ,  2  ,  3  ,  4 


$j=1,2,3,4$


           𝐼  1      =  𝑓  (  𝑢  (    𝑡  𝑚   +  𝑠  )  )  −  𝑓  (    𝑒    𝑠    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )  )  −    𝑓  ′   (    𝑒    𝑠    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )  )    ∫  0  𝑠     𝑒    (  𝑠  −  𝜎  )    𝜀  2   Δ      𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝜎  )  )    𝑑  𝜎  ,          𝐼  2      =  [    𝑓  ′   (    𝑒    𝑠    𝜀  2   Δ    𝑢  (    𝑡  𝑚   )  )  −    𝑓  ′   (  𝑢  (    𝑡  𝑚   )  )  ]    ∫  0  𝑠     𝑒    (  𝑠  −  𝜎  )    𝜀  2   Δ      𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝜎  )  )    𝑑  𝜎  ,          𝐼  3      =    𝑓  ′   (  𝑢  (    𝑡  𝑚   )  )    ∫  0  𝑠   [    𝑒    (  𝑠  −  𝜎  )    𝜀  2   Δ      𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝜎  )  )  −    𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝑠  )  )  ]  𝑑  𝜎  ,          𝐼  4      =  𝑠  [    𝑓  ′   (  𝑢  (    𝑡  𝑚   )  )    𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝑠  )  )  −  𝑔  (  𝑢  (    𝑡  𝑚   )  )  ]  .    


\begin {align*}I_1&=f(u(t_m+s))-f(e^{s\varepsilon ^2\Delta }u(t_m))-f'(e^{s\varepsilon ^2\Delta }u(t_m))\int _0^se^{(s-\sigma )\varepsilon ^2\Delta }\overline {f}(u(t_m+\sigma ))\,d\sigma ,\\ I_2&=[f'(e^{s\varepsilon ^2\Delta }u(t_m))-f'(u(t_m))]\int _0^se^{(s-\sigma )\varepsilon ^2\Delta }\overline {f}(u(t_m+\sigma ))\,d\sigma ,\\ I_3&=f'(u(t_m))\int _0^s[e^{(s-\sigma )\varepsilon ^2\Delta }\overline {f}(u(t_m+\sigma ))-\overline {f}(u(t_m+s))]d\sigma ,\\ I_4&=s[f'(u(t_m))\overline {f}(u(t_m+s))-g(u(t_m))].\end {align*}


         ‖    𝐼  1     ‖    𝐿  ∞    ≤      𝛼  2   2         ‖    ∫  0  𝑠     𝑒    (  𝑠  −  𝜎  )    𝜀  2   Δ      𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝜎  )  )    𝑑  𝜎  ‖   2   ≤      𝛼  2   2   (  2    𝛼  0   𝑠    )  2   =  ∶    𝑐  6     𝑠  2   ,       


\begin {align}\label {p3:I_1} \|I_1\|_{L^\infty }\le \frac {\alpha _2}{2}\left \|\int _0^se^{(s-\sigma )\varepsilon ^2\Delta }\overline {f}(u(t_m+\sigma ))\,d\sigma \right \|^2 \le \frac {\alpha _2}{2}(2\alpha _0 s)^2=:c_6s^2,\end {align}


     𝑐  6   =  2    𝛼  0  2     𝛼  2  


$c_6=2\alpha _0^2\alpha _2$


   ‖  (    𝑒    𝑠    𝜀  2   Δ    −  1  )  𝑢  (    𝑡  𝑚   )    ‖    𝐿  ∞    ≤    𝜀  2     𝑐  7   𝑠 


$\|(e^{s\varepsilon ^2\Delta }-1)u(t_m)\|_{L^\infty }\le \varepsilon ^2c_7s$


     𝑐  7   =     max     𝑡  ∈  [  0  ,  𝑇  ]      ‖  Δ  𝑢  (  𝑡  )    ‖    𝐿  ∞   


$c_7=\max _{t\in [0,T]}\|\Delta u(t)\|_{L^\infty }$


$\mathcal {C}([0,T],\mathcal {C}^2(\overline {\Omega }))$


$u$


         ‖    𝐼  2     ‖    𝐿  ∞    ≤    𝛼  2   ‖  (    𝑒    𝑠    𝜀  2   Δ    −  1  )  𝑢  (    𝑡  𝑚   )    ‖    𝐿  ∞      ∫  0  𝑠   ‖    𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝜎  )  )    ‖    𝐿  ∞    𝑑  𝜎  ≤  2    𝜀  2     𝛼  0     𝛼  2     𝑐  7     𝑠  2   .       


\begin {align}\label {p3:I_2} \|I_2\|_{L^\infty }\le \alpha _2\|(e^{s\varepsilon ^2\Delta }-1)u(t_m)\|_{L^\infty }\int _0^s\|\overline {f}(u(t_m+\sigma ))\|_{L^\infty }d\sigma \le 2\varepsilon ^2\alpha _0\alpha _2c_7s^2.\end {align}


         ‖    𝐼  3     ‖    𝐿  ∞    ≤    𝛼  1     ∫  0  𝑠     𝑐  3   (  𝑠  −  𝜎  )    𝑑  𝜎  =        𝛼  1     𝑐  3    2     𝑠  2   ,       


\begin {align}\label {p3:I_3} \|I_3\|_{L^\infty }\le \alpha _1\int _0^sc_3(s-\sigma )\,d\sigma =\frac {\alpha _1c_3}{2}s^2,\end {align}


     𝑐  3  


$c_3$


   𝑔  =    𝑓  ′     𝑓  ‾  


$g=f'\overline {f}$


         ‖    𝐼  4     ‖    𝐿  ∞    =  𝑠  ‖    𝑓  ′   (  𝑢  (    𝑡  𝑚   )  )  [    𝑓  ‾   (  𝑢  (    𝑡  𝑚   +  𝑠  )  )  −    𝑓  ‾   (  𝑢  (    𝑡  𝑚   )  )  ]    ‖    𝐿  ∞    ≤  2    𝛼  1  2   𝐿    𝑠  2   .       


\begin {align}\label {p3:I_4} \|I_4\|_{L^\infty }=s\|f'(u(t_m))[\overline {f}(u(t_m+s))-\overline {f}(u(t_m))]\|_{L^\infty }\le 2\alpha _1^2Ls^2.\end {align}


       ‖    𝑅  2   (    𝑡  𝑚   )    ‖    𝐿  ∞     


\begin {align}\label {p3:R_2_final} \begin {aligned} \|R_2(t_m)\|_{L^\infty }&\le \displaystyle 2\int _0^{\Delta t}\left (c_6s^2+2\varepsilon ^2\alpha _0\alpha _2c_7s^2+\frac {\alpha _1c_3}{2}s^2+2\alpha _1^2Ls^2\right )\,ds +\frac {\varepsilon ^2c_5}{3}\Delta t^3 \vspace {0.2cm}\\ &=\displaystyle \frac {\varepsilon ^2c_5+2c_6+4\varepsilon ^2\alpha _0\alpha _2c_7+\alpha _1c_3+4\alpha _1^2L}{3}\Delta t^3=:c_8\Delta t^3. \end {aligned}\end {align}


   ‖  𝑅  (    𝑡  𝑚   )    ‖    𝐿  ∞    ≤  (    𝑐  4   +    𝑐  8   )  Δ    𝑡  3  


$\|R(t_m)\|_{L^\infty }\le (c_4+c_8)\Delta t^3$


         ‖    𝑢    𝑚  +  1    −  𝑢  (    𝑡    𝑚  +  1    )    ‖    𝐿  ∞       ≤    (  1  +  2    𝛼  1   Δ  𝑡  +  2  (    𝛼  1  2   +    𝛼  0     𝛼  2   )  Δ    𝑡  2   )     ‖    𝑢  𝑚   −  𝑢  (    𝑡  𝑚   )    ‖    𝐿  ∞    +  (    𝑐  4   +    𝑐  8   )  Δ    𝑡  3            ≤    (  1  +  2    𝛼  ˜   Δ  𝑡  )     ‖    𝑢  𝑚   −  𝑢  (    𝑡  𝑚   )    ‖    𝐿  ∞    +  (    𝑐  4   +    𝑐  8   )  Δ    𝑡  3   ,    


\begin {align*}\|u^{m+1}-u(t_{m+1})\|_{L^\infty }&\le \left (1+2\alpha _1\Delta t+2(\alpha _1^2+\alpha _0\alpha _2)\Delta t^2\right )\|u^m-u(t_m)\|_{L^\infty }+(c_4+c_8)\Delta t^3\\ &\le \left (1+2\widetilde {\alpha }_1\Delta t\right )\|u^m-u(t_m)\|_{L^\infty }+(c_4+c_8)\Delta t^3,\end {align*}


$\widetilde {\alpha }_1=\alpha _1+T(\alpha _1^2+\alpha _0\alpha _2)$


   ‖    𝑢  𝑚   −  𝑢  (    𝑡  𝑚   )    ‖    𝐿  ∞    ≤        𝑐  4   +    𝑐  8      2    𝛼  ˜     (    𝑒    2    𝛼  ˜     𝑡  𝑚     −  1  )  Δ    𝑡  2   . 


\begin {equation*}\|u^m-u(t_m)\|_{L^\infty }\le \frac {c_4+c_8}{2\widetilde {\alpha }_1}(e^{2\widetilde {\alpha }_1 t_m}-1)\Delta t^2.\end {equation*}


   𝐶  =          𝑐  4   +    𝑐  8      2    𝛼  ˜     


$C=\dfrac {c_4+c_8}{2\widetilde {\alpha }_1}$


$\Omega $


   𝑑  =  1 


$d = 1$


   𝑑  =  2 


$d = 2$


   𝑑  =  3 


$d = 3$


   Δ 


$\Delta $


$\Omega $


   𝑣  ∈    𝒞  1   (    Ω  ‾   ) 


$v\in \mathcal {C}^1(\overline {\Omega })$


     𝜕    𝑥  𝑖    (    𝑒    𝑡  Δ    𝑣  )  =    𝑒    𝑡  Δ      𝑣    𝑥  𝑖   


$\partial _{x_i}(e^{t\Delta }v)=e^{t\Delta }v_{x_i}$


   𝑖  =  1  ,  2  ,  …  ,  𝑑 


$i=1,2,\ldots ,d$


$t>0$


     𝑣    𝑥  𝑖    ∶  =    𝜕    𝑥  𝑖    𝑣 


$v_{x_i}:=\partial _{x_i}v$


   Ω  =  (  −  𝑃  ,  𝑃  ) 


$\Omega =(-P,P)$


   𝑃  >  0 


$P>0$


   𝑊  (  ⋅  ,  𝑡  )  =    𝑒    𝑡  Δ    𝑣 


$W(\cdot ,t)=e^{t\Delta }v$


   𝑤  (  ⋅  ,  𝑡  )  =    𝑒    𝑡  Δ      𝑣  ′  


$w(\cdot ,t)=e^{t\Delta }v'$


   𝑊 


$W$


   𝑤 


$w$


   {            𝑊  𝑡   =    𝑊    𝑥  𝑥    ,    𝑥  ∈  (  −  𝑃  ,  𝑃  )  ,    𝑡  >  0  ,             𝑊  (  𝑥  ,  0  )  =  𝑣  (  𝑥  )  ,    𝑥  ∈  (  −  𝑃  ,  𝑃  )  ,            


\begin {equation*}\begin {cases} W_t=W_{xx}, \quad x\in (-P,P),\; t>0,\\ W(x,0)=v(x), \quad x\in (-P,P), \end {cases}\end {equation*}


   {            𝑤  𝑡   =    𝑤    𝑥  𝑥    ,    𝑥  ∈  (  −  𝑃  ,  𝑃  )  ,    𝑡  >  0  ,             𝑤  (  𝑥  ,  0  )  =    𝑣  ′   (  𝑥  )  ,    𝑥  ∈  (  −  𝑃  ,  𝑃  )  ,            


\begin {equation*}\begin {cases} w_t=w_{xx}, \quad x\in (-P,P),\; t>0,\\ w(x,0)=v'(x), \quad x\in (-P,P), \end {cases}\end {equation*}


         𝑊  (  𝑥  ,  𝑡  )     =      𝑎  0   2   +    ∑    𝑛  =  1   ∞     (    𝑎  𝑛      cos       (      𝑛  𝜋  𝑥   𝑃   )   +    𝑏  𝑛      sin       (      𝑛  𝜋  𝑥   𝑃   )   )       𝑒    −      (      𝑛  𝜋   𝑃   )   2   𝑡    ,        𝑤  (  𝑥  ,  𝑡  )     =        𝑎  0   ‾   2   +    ∑    𝑛  =  1   ∞     (      𝑎  𝑛   ‾      cos       (      𝑛  𝜋  𝑥   𝑃   )   +      𝑏  𝑛   ‾      sin       (      𝑛  𝜋  𝑥   𝑃   )   )       𝑒    −      (      𝑛  𝜋   𝑃   )   2   𝑡    ,    


\begin {align*}W(x,t)&=\frac {a_0}{2}+\sum _{n=1}^{\infty }\left (a_n\cos \left (\frac {n\pi x}{P}\right )+b_n\sin \left (\frac {n\pi x}{P}\right )\right )e^{-\left (\frac {n\pi }{P}\right )^2t},\\ w(x,t)&=\frac {\overline {a_0}}{2}+\sum _{n=1}^{\infty }\left (\overline {a_n}\cos \left (\frac {n\pi x}{P}\right )+\overline {b_n}\sin \left (\frac {n\pi x}{P}\right )\right )e^{-\left (\frac {n\pi }{P}\right )^2t},\end {align*}


     𝑎  𝑛   ,      𝑎  𝑛   ‾   ,    𝑛  ≥  0 


$a_n,\overline {a_n},\, n\ge 0$


     𝑏  𝑛   ,      𝑏  𝑛   ‾   ,    𝑛  ≥  1 


$b_n,\overline {b_n},\, n\ge 1$


           𝑎  𝑛      =    1  𝑃     ∫    −  𝑃   𝑃   𝑣  (  𝑥  )   cos       (      𝑛  𝜋  𝑥   𝑃   )     𝑑  𝑥  ,      𝑏  𝑛   =    1  𝑃     ∫    −  𝑃   𝑃   𝑣  (  𝑥  )   sin       (      𝑛  𝜋  𝑥   𝑃   )     𝑑  𝑥  ,            𝑎  𝑛   ‾      =    1  𝑃     ∫    −  𝑃   𝑃     𝑣  ′   (  𝑥  )   cos       (      𝑛  𝜋  𝑥   𝑃   )     𝑑  𝑥  ,        𝑏  𝑛   ‾   =    1  𝑃     ∫    −  𝑃   𝑃     𝑣  ′   (  𝑥  )   sin       (      𝑛  𝜋  𝑥   𝑃   )     𝑑  𝑥  .    


\begin {align*}a_n&=\frac 1P\int _{-P}^Pv(x)\cos \left (\frac {n\pi x}{P}\right )dx,\quad b_n=\frac 1P\int _{-P}^Pv(x)\sin \left (\frac {n\pi x}{P}\right )dx,\\ \overline {a_n}&=\frac 1P\int _{-P}^Pv'(x)\cos \left (\frac {n\pi x}{P}\right )dx,\quad \overline {b_n}=\frac 1P\int _{-P}^Pv'(x)\sin \left (\frac {n\pi x}{P}\right )dx.\end {align*}


           𝜕  𝑥   𝑊  (  𝑥  ,  𝑡  )  =    ∑    𝑛  =  1   ∞       𝑛  𝜋   𝑃       (  −    𝑎  𝑛      sin       (      𝑛  𝜋  𝑥   𝑃   )   +    𝑏  𝑛      cos       (      𝑛  𝜋  𝑥   𝑃   )   )       𝑒    −      (      𝑛  𝜋   𝑃   )   2   𝑡    =  𝑤  (  𝑥  ,  𝑡  )  ,       


\begin {align*}\partial _x W(x,t)=\sum _{n=1}^{\infty }\frac {n\pi }{P}\left (-a_n\sin \left (\frac {n\pi x}{P}\right )+b_n\cos \left (\frac {n\pi x}{P}\right )\right )e^{-\left (\frac {n\pi }{P}\right )^2t}=w(x,t),\end {align*}


       𝑎  0   ‾   =      1  𝑃    [  𝑣  (  𝑃  )  −  𝑣  (  −  𝑃  )  ]  =  0 


$\overline {a_0}=\dfrac 1P[v(P)-v(-P)]=0$


       𝑎  𝑛   ‾   =        𝑛  𝜋   𝑃      𝑏  𝑛   ,        𝑏  𝑛   ‾   =  −        𝑛  𝜋   𝑃      𝑎  𝑛  


$\overline {a_n}=\dfrac {n\pi }{P}b_n,\; \overline {b_n}=-\dfrac {n\pi }{P}a_n$


   𝑛  ≥  1  . 


$n\ge 1.$


$W(\cdot ,t)=e^{t\Delta }v$


$w(\cdot ,t)=e^{t\Delta }v'$


     𝜕    𝑥  𝑖   


$\partial _{x_i}$


     𝑒    𝑡  Δ   


$e^{t\Delta }$


$\Delta $


     𝑢  0   ∈    𝒞  1   (    Ω  ‾   ) 


$u_0\in \mathcal {C}^1(\overline {\Omega })$


$\|u_0\|_{L^\infty }\le \beta $


$u$


$\{u^m\}_{0\le m\le M}$


   𝐸  (    𝑢  𝑚   )  ≤  𝐸  (    𝑢  0   )  +  𝐶  , 


\begin {equation*}E(u^{m})\le E(u_0)+C,\end {equation*}


$C>0$


$\Delta t$


$\{u^m\}_{0\le m\le M}$


$u$


$u_0\in \mathcal {C}^1(\overline {\Omega })$


$\|u_0\|_{L^\infty }\le \beta $


     𝑐  9  


$c_{9}$


     𝑐   10   


$c_{10}$


$\Delta t$


   ‖    𝑢    𝑥  𝑖   𝑚     ‖    𝐿  ∞    ≤    𝑐  9  


$\|u^m_{x_i}\|_{L^\infty }\le c_{9}$


$i=1,2,\ldots ,d$


   𝑚  =  0  ,  1  ,  …  ,  𝑀 


$m=0,1,\ldots ,M$


   ‖    𝑢    𝑥  𝑖     𝑚  +  1    −    𝑢    𝑥  𝑖   𝑚     ‖    𝐿  ∞    ≤    𝑐   10    Δ  𝑡 


$\|u^{m+1}_{x_i}-u^m_{x_i}\|_{L^\infty }\le c_{10}\Delta t$


$i=1,2,\ldots ,d$


   𝑚  =  0  ,  1  ,  …  ,  𝑀  −  1 


$m=0,1,\ldots ,M-1$


     𝑥  𝑖  


$x_i$


           𝑢    𝑥  𝑖     𝑚  +  1    =    𝑒    Δ  𝑡    𝜀  2   Δ    (    𝑢    𝑥  𝑖   𝑚   +  Δ  𝑡    𝑓  ′   (    𝑢  𝑚   )    𝑢    𝑥  𝑖   𝑚   )  ,       


\begin {align}\label {p3:LRI1a'} u^{m+1}_{x_i}=e^{\Delta t\varepsilon ^2\Delta }(u^m_{x_i}+\Delta t f'(u^m)u^m_{x_i}),\end {align}


     𝜕    𝑥  𝑖      𝑓  ‾   (    𝑢  𝑚   )  =    𝜕    𝑥  𝑖    𝑓  (    𝑢  𝑚   ) 


$\partial _{x_i}\overline {f}(u^m)=\partial _{x_i}f(u^m)$


$u^m$


         ‖    𝑢    𝑥  𝑖     𝑚  +  1      ‖    𝐿  ∞    ≤  ‖    𝑢    𝑥  𝑖   𝑚   +  Δ  𝑡    𝑓  ′   (    𝑢  𝑚   )    𝑢    𝑥  𝑖   𝑚     ‖    𝐿  ∞    ≤  (  1  +    𝛼  1   Δ  𝑡  )  ‖    𝑢    𝑥  𝑖   𝑚     ‖    𝐿  ∞    .       


\begin {align*}\|u^{m+1}_{x_i}\|_{L^\infty }\le \|u^m_{x_i}+\Delta t f'(u^m)u^m_{x_i}\|_{L^\infty }\le (1+\alpha _1\Delta t)\|u^m_{x_i}\|_{L^\infty }.\end {align*}


         ‖    𝑢    𝑥  𝑖     𝑚  +  1      ‖    𝐿  ∞    =  ‖    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢    𝑥  𝑖   𝑚   +  Δ  𝑡    𝑓  ′   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   )    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢    𝑥  𝑖   𝑚     ‖    𝐿  ∞    ≤  (  1  +    𝛼  1   Δ  𝑡  )  ‖    𝑢    𝑥  𝑖   𝑚     ‖    𝐿  ∞    .       


\begin {align*}\|u^{m+1}_{x_i}\|_{L^\infty }=\|e^{\Delta t\varepsilon ^2\Delta } u^m_{x_i}+\Delta t f'(e^{\Delta t\varepsilon ^2\Delta }u^m)e^{\Delta t\varepsilon ^2\Delta } u^m_{x_i}\|_{L^\infty }\le (1+\alpha _1\Delta t)\|u^m_{x_i}\|_{L^\infty }.\end {align*}


   ‖    𝑢    𝑥  𝑖   𝑚     ‖    𝐿  ∞    ≤  (  1  +    𝛼  1   Δ  𝑡    )  𝑚   ‖    𝑢    𝑥  𝑖   0     ‖    𝐿  ∞    ≤    𝑒      𝛼  1     𝑡  𝑚     ‖    𝑢    𝑥  𝑖   0     ‖    𝐿  ∞    ≤    𝑒      𝛼  1   𝑇    ‖    𝜕    𝑥  𝑖      𝑢  0     ‖    𝐿  ∞   


$\|u^m_{x_i}\|_{L^\infty }\le (1+\alpha _1\Delta t)^m\|u^0_{x_i}\|_{L^\infty }\le e^{\alpha _1 t_m}\|u^0_{x_i}\|_{L^\infty }\le e^{\alpha _1 T}\|\partial _{x_i}u_0\|_{L^\infty }$


$i=1,2,\ldots ,d$


     𝑐  9   =    𝑒      𝛼  1   𝑇         max     1  ≤  𝑖  ≤  𝑑      ‖    𝜕    𝑥  𝑖      𝑢  0     ‖    𝐿  ∞   


$c_{9}=e^{\alpha _1 T}\max _{1\le i\le d}\|\partial _{x_i}u_0\|_{L^\infty }$


         ‖    𝑢    𝑥  𝑖     𝑚  +  1      ‖    𝐿  ∞    ≤  (  1  +    𝛼  1   Δ  𝑡  )  ‖    𝑢    𝑥  𝑖   𝑚     ‖    𝐿  ∞    +      ‖    𝜕    𝑥  𝑖        (      Δ    𝑡  2    2     𝑒    Δ  𝑡    𝜀  2   Δ      𝑔  ‾   (    𝑢  𝑚   )  )   ‖     𝐿  ∞    .       


\begin {align}\label {p3:bound1_grad_LRI2} \|u^{m+1}_{x_i}\|_{L^\infty }\le (1+\alpha _1\Delta t)\|u_{x_i}^m\|_{L^\infty }+\left \|\partial _{x_i}\left (\frac {\Delta t^2}{2}e^{\Delta t\varepsilon ^2\Delta }\overline {g}(u^m)\right )\right \|_{L^\infty }.\end {align}


             ‖    𝜕    𝑥  𝑖        (      Δ    𝑡  2    2     𝑒    Δ  𝑡    𝜀  2   Δ      𝑔  ‾   (    𝑢  𝑚   )  )   ‖     𝐿  ∞       =      ‖      Δ    𝑡  2    2     𝑒    Δ  𝑡    𝜀  2   Δ    (    𝜕    𝑥  𝑖    𝑔  (    𝑢  𝑚   )  )  ‖     𝐿  ∞    ≤      Δ    𝑡  2    2         ‖    𝜕    𝑥  𝑖    (    𝑓  ′   (    𝑢  𝑚   )    𝑓  ‾   (    𝑢  𝑚   )  )  ‖     𝐿  ∞             =      Δ    𝑡  2    2         ‖  [  (    𝑓  ′   (    𝑢  𝑚   )    )  2   +    𝑓  ‾   (    𝑢  𝑚   )    𝑓  ″   (    𝑢  𝑚   )  ]    𝑢    𝑥  𝑖   𝑚   ‖     𝐿  ∞             ≤      Δ    𝑡  2    2   (    𝛼  1  2   +  2    𝛼  0     𝛼  2   )  ‖    𝑢    𝑥  𝑖   𝑚     ‖    𝐿  ∞    .    


\begin {align}\label {p3:bound2_grad_LRI2} \left \|\partial _{x_i}\left (\frac {\Delta t^2}{2}e^{\Delta t\varepsilon ^2\Delta }\overline {g}(u^m)\right )\right \|_{L^\infty }&=\left \|\frac {\Delta t^2}{2}e^{\Delta t\varepsilon ^2\Delta }(\partial _{x_i}g(u^m))\right \|_{L^\infty }\le \frac {\Delta t^2}{2}\left \|\partial _{x_i}(f'(u^m)\overline {f}(u^m))\right \|_{L^\infty } \notag \\ &=\frac {\Delta t^2}{2}\left \|[(f'(u^m))^2+\overline {f}(u^m)f''(u^m)]u^m_{x_i}\right \|_{L^\infty } \notag \\ &\le \frac {\Delta t^2}{2}(\alpha _1^2+2\alpha _0\alpha _2)\|u^m_{x_i}\|_{L^\infty }.\end {align}


         ‖    𝑢    𝑥  𝑖     𝑚  +  1      ‖    𝐿  ∞    ≤    [  1  +    𝛼  1   Δ  𝑡  +    (      𝛼  1  2   2   +    𝛼  0     𝛼  2   )     Δ    𝑡  2   ]     ‖    𝑢    𝑥  𝑖   𝑚     ‖    𝐿  ∞    .       


\begin {align*}\|u^{m+1}_{x_i}\|_{L^\infty }\le \left [1+\alpha _1\Delta t+\left (\frac {\alpha _1^2}{2}+\alpha _0\alpha _2\right )\Delta t^2\right ]\|u^m_{x_i}\|_{L^\infty }.\end {align*}


     𝑢  1   ,    𝑢  2   ,    𝑣  1   ,    𝑣  2   ∈  𝒞  (    Ω  ‾   ) 


$u_1,u_2,v_1,v_2\in \mathcal {C}(\overline {\Omega })$


   ‖    𝑢  𝑖     ‖    𝐿  ∞    ,  ‖    𝑣  𝑖     ‖    𝐿  ∞    ≤  𝛽 


$\|u_i\|_{L^\infty },\|v_i\|_{L^\infty }\le \beta $


$i=1,2$


       ‖    𝑓  ′   (    𝑢  1   )    𝑣  1   −    𝑓  ′   (    𝑢  2   )    𝑣  2     ‖    𝐿  ∞     


\begin {align}\label {p3:useful} \begin {aligned} \|f'(u_1)v_1-f'(u_2)v_2\|_{L^\infty }&\le \|f'(u_1)(v_1-v_2)\|_{L^\infty }+\|(f'(u_1)-f'(u_2))v_2\|_{L^\infty } \vspace {0.2cm}\\ &\le \alpha _1\|v_1-v_2\|_{L^\infty }+\alpha _2\|v_2\|_{L^\infty }\|u_1-u_2\|_{L^\infty }. \end {aligned}\end {align}


       ‖    𝑢    𝑚  +  1    −    𝑢  𝑚     ‖    𝐿  ∞     


\begin {align}\label {p3:2C+L} \begin {aligned} \|u^{m+1}-u^m\|_{L^\infty }&\le \|u^{m+1}-u(t_{m+1})\|_{L^\infty }+\|u(t_{m+1})-u(t_m)\|_{L^\infty }+\|u(t_m)-u^m\|_{L^\infty } \vspace {0.2cm}\\ &=C\Delta t + L\Delta t + C\Delta t = (2C+L)\Delta t. \end {aligned}\end {align}


$m$


   𝑚  −  1 


$m-1$


           𝑢    𝑥  𝑖     𝑚  +  1    −    𝑢    𝑥  𝑖   𝑚   =    𝑒    Δ  𝑡    𝜀  2   Δ        [    𝑢    𝑥  𝑖   𝑚   −    𝑢    𝑥  𝑖     𝑚  −  1    +  Δ  𝑡  (    𝑓  ′   (    𝑢  𝑚   )    𝑢    𝑥  𝑖   𝑚   −    𝑓  ′   (    𝑢    𝑚  −  1    )    𝑢    𝑥  𝑖     𝑚  −  1    )  ]   .       


\begin {align*}u^{m+1}_{x_i}-u^m_{x_i}=e^{\Delta t\varepsilon ^2\Delta }\left [u^m_{x_i}-u^{m-1}_{x_i}+\Delta t(f'(u^m)u^m_{x_i}-f'(u^{m-1})u^{m-1}_{x_i})\right ].\end {align*}


         ‖    𝑢    𝑥  𝑖     𝑚  +  1    −    𝑢    𝑥  𝑖   𝑚     ‖    𝐿  ∞       ≤  ‖    𝑢    𝑥  𝑖   𝑚   −    𝑢    𝑥  𝑖     𝑚  −  1      ‖    𝐿  ∞    +  Δ  𝑡  ‖    𝑓  ′   (    𝑢  𝑚   )    𝑢    𝑥  𝑖   𝑚   −    𝑓  ′   (    𝑢    𝑚  −  1    )    𝑢    𝑥  𝑖     𝑚  −  1      ‖    𝐿  ∞             ≤  (  1  +    𝛼  1   Δ  𝑡  )  ‖    𝑢    𝑥  𝑖   𝑚   −    𝑢    𝑥  𝑖     𝑚  −  1      ‖    𝐿  ∞    +    𝛼  2     𝑐  9   (  2  𝐶  +  𝐿  )  Δ    𝑡  2   ,    


\begin {align*}\|u^{m+1}_{x_i}-u^m_{x_i}\|_{L^\infty }&\le \|u^m_{x_i}-u^{m-1}_{x_i}\|_{L^\infty }+\Delta t \|f'(u^m)u^m_{x_i}-f'(u^{m-1})u^{m-1}_{x_i}\|_{L^\infty }\\ &\le (1+\alpha _1\Delta t)\|u^m_{x_i}-u^{m-1}_{x_i}\|_{L^\infty }+\alpha _2c_9(2C+L)\Delta t^2,\end {align*}


            ‖    𝑢    𝑥  𝑖     𝑚  +  1    −    𝑢    𝑥  𝑖   𝑚     ‖    𝐿  ∞             =      ‖    𝑒    Δ  𝑡    𝜀  2   Δ    (    𝑢    𝑥  𝑖   𝑚   −    𝑢    𝑥  𝑖     𝑚  −  1    )  +  Δ  𝑡  [    𝑓  ′   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   )    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢    𝑥  𝑖   𝑚   −    𝑓  ′   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢    𝑚  −  1    )    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢    𝑥  𝑖     𝑚  −  1    ]  ‖     𝐿  ∞             ≤      ‖    𝑢    𝑥  𝑖   𝑚   −    𝑢    𝑥  𝑖     𝑚  −  1    ‖     𝐿  ∞    +  Δ  𝑡        ‖    𝑓  ′   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢  𝑚   )    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢    𝑥  𝑖   𝑚   −    𝑓  ′   (    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢    𝑚  −  1    )    𝑒    Δ  𝑡    𝜀  2   Δ      𝑢    𝑥  𝑖     𝑚  −  1    ‖     𝐿  ∞             ≤  (  1  +    𝛼  1   Δ  𝑡  )  ‖    𝑢    𝑥  𝑖   𝑚   −    𝑢    𝑥  𝑖     𝑚  −  1      ‖    𝐿  ∞    +    𝛼  2     𝑐  9   (  2  𝐶  +  𝐿  )  Δ    𝑡  2   ,    


\begin {align*}&\|u^{m+1}_{x_i}-u^m_{x_i}\|_{L^\infty }\\ &=\left \|e^{\Delta t\varepsilon ^2\Delta }(u^m_{x_i}-u^{m-1}_{x_i})+\Delta t[f'(e^{\Delta t\varepsilon ^2\Delta }u^m)e^{\Delta t\varepsilon ^2\Delta }u^m_{x_i}-f'(e^{\Delta t\varepsilon ^2\Delta }u^{m-1})e^{\Delta t\varepsilon ^2\Delta }u^{m-1}_{x_i}]\right \|_{L^\infty }\\ &\le \left \|u^m_{x_i}-u^{m-1}_{x_i}\right \|_{L^\infty }+\Delta t\left \|f'(e^{\Delta t\varepsilon ^2\Delta }u^m)e^{\Delta t\varepsilon ^2\Delta }u^m_{x_i}-f'(e^{\Delta t\varepsilon ^2\Delta }u^{m-1})e^{\Delta t\varepsilon ^2\Delta }u^{m-1}_{x_i}\right \|_{L^\infty }\\ &\le (1+\alpha _1\Delta t)\|u^m_{x_i}-u^{m-1}_{x_i}\|_{L^\infty }+\alpha _2c_9(2C+L)\Delta t^2,\end {align*}


         ‖    𝑢    𝑥  𝑖     𝑚  +  1    −    𝑢    𝑥  𝑖   𝑚     ‖    𝐿  ∞       ≤  (  1  +    𝛼  1   Δ  𝑡  )  ‖    𝑢    𝑥  𝑖   𝑚   −    𝑢    𝑥  𝑖     𝑚  −  1      ‖    𝐿  ∞    +    𝛼  2     𝑐  9   (  2  𝐶  +  𝐿  )  Δ    𝑡  2            +      ‖    𝜕    𝑥  𝑖        (      Δ    𝑡  2    2     𝑒    Δ  𝑡    𝜀  2   Δ      𝑔  ‾   (    𝑢  𝑚   )  )   −    𝜕    𝑥  𝑖        (      Δ    𝑡  2    2     𝑒    Δ  𝑡    𝜀  2   Δ      𝑔  ‾   (    𝑢    𝑚  −  1    )  )   ‖     𝐿  ∞             ≤  (  1  +    𝛼  1   Δ  𝑡  )  ‖    𝑢    𝑥  𝑖   𝑚   −    𝑢    𝑥  𝑖     𝑚  −  1      ‖    𝐿  ∞    +    [    𝛼  2     𝑐  9   (  2  𝐶  +  𝐿  )  +    𝑐  9   (    𝛼  1  2   +  2    𝛼  0     𝛼  2   )  ]     Δ    𝑡  2   ,    


\begin {align*}\|u^{m+1}_{x_i}-u^m_{x_i}\|_{L^\infty }&\le (1+\alpha _1\Delta t)\|u^m_{x_i}-u^{m-1}_{x_i}\|_{L^\infty }+\alpha _2c_9(2C+L)\Delta t^2\\ &+\left \|\partial _{x_i}\left (\frac {\Delta t^2}{2}e^{\Delta t\varepsilon ^2\Delta }\overline {g}(u^m)\right )-\partial _{x_i}\left (\frac {\Delta t^2}{2}e^{\Delta t\varepsilon ^2\Delta }\overline {g}(u^{m-1})\right )\right \|_{L^\infty }\\ &\le (1+\alpha _1\Delta t)\|u^m_{x_i}-u^{m-1}_{x_i}\|_{L^\infty }+\left [\alpha _2c_9(2C+L)+c_9(\alpha _1^2+2\alpha _0\alpha _2)\right ]\Delta t^2,\end {align*}


   𝐸 


$E$


         𝐸  (    𝑢    𝑚  +  1    )  −  𝐸  (    𝑢  𝑚   )  =    ∫  Ω     [      𝜀  2   2   (  |  ∇    𝑢    𝑚  +  1      |  2   −  |  ∇    𝑢  𝑚     |  2   )  +  𝐹  (    𝑢    𝑚  +  1    )  −  𝐹  (    𝑢  𝑚   )  ]       𝑑  𝐱  .       


\begin {align}\label {p3:energy_1} E(u^{m+1})-E(u^m)=\int _{\Omega }\left [\frac {\varepsilon ^2}{2}(|\nabla u^{m+1}|^2-|\nabla u^m|^2)+F(u^{m+1})-F(u^m)\right ]\,d\bm x.\end {align}


     𝐹  ′   =  −  𝑓 


$F'=-f$


   ‖    𝑢    𝑚  +  1    −    𝑢  𝑚     ‖    𝐿  ∞    ≤  (  2  𝐶  +  𝐿  )  Δ  𝑡 


$\|u^{m+1}-u^m\|_{L^\infty }\le (2C+L)\Delta t$


           ∫  Ω   [  𝐹  (    𝑢    𝑚  +  1    )  −  𝐹  (    𝑢  𝑚   )  ]    𝑑  𝐱  ≤    𝛼  0   |  Ω  |  ‖    𝑢    𝑚  +  1    −    𝑢  𝑚     ‖    𝐿  ∞    ≤    𝛼  0   |  Ω  |  (  2  𝐶  +  𝐿  )  Δ  𝑡  .       


\begin {align}\label {p3:energy_2} \int _{\Omega }[F(u^{m+1})-F(u^m)]\,d\bm x\le \alpha _0|\Omega |\|u^{m+1}-u^m\|_{L^\infty }\le \alpha _0|\Omega |(2C+L)\Delta t.\end {align}


           ∫  Ω       𝜀  2   2   (  |  ∇    𝑢    𝑚  +  1      |  2   −  |  ∇    𝑢  𝑚     |  2   )    𝑑  𝐱     =      𝜀  2   2     ∑    𝑖  =  1   𝑑     ∫  Ω   (    𝑢    𝑥  𝑖     𝑚  +  1    −    𝑢    𝑥  𝑖   𝑚   )  (    𝑢    𝑥  𝑖     𝑚  +  1    +    𝑢    𝑥  𝑖   𝑚   )    𝑑  𝐱           ≤      𝜀  2   2     ∑    𝑖  =  1   𝑑     ∫  Ω   ‖    𝑢    𝑥  𝑖     𝑚  +  1    −    𝑢    𝑥  𝑖   𝑚     ‖    𝐿  ∞    (  ‖    𝑢    𝑥  𝑖     𝑚  +  1      ‖    𝐿  ∞    +  ‖    𝑢    𝑥  𝑖   𝑚     ‖    𝐿  ∞    )    𝑑  𝐱           ≤    𝜀  2   𝑑    𝑐  9     𝑐   10    |  Ω  |  Δ  𝑡  .    


\begin {align}\label {p3:energy_3} \int _{\Omega }\frac {\varepsilon ^2}{2}(|\nabla u^{m+1}|^2-|\nabla u^m|^2)\,d\bm x&=\frac {\varepsilon ^2}{2}\sum _{i=1}^d\int _{\Omega }(u^{m+1}_{x_i}-u^m_{x_i})(u^{m+1}_{x_i}+u^m_{x_i})\,d\bm x \notag \\ &\le \frac {\varepsilon ^2}{2}\sum _{i=1}^d\int _{\Omega }\|u^{m+1}_{x_i}-u^m_{x_i}\|_{L^\infty }(\|u^{m+1}_{x_i}\|_{L^\infty }+\|u^m_{x_i}\|_{L^\infty })\,d\bm x \notag \\ &\le \varepsilon ^2dc_9c_{10}|\Omega |\Delta t.\end {align}


         𝐸  (    𝑢    𝑚  +  1    )  −  𝐸  (    𝑢  𝑚   )  ≤    [    𝛼  0   (  2  𝐶  +  𝐿  )  +    𝜀  2   𝑑    𝑐  9     𝑐   10    ]   |  Ω  |  Δ  𝑡  ,       


\begin {align*}E(u^{m+1})-E(u^m)\le \left [\alpha _0(2C+L)+\varepsilon ^2dc_9c_{10}\right ]|\Omega |\Delta t,\end {align*}


          𝜕  𝑡   𝑢  =    𝜀  2   Δ  𝑢  +  𝑓  (  𝑢  )  ,    𝐱  ∈  Ω  ,    𝑡  >  0  , 


\begin {equation}\label {p1:Allen-Cahn} \partial _t u=\varepsilon ^2\Delta u + f(u), \quad \bx \in \Omega , \; t>0,\end {equation}


$\Omega \subset \mathbb {R}^d \, (d=1,2,3)$


   𝑢  ∶    Ω  ‾   ×  [  0  ,  ∞  )  →  ℝ 


$u:\overline {\Omega }\times [0,\infty )\rightarrow \mathbb {R}$


$\varepsilon >0$


$f:\mathbb {R}\rightarrow \mathbb {R}$


$u(\bx ,0)=u_0(\bx )$


   𝐱  ∈    Ω  ‾  


$\bx \in \overline {\Omega }$


$f$


   𝑓  (  𝛽  )  ≤  0  ≤  𝑓  (  −  𝛽  ) 


$f(\beta )\le 0\le f(-\beta )$


$\beta >0$


$f$


$[-\beta ,\beta ]$


      max     𝐱  ∈    Ω  ‾     |    𝑢  0   (  𝐱  )  |  ≤  𝛽    ⟹       max     𝐱  ∈    Ω  ‾     |  𝑢  (  𝐱  ,  𝑡  )  |  ≤  𝛽      for all      𝑡  >  0  , 


\begin {equation*}\max _{\bx \in \overline {\Omega }} \vert u_{0} (\bx ) \vert \leq \beta \quad \Longrightarrow \quad \max _{\bx \in \overline {\Omega }} \vert u (\bx ,t) \vert \leq \beta \quad {\color {black}\text { for all }}\thickspace t >0,\end {equation*}


     𝑑    𝑑  𝑡    𝐸  (  𝑢  (  𝑡  )  )  =  −    ∫  Ω   |    𝜕  𝑡   𝑢  (  𝐱  ,  𝑡  )    |  2     𝑑  𝐱  ≤  0  ,      where      𝐸  (  𝑢  )  =    ∫  Ω     (      𝜀  2   2   |  ∇  𝑢  (  𝐱  )    |  2   +  𝐹  (  𝑢  (  𝐱  )  )  )     𝑑  𝐱  . 


\begin {equation*}\frac {d}{dt} E(u(t)) =-\int _{\Omega }|\partial _tu(\bx ,t)|^{2} \,d\bx \leq 0,\;\text { where }\;E(u)=\int _{\Omega }\left (\frac {\varepsilon ^2}{2}|\nabla u(\bx )|^2+F(u(\bx ))\right )d\bx .\end {equation*}


$\Omega $


     ℝ  𝑑  


$\mathbb {R}^d$


   𝑑  =  1 


$d=1$


   𝑑  =  2 


$d=2$


   𝑑  =  3 


$d=3$


$\Omega $


$h$


   𝑁 


$N$


   𝐮  (  𝑡  )  =  (    𝑢  1   (  𝑡  )  ,    𝑢  2   (  𝑡  )  ,  …  ,    𝑢  𝑁   (  𝑡  )    )  𝑇   , 


\begin {equation*}\bm {u}(t)=(u^1(t),u^2(t),\ldots , u^N(t))^T,\end {equation*}


     𝑢  𝑗   (  𝑡  ) 


$u^j(t)$


   𝑢  (    𝐱  𝑗   ,  𝑡  ) 


$u(\bx _j,t)$


   𝑗  =  1  ,  2  ,  …  ,  𝑁 


$j=1,2,\ldots ,N$


             𝑑  𝐮     𝑑  𝑡    =  𝐀  𝐮  +  𝐟  (  𝐮  )  ,       


\begin {align}\label {p1:semi-discrete} \frac {d\bm u}{dt} = \bA \bm u+\bmf (\bm u),\end {align}


   𝐟  (  𝐮  )  =  (  𝑓  (    𝑢  1   )  ,  𝑓  (    𝑢  2   )  ,  …  ,  𝑓  (    𝑢  𝑁   )    )  𝑇  


$\bmf (\bm u)=(f(u^1),f(u^2),\ldots , f(u^N))^T$


   𝐀  =    𝜀  2     𝐃  ℎ  


$\bA =\varepsilon ^2\bD _h$


     𝐃  ℎ  


$\bD _h$


     𝐃  ℎ   =    𝝀  ℎ  


$\bD _h=\bm \lambda _h$


     𝐃  ℎ   =  𝐈  ⊗    𝝀  ℎ   +    𝝀  ℎ   ⊗  𝐈 


$\bD _h=\bI \otimes \bm \lambda _h + \bm \lambda _h\otimes \bI $


     𝐃  ℎ   =  𝐈  ⊗  𝐈  ⊗    𝝀  ℎ   +  𝐈  ⊗    𝝀  ℎ   ⊗  𝐈  +    𝝀  ℎ   ⊗  𝐈  ⊗  𝐼 


$\bD _h=\bI \otimes \bI \otimes \bm \lambda _h + \bI \otimes \bm \lambda _h \otimes \bI +\bm \lambda _h\otimes \bI \otimes I$


   ⊗ 


$\otimes $


   𝐈 


$\bI $


     𝝀  ℎ  


$\bm \lambda _h$


$N$


     𝝀  ℎ   ∶  =    1    ℎ  2        [            −  2     2     0     …     0        1     −  2     1     …     0        ⋮     ⋱     ⋱     ⋱     ⋮        0     …     1     −  2     1        0     …     0     2     −  2        ]   . 


\begin {equation*}\bm \lambda _h:=\frac {1}{h^2}\begin {bmatrix} -2&2&0&\ldots &0\\ 1&-2&1&\ldots &0\\ \vdots & \ddots & \ddots & \ddots &\vdots \\ 0&\ldots &1& -2 &1\\ 0&\ldots &0&2&-2 \end {bmatrix}.\end {equation*}


     𝐃  ℎ  


$\bD _{h}$


   𝛾  >  0 


$\gamma >0$


   ‖    𝑒    𝛾    𝐃  ℎ       ‖  ∞   ≤  1  , 


$\|e^{\gamma \bD _h}\|_{\infty } \le 1,$


   ‖    𝑒    𝛾  𝐀      ‖  ∞   ≤  1  . 


$\|e^{\gamma \bA }\|_{\infty }\le 1.$


   𝑇  >  0 


$T > 0$


$\beta $


   ‖    𝑢  0     ‖    𝐿  ∞    ≤  𝛽 


$\|u_0\|_{L^{\infty }}\le \beta $


   𝐮  ∈  𝒞  (  [  0  ,  𝑇  ]  ;    ℝ  𝑁   ) 


$\bm u\in \mathcal {C}([0,T];\mathbb {R}^N)$


   ‖  𝐮  (  𝑡  )    ‖  ∞   ≤  𝛽      for all      𝑡  ∈  [  0  ,  𝑇  ]  . 


\begin {equation*}\|\bm u(t)\|_{\infty }\le \beta \quad {\text { for all }}\thickspace t\in [0,T].\end {equation*}


$\beta $


   𝐀  =  (    𝑎    𝑖  𝑗      )    𝑁  ×  𝑁   


$\bA =(a_{ij})_{N\times N}$


        |    𝑎    𝑖  𝑖    |  ≥    ∑    𝑗  =  1  ,  𝑗  ≠  𝑖   𝑁   |    𝑎    𝑖  𝑗    |  ,      𝑎    𝑖  𝑖    <  0  ,      𝑎    𝑖  𝑗    ≥  0    (  𝑗  ≠  𝑖  )  . 


\begin {equation}\label {p1:eq:Acond} \vert a_{ii} \vert \geq \sum _{j=1, j\neq i}^{N} \vert a_{ij}\vert , \quad a_{ii} <0, \quad a_{ij} \geq 0 \; (j \neq i).\end {equation}


   𝐀 


$\bA $


   [  0  ,  𝑇  ]  ∶  0  =    𝑡  0   <    𝑡  1   <  ⋯  <    𝑡  𝑀   =  𝑇 


$[0,T]: 0=t_0<t_1<\cdots < t_M=T$


   Δ  𝑡  =    𝑇  𝑀  


$\Delta t = \frac TM$


         𝐮  (    𝑡    𝑚  +  1    )  =    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )  +    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   +  𝑠  )  )    𝑑  𝑠  ,      𝑚  =  0  ,  1  ,  …  ,  𝑀  −  1  .       


\begin {align}\bm u(t_{m+1})= e^{\Delta t \bA }\bm u(t_m) + \int _0^{\Delta t} e^{(\Delta t -s)\bA } \bmf (\bm u(t_m+s))\,ds,\;\; m=0,1,\ldots ,M-1. \label {p1:exact1}\end {align}


   𝐮  (    𝑡  𝑚   +  𝑠  ) 


$\bm u(t_m+s)$


$s\in [0,\Delta t]$


         𝐮  (    𝑡  𝑚   +  𝑠  )     =    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  +    ∫  0  𝑠     𝑒    (  𝑠  −  𝜎  )  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   +  𝜎  )  )    𝑑  𝜎  .    


\begin {align}\bm u(t_m+s)&= e^{s\bA }\bm u(t_m)+\int _0^s e^{(s-\sigma )\bA } \bmf (\bm u(t_m+\sigma ))\,d\sigma . \label {p1:exact2}\end {align}


$\bm u(t_m+s)$


   𝑔  ∶  ℝ  →  ℝ 


$g:\mathbb {R}\to \mathbb {R}$


   𝐠  ∶    ℝ  𝑁   →    ℝ  𝑁  


$\bm g: \mathbb {R}^{N}\to \mathbb {R}^{N}$


   𝐠  (  𝐯  )  ∶  =  (  𝑔  (    𝑣  1   )  ,  𝑔  (    𝑣  2   )  ,  …  ,  𝑔  (    𝑣  𝑁   )    )  𝑇  


$\bm g(\bm v):=(g(v_1),g(v_2),\ldots ,g(v_N))^T$


   𝐯  =  (    𝑣  1   ,    𝑣  2   ,  …  ,    𝑣  𝑁     )  𝑇   ∈    ℝ  𝑁  


$\bm v=(v_1,v_2,\ldots ,v_N)^T\in \mathbb {R}^N$


   𝑔 


$g$


              𝜕  𝑝   𝐠     𝜕    𝐯  𝑝     (  𝐯  )  ∶  =   diag   (    𝑔    (  𝑝  )    (    𝑣  1   )  ,    𝑔    (  𝑝  )    (    𝑣  2   )  ,  …  ,    𝑔    (  𝑝  )    (    𝑣  𝑁   )  )  ,    𝑝  ∈  ℕ  . 


\begin {equation}\label {p1:eq:deri_notation} \frac {\partial ^p\bm g}{\partial \bm v^p}(\bm v):=\diag (g^{(p)}(v_1),g^{(p)}(v_2),\ldots ,g^{(p)}(v_N)),\quad p\in \mathbb {N}.\end {equation}


   𝑝  =  1 


$p=1$


$\bm g$


   ⊙ 


$\odot $


     𝐯    ⊙  2    ∶  =  (    𝑣  1  2   ,    𝑣  2  2   ,  …  ,    𝑣  𝑁  2     )  𝑇  


$\bm v^{\odot 2}:=(v_1^2,v_2^2,\ldots ,v_N^2)^T$


   𝐮  ⊙  𝐯  ∶  =  (    𝑢  1     𝑣  1   ,    𝑢  2     𝑣  2   ,  …  ,    𝑢  𝑁     𝑣  𝑁     )  𝑇   . 


$\bm u \odot \bm v:=(u_{1}v_1,u_{2}v_2,\ldots ,u_{N}v_N)^T.$


     𝐔  0   =  𝐮  (  0  ) 


$\bm U_{0} = \bm u(0)$


$\bm u(t_m+s)$


     𝑒    𝑠  𝐀      𝐔  𝑚  


$e^{s\bA }\bm U_m$


$m=0,1,\ldots ,M-1$


           𝐔    𝑚  +  1       =    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   +    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (    𝑒    𝑠  𝐀      𝐔  𝑚   )    𝑑  𝑠  =    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   +    ∫  0    Δ  𝑡    𝐠  (  𝑠  )    𝑑  𝑠  ,    


\begin {align}\bm U_{m+1}&=e^{\Delta t \bA } \bm U_m + \int _0^{\Delta t} e^{(\Delta t -s)\bA } \bmf (e^{s\bA }\bm U_m)\,ds =e^{\Delta t \bA } \bm U_m + \int _0^{\Delta t} \bm g(s)\,ds, \label {p1:1stscheme}\end {align}


   𝐠  (  𝑠  )  =    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (    𝑒    𝑠  𝐀      𝐔  𝑚   ) 


$\bm g(s)=e^{(\Delta t -s)\bA } \bmf (e^{s\bA }\bm U_m)$


   𝐠  (  𝑠  ) 


$\bm g(s)$


   [  0  ,  Δ  𝑡  ] 


$[0,\Delta t]$


   𝐠  (  0  ) 


$\bm g(0)$


           𝐔    𝑚  +  1    =    𝑒    Δ  𝑡  𝐀    (    𝐔  𝑚   +  Δ  𝑡  𝐟  (    𝐔  𝑚   )  )  .       


\begin {align}\label {p1:LRI1a} \bm U_{m+1}=e^{\Delta t \bA }(\bm U_m+\Delta t\bmf (\bm U_m)).\end {align}


$\bm g(s)$


$[0,\Delta t]$


   𝐠  (  Δ  𝑡  ) 


$\bm g(\Delta t)$


           𝐔    𝑚  +  1    =    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   +  Δ  𝑡  𝐟  (    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   )  .       


\begin {align}\label {p1:LRI1b} \bm U_{m+1}=e^{\Delta t\bA } \bm U_m + \Delta t \bmf (e^{\Delta t\bA } \bm U_m).\end {align}


$\bm u(t_m+s)$


     𝑒    𝑠  𝐀      𝐔  𝑚   +  𝑠  𝐟  (    𝐔  𝑚   ) 


$e^{s\bA }\bm U_m+s\bmf (\bm U_m)$


$m=0,1,\ldots ,M-1$


     𝐔    𝑚  +  1    =    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   +    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (    𝑒    𝑠  𝐀      𝐔  𝑚   +  𝑠  𝐟  (    𝐔  𝑚   )  )    𝑑  𝑠  . 


\begin {equation*}\bm U_{m+1}= e^{\Delta t \bA }\bm U_m + \int _0^{\Delta t} e^{(\Delta t -s)\bA } \bmf (e^{s\bA }\bm U_m+s\bmf (\bm U_m))\,ds.\end {equation*}


   𝐟  (    𝑒    𝑠  𝐀      𝐔  𝑚   +  𝑠  𝐟  (    𝐔  𝑚   )  ) 


$\bmf (e^{s\bA }\bm U_m+s\bmf (\bm U_m))$


   𝐟  (    𝑒    𝑠  𝐀      𝐔  𝑚   )  +  𝑠      𝜕  𝐟     𝜕  𝐮    (    𝑒    𝑠  𝐀      𝐔  𝑚   )  𝐟  (    𝐔  𝑚   ) 


$\bmf (e^{s\bA }\bm U_m)+s\frac {\partial \bmf }{\partial \bm u}(e^{s\bA }\bm U_m)\bmf (\bm U_m)$


           𝐔    𝑚  +  1    =    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   +    ∫  0    Δ  𝑡    𝐠  (  𝑠  )    𝑑  𝑠  +    ∫  0    Δ  𝑡    𝑠    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀        𝜕  𝐟     𝜕  𝐮    (    𝑒    𝑠  𝐀      𝐔  𝑚   )  𝐟  (    𝐔  𝑚   )    𝑑  𝑠  .       


\begin {align*}\bm U_{m+1}=e^{\Delta t\bA }\bm U_m + \int _0^{\Delta t}\bm g(s)\,ds + \int _0^{\Delta t}se^{(\Delta t -s)\bA }\frac {\partial \bmf }{\partial \bm u}(e^{s\bA }\bm U_m)\bmf (\bm U_m)\,ds.\end {align*}


     ∫  0    Δ  𝑡    𝐠  (  𝑠  )    𝑑  𝑠 


$\int _0^{\Delta t}\bm g(s)\,ds$


     𝑒    (  Δ  𝑡  −  𝑠  )  𝐀        𝜕  𝐟     𝜕  𝐮    (    𝑒    𝑠  𝐀      𝐔  𝑚   )  𝐟  (    𝐔  𝑚   ) 


$e^{(\Delta t -s)\bA }\frac {\partial \bmf }{\partial \bm u}(e^{s\bA }\bm U_m)\bmf (\bm U_m)$


     𝑒    Δ  𝑡  𝐀        𝜕  𝐟     𝜕  𝐮    (    𝐔  𝑚   )  𝐟  (    𝐔  𝑚   ) 


$e^{\Delta t \bA }\frac {\partial \bmf }{\partial \bm u}(\bm U_m)\bmf (\bm U_m)$


           𝐔    𝑚  +  1    =    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   +      Δ  𝑡   2       [    𝑒    Δ  𝑡  𝐀    𝐟  (    𝐔  𝑚   )  +  𝐟  (    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   )  ]   +      Δ    𝑡  2    2     𝑒    Δ  𝑡  𝐀        𝜕  𝐟     𝜕  𝐮    (    𝐔  𝑚   )  𝐟  (    𝐔  𝑚   )  .       


\begin {align}\label {p1:LRI2a} \bm U_{m+1} = e^{\Delta t\bA } \bm U_m +\frac {\Delta t}{2}\left [e^{\Delta t\bA } \bmf (\bm U_m)+\bmf (e^{\Delta t\bA } \bm U_m)\right ] +\frac {\Delta t^2}{2}e^{\Delta t\bA } \frac {\partial \bmf }{\partial \bm u}(\bm U_m) \bmf (\bm U_m). \vspace {-0.2cm}\end {align}


      min     |  𝑥  |  ≤  𝛽        𝑓  ′   (  𝑥  )  <  0 


$\min \limits _{ |x|\le \beta } f'(x)<0$


     𝜔  0   ∶  =  −    1       min     |  𝑥  |  ≤  𝛽        𝑓  ′   (  𝑥  )    >  0 


$\omega _0:=-\frac {1}{\min \limits _{ |x|\le \beta } f'(x)}>0$


   |  𝑥  +  𝜔  𝑓  (  𝑥  )  |  ≤  𝛽      for all      𝑥  ∈  [  −  𝛽  ,  𝛽  ]        and       𝜔  ∈  (  0  ,    𝜔  0   ]  . 


\begin {equation*}|x+\omega f(x)|\le \beta \quad {\text { for all }}\thickspace x\in [-\beta ,\beta ]{\thickspace \text { and }} \thickspace \omega \in (0,\omega _0].\end {equation*}


     𝑓  0   (  𝑥  )  =  𝑥  +  𝜔  𝑓  (  𝑥  ) 


$f_0(x)=x+\omega f(x)$


     𝑓  0  ′   (  𝑥  )  =  1  +  𝜔    𝑓  ′   (  𝑥  )  ≥  0 


$f_0'(x)=1+\omega f'(x)\ge 0$


   𝜔  ∈  (  0  ,    𝜔  0   ] 


$\omega \in (0,\omega _0]$


   𝑥  ∈  [  −  𝛽  ,  𝛽  ]  . 


$x\in [-\beta ,\beta ].$


$f(\beta )\le 0\le f(-\beta )$


   −  𝛽  ≤    𝑓  0   (  −  𝛽  )  ≤    𝑓  0   (  𝑥  )  ≤    𝑓  0   (  𝛽  )  ≤  𝛽      for all      𝑥  ∈  [  −  𝛽  ,  𝛽  ]  , 


\begin {equation*}-\beta \le f_0(-\beta )\le f_0(x)\le f_0(\beta )\le \beta \quad {\text { for all }}\thickspace x\in [-\beta ,\beta ],\end {equation*}


$\|u_0\|_{L^{\infty }}\le \beta $


   {    𝐔  𝑚   } 


$\{\bm U_m\}$


$\beta $


   ‖    𝐔  𝑚     ‖  ∞   ≤  𝛽  ,    𝑚  =  0  ,  1  ,  …  ,  𝑀  , 


\begin {equation*}\|\bm U_m\|_{\infty }\le \beta , \quad m=0,1,\ldots ,M,\end {equation*}


   0  <  Δ  𝑡  ≤    𝜔  0   . 


$0<\Delta t\le \omega _0.$


   ‖    𝐔  𝑚     ‖  ∞   ≤  𝛽 


$\|\bm U_m\|_{\infty }\le \beta $


   ‖    𝐔    𝑚  +  1      ‖  ∞   ≤    𝛽 


$\|\bm U_{m+1}\|_{\infty }\le ~\beta $


   ‖    𝐔    𝑚  +  1      ‖  ∞   ≤  ‖    𝑒    Δ  𝑡  𝐀      ‖  ∞   ‖    𝐔  𝑚   +  Δ  𝑡  𝐟  (    𝐔  𝑚   )    ‖  ∞   ≤  𝛽      for all      Δ  𝑡  ∈  (  0  ,    𝜔  0   ]  . 


\begin {equation*}\|\bm U_{m+1}\|_{\infty }\le \|e^{\Delta t \bA }\|_{\infty }\|\bm U_m+ \Delta t \bmf (\bm U_m)\|_{\infty }\le \beta \quad {\text { for all }}\thickspace \Delta t \in (0,\omega _0].\end {equation*}


   ‖    𝑒    Δ  𝑡  𝐀      𝐔  𝑚     ‖  ∞   ≤  𝛽 


$\|e^{\Delta t \bA }\bm U_m\|_{\infty }\le \beta $


   ‖    𝐔    𝑚  +  1      ‖  ∞   =  ‖    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   +  Δ  𝑡  𝐟  (    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   )    ‖  ∞   ≤  𝛽      for all      Δ  𝑡  ∈  (  0  ,    𝜔  0   ]  . 


\begin {equation*}\|\bm U_{m+1}\|_{\infty }=\|e^{\Delta t\bA } \bm U_m + \Delta t \bmf (e^{\Delta t\bA } \bm U_m)\|_{\infty }\le \beta \quad {\text { for all }}\thickspace \Delta t\in (0,\omega _0].\end {equation*}


$f$


$f$


$[-\beta ,\beta ].$


     𝜔  1   ∶  =  −     min     |  𝑥  |  ≤  𝛽    [    𝑓  ″   (  𝑥  )  𝑓  (  𝑥  )  ]  . 


\begin {equation*}\omega _1:=-\min _{|x|\le \beta }[f''(x)f(x)].\end {equation*}


$f$


$\|u_0\|_{L^{\infty }}\le \beta $


$\{\bm U_m\}$


$\beta $


   ‖    𝐔  𝑚     ‖  ∞   ≤  𝛽  ,      𝑚  =  0  ,  1  ,  …  ,  𝑀  , 


\begin {equation*}\|\bm U_m\|_{\infty }\le \beta , \quad \thickspace m=0,1,\ldots ,M,\end {equation*}


   0  <  Δ  𝑡  ≤    𝛿  0     𝜔  0  


$0<\Delta t \le \delta _0\omega _0$


     𝛿  0  


$\delta _0$


     𝛿  0   =    {           min   {  1  ,  𝛿  }  ,      if      𝜔  1   >  0  ,        1  ,      if      𝜔  1   ≤  0  ,        


\begin {equation*}\delta _0=\left \{ \begin {array}{cl} \min \{1,\delta \}, & \text {if } \omega _1>0,\\ 1, & \text {if } \omega _1\le 0, \end {array}\right .\end {equation*}


   𝛿  =      −  1  +      1  +  7    𝜔  0  2     𝜔  1        2    𝜔  0  2     𝜔  1    


$\delta =\frac {-1+\sqrt {1+7\omega _0^2\omega _1}}{2\omega _0^2\omega _1}$


     𝜔  1   >  0 


$\omega _1>0$


$\|\bm U_m\|_{\infty }\le \beta $


   ‖    𝐔    𝑚  +  1      ‖  ∞   ≤  𝛽  . 


$\|\bm U_{m+1}\|_{\infty }\le \beta .$


     𝛿  1   ∈  (  0  ,  2  ) 


$\delta _1\in (0,2)$


            ‖    𝐔    𝑚  +  1      ‖  ∞            ≤      ‖      𝛿  1   2     𝑒    Δ  𝑡  𝐀      𝐔  𝑚   +      Δ  𝑡   2   𝐟  (    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   )  ‖   ∞   +      ‖      2  −    𝛿  1    2     𝐞    Δ  𝑡  𝐀      𝑈  𝑚   +      Δ  𝑡   2     𝑒    Δ  𝑡  𝐀    𝐟  (    𝐔  𝑚   )  +      Δ    𝑡  2    2     𝑒    Δ  𝑡  𝐀        𝜕  𝐟     𝜕  𝐮    (    𝐔  𝑚   )  𝐟  (    𝐔  𝑚   )  ‖   ∞            ≤      𝛿  1   2         ‖    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   +      Δ  𝑡     𝛿  1    𝐟  (    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   )  ‖   ∞   +    1  2         ‖  (  2  −    𝛿  1   )    𝐔  𝑚   +  Δ  𝑡  𝐟  (    𝐔  𝑚   )  +  Δ    𝑡  2       𝜕  𝐟     𝜕  𝐮    (    𝐔  𝑚   )  𝐟  (    𝐔  𝑚   )  ‖   ∞   .    


\begin {align*}&\|\bm U_{m+1}\|_{\infty }\\ &\le \left \|\frac {\delta _1}{2} e^{\Delta t \bA }\bm U_m +\frac {\Delta t}{2}\bmf (e^{\Delta t \bA }\bm U_m)\right \|_{\infty } +\left \|\frac {2-\delta _1}{2}\bm e^{\Delta t \bA }U_m +\frac {\Delta t}{2}e^{\Delta t \bA }\bmf (\bm U_m)+\frac {\Delta t^2}{2}e^{\Delta t \bA }\frac {\partial \bmf }{\partial \bm u}(\bm U_m)\bmf (\bm U_m)\right \|_{\infty } \\ &\le \frac {\delta _1}{2}\left \|e^{\Delta t \bA }\bm U_m+\frac {\Delta t}{\delta _1}\bmf (e^{\Delta t \bA }\bm U_m)\right \|_{\infty }+\frac 12 \left \|(2-\delta _1)\bm U_m +\Delta t\bmf (\bm U_m)+\Delta t^2 \frac {\partial \bmf }{\partial \bm u}(\bm U_m)\bmf (\bm U_m)\right \|_{\infty }.\end {align*}


$\|e^{\Delta t \bA }\bm U_m\|_{\infty }\le \beta $


       Δ  𝑡     𝛿  1    ∈  (  0  ,    𝜔  0   ] 


$\frac {\Delta t}{\delta _1}\in (0,\omega _0]$


   Δ  𝑡  ∈  (  0  ,    𝛿  1     𝜔  0   ] 


$\Delta t\in (0,\delta _1\omega _0]$


       ‖    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   +      Δ  𝑡     𝛿  1    𝐟  (    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   )  ‖   ∞   ≤  𝛽  . 


\begin {equation*}\left \|e^{\Delta t \bA }\bm U_m+\frac {\Delta t}{\delta _1}\bmf (e^{\Delta t \bA }\bm U_m)\right \|_{\infty }\le \beta .\end {equation*}


   𝐾  (  𝑥  )  =  (  2  −    𝛿  1   )  𝑥  +  Δ  𝑡  𝑓  (  𝑥  )  +  Δ    𝑡  2     𝑓  ′   (  𝑥  )  𝑓  (  𝑥  ) 


$K(x)=(2-\delta _1)x + \Delta t f(x) + \Delta t^2 f'(x)f(x)$


$x\in [-\beta ,\beta ].$


   𝐾  (  𝑥  ) 


$K(x)$


   𝐾  (  𝑥  )  =  (  2  −    𝛿  1   )  𝑥  +  (  1  +  Δ  𝑡    𝑓  ′   (  𝑥  )  )  Δ  𝑡  𝑓  (  𝑥  )  . 


\begin {equation*}K(x)=(2-\delta _1)x + (1+\Delta tf'(x))\Delta t f(x).\end {equation*}


   Δ  𝑡  ∈  (  0  ,    𝜔  0   ] 


$\Delta t\in (0,\omega _0]$


     𝑓  0  ′   (  𝑥  ) 


$f_0'(x)$


         −  (  2  −    𝛿  1   )  𝛽  ≤  𝐾  (  −  𝛽  )  ,      and      𝐾  (  𝛽  )  ≤  (  2  −    𝛿  1   )  𝛽  .       


\begin {align}\label {p1:K function} -(2-\delta _1)\beta \le K(-\beta ), \; \text { and } \; K(\beta )\le (2-\delta _1)\beta .\end {align}


           𝐾  ′   (  𝑥  )     =  2  −    𝛿  1   +  Δ  𝑡    𝑓  ′   (  𝑥  )  +  Δ    𝑡  2   [    𝑓  ′   (  𝑥  )    ]  2   +  Δ    𝑡  2     𝑓  ″   (  𝑥  )  𝑓  (  𝑥  )           =      (    1  2   +  Δ  𝑡    𝑓  ′   (  𝑥  )  )   2   +    7  4   −    𝛿  1   +  Δ    𝑡  2     𝑓  ″   (  𝑥  )  𝑓  (  𝑥  )           ≥    7  4   −    𝛿  1   −  Δ    𝑡  2     𝜔  1       for all      𝑥  ∈  [  −  𝛽  ,  𝛽  ]  .    


\begin {align*}K'(x)&=2-\delta _1 + \Delta t f'(x) + \Delta t^2 [f'(x)]^2 + \Delta t^2 f''(x)f(x) \\ &=\left (\frac 12 +\Delta t f'(x)\right )^2 + \frac 74-\delta _1+\Delta t^2 f''(x)f(x)\\ &\ge \frac 74 -\delta _1 - \Delta t^2 \omega _1 \quad {\text { for all }}\thickspace x\in [-\beta ,\beta ].\end {align*}


     𝛿  1   <    7  4  


$\delta _1< \frac 74$


   Δ  𝑡  ≤        1    𝜔  1        (    7  4   −    𝛿  1   )    


$\Delta t\le \sqrt {\frac {1}{\omega _1}\left (\frac 74-\delta _1\right )}$


$\omega _1>0$


     𝐾  ′   (  𝑥  )  ≥  0      for all      𝑥  ∈  [  −  𝛽  ,  𝛽  ]  . 


\begin {equation*}K'(x)\ge 0\quad \text { for all }\thickspace x\in [-\beta ,\beta ].\end {equation*}


$K$


$[-\beta ,\beta ]$


   |  𝐾  (  𝑥  )  |  ≤  (  2  −    𝛿  1   )  𝛽      for all      𝑥  ∈  [  −  𝛽  ,  𝛽  ]  . 


\begin {equation*}|K(x)|\le (2-\delta _1)\beta \quad {\text { for all }}\thickspace x\in [-\beta ,\beta ].\end {equation*}


         ‖    𝐔    𝑚  +  1      ‖  ∞   ≤      𝛿  1   2   𝛽  +      2  −    𝛿  1    2   𝛽  =  𝛽  ,       


\begin {align}\label {p1:MBP2_con} \|\bm U_{m+1}\|_{\infty }\le \frac {\delta _1}{2}\beta + \frac {2-\delta _1}{2}\beta =\beta ,\end {align}


           𝛿  1      ∈    (  0  ,    7  4   )   ,    Δ  𝑡  ∈  (  0  ,    𝛿  1     𝜔  0   ]  ,    Δ  𝑡  ∈  (  0  ,    𝜔  0   ]  ,        Δ  𝑡     ≤        1    𝜔  1        (    7  4   −    𝛿  1   )         if        𝜔  1   >  0  .    


\begin {align*}\delta _1&\in \left (0,\frac 74\right ),\quad \Delta t\in (0,\delta _1\omega _0],\quad \Delta t \in (0,\omega _0],\\ \Delta t&\le \sqrt {\frac {1}{\omega _1}\left (\frac 74-\delta _1\right )}\;\text { if } \;\omega _1>0.\end {align*}


     𝜔  1   ≤  0 


$\omega _1\le 0$


     𝛿  1   =  1 


$\delta _1=1$


$\Delta t\in (0,\omega _0]$


$\omega _1>0$


$\Delta t$


   0  <  Δ  𝑡  ≤   min       {    𝜔  0   ,    𝛿  1     𝜔  0   ,        1    𝜔  1        (    7  4   −    𝛿  1   )     }   ,      𝛿  1   ∈    (  0  ,    7  4   )   , 


\begin {equation*}0<\Delta t\le \min \left \{\omega _0,\delta _1\omega _0,\sqrt {\frac {1}{\omega _1}\left (\frac 74-\delta _1\right )}\right \},\quad \delta _1\in \left (0,\frac 74\right ),\end {equation*}


   0  <  Δ  𝑡  ≤    𝜔  0      min       {  1  ,    𝛿  1   ,        1      𝜔  0  2     𝜔  1         (    7  4   −    𝛿  1   )     }   . 


\begin {equation*}0<\Delta t\le \omega _0\min \left \{1,\delta _1,\sqrt {\frac {1}{\omega _0^2\omega _1}\left (\frac 74-\delta _1\right )}\right \}.\end {equation*}


     𝛿  1  


$\delta _1$


     𝛿  1   =  𝛿 


$\delta _1=\delta $


   𝛿  =        1      𝜔  0  2     𝜔  1         (    7  4   −  𝛿  )     ,        𝛿  ∈    (  0  ,    7  4   )   . 


\begin {equation*}\delta =\sqrt {\frac {1}{\omega _0^2\omega _1}\left (\frac 74-\delta \right )},\:\:\: \delta \in \left (0,\frac 74\right ).\end {equation*}


   0  <  Δ  𝑡  ≤    𝜔  0      min   {  1  ,  𝛿  } 


$0<\Delta t\le \omega _0\min \{1,\delta \}$


$\omega _1>0$


   Δ  𝑡  ∈  (  0  ,    𝛿  0     𝜔  0   ] 


$\Delta t\in (0,\delta _0\omega _0]$


$f$


   𝑓  (  −  𝛽  )  =  𝑓  (  𝛽  )  =  0 


$f(-\beta )=f(\beta )=0$


$\beta >0$


   0  <  Δ  𝑡  ≤    𝜔  0  


$0<\Delta t\le \omega _0$


$\omega _1>0$


$\delta $


$\Delta t$


   0  <  Δ  𝑡  ≤  𝛿    𝜔  0   . 


$0<\Delta t \le \delta \omega _0.$


$F(u)=\frac 14(u^2-1)^2$


   𝑓  (  𝑢  )  =  𝑢  −    𝑢  3  


$f(u)=u-u^3$


   𝑓  (  −  1  )  =  𝑓  (  1  )  =  0 


$f(-1)=f(1)=0$


   𝛽  =  1 


$\beta =1$


     𝜔  0   =    1  2   ,      𝜔  1   =    3  2   ,    𝛿  =      −  4  +     58     3   ≈    6  5   . 


\begin {equation*}\omega _0=\frac 12, \quad \omega _1=\frac 32, \quad \delta =\frac {-4+\sqrt {58}}{3}\approx \frac 65.\end {equation*}


   0  <  Δ  𝑡  ≤    1  2  


$0<\Delta t \le \frac 12$


   0  <  Δ  𝑡  ≤    3  5  


$0<\Delta t\le \frac 35$


   𝐹  (  𝑢  )  =    𝜃  2   [  (  1  +  𝑢  )   ln   (  1  +  𝑢  )  +  (  1  −  𝑢  )   ln   (  1  −  𝑢  )  ]  −      𝜃  𝑐   2     𝑢  2   , 


$F(u)=\frac {\theta }{2}[(1+u)\ln (1+u)+(1-u)\ln (1-u)]-\frac {\theta _c}{2}u^2,$


$0<\theta <\theta _c$


   𝑓  (  𝑢  )  =  −    𝐹  ′   (  𝑢  ) 


$f(u)=-F'(u)$


   𝑓  (  𝑢  )  =    𝜃  2      ln         1  −  𝑢     1  +  𝑢    +    𝜃  𝑐   𝑢  . 


$f(u)=\frac {\theta }{2}\ln \frac {1-u}{1+u}+\theta _cu.$


$\theta =0.8$


$\theta _c=1.6$


   𝛽  ≈  0  .   9575  


$\beta \approx 0.9575$


$f(-\beta )=f(\beta )=0$


           𝜔  0   =      1  −    𝛽  2      𝜃  −    𝜃  𝑐   (  1  −    𝛽  2   )    ≈  0  .   1247   ,      𝜔  1   ≈  −  𝑓  (  0  .   932   )    𝑓  ″   (  0  .   932   )  ≈   13   .   1739   ,    𝛿  ≈  1  .   367   .       


\begin {align*}\omega _0=\frac {1-\beta ^2}{\theta -\theta _c(1-\beta ^2)}\approx 0.1247,\quad \omega _1\approx - f(0.932)f''(0.932)\approx 13.1739,\quad \delta \approx 1.367.\end {align*}


$\Delta t$


   0  <  Δ  𝑡  ≤  0  .   1247  


$0<\Delta t\le 0.1247$


   0  <  Δ  𝑡  ≤  0  .   1705  


$0<\Delta t\le 0.1705$


$\varepsilon $


   Ω  =  (  −  0  .  5  ,  0  .  5    )  2  


$\Omega =(-0.5,0.5)^{2}$


   𝑓  (  𝑢  )  =  𝑢  −    𝑢  3  


$f(u)=u-u^{3}$


          𝑢  0   (  𝑥  ,  𝑦  )  =    1  2       (  1  −   tanh       (    𝑥    2    2   𝜀    )   )   ,    (  𝑥  ,  𝑦  )  ∈    Ω  ‾   , 


\begin {equation}\label {p1:test1:ic} u_{0}(x,y)=\frac {1}{2}\left (1-\tanh \left (\frac {x}{2\sqrt {2}\varepsilon }\right )\right ), \; (x,y) \in \overline {\Omega },\end {equation}


        𝑢  (  𝑥  ,  𝑦  ,  𝑡  )  =    1  2       (  1  −   tanh       (      𝑥  −  𝑠  𝑡     2    2   𝜀    )   )   ,    (  𝑥  ,  𝑦  )  ∈    Ω  ‾   , 


\begin {equation}\label {p1:test1:wavesoln} u(x,y,t)=\frac {1}{2}\left (1-\tanh \left (\frac {x-st}{2\sqrt {2}\varepsilon }\right )\right ), \; (x,y) \in \overline {\Omega },\end {equation}


       (  )   


$s=\sfrac {3\varepsilon }{\sqrt {2}}$


   𝜕  Ω 


$\partial \Omega $


   𝜀  ≪  1 


$\varepsilon \ll 1$


     Ω  ‾   ×  [  0  ,  𝑇  ] 


$\overline {\Omega } \times [0,T]$


   𝜀  ∈    {  0  .   02   ,  0  .   01   ,  0  .   005   }  


$\varepsilon \in \left \{0.02, 0.01, 0.005\right \}$


       (  )   


$T=\sfrac {1}{4s}$


$h=1/2048$


$L^{2}$


$L^{\infty }$


   𝑡  =  𝑇 


$t=T$


$L^{2}$


$L^{\infty }$


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\varepsilon =0.02$


$\Delta t$


$\varepsilon $


   𝜀  =  0  .   005  


$\varepsilon =0.005$


$\Delta t$


$\varepsilon $


$\varepsilon $


$h=1/2048$


$\varepsilon $


$\varepsilon =0.01$


   𝑓  (  𝑢  ) 


$f(u)$


        𝑓  (  𝑢  )  =    𝑓  1   (  𝑢  )  =  𝑢  −    𝑢  3   ,     or     𝑓  (  𝑢  )  =    𝑓  2   (  𝑢  )  =    𝜃  2    ln       1  −  𝑢     1  +  𝑢    +    𝜃  𝑐   𝑢  , 


\begin {equation}\label {p1:eq:nonlinfu} f(u)=f_{1}(u)=u-u^{3}, \quad \text {or} \quad f(u)=f_{2}(u)=\frac {\theta }{2} \text {ln}\frac {1-u}{1+u} + \theta _{c} u,\end {equation}


$\theta =0.8$


     𝜃  𝑐   =  1  .  6 


$\theta _{c}=1.6$


$\varepsilon =0.01$


   ℎ  =  1  /   1024  


$h=1/1024$


   𝑓  =    𝑓  1  


$f=f_{1}$


$-1$


$1$


   Δ  𝑡  =  0  .  5 


$\Delta t= 0.5$


   Δ  𝑡  =  0  .  6 


$\Delta t=0.6$


$1$


   𝑡  =  5  ,   10   ,   20   ,   40   ,   80   , 


$t=5, 10, 20,40,80,$


    120  


$120$


$\Delta t=0.1$


   Δ  𝑡  =  0  .   05  


$\Delta t=0.05$


   𝑓  =    𝑓  2  


$f=f_{2}$


$-0.9$


$0.9$


   Δ  𝑡  =  0  .   12  


$\Delta t= 0.12$


   Δ  𝑡  =  0  .   17  


$\Delta t=0.17$


$\beta \approx 0.9575$


     𝐸  ℎ  


$E_h$


           𝐸  ℎ   (  𝐔  )  =    ∑    𝑖  =  1   𝑁   𝐹  (    𝑈  𝑖   )  −      𝜀  2   2     𝐔  𝑇     𝐃  ℎ   𝐔      for all      𝐔  =  (    𝑈  1   ,    𝑈  2   ,  …  ,    𝑈  𝑁     )  𝑇   ∈    ℝ  𝑁   ,       


\begin {align}{\label {p1:discrete_energy}} E_h(\bm U)=\sum _{i=1}^N F(U^i) - \frac {\varepsilon ^2}{2}\bm U^T\bD _h \bm U \quad {\text { for all }} \thickspace \bm U=(U^1, U^2,\ldots , U^N)^T\in \mathbb {R}^N,\end {align}


   𝐹 


$F$


     𝐹  0   =     max     |  𝑥  |  ≤  𝛽    |  𝑓  (  𝑥  )  | 


$F_0=\max \limits _{|x|\le \beta }|f(x)|$


     𝐹  1   =     max     |  𝑥  |  ≤  𝛽    |    𝑓  ′   (  𝑥  )  | 


$F_1= \max \limits _{|x|\le \beta }|f'(x)|$


$\|\bm U_m\|_{\infty }\le \beta $


   𝑚  =  0  ,  1  ,  …  ,  𝑀 


$m=0,1, \hdots , M$


   𝐖 


$\bW $


     ℝ  𝑁  


$\mathbb {R}^N$


   ‖  𝐖    ‖  ∞   ≤    𝐹  0  


$\|\bW \|_{\infty }\le F_0$


     𝐸  ℎ   (    𝐔    𝑚  +  1    )  −    𝐸  ℎ   (    𝐔  𝑚   )  ≤  (    𝐔    𝑚  +  1    −    𝐔  𝑚     )  𝑇   (  𝐖  −  𝐀    𝐔    𝑚  +  1    )  , 


\begin {equation*}E_h(\bm U_{m+1})-E_h(\bm U_m)\le (\bm U_{m+1}-\bm U_m)^T(\bW - \bA \bm U_{m+1}),\end {equation*}


   𝑚  =  0  ,  1  ,  …  ,  𝑀  −  1 


$m=0,1, \hdots , M-1$


          𝐸  ℎ   (    𝐔    𝑚  +  1    )  −    𝐸  ℎ   (    𝐔  𝑚   )  =    ∑    𝑖  =  1   𝑁   [  𝐹  (    𝑈    𝑚  +  1   𝑖   )  −  𝐹  (    𝑈  𝑚  𝑖   )  ]  −      𝜀  2   2   (    𝐔    𝑚  +  1   𝑇     𝐃  ℎ     𝐔    𝑚  +  1    −    𝐔  𝑚  𝑇     𝐃  ℎ     𝐔  𝑚   )  . 


\begin {equation}\label {p1:energy1} E_h(\bm U_{m+1})-E_h(\bm U_m)=\sum _{i=1}^N [F(U^i_{m+1})-F(U^i_{m})] -\frac {\varepsilon ^2}{2}(\bm U_{m+1}^T\bD _h\bm U_{m+1}-\bm U_{m}^T\bD _h\bm U_{m}).\end {equation}


$\|\bm U_m\|_{\infty }\le \beta $


$m=0,1,\ldots ,M$


     𝛾  1   ,    𝛾  2   ,  …  ,    𝛾  𝑁  


$\gamma _1,\gamma _2,\ldots ,\gamma _N$


   |    𝛾  𝑖   |  ≤  𝛽 


$|\gamma _i|\le \beta $


   𝑖  =  1  ,  2  ,  …  ,  𝑁 


$i=1,2,\ldots ,N$


         𝐹  (    𝑈    𝑚  +  1   𝑖   )  −  𝐹  (    𝑈  𝑚  𝑖   )  =  (    𝑈    𝑚  +  1   𝑖   −    𝑈  𝑚  𝑖   )    𝐹  ′   (    𝛾  𝑖   )  =  −  (    𝑈    𝑚  +  1   𝑖   −    𝑈  𝑚  𝑖   )  𝑓  (    𝛾  𝑖   )  ,    𝑖  =  1  ,  2  ,  …  ,  𝑁  .       


\begin {align*}F(U^i_{m+1})-F(U^i_{m})=(U^i_{m+1}-U^i_{m})F'(\gamma _i)=-(U^i_{m+1}-U^i_{m})f(\gamma _i), \quad i=1,2,\ldots ,N.\end {align*}


   𝐖  ∶  =  −  [  𝑓  (    𝛾  1   )  ,  𝑓  (    𝛾  2   )  ,  …  ,  𝑓  (    𝛾  𝑁   )    ]  𝑇  


$\bW :=-[f(\gamma _1),f(\gamma _2),\ldots ,f(\gamma _N)]^T$


$\|\bW \|_{\infty }\le F_0$


           ∑    𝑖  =  1   𝑁      [  𝐹  (    𝑈    𝑚  +  1   𝑖   )  −  𝐹  (    𝑈  𝑚  𝑖   )  ]  =  (    𝐔    𝑚  +  1    −    𝐔  𝑚     )  𝑇   𝐖  .    


\begin {align}\label {p1:energy2} \sum _{i=1}^N &[F(U^i_{m+1})-F(U^i_{m})]=(\bm U_{m+1}-\bm U_m)^T\bW .\end {align}


$\bD _h$


         0     ≥  (    𝐔    𝑚  +  1    −    𝐔  𝑚     )  𝑇     𝐃  ℎ   (    𝐔    𝑚  +  1    −    𝐔  𝑚   )           =    𝐔    𝑚  +  1   𝑇     𝐃  ℎ     𝐔    𝑚  +  1    +    𝐔  𝑚  𝑇     𝐃  ℎ     𝐔  𝑚   −    𝐔    𝑚  +  1   𝑇     𝐃  ℎ     𝐔  𝑚   −    𝐔  𝑚  𝑇     𝐃  ℎ     𝐔    𝑚  +  1             =  −    𝐔    𝑚  +  1   𝑇     𝐃  ℎ     𝐔    𝑚  +  1    +    𝐔  𝑚  𝑇     𝐃  ℎ     𝐔  𝑚   +  2  (    𝐔    𝑚  +  1    −    𝐔  𝑚     )  𝑇     𝐃  ℎ     𝐔    𝑚  +  1    .    


\begin {align*}0&\ge (\bm U_{m+1}-\bm U_m)^T \bD _h (\bm U_{m+1}-\bm U_m)\\ &= \bm U_{m+1}^T \bD _h \bm U_{m+1} + \bm U_m^T \bD _h \bm U_m - \bm U_{m+1}^T \bD _h \bm U_m - \bm U_m^T \bD _h \bm U_{m+1}\\ & = -\bm U_{m+1}^T \bD _h \bm U_{m+1}+\bm U_m^T \bD _h \bm U_m +2(\bm U_{m+1}-\bm U_m)^T \bD _h \bm U_{m+1}.\end {align*}


           𝐔    𝑚  +  1   𝑇     𝐃  ℎ     𝐔    𝑚  +  1    −    𝐔  𝑚  𝑇     𝐃  ℎ     𝐔  𝑚   ≥  2  (    𝐔    𝑚  +  1    −    𝐔  𝑚     )  𝑇     𝐃  ℎ     𝐔    𝑚  +  1    .       


\begin {align}\label {p1:energy3} \bm U_{m+1}^T \bD _h \bm U_{m+1}-\bm U_m^T \bD _h \bm U_m \ge 2(\bm U_{m+1}-\bm U_m)^T \bD _h \bm U_{m+1}.\end {align}


     𝐸  ℎ   (    𝐔    𝑚  +  1    )  −    𝐸  ℎ   (    𝐔  𝑚   )  ≤  (    𝐔    𝑚  +  1    −    𝐔  𝑚     )  𝑇   (  𝐖  −  𝐀    𝐔    𝑚  +  1    )  , 


\begin {equation*}E_h(\bm U_{m+1})-E_h(\bm U_m) \le (\bm U_{m+1}-\bm U_m)^T(\bW - \bA \bm U_{m+1}),\end {equation*}


$0<\Delta t\le \omega _0$


$f$


$\{\bm U_m\}$


   ‖    𝐔    𝑚  +  1    −    𝐔  𝑚     ‖  ∞   ≤  (  𝛽  ‖  𝐀    ‖  ∞   +    𝐹  0   )  Δ  𝑡  . 


\begin {equation*}\|\bm U_{m+1}-\bm U_m\|_{\infty }\le (\beta \|\bA \|_{\infty }+F_0)\Delta t.\end {equation*}


   0  <  Δ  𝑡  ≤    𝛿  0     𝜔  0  


$0<\Delta t\le \delta _0\omega _0$


$f$


$\{\bm U_m\}$


   ‖    𝐔    𝑚  +  1    −    𝐔  𝑚     ‖  ∞   ≤  (  𝛽  ‖  𝐀    ‖  ∞   +    𝐹  0   +    𝛿  0     𝜔  0     𝐹  0     𝐹  1   )  Δ  𝑡  . 


\begin {equation*}\|\bm U_{m+1}-\bm U_m\|_{\infty }\le (\beta \|\bA \|_{\infty }+F_0+\delta _0\omega _0 F_0F_1)\Delta t.\end {equation*}


$\{\bm U_m\}$


$\|\bm U_m\|_{\infty }\le \beta $


   𝑚  =  0  ,  1  ,  …  ,  𝑀  . 


$m=0,1,\ldots ,M.$


     𝐪  1   (  𝑡  )  =    𝑒    𝑡  𝐀      𝐔  𝑚   +  𝑡    𝑒    Δ  𝑡  𝐀    𝐟  (    𝐔  𝑚   ) 


$\bq _1(t)=e^{t\bA }\bm U_m+te^{\Delta t\bA } \bmf (\bm U_m)$


     𝐪  1   (  0  )  =    𝐔  𝑚  


$\bq _1(0)=\bm U_m$


     𝐪  1   (  Δ  𝑡  )  =    𝐔    𝑚  +  1   


$\bq _1(\Delta t)=\bm U_{m+1}$


     𝐪  1  ′   (  𝑡  )  =  𝐀    𝑒    𝑡  𝐀      𝐔  𝑚   +    𝑒    Δ  𝑡  𝐀    𝐟  (    𝐔  𝑚   )  . 


\begin {equation*}\bq _1'(t)=\bA e^{t\bA }\bm U_m+e^{\Delta t \bA }\bmf (\bm U_m).\end {equation*}


   ‖    𝐪  1  ′   (  𝑡  )    ‖  ∞   ≤  𝛽  ‖  𝐀    ‖  ∞   +    𝐹  0       for all      𝑡  >  0  . 


\begin {equation*}\|\bq _1'(t)\|_{\infty }\le \beta \|\bA \|_{\infty }+F_0 \quad {\text { for all }}\thickspace t> 0.\end {equation*}


   ‖    𝐔    𝑚  +  1    −    𝐔  𝑚     ‖  ∞   =  ‖    𝐪  1   (  Δ  𝑡  )  −    𝐪  1   (  0  )    ‖  ∞   ≤  (  𝛽  ‖  𝐀    ‖  ∞   +    𝐹  0   )  Δ  𝑡  . 


\begin {equation*}\|\bm U_{m+1}-\bm U_m\|_{\infty }=\|\bq _1(\Delta t)-\bq _1(0)\|_{\infty }\le (\beta \|\bA \|_{\infty }+F_0)\Delta t.\end {equation*}


     𝐪  2   (  𝑡  )  =    𝑒    𝑡  𝐀      𝐔  𝑚   +  𝑡  𝐟  (    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   ) 


$\bq _2(t)=e^{t\bA }\bm U_m + t\bmf (e^{\Delta t\bA }\bm U_m)$


     𝐪  2   (  0  )  =    𝐔  𝑚  


$\bq _2(0)=\bm U_m$


     𝐪  2   (  Δ  𝑡  )  =    𝐔    𝑚  +  1   


$\bq _2(\Delta t)=\bm U_{m+1}$


   ‖    𝐪  2  ′   (  𝑡  )    ‖  ∞   =  ‖  𝐀    𝑒    𝑡  𝐀      𝐔  𝑚   +  𝐟  (    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   )    ‖  ∞   ≤  𝛽  ‖  𝐀    ‖  ∞   +    𝐹  0       for all      𝑡  >  0  . 


\begin {equation*}\|\bq _2'(t)\|_{\infty }=\|\bA e^{t\bA }\bm U_m + \bmf (e^{\Delta t \bA }\bm U_m)\|_{\infty }\le \beta \|\bA \|_{\infty }+F_0 \quad {\text { for all }}\thickspace t>0.\end {equation*}


     𝐪  3   (  𝑡  )  =        𝐪  1   (  𝑡  )  +    𝐪  2   (  𝑡  )   2   +      𝑡  2   2     𝑒    Δ  𝑡  𝐀        𝜕  𝐟     𝜕  𝐮    (    𝐔  𝑚   )  𝐟  (    𝐔  𝑚   ) 


$\bq _3(t)=\frac {\bq _1(t)+\bq _2(t)}{2}+\frac {t^2}{2}e^{\Delta t \bA }\frac {\partial \bmf }{\partial \bm u}(\bm U_m)\bmf (\bm U_m)$


     𝐪  3   (  0  )  =    𝐔  𝑚  


$\bq _3(0)=\bm U_m$


     𝐪  3   (  Δ  𝑡  )  =    𝐔    𝑚  +  1   


$\bq _3(\Delta t)=\bm U_{m+1}$


     𝐪  3  ′   (  𝑡  )  =        𝐪  1  ′   (  𝑡  )  +    𝐪  2  ′   (  𝑡  )   2   +  𝑡    𝑒    Δ  𝑡  𝐀        𝜕  𝐟     𝜕  𝐮    (    𝐔  𝑚   )  𝐟  (    𝐔  𝑚   )  . 


\begin {equation*}\bq _3'(t)=\frac {\bq _1'(t)+\bq _2'(t)}{2}+te^{\Delta t \bA }\frac {\partial \bmf }{\partial \bm u}(\bm U_m)\bmf (\bm U_m).\end {equation*}


         ‖    𝐪  3  ′   (  𝑡  )    ‖  ∞      ≤      ‖    𝐪  1  ′   (  𝑡  )    ‖  ∞   +  ‖    𝐪  2  ′   (  𝑡  )    ‖  ∞    2   +    𝛿  0     𝜔  0     𝐹  0     𝐹  1   ≤  𝛽  ‖  𝐀    ‖  ∞   +    𝐹  0   +    𝛿  0     𝜔  0     𝐹  0     𝐹  1       for all      𝑡  ∈  [  0  ,  Δ  𝑡  ]  .    


\begin {align*}\|\bq _3'(t)\|_{\infty }&\le \frac {\|\bq _1'(t)\|_{\infty }+\|\bq _2'(t)\|_{\infty }}{2}+\delta _0\omega _0F_0F_1 \le \beta \|\bA \|_{\infty }+F_0+\delta _0\omega _0F_0F_1 \quad {\text { for all }}\thickspace t\in [0,\Delta t].\end {align*}


$0<\Delta t\le \omega _0$


$0<\Delta t\le \delta _0\omega _0$


$f$


$\{\bm U_m\}$


          𝐸  ℎ   (    𝐔  𝑚   )  ≤    𝐸  ℎ   (    𝐔  0   )  +  𝐶  ,    𝑚  =  0  ,  1  ,  …  ,  𝑀  , 


\begin {equation}E_h(\bm U_m)\le E_h(\bm U_0)+C, \quad m=0,1,\ldots ,M,\end {equation}


$C>0$


   Δ  𝑡  . 


$\Delta t.$


   𝑐  >  0 


$c>0$


$\Delta t$


   ‖    𝐔    𝑚  +  1    −    𝐔  𝑚     ‖  ∞   ≤  𝑐  Δ  𝑡  . 


\begin {equation*}\|\bm U_{m+1}-\bm U_m\|_{\infty }\le c\Delta t.\end {equation*}


           𝐸  ℎ   (    𝐔    𝑚  +  1    )  −    𝐸  ℎ   (    𝐔  𝑚   )     ≤  ‖  (    𝐔    𝑚  +  1    −    𝐔  𝑚     )  𝑇     ‖  ∞   (  ‖  𝐖    ‖  ∞   +  ‖  𝐀    𝐔    𝑚  +  1      ‖  ∞   )  ≤  𝑐  𝑁  Δ  𝑡  (    𝐹  0   +  𝛽  ‖  𝐀    ‖  ∞   )  .    


\begin {align*}E_h(\bm U_{m+1})-E_h(\bm U_m)&\le \|(\bm U_{m+1}-\bm U_m)^T\|_{\infty }(\|\bW \|_{\infty }+\|\bA \bm U_{m+1}\|_{\infty })\le cN\Delta t(F_0+\beta \|\bA \|_{\infty }).\end {align*}


     𝐸  ℎ   (    𝐔  𝑚   )  ≤    𝐸  ℎ   (    𝐔  0   )  +  𝑐  𝑁  𝑇  (    𝐹  0   +  𝛽  ‖  𝐀    ‖  ∞   )  =  ∶    𝐸  ℎ   (    𝐔  0   )  +  𝐶  , 


\begin {equation*}E_h(\bm U_m)\le E_h(\bm U_0)+cNT(F_0+\beta \|\bA \|_{\infty })=:E_h(\bm U_0)+C,\end {equation*}


   𝐶  =  𝑐  𝑁  𝑇  (    𝐹  0   +  𝛽  ‖  𝐀    ‖  ∞   )  >  0 


$C=cNT(F_0+\beta \|\bA \|_{\infty })>0$


$\Delta t.$


$\|u_0\|_{L^{\infty }}\le \beta $


     𝐮  ∈  𝒞  (  [  0  ,  𝑇  ]  ;    ℝ  𝑁   )       and      ‖  𝐮  (  𝑡  )    ‖  ∞   ≤  𝛽        for all       𝑡  ∈  [  0  ,  𝑇  ]  , 


\begin {equation*}{\bm u\in \mathcal {C}([0,T];\mathbb {R}^N)}\:\text { and }\:\|\bm u(t)\|_{\infty }\le \beta {\;\text { for all }}\; t\in [0,T],\end {equation*}


$\{\bm U_m\}$


   𝐮 


$\bm u$


   𝐮  (  𝑡  ) 


$\bm u(t)$


     𝐞  𝑚   ∶  =    𝐔  𝑚   −  𝐮  (    𝑡  𝑚   ) 


$\bm e_m:=\bm U_m-\bm u(t_m)$


     𝑡  𝑚   =  𝑚  Δ  𝑡  ≤  𝑇 


$t_m=m\Delta t\le T$


     𝐹  2   =     max     |  𝑥  |  ≤  𝛽    |    𝑓  ″   (  𝑥  )  | 


$F_2=\max \limits _{|x|\le \beta } |f''(x)|$


     𝐹  3   =     max     |  𝑥  |  ≤  𝛽    |  (    𝑓  ′   (  𝑥  )  𝑓  (  𝑥  )    )  ′   | 


$F_3=\max \limits _{|x|\le \beta }|(f'(x)f(x))'|$


       𝐹  1   ˜   =     max     |  𝑥  |  ≤  𝛽  +    𝛿  0     𝜔  0     𝐹  0     |    𝑓  ′   (  𝑥  )  | 


$\widetilde {F_1}=\max \limits _{|x|\le \beta + \delta _0\omega _0F_0}|f'(x)|$


       𝐹  2   ˜   =     max     |  𝑥  |  ≤  𝛽  +    𝛿  0     𝜔  0     𝐹  0     |    𝑓  ″   (  𝑥  )  | 


$\widetilde {F_2}=\max \limits _{|x|\le \beta + \delta _0 \omega _0F_0}|f''(x)|$


   0  ≤  𝑠  ≤  Δ  𝑡 


$0\le s \le \Delta t$


   𝝀  (  𝑠  )  =    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )    and    𝝍  (  𝑠  )  =    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀        𝜕  𝐟     𝜕  𝐮    (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  𝐟  (  𝐮  (    𝑡  𝑚   )  )  . 


\begin {equation*}\bm \lambda (s)=e^{(\Delta t -s)\bA }\bmf (e^{s\bA }\bm u(t_m))\text { and } \bm \psi (s)=e^{(\Delta t -s)\bA }\frac {\partial \bmf }{\partial \bm u}(e^{s\bA }\bm u(t_m))\bmf (\bm u(t_m)).\end {equation*}


   ‖    𝝀  ′   (  𝑠  )    ‖  ∞   ≤  (    𝐹  0   +  𝛽    𝐹  1   )  ‖  𝐀    ‖  ∞  


$\|\bm \lambda '(s)\|_{\infty }\le (F_0+\beta F_1)\|\bA \|_{\infty }$


   ‖    𝝀  ″   (  𝑠  )    ‖  ∞   ≤  (    𝐹  0   +  3  𝛽    𝐹  1   +    𝛽  2     𝐹  2   )  ‖  𝐀    ‖  ∞  2   . 


$\|\bm \lambda ''(s)\|_{\infty }\le (F_0+3\beta F_1 + \beta ^2 F_2) \|\bA \|_{\infty }^2.$


   ‖    𝝍  ′   (  𝑠  )    ‖  ∞   ≤    𝐹  0   (    𝐹  1   +  𝛽    𝐹  2   )  ‖  𝐀    ‖  ∞   . 


$\|\bm \psi '(s)\|_{\infty }\le F_0(F_1+\beta F_2)\|\bA \|_{\infty }.$


     𝝀  ′   (  𝑠  )  =    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀        [  −  𝐀  𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  +      𝜕  𝐟     𝜕  𝐮    (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  (  𝐀    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  ]   . 


\begin {equation*}\bm \lambda '(s)=e^{(\Delta t -s)\bA }\left [-\bA \bmf (e^{s\bA }\bm u(t_m))+\frac {\partial \bmf }{\partial \bm u}(e^{s\bA }\bm u(t_m))(\bA e^{s\bA }\bm u(t_m))\right ].\end {equation*}


   ‖    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )    ‖  ∞   ≤  𝛽 


$\|e^{s\bA }\bm u(t_m)\|_{\infty }\le \beta $


   ‖    𝝀  ′   (  𝑠  )    ‖  ∞   ≤    𝐹  0   ‖  𝐀    ‖  ∞   +  𝛽    𝐹  1   ‖  𝐀    ‖  ∞   =  (    𝐹  0   +  𝛽    𝐹  1   )  ‖  𝐀    ‖  ∞   . 


\begin {equation*}\|\bm \lambda '(s)\|_{\infty }\le F_0\|\bA \|_{\infty }+\beta F_1\|\bA \|_{\infty }=(F_0+\beta F_1)\|\bA \|_{\infty }.\end {equation*}


           𝝀  ″   (  𝑠  )  =         𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    [    𝐀  2   𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  −  2  𝐀      𝜕  𝐟     𝜕  𝐮    (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  (  𝐀    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )           +        𝜕  2   𝐟     𝜕    𝐮  2     (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  (  𝐀    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )    )    ⊙  2    +      𝜕  𝐟     𝜕  𝐮    (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  (    𝐀  2     𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  ]  .    


\begin {align*}\bm \lambda ''(s)=&\;e^{(\Delta t -s)\bA }\bigg [\bA ^2\bmf (e^{s\bA }\bm u(t_m))-2\bA \frac {\partial \bmf }{\partial \bm u}(e^{s\bA }\bm u(t_m))(\bA e^{s\bA }\bm u(t_m))\\ &+\frac {\partial ^2 \bmf }{\partial \bm u^2}(e^{s\bA }\bm u(t_m))(\bA e^{s\bA }\bm u(t_m))^{\odot 2} + \frac {\partial \bmf }{\partial \bm u}(e^{s\bA }\bm u(t_m))(\bA ^2e^{s\bA }\bm u(t_m))\bigg ].\end {align*}


         ‖    𝝀  ″   (  𝑠  )    ‖  ∞      ≤    𝐹  0   ‖  𝐀    ‖  ∞  2   +  2  𝛽    𝐹  1   ‖  𝐀    ‖  ∞  2   +    𝛽  2     𝐹  2   ‖  𝐀    ‖  ∞  2   +  𝛽    𝐹  1   ‖  𝐀    ‖  ∞  2   =  (    𝐹  0   +  3  𝛽    𝐹  1   +    𝛽  2     𝐹  2   )  ‖  𝐀    ‖  ∞  2   .    


\begin {align*}\|\bm \lambda ''(s)\|_{\infty }&\le F_0\|\bA \|_{\infty }^2+2\beta F_1\|\bA \|_{\infty }^2+\beta ^2F_2\|\bA \|_{\infty }^2+\beta F_1\|\bA \|_{\infty }^2=(F_0+3\beta F_1+\beta ^2F_2)\|\bA \|_{\infty }^2.\end {align*}


   𝝍 


$\bm \psi $


           𝝍  ′   (  𝑠  )  =    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀       [  −  𝐀      𝜕  𝐟     𝜕  𝐮    (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  𝐟  (  𝐮  (    𝑡  𝑚   )  )  +        𝜕  2   𝐟     𝜕    𝐮  2     (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  (  𝐀    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  ⊙  𝐟  (  𝐮  (    𝑡  𝑚   )  )  ]  .    


\begin {align*}\bm \psi '(s)=e^{(\Delta t -s)\bA }&\bigg [-\bA \frac {\partial \bmf }{\partial \bm u}(e^{s\bA }\bm u(t_m))\bmf (\bm u(t_m))+\frac {\partial ^2 \bmf }{\partial \bm u^2}(e^{s\bA }\bm u(t_m))(\bA e^{s\bA }\bm u(t_m))\odot \bmf (\bm u(t_m))\bigg ].\end {align*}


   ‖    𝝍  ′   (  𝑠  )    ‖  ∞   ≤    𝐹  0   (    𝐹  1   ‖  𝐀    ‖  ∞   +  𝛽    𝐹  2   ‖  𝐀    ‖  ∞   )  =    𝐹  0   (    𝐹  1   +  𝛽    𝐹  2   )  ‖  𝐀    ‖  ∞   . 


\begin {equation*}\|\bm \psi '(s)\|_{\infty }\le F_0(F_1\|\bA \|_{\infty }+\beta F_2\|\bA \|_{\infty })=F_0(F_1+\beta F_2)\|\bA \|_{\infty }.\end {equation*}


$\Delta t$


$T>0$


   ℎ  >  0 


$h>0$


$\bm u\in \mathcal {C}([0,T];\mathbb {R}^N)$


$\{\bm U_m\}$


   𝐶  =  𝐶  (  𝛽  ,    𝐹  0   ,    𝐹  1   ,  ‖  𝐀    ‖  ∞   )  >  0 


$C=C(\beta , F_0,F_1,\|\bA \|_{\infty })>0$


$\Delta t$


   0  <  Δ  𝑡  ≤    𝜔  0  


$0<\Delta t \le \omega _0$


   ‖    𝐔  𝑚   −  𝐮  (    𝑡  𝑚   )    ‖  ∞   ≤  𝐶  (    𝑒      𝐹  1     𝑡  𝑚     −  1  )  Δ  𝑡  ,    𝑚  =  0  ,  1  ,  …  ,  𝑀  . 


\begin {equation*}\|\bm U_m-\bm u(t_m)\|_{\infty } \le C(e^{F_1t_m}-1)\Delta t, \quad m=0,1,\ldots ,M.\end {equation*}


         𝐮  (    𝑡    𝑚  +  1    )  =    𝑒    Δ  𝑡  𝐀        (  𝐮  (    𝑡  𝑚   )  +  Δ  𝑡  𝐟  (  𝐮  (    𝑡  𝑚   )  )  )   +    𝐑  1   (    𝑡  𝑚   )  ,       


\begin {align}\label {p1:trucation1} \bm u(t_{m+1})=e^{\Delta t \bA }\left (\bm u(t_m)+\Delta t \bmf (\bm u(t_m))\right ) + \bR _1(t_m),\end {align}


     𝐑  1   (    𝑡  𝑚   ) 


$\bR _1(t_m)$


     𝐞    𝑚  +  1    =    𝑒    Δ  𝑡  𝐀        [    𝐞  𝑚   +  Δ  𝑡      (  𝐟  (    𝐔  𝑚   )  −  𝐟  (  𝐮  (    𝑡  𝑚   )  )  )   ]   −    𝐑  1   (    𝑡  𝑚   )  . 


\begin {equation*}\bm e_{m+1}=e^{\Delta t \bA }\left [\bm e_m+\Delta t \left (\bmf (\bm U_m)-\bmf (\bm u(t_m))\right )\right ] - \bR _1(t_m).\end {equation*}


   ‖    𝑒    Δ  𝑡  𝐀      ‖  ∞   ≤  1 


$\|e^{\Delta t \bA }\|_{\infty } \le 1$


         ‖    𝐞    𝑚  +  1      ‖  ∞   ≤  ‖    𝐞  𝑚     ‖  ∞   +  Δ  𝑡  ‖  𝐟  (    𝐔  𝑚   )  −  𝐟  (  𝐮  (    𝑡  𝑚   )  )    ‖  ∞   +  ‖    𝐑  1   (    𝑡  𝑚   )    ‖  ∞   .       


\begin {align}\label {p1:errorR1.1} \|\bm e_{m+1}\|_{\infty } \le \|\bm e_m\|_{\infty } + \Delta t \|\bmf (\bm U_m)-\bmf (\bm u(t_m))\|_{\infty } + \|\bR _1(t_m)\|_{\infty }.\end {align}


$0<\Delta t \le \omega _0$


   ‖    𝐔  𝑚     ‖  ∞   ≤  𝛽  ,  ‖  𝐮  (    𝑡  𝑚   )    ‖  ∞   ≤  𝛽 


$\|\bm U_m\|_{\infty }\le \beta , \|\bm u(t_m)\|_{\infty } \le \beta $


   𝐟 


$\bmf $


         ‖  𝐟  (    𝐔  𝑚   )  −  𝐟  (  𝐮  (    𝑡  𝑚   )  )    ‖  ∞   ≤    𝐹  1   ‖    𝐔  𝑚   −  𝐮  (    𝑡  𝑚   )    ‖  ∞   =    𝐹  1   ‖    𝐞  𝑚     ‖  ∞   .       


\begin {align}\label {p1:errorR1.2} \|\bmf (\bm U_m)-\bmf (\bm u(t_m))\|_{\infty } \le F_1\|\bm U_m-\bm u(t_m)\|_{\infty }=F_1\|\bm e_m\|_{\infty }.\end {align}


$\bR _1(t_m)$


           𝐑  1   (    𝑡  𝑚   )     =    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   +  𝑠  )  )    𝑑  𝑠  −  Δ  𝑡    𝑒    Δ  𝑡  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   )  )           =    ∫  0    Δ  𝑡      [    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   +  𝑠  )  )  −    𝑒    Δ  𝑡  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   )  )  ]     𝑑  𝑠  .    


\begin {align*}\bR _1(t_m)&=\int _0^{\Delta t} e^{(\Delta t -s)\bA }\bmf (\bm u(t_m+s))\,ds -\Delta t e^{\Delta t \bA } \bmf (\bm u(t_m)) \\ &= \int _0^{\Delta t} \left [e^{(\Delta t-s)\bA }\bmf (\bm u(t_m+s))-e^{\Delta t \bA }\bmf (\bm u(t_m))\right ]ds.\end {align*}


            ‖    𝐑  1   (    𝑡  𝑚   )    ‖  ∞   ≤    ∫  0    Δ  𝑡    ‖    𝑒    Δ  𝑡  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   )  )  −    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   +  𝑠  )  )    ‖  ∞     𝑑  𝑠           ≤    ∫  0    Δ  𝑡      (  ‖    𝑒    Δ  𝑡  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   )  )  −    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )    ‖  ∞   +  ‖    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  −    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   +  𝑠  )  )    ‖  ∞   )       𝑑  𝑠           ≤    ∫  0    Δ  𝑡      (  ‖    𝑒    Δ  𝑡  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   )  )  −    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )    ‖  ∞   +  ‖  𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  −  𝐟  (  𝐮  (    𝑡  𝑚   +  𝑠  )  )    ‖  ∞   )       𝑑  𝑠           =  ∶    ∫  0    Δ  𝑡    (    𝑄  1   +    𝑄  2   )    𝑑  𝑠  ,    


\begin {align*}&\|\bR _1(t_m)\|_{\infty } \le \int _0^{\Delta t} \|e^{\Delta t \bA }\bmf (\bm u(t_m))- e^{(\Delta t-s)\bA }\bmf (\bm u(t_m+s))\|_{\infty }\,ds\\ &\le \int _0^{\Delta t} \left (\|e^{\Delta t \bA }\bmf (\bm u(t_m))-e^{(\Delta t-s)\bA }\bmf (e^{s\bA }\bm u(t_m))\|_{\infty } + \|e^{(\Delta t-s)\bA }\bmf (e^{s\bA }\bm u(t_m))- e^{(\Delta t-s)\bA }\bmf (\bm u(t_m+s))\|_{\infty }\right )\,ds\\ &\le \int _0^{\Delta t} \left (\|e^{\Delta t \bA }\bmf (\bm u(t_m))-e^{(\Delta t-s)\bA }\bmf (e^{s\bA }\bm u(t_m))\|_{\infty } + \|\bmf (e^{s\bA }\bm u(t_m))- \bmf (\bm u(t_m+s))\|_{\infty }\right )\,ds\\ &=: \int _0^{\Delta t} (Q_1+Q_2)\,ds,\end {align*}


           𝑄  1   =  ‖    𝑒    Δ  𝑡  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   )  )  −    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )    ‖  ∞   ,      𝑄  2   =  ‖  𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  −  𝐟  (  𝐮  (    𝑡  𝑚   +  𝑠  )  )    ‖  ∞   .       


\begin {align*}Q_1=\|e^{\Delta t \bA }\bmf (\bm u(t_m))-e^{(\Delta t-s)\bA }\bmf (e^{s\bA }\bm u(t_m))\|_{\infty },\quad Q_2=\|\bmf (e^{s\bA }\bm u(t_m))- \bmf (\bm u(t_m+s))\|_{\infty }.\end {align*}


          𝑄  1   =  ‖  𝝀  (  0  )  −  𝝀  (  𝑠  )    ‖  ∞   ≤  𝑠  (    𝐹  0   +  𝛽    𝐹  1   )  ‖  𝐀    ‖  ∞   . 


\begin {equation}\label {p1:Q1est} Q_1=\|\bm \lambda (0)-\bm \lambda (s)\|_{\infty }\le s(F_0+\beta F_1)\|\bA \|_{\infty }.\end {equation}


     𝑄  2  


$Q_2$


           𝑄  2      ≤    𝐹  1   ‖    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  −  𝐮  (    𝑡  𝑚   +  𝑠  )    ‖  ∞   =    𝐹  1         ‖    ∫  0  𝑠     𝑒    (  𝑠  −  𝜎  )  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   +  𝜎  )  )    𝑑  𝜎  ‖   ∞            ≤    𝐹  1     ∫  0  𝑠   ‖    𝑒    (  𝑠  −  𝜎  )  𝐀      ‖  ∞   ‖  𝐟  (  𝐮  (    𝑡  𝑚   +  𝜎  )  )    ‖  ∞   𝑑  𝜎  ≤    𝐹  0     𝐹  1   𝑠  .    


\begin {align}\label {p1:Q2est} Q_2&\le F_1\|e^{s\bA }\bm u(t_m)-\bm u(t_m+s)\|_{\infty }=F_1\left \|\int _0^se^{(s-\sigma )\bA }\bmf (\bm u(t_m+\sigma ))\,d\sigma \right \|_{\infty } \nonumber \\ & \le F_1\int _0^s \|e^{(s-\sigma )\bA }\|_{\infty }\|\bmf (\bm u(t_m+\sigma ))\|_{\infty }d\sigma \le F_0F_1s.\end {align}


         ‖    𝐑  1   (    𝑡  𝑚   )    ‖  ∞      ≤    ∫  0    Δ  𝑡    (    𝑄  1   +    𝑄  2   )    𝑑  𝑠  ≤    ∫  0    Δ  𝑡    [  (    𝐹  0   +  𝛽    𝐹  1   )  ‖  𝐀    ‖  ∞   +    𝐹  0     𝐹  1   ]  𝑠    𝑑  𝑠           =    1  2   [  (    𝐹  0   +  𝛽    𝐹  1   )  ‖  𝐀    ‖  ∞   +    𝐹  0     𝐹  1   ]  Δ    𝑡  2   =  ∶    𝑐  0   Δ    𝑡  2   .    


\begin {align}\|\bR _1(t_m)\|_{\infty }&\le \int _0^{\Delta t}(Q_1+Q_2)\,ds \le \int _0^{\Delta t} [(F_0+\beta F_1)\|\bA \|_{\infty }+F_0F_1]s\,ds \notag \\ & =\frac 12[(F_0+\beta F_1)\|\bA \|_{\infty }+F_0F_1]\Delta t^2 =: {c_0}\Delta t^2. \label {p1:errorR1.3}\end {align}


        ‖    𝐞    𝑚  +  1      ‖  ∞   ≤  (  1  +    𝐹  1   Δ  𝑡  )  ‖    𝐞  𝑚     ‖  ∞   +    𝑐  0   Δ    𝑡  2   . 


\begin {equation}\|\bm e_{m+1}\|_{\infty } \le (1+F_1\Delta t) \|\bm e_m\|_{\infty } + {c_0}\Delta t^2.\end {equation}


         ‖    𝐞  𝑚     ‖  ∞   +        𝑐  0   Δ  𝑡     𝐹  1       ≤  (  1  +    𝐹  1   Δ  𝑡  )    (  ‖    𝐞    𝑚  −  1      ‖  ∞   +        𝑐  0   Δ  𝑡     𝐹  1    )   ≤  (  1  +    𝐹  1   Δ  𝑡    )  𝑚     (  ‖    𝐞  0     ‖  ∞   +        𝑐  0   Δ  𝑡     𝐹  1    )   .    


\begin {align*}\|\bm e_m\|_{\infty } + \frac {{c_0}\Delta t}{F_1}&\le (1+F_1\Delta t)\left (\|\bm e_{m-1}\|_{\infty } +\frac {{c_0}\Delta t}{F_1}\right ) \le (1+F_1\Delta t)^m \left (\|\bm e_{0}\|_{\infty } +\frac {{c_0}\Delta t}{F_1}\right ).\end {align*}


     𝐞  0   =  0 


$\bm e_0=0$


         ‖    𝐞  𝑚     ‖  ∞      ≤        𝑐  0   Δ  𝑡     𝐹  1        [  (  1  +    𝐹  1   Δ  𝑡    )  𝑚   −  1  ]   ≤        𝑐  0   Δ  𝑡     𝐹  1    (    𝑒      𝐹  1     𝑡  𝑚     −  1  )  =  ∶  𝐶  (    𝑒      𝐹  1     𝑡  𝑚     −  1  )  Δ  𝑡  ,    


\begin {align*}\|\bm e_m\|_{\infty } &\le \frac {{c_0}\Delta t}{F_1}\left [(1+F_1\Delta t)^m-1\right ]\le \frac {{c_0}\Delta t}{F_1}(e^{F_1t_m}-1)=: C(e^{F_1t_m}-1)\Delta t,\end {align*}


   𝐶  =      𝑐  0     𝐹  1    =    1  2       [    (      𝐹  0     𝐹  1    +  𝛽  )     ‖  𝐀    ‖  ∞   +    𝐹  0   ]   >  0  . 


$C=\frac {{c_0}}{F_1}=\frac 12\left [\left (\frac {F_0}{F_1}+\beta \right )\|\bA \|_{\infty }+F_0\right ]>0.$


$T>0$


$h>0$


$\bm u\in \mathcal {C}([0,T];\mathbb {R}^N)$


$\{\bm U_m\}$


$C=C(\beta , F_0,F_1,\|\bA \|_{\infty })>0$


$\Delta t$


$0<\Delta t \le \omega _0$


\begin {equation*}\|\bm U_m-\bm u(t_m)\|_{\infty } \le C(e^{F_1t_m}-1)\Delta t, \quad m=0,1,\ldots ,M.\end {equation*}


         𝐮  (    𝑡    𝑚  +  1    )  =    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )  +  Δ  𝑡  𝐟      (    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )  )   +    𝐑  2   (    𝑡  𝑚   )  ,       


\begin {align}\label {p1:truncation2} \bm u(t_{m+1})=e^{\Delta t \bA } \bm u(t_m) + \Delta t \bmf \left (e^{\Delta t \bA }\bm u(t_m)\right ) + \bR _2(t_m),\end {align}


     𝐑  2   (    𝑡  𝑚   ) 


$\bR _2(t_m)$


     𝐞    𝑚  +  1    =    𝑒    Δ  𝑡  𝐀      𝐞  𝑚   +  Δ  𝑡      [  𝐟      (    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   )   −  𝐟      (    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )  )   ]   −    𝐑  2   (    𝑡  𝑚   )  . 


\begin {equation*}\bm e_{m+1}=e^{\Delta t \bA }\bm e_m + \Delta t \left [\bmf \left (e^{\Delta t \bA }\bm U_m\right )-\bmf \left (e^{\Delta t \bA }\bm u(t_m)\right )\right ] - \bR _2(t_m).\end {equation*}


$\|e^{\Delta t \bA }\|_{\infty } \le 1$


         ‖    𝐞    𝑚  +  1      ‖  ∞   ≤  ‖    𝐞  𝑚     ‖  ∞   +  Δ  𝑡        ‖  𝐟      (    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   )   −  𝐟      (    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )  )   ‖   ∞   +  ‖    𝐑  2   (    𝑡  𝑚   )    ‖  ∞   .       


\begin {align}\label {p1:error2.1} \|\bm e_{m+1}\|_{\infty } \le \|\bm e_m\|_{\infty } + \Delta t \left \|\bmf \left (e^{\Delta t \bA }\bm U_m\right )-\bmf \left (e^{\Delta t \bA }\bm u(t_m)\right )\right \|_{\infty } + \|\bR _2(t_m)\|_{\infty }.\end {align}


   ‖    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )    ‖  ∞   ≤  𝛽 


$\|e^{\Delta t \bA }\bm u(t_m)\|_{\infty }\le \beta $


$\|e^{\Delta t \bA }\bm U_m\|_{\infty }\le \beta $


$0<\Delta t \le \omega _0$


$\bmf $


             ‖  𝐟      (    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   )   −  𝐟      (    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )  )   ‖   ∞   ≤    𝐹  1         ‖    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   −    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )  ‖   ∞   ≤    𝐹  1   ‖    𝐞  𝑚     ‖  ∞   .       


\begin {align}\label {p1:error2.2} \left \|\bmf \left (e^{\Delta t \bA }\bm U_m\right )-\bmf \left (e^{\Delta t \bA }\bm u(t_m)\right )\right \|_{\infty } \le F_1 \left \|e^{\Delta t \bA }\bm U_m- e^{\Delta t \bA }\bm u(t_m)\right \|_{\infty }\le F_1\|\bm e_m\|_{\infty }.\end {align}


$\bR _2(t_m)$


           𝐑  2   (    𝑡  𝑚   )     =    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟      (  𝐮  (    𝑡  𝑚   +  𝑠  )  )       𝑑  𝑠  −  Δ  𝑡  𝐟  (    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )  )           =    ∫  0    Δ  𝑡      [    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟      (  𝐮  (    𝑡  𝑚   +  𝑠  )  )   −  𝐟  (    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )  )  ]       𝑑  𝑠  .    


\begin {align*}\bR _2(t_m)&=\int _0^{\Delta t} e^{(\Delta t -s)\bA }\bmf \left (\bm u(t_m+s)\right )\,ds -\Delta t \bmf (e^{\Delta t \bA }\bm u(t_m))\\ &=\int _0^{\Delta t} \left [e^{(\Delta t -s)\bA }\bmf \left (\bm u(t_m+s)\right )-\bmf (e^{\Delta t \bA }\bm u(t_m))\right ]\,ds.\end {align*}


         ‖    𝐑  2   (    𝑡  𝑚   )    ‖  ∞      ≤    ∫  0    Δ  𝑡    (  ‖  𝐟  (    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )  )  −    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )    ‖  ∞                +  ‖    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  −    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟      (  𝐮  (    𝑡  𝑚   +  𝑠  )  )       ‖  ∞   )    𝑑  𝑠           ≤    ∫  0    Δ  𝑡    (  ‖  𝐟  (    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )  )  −    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )    ‖  ∞                +  ‖  𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  −  𝐟      (  𝐮  (    𝑡  𝑚   +  𝑠  )  )       ‖  ∞   )    𝑑  𝑠  =  ∶    ∫  0    Δ  𝑡    (    𝑄  0   +    𝑄  2   )  𝑑  𝑠  ,    


\begin {align*}\|\bR _2(t_m)\|_{\infty } &\le \int _0^{\Delta t} \bigg (\|\bmf (e^{\Delta t \bA }\bm u(t_m))-e^{(\Delta t -s)\bA }\bmf (e^{s\bA }\bm u(t_m))\|_{\infty } \\ &\qquad \qquad + \|e^{(\Delta t -s)\bA }\bmf (e^{s\bA }\bm u(t_m))-e^{(\Delta t -s)\bA }\bmf \left (\bm u(t_m+s)\right )\|_{\infty }\bigg )\, ds\\ &\le \int _0^{\Delta t} \bigg ( \|\bmf (e^{\Delta t \bA }\bm u(t_m))-e^{(\Delta t -s)\bA }\bmf (e^{s\bA }\bm u(t_m))\|_{\infty }\\ &\qquad \qquad +\|\bmf (e^{s\bA }\bm u(t_m))-\bmf \left (\bm u(t_m+s)\right )\|_{\infty }\bigg ) \,ds=: \int _0^{\Delta t} (Q_0+Q_2) ds,\end {align*}


     𝑄  0   =  ‖  𝐟  (    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )  )  −    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )    ‖  ∞   , 


\begin {equation*}Q_0=\|\bmf (e^{\Delta t \bA }\bm u(t_m))-e^{(\Delta t -s)\bA }\bmf (e^{s\bA }\bm u(t_m))\|_{\infty },\end {equation*}


$Q_2$


          𝑄  0   =  ‖  𝝀  (  Δ  𝑡  )  −  𝝀  (  𝑠  )    ‖  ∞   ≤  (  Δ  𝑡  −  𝑠  )  (    𝐹  0   +  𝛽    𝐹  1   )  ‖  𝐀    ‖  ∞   . 


\begin {equation}\label {p1:Q0est} Q_0=\|\bm \lambda (\Delta t)-\bm \lambda (s)\|_{\infty }\le (\Delta t -s)(F_0+\beta F_1)\|\bA \|_{\infty }.\end {equation}


         ‖    𝐑  2   (    𝑡  𝑚   )    ‖  ∞      ≤    ∫  0    Δ  𝑡    (    𝑄  0   +    𝑄  2   )    𝑑  𝑠  ≤    ∫  0    Δ  𝑡    [  (  Δ  𝑡  −  𝑠  )  (    𝐹  0   +  𝛽    𝐹  1   )  ‖  𝐀    ‖  ∞   +    𝐹  0     𝐹  1   𝑠  ]    𝑑  𝑠           =    1  2   [  (    𝐹  0   +  𝛽    𝐹  1   )  ‖  𝐀    ‖  ∞   +    𝐹  0     𝐹  1   ]  Δ    𝑡  2   =    𝑐  0   Δ    𝑡  2   ,    


\begin {align}\|\bR _2(t_m)\|_{\infty }&\le \int _0^{\Delta t}(Q_0+Q_2)\,ds\le \int _0^{\Delta t}[(\Delta t -s)(F_0+\beta F_1)\|\bA \|_{\infty }+F_0F_1s]\,ds \notag \\ &=\frac 12[(F_0+\beta F_1)\|\bA \|_{\infty }+F_0F_1]\Delta t^2 = {c_0}\Delta t^2, \label {p1:error2.3}\end {align}


     𝑐  0  


$c_0$


   ‖    𝐞    𝑚  +  1      ‖  ∞   ≤  (  1  +    𝐹  1   Δ  𝑡  )  ‖    𝐞  𝑚     ‖  ∞   +    𝑐  0   Δ    𝑡  2   . 


\begin {equation*}\|\bm e_{m+1}\|_{\infty } \le (1+F_1\Delta t)\|\bm e_m\|_{\infty } + {c_0}\Delta t^2.\end {equation*}


   ‖    𝐞  𝑚     ‖  ∞   ≤  𝐶  (    𝑒      𝐹  1     𝑡  𝑚     −  1  )  Δ  𝑡  , 


\begin {equation*}\|\bm e_m\|_{\infty }\le C(e^{F_1t_m}-1)\Delta t,\end {equation*}


   𝐶  =      𝑐  0     𝐹  1    >  0 


$C=\frac {c_0}{F_1}>0$


$\Delta t$


$T>0$


$h>0$


$f$


$\bm u\in \mathcal {C}([0,T];\mathbb {R}^N)$


$\{\bm U_m\}$


   𝐶  =  𝐶  (  𝛽  ,    𝛿  0   ,    𝜔  0   ,    𝐹  0   ,    𝐹  1   ,      𝐹  1   ˜  


$C=C(\beta ,\delta _0,\omega _0, F_0,F_1,\widetilde {F_1}$


     𝐹  2   ,      𝐹  2   ˜   ,    𝐹  3   ,  ‖  𝐀    ‖  ∞   )  >  0 


$F_2,\widetilde {F_2}, F_3,\|\bA \|_{\infty })>0$


$\Delta t$


$0<\Delta t \le \delta _0\omega _0$


   ‖    𝐔  𝑚   −  𝐮  (    𝑡  𝑚   )    ‖  ∞   ≤  𝐶  (    𝑒      𝐹  4     𝑡  𝑚     −  1  )  Δ    𝑡  2   ,    𝑚  =  0  ,  1  ,  …  ,  𝑀  , 


\begin {equation*}\|\bm U_m-\bm u(t_m)\|_{\infty } \le C(e^{F_4t_m}-1)\Delta t^2, \quad m=0,1,\ldots ,M,\end {equation*}


     𝐹  4   ∶  =    𝐹  1   +    1  2     𝛿  0     𝜔  0     𝐹  3   . 


$F_4:=F_1+\frac 12\delta _0\omega _0F_3.$


     𝐑  3   (    𝑡  𝑚   ) 


$\bR _3(t_m)$


       𝐮  (    𝑡    𝑚  +  1    )  =   


\begin {align}\label {p1:truncation3} \begin {aligned} \bm u(t_{m+1})=&\;e^{\Delta t \bA }\bm u(t_m) + \frac {\Delta t}{2}\left [e^{\Delta t \bA }\bmf (\bm u(t_m))+\bmf (e^{\Delta t \bA } \bm u(t_m)\right ] \\ &\qquad + \frac {\Delta t^2}{2}e^{\Delta t \bA }\frac {\partial \bmf }{\partial \bm u}(\bm u(t_m))\bmf (\bm u(t_m)) + \bR _3(t_m). \end {aligned}\end {align}


           𝐞    𝑚  +  1    =         𝑒    Δ  𝑡  𝐀      𝐞  𝑚   +      Δ  𝑡   2       [    𝑒    Δ  𝑡  𝐀    (  𝐟  (    𝐔  𝑚   )  −  𝐟  (  𝐮  (    𝑡  𝑚   )  )  +  𝐟  (    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   )  −  𝐟  (    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )  )  ]            +      Δ    𝑡  2    2     𝑒    Δ  𝑡  𝐀        [      𝜕  𝐟     𝜕  𝐮    (    𝐔  𝑚   )  𝐟  (    𝐔  𝑚   )  −      𝜕  𝐟     𝜕  𝐮    (  𝐮  (    𝑡  𝑚   )  )  𝐟  (  𝐮  (    𝑡  𝑚   )  )  ]   −    𝐑  3   (    𝑡  𝑚   )  .    


\begin {align*}\bm e_{m+1}=\;&e^{\Delta t \bA } \bm e_m + \frac {\Delta t}{2}\left [e^{\Delta t \bA }(\bmf (\bm U_m)-\bmf (\bm u(t_m))+\bmf (e^{\Delta t \bA }\bm U_m)-\bmf (e^{\Delta t \bA }\bm u(t_m))\right ] \\ & + \frac {\Delta t^2}{2}e^{\Delta t \bA } \left [\frac {\partial \bmf }{\partial \bm u}(\bm U_m)\bmf (\bm U_m)-\frac {\partial \bmf }{\partial \bm u}(\bm u(t_m))\bmf (\bm u(t_m))\right ] - \bR _3(t_m).\end {align*}


         ‖    𝐞    𝑚  +  1      ‖  ∞      ≤  ‖    𝐞  𝑚     ‖  ∞   +      Δ  𝑡   2       [  ‖  𝐟  (    𝐔  𝑚   )  −  𝐟  (  𝐮  (    𝑡  𝑚   )    ‖  ∞   +  ‖  𝐟  (    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   )  −  𝐟  (    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )  )    ‖  ∞   ]            +      Δ    𝑡  2    2         ‖      𝜕  𝐟     𝜕  𝐮    (    𝐔  𝑚   )  𝐟  (    𝐔  𝑚   )  −      𝜕  𝐟     𝜕  𝐮    (  𝐮  (    𝑡  𝑚   )  )  𝐟  (  𝐮  (    𝑡  𝑚   )  )  ‖   ∞   +  ‖    𝐑  3   (    𝑡  𝑚   )    ‖  ∞   .    


\begin {align*}\|\bm e_{m+1}\|_{\infty } &\le \|\bm e_m\|_{\infty } +\frac {\Delta t}{2}\left [\|\bmf (\bm U_m)-\bmf (\bm u(t_m)\|_{\infty } + \|\bmf (e^{\Delta t \bA }\bm U_m)-\bmf (e^{\Delta t \bA }\bm u(t_m))\|_{\infty }\right ]\\ & +\frac {\Delta t^2}{2}\left \|\frac {\partial \bmf }{\partial \bm u}(\bm U_m)\bmf (\bm U_m)-\frac {\partial \bmf }{\partial \bm u}(\bm u(t_m))\bmf (\bm u(t_m))\right \|_{\infty } +\|\bR _3(t_m)\|_{\infty }.\end {align*}


         ‖  𝐟  (    𝐔  𝑚   )  −  𝐟  (  𝐮  (    𝑡  𝑚   )    ‖  ∞      ≤    𝐹  1   ‖    𝐔  𝑚   −  𝐮  (    𝑡  𝑚   )    ‖  ∞   =    𝐹  1   ‖    𝐞  𝑚     ‖  ∞   ,        ‖  𝐟  (    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   )  −  𝐟  (    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )  )    ‖  ∞      ≤    𝐹  1   ‖    𝑒    Δ  𝑡  𝐀      𝐔  𝑚   −    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )    ‖  ∞   ≤    𝐹  1   ‖    𝐞  𝑚     ‖  ∞   .    


\begin {align*}\|\bmf (\bm U_m)-\bmf (\bm u(t_m)\|_{\infty }& \le F_1\|\bm U_m-\bm u(t_m)\|_{\infty }= F_1\|\bm e_m\|_{\infty },\\ \|\bmf (e^{\Delta t \bA }\bm U_m)-\bmf (e^{\Delta t \bA }\bm u(t_m))\|_{\infty }& \le F_1\|e^{\Delta t \bA }\bm U_m-e^{\Delta t \bA }\bm u(t_m)\|_{\infty }\le F_1\|\bm e_m\|_{\infty }.\end {align*}


   𝐥  (  𝐯  )  =      𝜕  𝐟     𝜕  𝐮    (  𝐯  )  𝐟  (  𝐯  ) 


$\bm l(\bv )=\frac {\partial \bmf }{\partial \bm u}(\bv )\bmf (\bv )$


   𝐯  ∈    ℝ  𝑁  


$\bv \in \mathbb {R}^N$


   ‖      𝜕  𝐥     𝜕  𝐯      ‖  ∞   ≤    𝐹  3  


$\| \frac {\partial \bm l}{\partial \bv }\|_{\infty }\le F_3$


   ‖  𝐯    ‖  ∞   ≤  𝛽 


$\|\bv \|_{\infty }\le \beta $


   ‖  𝐥  (    𝐔  𝑚   )  −  𝐥  (  𝐮  (    𝑡  𝑚   )  )    ‖  ∞   ≤    𝐹  3   ‖    𝐔  𝑚   −  𝐮  (    𝑡  𝑚   )    ‖  ∞   =    𝐹  3   ‖    𝐞  𝑚     ‖  ∞   . 


\begin {equation*}\|\bm l(\bm U_m)-\bm l(\bm u(t_m))\|_{\infty }\le F_3\|\bm U_m-\bm u(t_m)\|_{\infty } = F_3\|\bm e_m\|_{\infty }.\end {equation*}


         ‖    𝐞    𝑚  +  1      ‖  ∞   ≤    (  1  +    𝐹  1   Δ  𝑡  +    1  2     𝐹  3   Δ    𝑡  2   )     ‖    𝐞  𝑚     ‖  ∞   +  ‖    𝐑  3   (    𝑡  𝑚   )    ‖  ∞   .       


\begin {align}\label {p1:error3.1} \|\bm e_{m+1}\|_{\infty } \le \left (1+F_1\Delta t +\frac 12F_3\Delta t^2\right )\|\bm e_m\|_{\infty }+\|\bR _3(t_m)\|_{\infty }.\end {align}


$\bR _3(t_m)$


           𝐑  3   (    𝑡  𝑚   )     =    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   +  𝑠  )  )    𝑑  𝑠  −      Δ  𝑡   2       [    𝑒    Δ  𝑡  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   )  )  +  𝐟  (    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )  ]                −      Δ    𝑡  2    2     𝑒    Δ  𝑡  𝐀        𝜕  𝐟     𝜕  𝐮    (  𝐮  (    𝑡  𝑚   )  )  𝐟  (  𝐮  (    𝑡  𝑚   )  )           =    ∫  0    Δ  𝑡    [    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   +  𝑠  )  )  −  𝑠    𝑒    Δ  𝑡  𝐀        𝜕  𝐟     𝜕  𝐮    (  𝐮  (    𝑡  𝑚   )  )  𝐟  (  𝐮  (    𝑡  𝑚   )  )               −    (  1  −    𝑠    Δ  𝑡    )       𝑒    Δ  𝑡  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   )  )  −    𝑠    Δ  𝑡    𝐟  (    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )  )  ]    𝑑  𝑠           =    ∫  0    Δ  𝑡    (    𝐼  1   +    𝐼  2   +    𝐼  3   +    𝐼  4   )    𝑑  𝑠  ,    


\begin {align*}\bR _3(t_m)&=\int _0^{\Delta t} e^{(\Delta t -s)\bA }\bmf (\bm u(t_m+s))\,ds- \frac {\Delta t}{2}\left [e^{\Delta t \bA }\bmf (\bm u(t_m)) +\bmf (e^{\Delta t \bA } \bm u(t_m)\right ]\\ &\qquad \qquad -\frac {\Delta t^2}{2}e^{\Delta t \bA }\frac {\partial \bmf }{\partial \bm u}(\bm u(t_m))\bmf (\bm u(t_m))\\ &= \int _0^{\Delta t} \bigg [e^{(\Delta t -s)\bA } \bmf (\bm u(t_m+s)) -se^{\Delta t \bA }\frac {\partial \bmf }{\partial \bm u}(\bm u(t_m))\bmf (\bm u(t_m))\\ &\qquad \qquad - \left (1-\frac {s}{\Delta t}\right )e^{\Delta t \bA }\bmf (\bm u(t_m))-\frac {s}{\Delta t}\bmf (e^{\Delta t\bA }\bm u(t_m))\bigg ]\,ds\\ &= \int _0^{\Delta t}(I_1+I_2+I_3+I_4)\,ds,\end {align*}


     𝐼  𝑖   ,  𝑖  =  1  ,  2  ,  3  ,  4 


$I_i, i=1,2,3,4$


           𝐼  1      =    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀        [  𝐟  (  𝐮  (    𝑡  𝑚   +  𝑠  )  )  −  𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  +  𝑠  𝐟  (  𝐮  (    𝑡  𝑚   )  )  )  ]   ,          𝐼  2      =    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    [  𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  +  𝑠  𝐟  (  𝐮  (    𝑡  𝑚   )  )  )  −    (  𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  +  𝑠      𝜕  𝐟     𝜕  𝐮    (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  𝐟  (  𝐮  (    𝑡  𝑚   )  )  )   ]  ,          𝐼  3      =  𝑠    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀        𝜕  𝐟     𝜕  𝐮    (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  𝐟  (  𝐮  (    𝑡  𝑚   )  )  −  𝑠    𝑒    Δ  𝑡  𝐀        𝜕  𝐟     𝜕  𝐮    (  𝐮  (    𝑡  𝑚   )  )  𝐟  (  𝐮  (    𝑡  𝑚   )  )  ,          𝐼  4      =    𝑒    (  Δ  𝑡  −  𝑠  )  𝐀    𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  −    (  1  −    𝑠    Δ  𝑡    )       𝑒    Δ  𝑡  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   )  )  −    𝑠    Δ  𝑡    𝐟  (    𝑒    Δ  𝑡  𝐀    𝐮  (    𝑡  𝑚   )  )  .    


\begin {align*}I_1&=e^{(\Delta t -s)\bA } \left [\bmf (\bm u(t_m+s))-\bmf (e^{s\bA }\bm u(t_m)+s\bmf (\bm u(t_m)))\right ],\\ I_2&=e^{(\Delta t -s)\bA }\bigg [\bmf (e^{s\bA }\bm u(t_m)+s\bmf (\bm u(t_m)))-\left (\bmf (e^{s\bA }\bm u(t_m))+s\frac {\partial \bmf }{\partial \bm u}(e^{s\bA }\bm u(t_m))\bmf (\bm u(t_m))\right )\bigg ],\\ I_3&=se^{(\Delta t -s)\bA } \frac {\partial \bmf }{\partial \bm u}(e^{s\bA }\bm u(t_m))\bmf (\bm u(t_m))-se^{\Delta t \bA }\frac {\partial \bmf }{\partial \bm u}(\bm u(t_m))\bmf (\bm u(t_m)),\\ I_4&= e^{(\Delta t -s)\bA } \bmf (e^{s\bA }\bm u(t_m)) - \left (1-\frac {s}{\Delta t}\right )e^{\Delta t \bA }\bmf (\bm u(t_m))-\frac {s}{\Delta t}\bmf (e^{\Delta t\bA }\bm u(t_m)).\end {align*}


   ‖  𝐮  (    𝑡  𝑚   )    ‖  ∞   ≤  𝛽 


$\|\bm u(t_m)\|_{\infty }\le \beta $


   𝑠  ≤  Δ  𝑡  ≤    𝛿  0     𝜔  0  


$s\le \Delta t\le \delta _0\omega _0$


         ‖    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  +  𝑠  𝐟  (  𝐮  (    𝑡  𝑚   )  )    ‖  ∞   ≤  ‖    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )    ‖  ∞   +  𝑠  ‖  𝐟  (  𝐮  (    𝑡  𝑚   )  )    ‖  ∞   ≤  𝛽  +    𝛿  0     𝜔  0     𝐹  0   .       


\begin {align}\label {p1:over1} \|e^{s\bA }\bm u(t_m)+s\bmf (\bm u(t_m))\|_{\infty }\le \|e^{s\bA }\bm u(t_m)\|_{\infty }+s\|\bmf (\bm u(t_m))\|_{\infty }\le \beta +\delta _0\omega _0F_0.\end {align}


   𝐯  ,  𝐰  ∈    ℝ  𝑁  


$\bm v, \bm w\in \mathbb {R}^N$


   ‖  𝐯    ‖  ∞   ,  ‖  𝐰    ‖  ∞   ≤  𝛽  +    𝛿  0     𝜔  0     𝐹  0  


$\|\bm v\|_{\infty },\|\bm w\|_{\infty }\le \beta + \delta _0\omega _0F_0$


   ‖  𝐟  (  𝐯  )  −  𝐟  (  𝐰  )    ‖  ∞   ≤      𝐹  1   ˜   ‖  𝐯  −  𝐰    ‖  ∞   . 


\begin {equation*}\|\bmf (\bm v)-\bmf (\bm w)\|_{\infty }\le \widetilde {F_1}\|\bm v-\bm w\|_{\infty }.\end {equation*}


         ‖    𝐼  1     ‖  ∞      ≤      ‖  𝐟  (  𝐮  (    𝑡  𝑚   +  𝑠  )  )  −  𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  +  𝑠  𝐟  (  𝐮  (    𝑡  𝑚   )  )  )  ‖   ∞            ≤      𝐹  1   ˜         ‖  𝐮  (    𝑡  𝑚   +  𝑠  )  −    (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  +  𝑠  𝐟  (  𝐮  (    𝑡  𝑚   )  )   ‖   ∞            =      𝐹  1   ˜         ‖  𝑠  𝐟  (  𝐮  (    𝑡  𝑚   )  )  −    ∫  0  𝑠     𝑒    (  𝑠  −  𝜎  )  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   +  𝜎  )  )    𝑑  𝜎  ‖   ∞            =      𝐹  1   ˜         ‖    ∫  0  𝑠     [  𝐟  (  𝐮  (    𝑡  𝑚   )  )  −    𝑒    (  𝑠  −  𝜎  )  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   +  𝜎  )  )  ]       𝑑  𝜎  ‖   ∞            ≤      𝐹  1   ˜     ∫  0  𝑠   [  ‖  𝐟  (  𝐮  (    𝑡  𝑚   )  )  −    𝑒    𝑠  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   )  )    ‖  ∞   +  ‖    𝑒    𝑠  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   )  )  −    𝑒    (  𝑠  −  𝜎  )  𝐀    𝐟  (    𝑒    𝜎  𝐀    𝐮  (    𝑡  𝑚   )  )    ‖  ∞                +  ‖    𝑒    (  𝑠  −  𝜎  )  𝐀    𝐟  (    𝑒    𝜎  𝐀    𝐮  (    𝑡  𝑚   )  )  −    𝑒    (  𝑠  −  𝜎  )  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   +  𝜎  )  )    ‖  ∞   ]    𝑑  𝜎           =  ∶      𝐹  1   ˜     ∫  0  𝑠   (    𝐽  1   +    𝐽  2   +    𝐽  3   )    𝑑  𝜎  ,    


\begin {align*}\|I_1\|_{\infty } &\le \left \|\bmf (\bm u(t_m+s))-\bmf (e^{s\bA }\bm u(t_m)+s\bmf (\bm u(t_m)))\right \|_{\infty }\\ &\le \widetilde {F_1}\left \|\bm u(t_m+s)-\left (e^{s\bA }\bm u(t_m)+s\bmf (\bm u(t_m)\right )\right \|_{\infty }\\ & = \widetilde {F_1}\left \|s\bmf (\bm u(t_m)) - \int _0^s e^{(s-\sigma )\bA }\bmf (\bm u(t_m+\sigma ))\,d\sigma \right \|_{\infty }\\ &=\widetilde {F_1}\left \| \int _0^s \left [\bmf (\bm u(t_m))- e^{(s-\sigma )\bA }\bmf (\bm u(t_m+\sigma ))\right ]\,d\sigma \right \|_{\infty }\\ & \le \widetilde {F_1} \int _0^s \big [\|\bmf (\bm u(t_m))-e^{s\bA }\bmf (\bm u(t_m))\|_{\infty } + \|e^{s\bA }\bmf (\bm u(t_m))-e^{(s-\sigma )\bA } \bmf (e^{\sigma \bA }\bm u(t_m))\|_{\infty } \\ &\qquad \qquad +\|e^{(s-\sigma )\bA } \bmf (e^{\sigma \bA }\bm u(t_m))- e^{(s-\sigma )\bA } \bmf (\bm u(t_m+\sigma ))\|_{\infty }\big ]\, d\sigma \\ &=: \widetilde {F_1} \int _0^s (J_1+J_2+J_3) \,d\sigma ,\end {align*}


     𝐽  1   ,    𝐽  2  


$J_1,J_2$


     𝐽  3  


$J_3$


           𝐽  1      =  ‖  𝐟  (  𝐮  (    𝑡  𝑚   )  )  −    𝑒    𝑠  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   )  )    ‖  ∞   ,          𝐽  2      =  ‖    𝑒    𝑠  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   )  )  −    𝑒    (  𝑠  −  𝜎  )  𝐀    𝐟  (    𝑒    𝜎  𝐀    𝐮  (    𝑡  𝑚   )  )    ‖  ∞   ,          𝐽  3      =  ‖    𝑒    (  𝑠  −  𝜎  )  𝐀    𝐟  (    𝑒    𝜎  𝐀    𝐮  (    𝑡  𝑚   )  )  −    𝑒    (  𝑠  −  𝜎  )  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   +  𝜎  )  )    ‖  ∞   .    


\begin {align*}J_1&=\|\bmf (\bm u(t_m))-e^{s\bA }\bmf (\bm u(t_m))\|_{\infty },\\ J_2&=\|e^{s\bA }\bmf (\bm u(t_m))-e^{(s-\sigma )\bA } \bmf (e^{\sigma \bA }\bm u(t_m))\|_{\infty },\\ J_3&=\|e^{(s-\sigma )\bA } \bmf (e^{\sigma \bA }\bm u(t_m))- e^{(s-\sigma )\bA } \bmf (\bm u(t_m+\sigma ))\|_{\infty }.\end {align*}


     𝐽  1   ≤    𝐹  0   ‖    𝑒    𝑠  𝐀    −  𝐼    ‖  ∞   ≤    𝑠    𝐹  0   ‖  𝐀    ‖  ∞    . 


$J_1\le F_0\|e^{s\bA }-I\|_{\infty }\le {sF_0\|\bA \|_{\infty }}.$


     𝐽  2   ≤  (    𝐹  0   +  𝛽    𝐹  1   )  ‖  𝐀    ‖  ∞   𝜎  . 


$J_2\le (F_0+\beta F_1)\|\bA \|_{\infty } \sigma .$


           𝐽  3      ≤    𝐹  1   ‖    𝑒    𝜎  𝐀    𝐮  (    𝑡  𝑚   )  −  𝐮  (    𝑡  𝑚   +  𝜎  )    ‖  ∞            =    𝐹  1         ‖    ∫  0  𝜎     𝑒    (  𝜎  −  𝜉  )  𝐀    𝐟  (  𝐮  (    𝑡  𝑚   +  𝜉  )  )  𝑑  𝜉  ‖   ∞   ≤    𝐹  1     ∫  0  𝜎     𝐹  0   𝑑  𝜉  =    𝐹  0     𝐹  1   𝜎  .    


\begin {align*}J_3&\le F_1\|e^{\sigma \bA }\bm u(t_m)-\bm u(t_m+\sigma )\|_{\infty }\\ &=F_1\left \|\int _0^{\sigma }e^{(\sigma -\xi )\bA }\bmf (\bm u(t_m+\xi ))d\xi \right \|_{\infty } \le F_1\int _0^{\sigma } F_0d\xi =F_0F_1\sigma .\end {align*}


         ‖    𝐼  1     ‖  ∞      ≤      𝐹  1   ˜     ∫  0  𝑠   (    𝐽  1   +    𝐽  2   +    𝐽  3   )    𝑑  𝜎  ≤      𝐹  1   ˜     ∫  0  𝑠   [    𝐹  0   ‖  𝐀    ‖  ∞   𝑠  +  (    𝐹  0   +  𝛽    𝐹  1   )  ‖  𝐀    ‖  ∞   𝜎  +    𝐹  0     𝐹  1   𝜎  ]  𝑑  𝜎           =    1  2       𝐹  1   ˜   [  (  3    𝐹  0   +  𝛽    𝐹  1   )  ‖  𝐀    ‖  ∞   +    𝐹  0     𝐹  1   ]    𝑠  2   =  ∶    𝑐  1     𝑠  2   .    


\begin {align}\label {p1:I1est} \|I_1\|_{\infty }&\le \widetilde {F_1}\int _0^s(J_1+J_2+J_3)\,d\sigma \le \widetilde {F_1}\int _0^s [F_0\|\bA \|_{\infty }s + (F_0+\beta F_1)\|\bA \|_{\infty }\sigma + F_0F_1\sigma ]d\sigma \nonumber \\ & =\frac 12\widetilde {F_1}[(3F_0+\beta F_1)\|\bA \|_{\infty }+F_0F_1] s^2=:c_1s^2.\end {align}


   𝐕  ∈    ℝ  𝑁   ,  ‖  𝐕    ‖  ∞   ≤  𝛽  +    𝛿  0     𝜔  0     𝐹  0  


$\bm V\in \mathbb {R}^N, \|\bm V\|_{\infty }\le \beta + \delta _0\omega _0 F_0$


         𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  +  𝑠  𝐟  (  𝐮  (    𝑡  𝑚   )  )  )     =  𝐟  (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  +  𝑠      𝜕  𝐟     𝜕  𝐮    (    𝑒    𝑠  𝐀    𝐮  (    𝑡  𝑚   )  )  𝐟  (  𝐮  (    𝑡  𝑚   )  )  +        𝜕  2   𝐟     𝜕    𝐮  2     (  𝐕  )      [  𝑠  𝐟  (  𝐮  (    𝑡  𝑚   )  )    ]    ⊙  2     2   .    


\begin {align*}\bmf (e^{s\bA }\bm u(t_m)+s\bmf (\bm u(t_m)))&=\bmf (e^{s\bA }\bm u(t_m))+s\frac {\partial \bmf }{\partial \bm u}(e^{s\bA }\bm u(t_m))\bmf (\bm u(t_m))+\frac {\partial ^2\bmf }{\partial \bm u^2}(\bm V)\frac {{[s\bmf (\bm u(t_m))]^{\odot 2}}}{2}.\end {align*}


        ‖    𝐼  2     ‖  ∞   ≤      ‖        𝜕  2   𝐟     𝜕    𝐮  2     (  𝐕  )      [  𝑠  𝐟  (  𝐮  (    𝑡  𝑚   )  )    ]    ⊙  2     2   ‖   ∞   ≤    1  2     𝐹  0  2       𝐹  2   ˜     𝑠  2   =  ∶    𝑐  2     𝑠  2   . 


\begin {equation}\label {p1:I2est} \|I_2\|_{\infty }\le \left \|\frac {\partial ^2\bmf }{\partial \bm u^2}(\bm V)\frac {[s\bmf (\bm u(t_m))]^{\odot 2}}{2}\right \|_{\infty } \le \frac 12 F_0^2\widetilde {F_2} s^2=:c_2s^2.\end {equation}


     𝐼  3  


$I_3$


        ‖    𝐼  3     ‖  ∞   =  𝑠  ‖  𝝍  (  𝑠  )  −  𝝍  (  0  )    ‖  ∞   ≤    𝐹  0   (    𝐹  1   +  𝛽    𝐹  2   )  ‖  𝐀    ‖  ∞     𝑠  2   =  ∶    𝑐  3     𝑠  2   . 


\begin {equation}\label {p1:I3est} \|I_3\|_{\infty }=s\|\bm \psi (s)-\bm \psi (0)\|_{\infty }\le F_0(F_1+\beta F_2)\|\bA \|_{\infty }s^2=: c_3s^2.\end {equation}


     𝐼  4  


$I_4$


   ‖    𝐼  4     ‖  ∞   =      ‖  𝝀  (  𝑠  )  −    (  1  −    𝑠    Δ  𝑡    )     𝝀  (  0  )  −    𝑠    Δ  𝑡    𝝀  (  Δ  𝑡  )  ‖   ∞   . 


\begin {equation*}\|I_4\|_{\infty } = \left \|\bm \lambda (s)-\left (1-\frac {s}{\Delta t}\right )\bm \lambda (0)-\frac {s}{\Delta t}\bm \lambda (\Delta t)\right \|_{\infty }.\end {equation*}


     𝐕  1   ,    𝐕  2   ∈    ℝ  𝑁  


$\bm V_1, \bm V_2\in \mathbb {R}^N$


   ≤ 


\begin {equation*}\|\bm V_1\|_{\infty },\|\bm V_2\|_{\infty }\le \max \limits _{s\in [0,\Delta t]}\|\bm \lambda ''(s)\|_{\infty }\overset {\text {Lemma \ref {p1:lemma_phi_psi}}}{\le } (F_0+3\beta F_1+\beta ^2F_2)\|\bA \|_{\infty }^2\end {equation*}


   {          𝝀  (  0  )  =  𝝀  (  𝑠  )  −  𝑠    𝝀  ′   (  𝑠  )  +      𝑠  2   2     𝐕  1   ,             𝝀  (  Δ  𝑡  )  =  𝝀  (  𝑠  )  +  (  Δ  𝑡  −  𝑠  )    𝝀  ′   (  𝑠  )  +      (  Δ  𝑡  −  𝑠    )  2    2     𝐕  2   .            


\begin {equation*}\begin {cases} \bm \lambda (0)=\bm \lambda (s)-s\bm \lambda '(s)+\frac {s^2}{2}\bm V_1,\\[2pt] \bm \lambda (\Delta t) = \bm \lambda (s) +(\Delta t -s)\bm \lambda '(s) + \frac {(\Delta t -s)^2}{2} \bm V_2. \end {cases}\end {equation*}


         ‖    𝐼  4     ‖  ∞      =      ‖    (  1  −    𝑠    Δ  𝑡    )         𝑠  2   2     𝐕  1   +    𝑠    Δ  𝑡        (  Δ  𝑡  −  𝑠    )  2    2     𝐕  2   ‖   ∞            ≤    1  2   (    𝐹  0   +  3  𝛽    𝐹  1   +    𝛽  2     𝐹  2   )  ‖  𝐀    ‖  ∞  2   (  𝑠  Δ  𝑡  −    𝑠  2   )  =  ∶    𝑐  4   (  𝑠  Δ  𝑡  −    𝑠  2   )  .    


\begin {align}\label {p1:I4est} \|I_4\|_{\infty } &= \left \|\left (1-\frac {s}{\Delta t}\right )\frac {s^2}{2}\bm V_1 + \frac {s}{\Delta t}\frac {(\Delta t -s)^2}{2} \bm V_2\right \|_{\infty }\\ &\le \frac 12(F_0+3\beta F_1+\beta ^2F_2)\|\bA \|_{\infty }^2(s\Delta t -s^2)=:c_4(s\Delta t -s^2).\end {align}


$I_i, i=1,2,3,4$


         ‖    𝐑  3   (    𝑡  𝑚   )    ‖  ∞      ≤    ∫  0    Δ  𝑡    (    𝑐  1   +    𝑐  2   +    𝑐  3   )    𝑠  2   +    𝑐  4   (  𝑠  Δ  𝑡  −    𝑠  2   )    𝑑  𝑠  =    (        𝑐  1   +    𝑐  2   +    𝑐  3    3   +      𝑐  4   6   )     Δ    𝑡  3   =  ∶  𝑐  Δ    𝑡  3   .    


\begin {align}\label {p1:error3.2} \|\bR _3(t_m)\|_{\infty } &\le \int _0^{\Delta t} (c_1+c_2+c_3)s^2+c_4(s\Delta t-s^2) \,ds =\left (\frac {c_1+c_2+c_3}{3}+\frac {c_4}{6}\right )\Delta t^3=:c\Delta t^3.\end {align}


         ‖    𝐞    𝑚  +  1      ‖  ∞      ≤    (  1  +    𝐹  1   Δ  𝑡  +    1  2     𝐹  3   Δ    𝑡  2   )     ‖    𝐞  𝑚     ‖  ∞   +  𝑐  Δ    𝑡  3   ≤    (  1  +    𝐹  4   Δ  𝑡  )     ‖    𝐞  𝑚     ‖  ∞   +  𝑐  Δ    𝑡  3   .    


\begin {align*}\|\bm e_{m+1}\|_{\infty }&\le \left (1+F_1\Delta t +\frac 12F_3\Delta t^2\right )\|\bm e_m\|_{\infty } + c\Delta t^3\le \left (1+F_4\Delta t\right ) \|\bm e_m\|_{\infty } +c\Delta t^3.\end {align*}


         ‖    𝐞  𝑚     ‖  ∞   +      𝑐  Δ    𝑡  2      𝐹  4    ≤  (  1  +    𝐹  4   Δ  𝑡    )  𝑚     (  ‖    𝐞  0     ‖  ∞   +      𝑐  Δ    𝑡  2      𝐹  4    )   .       


\begin {align*}\|\bm e_{m}\|_{\infty }+\frac {c\Delta t^2}{F_4} \le (1+F_4\Delta t)^m\left (\|\bm e_{0}\|_{\infty }+\frac {c\Delta t^2}{F_4}\right ).\end {align*}


$\bm e_0=0$


         ‖    𝐞  𝑚     ‖  ∞   ≤      𝑐  Δ    𝑡  2      𝐹  4    [  (  1  +    𝐹  4   Δ  𝑡    )  𝑚   −  1  ]  ≤      𝑐  Δ    𝑡  2      𝐹  4    (    𝑒      𝐹  4     𝑡  𝑚     −  1  )  =  ∶  𝐶  (    𝑒      𝐹  4     𝑡  𝑚     −  1  )  Δ    𝑡  2   ,       


\begin {align*}\|\bm e_m\|_{\infty }\le \frac {c\Delta t^2}{F_4}[(1+F_4\Delta t)^m-1] \le \frac {c\Delta t^2}{F_4}(e^{F_4t_m}-1)=:C(e^{F_4t_m}-1)\Delta t^2,\end {align*}


   𝐶  =    𝑐    𝐹  4    =    1    𝐹  4        (        𝑐  1   +    𝑐  2   +    𝑐  3    3   +      𝑐  4   6   )   >  0 


$C=\frac {c}{F_4} = \frac {1}{F_4}\left (\frac {c_1+c_2+c_3}{3}+\frac {c_4}{6}\right )>0$


     𝑐  1   ,    𝑐  2   ,    𝑐  3   ,    𝑐  4   ,    𝐹  4  


$c_1,c_2,c_3,c_4, F_4$


   𝛽  ,    𝛿  0  


$\beta ,\delta _0$


     𝜔  0   ,    𝐹  0  


$\omega _0,F_0$


     𝐹  1   ,      𝐹  1   ˜  


$F_1,\widetilde {F_1}$


     𝐹  2   ,      𝐹  2   ˜   ,    𝐹  3   , 


$F_2,\widetilde {F_2}, F_3,$


   ‖  𝐀    ‖  ∞   . 


$\|\bA \|_{\infty }.$


$f(u)=u-u^{3}$


   𝐶  =  𝐶  (  ‖  𝐀    ‖  ∞   )  >  0 


$C=C(\|\bA \|_{\infty })>0$


   0  <  Δ  𝑡  ≤    1  2  


$0<\Delta t\le \frac 12$


   ‖    𝐔  𝑚   −  𝐮  (    𝑡  𝑚   )    ‖  ∞   ≤  𝐶  (    𝑒    2    𝑡  𝑚     −  1  )  Δ  𝑡  ,    𝑚  =  0  ,  1  ,  …  ,  𝑀  . 


\begin {equation*}\|\bm U_m-\bm u(t_m)\|_{\infty } \le C(e^{2t_m}-1)\Delta t, \quad m=0,1,\ldots ,M.\end {equation*}


$C=C(\|\bA \|_{\infty })>0$


$0<\Delta t\le \frac 35$


   ‖    𝐔  𝑚   −  𝐮  (    𝑡  𝑚   )    ‖  ∞   ≤  𝐶  (    𝑒       16   5     𝑡  𝑚     −  1  )  Δ    𝑡  2   ,    𝑚  =  0  ,  1  ,  …  ,  𝑀  . 


\begin {equation*}\|\bm U_m-\bm u(t_m)\|_{\infty } \le C(e^{\frac {16}{5}t_m}-1)\Delta t^2, \quad m=0,1,\ldots ,M.\end {equation*}


          𝜕  𝑡   𝑢  =    𝜀  2   Δ  𝑢  +  𝑓  (  𝑢  )  ,    𝐱  ∈  Ω  ,    𝑡  >  0  , 


\begin {equation}\label {p2:Intro_PDE} \partial _t u=\varepsilon ^2\Delta u + f(u), \quad \bx \in \Omega , \; t>0,\end {equation}


$u(\bx ,0)=u_0(\bx )$


       𝜕  𝑢     𝜕  𝑛    (  𝐱  ,  𝑡  )  =  0 


$\frac {\partial u}{\partial n} (\bm x,t) = 0$


   𝐱  ∈  𝜕  Ω 


$\bm x\in \partial \Omega $


   0  ≤  𝑡  ≤  𝑇 


$0\leq t\leq T$


$f$


     𝑓  ′  


$f'$


$[-\beta ,\beta ]$


$f$


$\beta $


$\|u_0\|_{L^{\infty }}\le \beta $


$\Omega $


   𝑑  =  1  ,  2 


$d=1,2$


$3$


$\Omega $


$h$


$N$


     𝐼  ℎ  


$I^h$


            𝑑    𝐮  ℎ      𝑑  𝑡    =    𝐀  ℎ     𝐮  ℎ   +  𝐅  (    𝐮  ℎ   )  ,      𝐮  ℎ   (  0  )  =    𝐼  ℎ     𝑢  0   ∶  =  (    𝑢  0   (    𝑥  1   )  ,    𝑢  0   (    𝑥  2   )  ,  …  ,    𝑢  0   (    𝑥  𝑁   )    )  𝑇   , 


\begin {equation}\label {p2:space-discrete} \frac {d\bm u_h}{dt}=\bm A_h\bm u_h+\bm F(\bm u_h), \quad \bm u_h(0)=I^hu_0 :=(u_0(x_1),u_0(x_2),\ldots , u_0(x_N))^T,\end {equation}


     𝐮  ℎ   (  𝑡  )  =  (    𝑢  1   (  𝑡  )  ,    𝑢  2   (  𝑡  )  ,  …  ,    𝑢  𝑁   (  𝑡  )    )  𝑇  


$\bm u_h(t)=(u_1(t),u_2(t),\ldots ,u_N(t))^T$


$u(\cdot ,t)$


   𝐅  (    𝐮  ℎ   )  =  (  𝑓  (    𝑢  1   )  ,  𝑓  (    𝑢  2   )  ,  …  ,  𝑓  (    𝑢  𝑁   )    )  𝑇  


$\bm F(\bm u_h)=(f(u_1),f(u_2),\ldots ,f(u_N))^T$


     𝐀  ℎ   =    𝜀  2     𝐃  ℎ  


$\bm A_h=\varepsilon ^2\bm D_h$


     𝐃  ℎ   =    𝝀  ℎ  


$\bm D_h=\bm \lambda _h$


     𝐃  ℎ   =  𝐈  ⊗    𝝀  ℎ   +    𝝀  ℎ   ⊗  𝐈 


$\bm D_h=\bm I\otimes \bm \lambda _h+\bm \lambda _h\otimes \bm I$


     𝐃  ℎ   =  𝐈  ⊗  𝐈  ⊗    𝝀  ℎ   +  𝐈  ⊗    𝝀  ℎ   ⊗  𝐈  +    𝝀  ℎ   ⊗  𝐈  ⊗  𝐈 


\begin {equation*}\bm D_h=\bm I\otimes \bm I\otimes \bm \lambda _h+\bm I\otimes \bm \lambda _h\otimes \bm I+\bm \lambda _h\otimes \bm I\otimes \bm I\end {equation*}


$\otimes $


   𝐈 


$\bm I$


$N$


$\bm \lambda _h$


     𝝀  ℎ   =    1    ℎ  2          [            −  2     2     0     ⋯     0        1     −  2     1     ⋯     0        ⋮     ⋱     ⋱     ⋱     ⋮        0     ⋯     1     −  2     1        0     ⋯     0     2     −  2        ]     𝑁  ×  𝑁    . 


\begin {equation*}\bm \lambda _h=\frac {1}{h^2}\begin {bmatrix} -2&2&0&\cdots &0\\ 1&-2&1&\cdots &0\\ \vdots &\ddots &\ddots &\ddots &\vdots \\ 0&\cdots &1&-2&1\\ 0&\cdots &0& 2&-2 \end {bmatrix}_{N\times N}. \vspace {0.2cm}\end {equation*}


   [  0  ,  𝑇  ]  ∶ 


$[0,T]:$


   0  =    𝑡  0   <    𝑡  1   <  ⋯  <    𝑡  𝑀   =  𝑇 


$0=t_0<t_1<\cdots <t_M=T$


       (  )   


$\Delta t=\sfrac {T}{M}$


     𝐮  ℎ  𝑚  


$\bm u_h^m$


     𝐮  ℎ   (    𝑡  𝑚   ) 


$\bm u_h(t_m)$


     𝐮  ℎ  0   =    𝐮  ℎ   (  0  ) 


$\bm u_h^0=\bm u_h(0)$


           𝐮  ℎ   (    𝑡  𝑚   +  𝑠  )  =    𝑒    𝑠    𝐀  ℎ       𝐮  ℎ   (    𝑡  𝑚   )  +    ∫  0  𝑠     𝑒    (  𝑠  −  𝜎  )    𝐀  ℎ     𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝜎  )  )  𝑑  𝜎  .       


\begin {align}\label {p2:construct1} \bm u_h(t_m+s)=e^{s\bm A_h}\bm u_h(t_m)+\int _0^se^{(s-\sigma )\bm A_h}\bm F(\bm u_h(t_m+\sigma ))d\sigma .\end {align}


   𝑠  =  Δ  𝑡 


$s=\Delta t$


           𝐮  ℎ   (    𝑡    𝑚  +  1    )  =    𝑒    Δ  𝑡    𝐀  ℎ       𝐮  ℎ   (    𝑡  𝑚   )  +    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝐀  ℎ     𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝑠  )  )  𝑑  𝑠  .       


\begin {align}\label {p2:construct2} \bm u_h(t_{m+1})=e^{\Delta t \bm A_h}\bm u_h(t_m)+\int _0^{\Delta t} e^{(\Delta t - s)\bm A_h}\bm F(\bm u_h(t_m+s))ds.\end {align}


     𝐮  ℎ   (    𝑡  𝑚   +  𝑠  ) 


$\bm u_h(t_m+s)$


     𝑒    𝑠    𝐀  ℎ       𝐮  ℎ   (    𝑡  𝑚   ) 


$e^{s\bm A_h}\bm u_h(t_m)$


             i) LRI1a scheme:             𝐮  ℎ    𝑚  +  1    =    𝑒    Δ  𝑡    𝐀  ℎ     (    𝐮  ℎ  𝑚   +  Δ  𝑡    𝐅  (    𝐮  ℎ  𝑚   )  )  ,                  ii) LRI1b scheme:             𝐮  ℎ    𝑚  +  1    =    𝑒    Δ  𝑡    𝐀  ℎ       𝐮  ℎ  𝑚   +  Δ  𝑡    𝐅  (    𝑒    Δ  𝑡    𝐀  ℎ       𝐮  ℎ  𝑚   )  .          


\begin {align}&\text {i) LRI1a scheme:} \hspace {-1cm}&& \bm {u}_h^{m+1} = e^{\Delta t\bm {A}_h}\bigl (\bm {u}_h^m + \Delta t\,\bm {F}(\bm {u}_h^m)\bigr ), &\label {p2:LRI1a} \\ &\text {ii) LRI1b scheme:} \hspace {-1cm}&& \bm {u}_h^{m+1} = e^{\Delta t\bm {A}_h}\bm {u}_h^m + \Delta t\,\bm {F}(e^{\Delta t\bm {A}_h}\bm {u}_h^m). &\label {p2:LRI1b}\end {align}


$u$


   𝒞  (  [  0  ,  𝑇  ]  ,    𝒞  4   (    Ω  ‾   )  ) 


$\mathcal {C}([0,T], \mathcal {C}^4(\overline {\Omega }))$


$u(t)$


$u(\cdot ,t)$


     𝐮  ℎ  


$\bm u_h$


     𝑧  1   ≲    𝑧  2  


$z_1\lesssim z_2$


     𝑧  1   ≤  𝐶    𝑧  2  


$z_1\le C z_2$


$C>0$


$h$


$\Delta t$


     𝐀  ℎ  


$\bm A_h$


     𝑎    𝑖  𝑗   


$a_{ij}$


     𝑎    𝑖  𝑖    <  0  ,        𝑎    𝑖  𝑖    +    ∑    𝑗  =  1  ,  𝑗  ≠  𝑖   𝑁   |    𝑎    𝑖  𝑗    |  ≤  0  ,    𝑖  =  1  ,  2  ,  …  ,  𝑁  . 


\begin {equation*}a_{ii}<0,\;\; a_{ii}+\sum _{j=1,j\ne i}^N |a_{ij}|\le 0, \quad i=1,2,\ldots ,N.\end {equation*}


$\bm A_h$


   𝑠  >  0  , 


$s>0,$


   ‖    𝑒    𝑠    𝐀  ℎ       ‖  ∞   ≤  1 


$\|e^{s\bm A_h}\|_{\infty }\le 1$


     𝐮  ℎ   ∈  𝒞  (  [  0  ,  𝑇  ]  ,    ℝ  𝑁   ) 


$\bm u_h\in \mathcal {C}([0,T],\mathbb {R}^N)$


   ‖    𝐮  ℎ   (  𝑡  )    ‖  ∞   ≤  𝛽  ,      for all    𝑡  ∈  [  0  ,  𝑇  ]  . 


\begin {equation*}\|\bm u_h(t)\|_{\infty }\le \beta ,\quad \text { for all } t\in [0,T].\end {equation*}


        ‖    𝐮  ℎ  𝑚     ‖  ∞   ≤  𝛽  ,    𝑚  =  0  ,  1  ,  …  ,  𝑀  , 


\begin {equation}\label {p2:dmbp1} \|\bm u_h^m\|_{\infty }\le \beta ,\quad m=0,1,\ldots ,M,\end {equation}


$0<\Delta t\le \omega _0$


     𝜔  0   ∶  =  −      (     min     |  𝑥  |  ≤  𝛽        𝑓  ′   (  𝑥  )  )     −  1    >  0 


$\omega _0:=-\left (\min _{|x|\le \beta }f'(x)\right )^{-1}>0$


$\varphi $


$[0,T]$


     𝐶  1   ,    𝐶  2   >  0 


$C_1,C_2> 0$


   𝜑  (  𝑡  )  ≤    𝐶  1   +    𝐶  2     ∫  0  𝑡   𝜑  (  𝑠  )  𝑑  𝑠  ,      for all    𝑡  ∈  [  0  ,  𝑇  ]  , 


\begin {equation*}\varphi (t)\le C_1+C_2\int _0^t\varphi (s)ds,\quad \text { for all } t\in [0,T],\end {equation*}


   𝜑  (  𝑡  )  ≤    𝐶  1     𝑒      𝐶  2   𝑡   


\begin {equation*}\varphi (t)\le C_1e^{C_2t}\end {equation*}


$t\in [0,T].$


$C_1,C_2> 0$


   {    𝑧  𝑛     }    𝑛  =  0   ∞  


$\{z_n\}_{n=0}^{\infty }$


     𝑧    𝑛  +  1    ≤  (  1  +    𝐶  1   )    𝑧  𝑛   +    𝐶  2   ,      for all    𝑛  ≥  0  , 


\begin {equation*}z_{n+1}\le (1+C_1)z_n+C_2,\quad \text { for all } n\ge 0,\end {equation*}


     𝑧  𝑛   ≤  (  1  +    𝐶  1     )  𝑛     (    𝑧  0   +      𝐶  2     𝐶  1    )   −      𝐶  2     𝐶  1   


\begin {equation*}z_{n}\le (1+C_1)^n\left (z_0+\frac {C_2}{C_1}\right )-\frac {C_2}{C_1}\end {equation*}


$n\ge 1.$


   ‖    𝐃  ℎ     𝐼  ℎ   𝑢  (  𝑡  )  −    𝐼  ℎ   Δ  𝑢  (  𝑡  )    ‖  ∞   ≲    ℎ  2  


$\|\bm D_hI^hu(t)-I^h\Delta u(t)\|_{\infty }\lesssim h^2$


$t\in [0,T].$


$\bm u_h$


     𝐼  ℎ   𝑢 


$I^hu$


   ‖    𝐮  ℎ   (  𝑡  )  −    𝐼  ℎ   𝑢  (  𝑡  )    ‖  ∞   ≲    ℎ  2  


$\|\bm u_h(t)-I^hu(t)\|_{\infty }\lesssim h^2$


$t\in [0,T].$


   𝐫  (  𝑡  )  =    𝐮  ℎ   (  𝑡  )  −    𝐼  ℎ   𝑢  (  𝑡  ) 


$\bm r(t)=\bm u_h(t)-I^hu(t)$


   𝐫  (  0  )  =  0 


$\bm r(0)=0$


             𝑑  𝐫  (  𝑡  )     𝑑  𝑡    =    𝐀  ℎ   𝐫  (  𝑡  )  +  𝜹  (  𝑡  )  ,    ∀    𝑡  ∈  [  0  ,  𝑇  ]  ,       


\begin {align}\label {p2:semi_error} \frac {d\bm r(t)}{dt}=\bm A_h\bm r(t)+\bm \delta (t),\quad \forall \, t\in [0,T],\end {align}


   𝜹  (  𝑡  )  =    𝜀  2   (    𝐃  ℎ     𝐼  ℎ   𝑢  (  𝑡  )  −    𝐼  ℎ   Δ  𝑢  (  𝑡  )  )  +  𝐅  (    𝐮  ℎ   (  𝑡  )  )  −  𝐅  (    𝐼  ℎ   𝑢  (  𝑡  )  )  . 


$\bm \delta (t)=\varepsilon ^2(\bm D_hI^hu(t)-I^h\Delta u(t))+\bm F(\bm u_h(t))-\bm F(I^hu(t)).$


$f$


         ‖  𝜹  (  𝑡  )    ‖  ∞      ≤    𝜀  2   ‖    𝐃  ℎ     𝐼  ℎ   𝑢  (  𝑡  )  −    𝐼  ℎ   Δ  𝑢  (  𝑡  )    ‖  ∞   +  ‖  𝐅  (    𝐮  ℎ   (  𝑡  )  )  −  𝐅  (    𝐼  ℎ   𝑢  (  𝑡  )  )    ‖  ∞            ≲    ℎ  2   +  ‖  𝐫  (  𝑡  )    ‖  ∞   ,    ∀    𝑡  ∈  [  0  ,  𝑇  ]  .    


\begin {align}\label {p2:est_delta} \|\bm \delta (t)\|_{\infty }&\le \varepsilon ^2\|\bm D_hI^hu(t)-I^h\Delta u(t)\|_{\infty }+\|\bm F(\bm u_h(t))-\bm F(I^hu(t))\|_{\infty } \notag \\[4pt] &\lesssim h^2+\|\bm r(t)\|_{\infty },\quad \forall \, t\in [0,T].\end {align}


   𝐫  (  𝑡  )  =    𝑒    𝑡    𝐀  ℎ     𝐫  (  0  )  +    ∫  0  𝑡     𝑒    (  𝑡  −  𝑠  )    𝐀  ℎ     𝜹  (  𝑠  )  𝑑  𝑠  =    ∫  0  𝑡     𝑒    (  𝑡  −  𝑠  )    𝐀  ℎ     𝜹  (  𝑠  )  𝑑  𝑠  ,    ∀    𝑡  ∈  [  0  ,  𝑇  ]  . 


\begin {equation*}\bm r(t)=e^{t\bm A_h}\bm r(0)+\int _0^te^{(t-s)\bm A_h}\bm \delta (s)ds=\int _0^te^{(t-s)\bm A_h}\bm \delta (s)ds,\quad \forall \, t\in [0,T].\end {equation*}


         ‖  𝐫  (  𝑡  )    ‖  ∞   ≤       ∫  0  𝑡   ‖    𝑒    (  𝑡  −  𝑠  )    𝐀  ℎ       ‖  ∞   ‖  𝜹  (  𝑠  )    ‖  ∞   𝑑  𝑠        ≲       ∫  0  𝑡   (    ℎ  2   +  ‖  𝐫  (  𝑠  )    ‖  ∞   )  𝑑  𝑠  ≲    ℎ  2   +    ∫  0  𝑡   ‖  𝐫  (  𝑠  )    ‖  ∞   𝑑  𝑠  ,    ∀    𝑡  ∈  [  0  ,  𝑇  ]  .    


\begin {align}\label {p2:ttt} \|\bm r(t)\|_{\infty }\le &\int _0^t\|e^{(t-s)\bm A_h}\|_{\infty }\|\bm \delta (s)\|_{\infty }ds\nonumber \\[-2pt] \lesssim &\int _0^t(h^2+\|\bm r(s)\|_{\infty })ds\lesssim h^2+\int _0^t\|\bm r(s)\|_{\infty }ds,\quad \forall \, t\in [0,T].\end {align}


   ‖  𝐫  (  𝑡  )    ‖  ∞  


$\|\bm r(t)\|_{\infty }$


        ‖    𝐮  ℎ  𝑚   −    𝐼  ℎ   𝑢  (    𝑡  𝑚   )    ‖  ∞   ≤  ‖    𝐮  ℎ  𝑚   −    𝐮  ℎ   (    𝑡  𝑚   )    ‖  ∞   +  ‖    𝐮  ℎ   (    𝑡  𝑚   )  −    𝐼  ℎ   𝑢  (    𝑡  𝑚   )    ‖  ∞   . 


\begin {equation}\label {p2:eq:tri_in} \|\bm u_h^m-I^hu(t_m)\|_{\infty }\le \|\bm u_h^m-\bm u_h(t_m)\|_{\infty }+\|\bm u_h(t_m)-I^hu(t_m)\|_{\infty }.\end {equation}


   ‖    𝐮  ℎ   (    𝑡  𝑚   )  −    𝐼  ℎ   𝑢  (    𝑡  𝑚   )    ‖  ∞   ≲    ℎ  2  


$\|\bm u_h(t_m)-I^hu(t_m)\|_{\infty }\lesssim h^2$


        ‖    𝐮  ℎ  𝑚   −    𝐮  ℎ   (    𝑡  𝑚   )    ‖  ∞   ≲  Δ  𝑡  . 


\begin {equation}\label {p2:sss} \|\bm u_h^m-\bm u_h(t_m)\|_{\infty }\lesssim \Delta t.\end {equation}


     𝐞  𝑚   =    𝐮  ℎ  𝑚   −    𝐮  ℎ   (    𝑡  𝑚   ) 


$\bm e_m=\bm u_h^m-\bm u_h(t_m)$


$\bm e_0=0$


     𝐞    𝑚  +  1    =    𝑒    Δ  𝑡    𝐀  ℎ       𝐞  𝑚   +  Δ  𝑡    𝑒    Δ  𝑡    𝐀  ℎ     (  𝐅  (    𝐮  ℎ  𝑚   )  −  𝐅  (    𝐮  ℎ   (    𝑡  𝑚   )  )  )  +    𝐑  𝑚    (  1  )    , 


\begin {equation*}\bm e_{m+1}=e^{\Delta t\bm A_h}\bm e_m+\Delta t e^{\Delta t \bm A_h}(\bm F(\bm u_h^m)-\bm F(\bm u_h(t_m)))+\bm R_m^{(1)},\end {equation*}


     𝐑  𝑚    (  1  )    =  Δ  𝑡    𝑒    Δ  𝑡    𝐀  ℎ     𝐅  (    𝐮  ℎ   (    𝑡  𝑚   )  )  −    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝐀  ℎ     𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝑠  )  )  𝑑  𝑠  . 


\begin {equation*}\bm R_m^{(1)}=\Delta te^{\Delta t\bm A_h}\bm F(\bm u_h(t_m))-\displaystyle \int _0^{\Delta t}e^{(\Delta t -s)\bm A_h}\bm F(\bm u_h(t_m+s))ds.\end {equation*}


$\bm u_h$


$\bm u_h^m$


$f$


         ‖    𝐞    𝑚  +  1      ‖  ∞      ≤  ‖    𝐞  𝑚     ‖  ∞   +  Δ  𝑡  ‖  𝐅  (    𝐮  ℎ  𝑚   )  −  𝐅  (    𝐮  ℎ   (    𝑡  𝑚   )  )    ‖  ∞   +  ‖    𝐑  𝑚    (  1  )      ‖  ∞            ≤  (  1  +    𝐶  1   Δ  𝑡  )  ‖    𝐞  𝑚     ‖  ∞   +  ‖    𝐑  𝑚    (  1  )      ‖  ∞   ,    


\begin {align}\label {p2:error_1a} \|\bm e_{m+1}\|_{\infty }&\le \|\bm e_m\|_{\infty }+\Delta t\|\bm F(\bm u_h^m)-\bm F(\bm u_h(t_m))\|_{\infty }+\|\bm R_m^{(1)}\|_{\infty } \notag \\[4pt] &\le (1+C_1\Delta t)\|\bm e_m\|_{\infty }+\|\bm R_m^{(1)}\|_{\infty },\end {align}


     𝐶  1   =     max     |  𝑥  |  ≤  𝛽    |    𝑓  ′   (  𝑥  )  | 


$C_1=\max _{|x|\le \beta }|f'(x)|$


     𝐑  𝑚    (  1  )   


$\bm R_m^{(1)}$


           𝐑  𝑚    (  1  )       =    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝐀  ℎ     [    𝑒    𝑠    𝐀  ℎ     𝐅  (    𝐮  ℎ   (    𝑡  𝑚   )  )  −  𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝑠  )  )  ]  𝑑  𝑠           =    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝐀  ℎ     [    𝑒    𝑠    𝐀  ℎ     𝐅  (    𝐮  ℎ   (    𝑡  𝑚   )  )  −  𝐅  (    𝑒    𝑠    𝐀  ℎ       𝐮  ℎ   (    𝑡  𝑚   )  )  ]  𝑑  𝑠             +    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝐀  ℎ     [  𝐅  (    𝑒    𝑠    𝐀  ℎ       𝐮  ℎ   (    𝑡  𝑚   )  )  −  𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝑠  )  )  ]  𝑑  𝑠  =  ∶    𝐼  1   +    𝐼  2   ,    


\begin {align*}\bm R_m^{(1)}&=\int _0^{\Delta t}e^{(\Delta t -s)\bm A_h}[e^{s\bm A_h}\bm F(\bm u_h(t_m))-\bm F(\bm u_h(t_m+s))]ds\\ &=\int _0^{\Delta t}e^{(\Delta t -s)\bm A_h}[e^{s\bm A_h}\bm F(\bm u_h(t_m))-\bm F(e^{s\bm A_h}\bm u_h(t_m))]ds\\ &\qquad +\int _0^{\Delta t}e^{(\Delta t -s)\bm A_h}[\bm F(e^{s\bm A_h}\bm u_h(t_m))-\bm F(\bm u_h(t_m+s))]ds=:I_1+I_2,\end {align*}


     𝐼  1  


$I_1$


     𝐼  2  


$I_2$


           𝐼  1      =    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝐀  ℎ     [    𝑒    𝑠    𝐀  ℎ     𝐅  (    𝐮  ℎ   (    𝑡  𝑚   )  )  −  𝐅  (    𝑒    𝑠    𝐀  ℎ       𝐮  ℎ   (    𝑡  𝑚   )  )  ]  𝑑  𝑠  ,          𝐼  2      =    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝐀  ℎ     [  𝐅  (    𝑒    𝑠    𝐀  ℎ       𝐮  ℎ   (    𝑡  𝑚   )  )  −  𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝑠  )  )  ]  𝑑  𝑠  .    


\begin {align*}I_1&=\int _0^{\Delta t}e^{(\Delta t -s)\bm A_h}[e^{s\bm A_h}\bm F(\bm u_h(t_m))-\bm F(e^{s\bm A_h}\bm u_h(t_m))]ds,\\ I_2&=\int _0^{\Delta t}e^{(\Delta t -s)\bm A_h}[\bm F(e^{s\bm A_h}\bm u_h(t_m))-\bm F(\bm u_h(t_m+s))]ds.\end {align*}


   ‖    𝐼  2     ‖  ∞  


$\|I_2\|_{\infty }$


$f$


         ‖    𝐼  2     ‖  ∞      ≲    ∫  0    Δ  𝑡    ‖    𝑒    (  Δ  𝑡  −  𝑠  )    𝐀  ℎ       ‖  ∞   ‖  𝐅  (    𝑒    𝑠    𝐀  ℎ       𝐮  ℎ   (    𝑡  𝑚   )  )  −  𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝑠  )  )    ‖  ∞   𝑑  𝑠           ≲    ∫  0    Δ  𝑡    ‖    𝑒    𝑠    𝐀  ℎ       𝐮  ℎ   (    𝑡  𝑚   )  −    𝐮  ℎ   (    𝑡  𝑚   +  𝑠  )    ‖  ∞   𝑑  𝑠  =    ∫  0    Δ  𝑡        ‖    ∫  0  𝑠     𝑒    (  𝑠  −  𝜎  )    𝐀  ℎ     𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝜎  )  )  𝑑  𝜎  ‖   ∞     𝑑  𝑠           ≤    ∫  0    Δ  𝑡      (    ∫  0  𝑠   ‖    𝑒    (  𝑠  −  𝜎  )    𝐀  ℎ       ‖  ∞   ‖  𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝜎  )  )    ‖  ∞   𝑑  𝜎  )     𝑑  𝑠  ≲    ∫  0    Δ  𝑡    𝑠  𝑑  𝑠  ≲  Δ    𝑡  2   .    


\begin {align}\label {p2:est_I2} \|I_2\|_{\infty }&\lesssim \int _0^{\Delta t}\|e^{(\Delta t -s)\bm A_h}\|_{\infty }\|\bm F(e^{s\bm A_h}\bm u_h(t_m))-\bm F(\bm u_h(t_m+s))\|_{\infty }ds \notag \\ &\lesssim \int _0^{\Delta t} \|e^{s\bm A_h}\bm u_h(t_m)-\bm u_h(t_m+s)\|_{\infty }ds=\int _0^{\Delta t}\left \|\int _0^se^{(s-\sigma )\bm A_h}\bm F(\bm u_h(t_m+\sigma ))d\sigma \right \|_{\infty }ds \notag \\ &\le \int _0^{\Delta t}\left (\int _0^s\|e^{(s-\sigma )\bm A_h}\|_{\infty }\|\bm F(\bm u_h(t_m+\sigma ))\|_{\infty } d\sigma \right ) ds\lesssim \int _0^{\Delta t}sds\lesssim \Delta t^2.\end {align}


   𝐆  (  𝑠  )  =    𝑒    𝑠    𝐀  ℎ     𝐅  (    𝐮  ℎ   (    𝑡  𝑚   )  )  −  𝐅  (    𝑒    𝑠    𝐀  ℎ       𝐮  ℎ   (    𝑡  𝑚   )  ) 


$\bm G(s)=e^{s\bm A_h}\bm F(\bm u_h(t_m))-\bm F(e^{s\bm A_h}\bm u_h(t_m))$


   𝐆  (  0  )  =  0 


$\bm G(0)=0$


   𝐆  (  𝑠  )  =  𝐆  (  𝑠  )  −  𝐆  (  0  )  =    ∫  0  𝑠     𝐆  ′   (  𝜎  )  𝑑  𝜎  , 


\begin {equation*}\bm G(s)=\bm G(s)-\bm G(0)=\int _0^s \bm G'(\sigma )d\sigma ,\end {equation*}


     𝐆  ′   (  𝜎  )  =    𝑒    𝜎    𝐀  ℎ       𝐀  ℎ   𝐅  (    𝐮  ℎ   (    𝑡  𝑚   )  )  −      𝜕  𝐅     𝜕  𝐮    (    𝑒    𝑠    𝐀  ℎ       𝐮  ℎ   (    𝑡  𝑚   )  )    𝑒    𝜎    𝐀  ℎ       𝐀  ℎ     𝐮  ℎ   (    𝑡  𝑚   )  . 


\begin {equation*}\bm G'(\sigma )=e^{\sigma \bm A_h}\bm A_h\bm F(\bm u_h(t_m))-\frac {\partial \bm F}{\partial \bm u}(e^{s\bm A_h}\bm u_h(t_m))e^{\sigma \bm A_h}\bm A_h\bm u_h(t_m).\end {equation*}


   ‖    𝐀  ℎ   𝐅  (    𝐮  ℎ   (    𝑡  𝑚   )  )    ‖  ∞   ≲  1 


$\|\bm {A}_h\bm {F}(\bm {u}_h(t_m))\|_{\infty }\lesssim 1$


   ‖    𝐀  ℎ     𝐮  ℎ   (    𝑡  𝑚   )    ‖  ∞   ≲  1 


$\|\bm {A}_h\bm {u}_h(t_m)\|_{\infty }\lesssim 1$


   ‖    𝐆  ′   (  𝜎  )    ‖  ∞   ≲  1 


$\|\bm {G}'(\sigma )\|_{\infty }\lesssim 1$


   ‖  𝐆  (  𝑠  )    ‖  ∞   ≤    ∫  0  𝑠   ‖    𝐆  ′   (  𝜎  )    ‖  ∞   𝑑  𝜎  ≲  𝑠  , 


\begin {equation*}\|\bm G(s)\|_{\infty }\le \int _0^s\|\bm G'(\sigma )\|_{\infty }d\sigma \lesssim s,\end {equation*}


         ‖    𝐼  1     ‖  ∞   ≤    ∫  0    Δ  𝑡    ‖    𝑒    (  Δ  𝑡  −  𝑠  )    𝐀  ℎ       ‖  ∞   ‖  𝐆  (  𝑠  )    ‖  ∞   𝑑  𝑠  ≲    ∫  0    Δ  𝑡    𝑠  𝑑  𝑠  ≲  Δ    𝑡  2   .       


\begin {align}\label {p2:est_I1} \|I_1\|_{\infty }\le \int _0^{\Delta t}\|e^{(\Delta t-s)\bm A_h}\|_{\infty }\|\bm G(s)\|_{\infty }ds\lesssim \int _0^{\Delta t}sds\lesssim \Delta t^2.\end {align}


   ‖    𝐑  𝑚    (  1  )      ‖  ∞   ≲  Δ    𝑡  2  


$\|\bm R_m^{(1)}\|_{\infty }\lesssim \Delta t^2$


   ‖    𝐑  𝑚    (  1  )      ‖  ∞   ≤    𝐶  2   Δ    𝑡  2  


$\|\bm R_m^{(1)}\|_{\infty }\le C_2\Delta t^2$


     𝐶  2   >  0 


$C_2>0$


   ‖    𝐞    𝑚  +  1      ‖  ∞   ≤  (  1  +    𝐶  1   Δ  𝑡  )  ‖    𝐞  𝑚     ‖  ∞   +    𝐶  2   Δ    𝑡  2   . 


\begin {equation*}\|\bm e_{m+1}\|_{\infty }\le (1+C_1\Delta t)\|\bm e_m\|_{\infty }+C_2\Delta t^2.\end {equation*}


   ‖    𝐮  ℎ  𝑚   −    𝐮  ℎ   (    𝑡  𝑚   )    ‖  ∞  


$\|\bm u_h^m-\bm u_h(t_m)\|_{\infty }$


     ℎ    −  2   


$h^{-2}$


$u$


$\bm u_h$


$\bm A_h$


   ‖    𝐀  ℎ     ‖  ∞   ≲    ℎ    −  2   


$\|\bm A_h\|_{\infty }\lesssim h^{-2}$


   ‖    𝐀  ℎ     𝐼  ℎ   𝑢  (  𝑡  )    ‖  ∞   ≲  1 


$\|\bm A_hI^hu(t)\|_{\infty }\lesssim 1$


   𝑡  ∈  [  0  ,  𝑇  ] 


$t\in [0,T]$


   Δ  𝑢 


$\Delta u$


         ‖    𝐀  ℎ     𝐮  ℎ   (  𝑡  )    ‖  ∞      ≤  ‖    𝐀  ℎ     𝐼  ℎ   𝑢  (  𝑡  )    ‖  ∞   +  ‖    𝐀  ℎ   (    𝐮  ℎ   (  𝑡  )  −    𝐼  ℎ   𝑢  (  𝑡  )  )    ‖  ∞            ≲  1  +  ‖    𝐀  ℎ     ‖  ∞   ‖    𝐮  ℎ   (  𝑡  )  −    𝐼  ℎ   𝑢  (  𝑡  )  )    ‖  ∞            ≲  1  +    ℎ    −  2      ℎ  2   ≲  1  ,    ∀    𝑡  ∈  [  0  ,  𝑇  ]  .    


\begin {align*}\|\bm A_h\bm u_h(t)\|_{\infty }&\le \|\bm A_hI^hu(t)\|_{\infty }+\|\bm A_h(\bm u_h(t)-I^hu(t))\|_{\infty }\\[4pt] &\lesssim 1+\|\bm A_h\|_{\infty }\|\bm u_h(t)-I^hu(t))\|_{\infty }\\[4pt] &\lesssim 1+{h^{-2}}h^2\lesssim 1,\quad \forall \, t\in [0,T].\end {align*}


   𝑠  <  𝑡 


$s<t$


   𝑠  ,  𝑡  ∈  [  0  ,  𝑇  ] 


$s,t\in [0,T]$


     𝐮  ℎ   (  𝑡  )  =    𝑒    (  𝑡  −  𝑠  )    𝐀  ℎ       𝐮  ℎ   (  𝑠  )  +    ∫  0    𝑡  −  𝑠      𝑒    (  𝑡  −  𝑠  −  𝜎  )    𝐀  ℎ     𝐅  (    𝐮  ℎ   (  𝑠  +  𝜎  )  )    𝑑  𝜎  . 


\begin {equation*}\bm u_h(t)=e^{(t-s)\bm A_h}\bm u_h(s)+\int _0^{t-s}e^{(t-s-\sigma )\bm A_h}\bm F(\bm u_h(s+\sigma ))\, d\sigma .\end {equation*}


     𝐮  ℎ   (  𝑡  )  −    𝐮  ℎ   (  𝑠  )  =  [    𝑒    (  𝑡  −  𝑠  )    𝐀  ℎ     −  𝐈  ]    𝐮  ℎ   (  𝑠  )  +    ∫  0    𝑡  −  𝑠      𝑒    (  𝑡  −  𝑠  −  𝜎  )    𝐀  ℎ     𝐅  (    𝐮  ℎ   (  𝑠  +  𝜎  )  )    𝑑  𝜎  =  ∶    𝐾  1   +    𝐾  2   , 


\begin {equation*}\bm u_h(t)-\bm u_h(s)=[e^{(t-s)\bm A_h}-\bm I]\bm u_h(s)+\int _0^{t-s}e^{(t-s-\sigma )\bm A_h}\bm F(\bm u_h(s+\sigma ))\, d\sigma =:K_1+K_2,\end {equation*}


     𝐾  1  


$K_1$


     𝐾  2  


$K_2$


           𝐾  1      =  [    𝑒    (  𝑡  −  𝑠  )    𝐀  ℎ     −  𝐈  ]    𝐮  ℎ   (  𝑠  )  ,          𝐾  2      =    ∫  0    𝑡  −  𝑠      𝑒    (  𝑡  −  𝑠  −  𝜎  )    𝐀  ℎ     𝐅  (    𝐮  ℎ   (  𝑠  +  𝜎  )  )  .    


\begin {align*}K_1&=[e^{(t-s)\bm A_h}-\bm I]\bm u_h(s),\\ K_2&=\int _0^{t-s}e^{(t-s-\sigma )\bm A_h}\bm F(\bm u_h(s+\sigma )).\end {align*}


$\bm u_h$


   ‖    𝐾  2     ‖  ∞   ≤    ∫  0    𝑡  −  𝑠    ‖    𝑒    (  𝑡  −  𝑠  −  𝜎  )    𝐀  ℎ       ‖  ∞   ‖  𝐅  (    𝐮  ℎ   (  𝑠  +  𝜎  )  )    ‖  ∞     𝑑  𝜎  ≲  𝑡  −  𝑠  . 


\begin {equation*}\|K_2\|_{\infty }\le \int _0^{t-s}\|e^{(t-s-\sigma )\bm A_h}\|_{\infty }\|\bm F(\bm u_h(s+\sigma ))\|_{\infty }\, d\sigma \lesssim t-s.\end {equation*}


   ‖    𝐾  1     ‖  ∞  


$\|K_1\|_{\infty }$


         ‖    𝐾  1     ‖  ∞      =      ‖    ∫  0    𝑡  −  𝑠      𝑒    𝜎    𝐀  ℎ       𝐀  ℎ     𝐮  ℎ   (  𝑠  )  𝑑  𝜎  ‖   ∞   ≤    ∫  0    𝑡  −  𝑠    ‖    𝑒    𝜎    𝐀  ℎ       ‖  ∞   ‖    𝐀  ℎ     𝐮  ℎ   (  𝑠  )    ‖  ∞     𝑑  𝜎  ≲  𝑡  −  𝑠  .    


\begin {align*}\|K_1\|_{\infty }&=\left \|\int _0^{t-s}e^{\sigma \bm A_h}\bm A_h\bm u_h(s)d\sigma \right \|_{\infty } \le \int _0^{t-s}\|e^{\sigma \bm A_h}\|_{\infty }\|\bm A_h\bm u_h(s)\|_{\infty }\, d\sigma \lesssim t-s.\end {align*}


   ‖    𝐮  ℎ   (  𝑡  )  −    𝐮  ℎ   (  𝑠  )    ‖  ∞   ≤  ‖    𝐾  1     ‖  ∞   +  ‖    𝐾  2     ‖  ∞   ≲  𝑡  −  𝑠  . 


\begin {equation*}\|\bm u_h(t)-\bm u_h(s)\|_{\infty }\le \|K_1\|_{\infty }+\|K_2\|_{\infty }\lesssim t-s.\end {equation*}


   ‖    𝐀  ℎ     𝐼  ℎ   [  𝑓  (  𝑢  (  𝑡  )  )  ]    ‖  ∞   ≲  1 


$\|\bm A_hI^h[f(u(t))]\|_{\infty }\lesssim 1$


$t\in [0,T]$


   𝑣  (  𝑥  ,  𝑡  )  =  𝑓  (  𝑢  (  𝑥  ,  𝑡  )  ) 


$v(x,t)=f(u(x,t))$


     𝑣  𝑥  


$v_x$


$\Omega $


     𝑢  𝑥  


$u_x$


$f'$


$[-\beta ,\beta ]$


$u$


$t$


$u$


   𝑣 


$v$


     𝑣  𝑥   (    𝑥  1   ,  𝑡  )  =    𝑣  𝑥   (    𝑥  𝑁   ,  𝑡  )  =  0 


$v_x(x_1,t)=v_x(x_N,t)=0$


$\bm A_h$


$I^h$


           𝐀  ℎ     𝐼  ℎ   [  𝑓  (  𝑢  (  𝑡  )  )  ]  =    𝐀  ℎ     𝐼  ℎ   𝑣  (  𝑡  )  =      𝜀  2     ℎ  2        [            −  2     2     0     ⋯     0        1     −  2     1     ⋯     0        ⋮     ⋱     ⋱     ⋱     ⋮        0     ⋯     1     −  2     1        0     ⋯     0     2     −  2        ]       [            𝑣  (    𝑥  1   ,  𝑡  )        𝑣  (    𝑥  2   ,  𝑡  )        ⋮        𝑣  (    𝑥    𝑁  −  1    ,  𝑡  )        𝑣  (    𝑥  𝑁   ,  𝑡  )        ]   =  ∶    𝜀  2       [              𝛼  1   (  𝑡  )          𝛼  2   (  𝑡  )        ⋮          𝛼    𝑁  −  1    (  𝑡  )          𝛼  𝑁   (  𝑡  )        ]   .       


\begin {align}\label {p2:alpha_1N} \bm A_hI^h[f(u(t))]=\bm A_hI^hv(t)=\frac {\varepsilon ^2}{h^2}\begin {bmatrix} -2&2&0&\cdots &0\\ 1&-2&1&\cdots &0\\ \vdots &\ddots &\ddots &\ddots &\vdots \\ 0&\cdots &1&-2&1\\ 0&\cdots &0& 2&-2 \end {bmatrix}\begin {bmatrix} v(x_1,t)\\v(x_2,t)\\ \vdots \\ v(x_{N-1},t)\\v(x_N,t) \end {bmatrix}=:\varepsilon ^2\begin {bmatrix} \alpha _1(t)\\\alpha _2(t)\\ \vdots \\\alpha _{N-1}(t)\\\alpha _N(t) \end {bmatrix}.\end {align}


   𝑗  =  2  ,  3  ,  …  ,  𝑁  −  1 


$j=2,3,\ldots ,N-1$


$t\in [0,T]$


           𝛼  𝑗   (  𝑡  )     =      𝑣  (    𝑥    𝑗  +  1    ,  𝑡  )  −  2  𝑣  (    𝑥  𝑗   ,  𝑡  )  +  𝑣  (    𝑥    𝑗  −  1    ,  𝑡  )     ℎ  2             =      [  𝑣  (    𝑥    𝑗  +  1    ,  𝑡  )  −  𝑣  (    𝑥  𝑗   ,  𝑡  )  ]  −  [  𝑣  (    𝑥  𝑗   ,  𝑡  )  −  𝑣  (    𝑥    𝑗  −  1    ,  𝑡  )  ]     ℎ  2    .    


\begin {align*}\alpha _j(t)&=\frac {v(x_{j+1},t)-2v(x_j,t)+v(x_{j-1},t)}{h^2}\\[4pt] &=\frac {[v(x_{j+1},t)-v(x_j,t)]-[v(x_j,t)-v(x_{j-1},t)]}{h^2}.\end {align*}


     𝛾  1   ∈  (    𝑥  𝑗   ,    𝑥    𝑗  +  1    ) 


$\gamma _1\in (x_{j},x_{j+1})$


     𝛾  2   ∈  (    𝑥    𝑗  −  1    ,    𝑥  𝑗   ) 


$\gamma _2\in (x_{j-1},x_{j})$


         𝑣  (    𝑥    𝑗  +  1    ,  𝑡  )  −  𝑣  (    𝑥  𝑗   ,  𝑡  )  =  ℎ    𝑣  𝑥   (    𝛾  1   ,  𝑡  )  ,      and      𝑣  (    𝑥  𝑗   ,  𝑡  )  −  𝑣  (    𝑥    𝑗  −  1    ,  𝑡  )  =  ℎ    𝑣  𝑥   (    𝛾  2   ,  𝑡  )  .       


\begin {align*}v(x_{j+1},t)-v(x_j,t)=hv_x(\gamma _1,t),\;\text { and }\; v(x_j,t)-v(x_{j-1},t)=hv_x(\gamma _2,t).\end {align*}


         |    𝛼  𝑗   (  𝑡  )  |  =      |    𝑣  𝑥   (    𝛾  1   ,  𝑡  )  −    𝑣  𝑥   (    𝛾  2   ,  𝑡  )  |   ℎ   ≲      |    𝛾  1   −    𝛾  2   |   ℎ   ≲  1  ,    𝑗  =  2  ,  3  ,  …  ,  𝑁  −  1  .       


\begin {align*}|\alpha _j(t)|=\frac {|v_x(\gamma _1,t)-v_x(\gamma _2,t)|}{h}\lesssim \frac {|\gamma _1-\gamma _2|}{h}\lesssim 1,\quad j=2,3,\ldots ,N-1.\end {align*}


$v_x$


   𝑗  =  1 


$j=1$


           𝛼  1   (  𝑡  )  =      2  𝑣  (    𝑥  2   ,  𝑡  )  −  2  𝑣  (    𝑥  1   ,  𝑡  )     ℎ  2    .       


\begin {align*}\alpha _1(t)=\frac {2v(x_2,t)-2v(x_1,t)}{h^2}.\end {align*}


     𝛾  3   ∈  (    𝑥  1   ,    𝑥  2   ) 


$\gamma _3\in (x_1,x_2)$


         |  𝑣  (    𝑥  2   ,  𝑡  )  −  𝑣  (    𝑥  1   ,  𝑡  )  |  =  ℎ  |    𝑣  𝑥   (    𝛾  3   ,  𝑡  )  |  =  ℎ  |    𝑣  𝑥   (    𝛾  3   ,  𝑡  )  −    𝑣  𝑥   (    𝑥  1   ,  𝑡  )  |  ≲  ℎ  |    𝛾  3   −    𝑥  1   |  ≤    ℎ  2   ,       


\begin {align*}|v(x_2,t)-v(x_1,t)|=h|v_x(\gamma _3,t)|=h|v_x(\gamma _3,t)-v_x(x_1,t)|\lesssim h|\gamma _3-x_1|\le h^2,\end {align*}


   |    𝛼  1   (  𝑡  )  |  ≲  1 


$|\alpha _1(t)|\lesssim 1$


   |    𝛼  𝑁   (  𝑡  )  |  ≲  1  . 


$|\alpha _N(t)|\lesssim 1.$


$\|\bm A_hI^h[f(u(t))]\|_{\infty }\lesssim 1$


$t\in [0,T]$


   ‖    𝐀  ℎ   𝐅  (    𝐼  ℎ   𝑢  (  𝑡  )  )    ‖  ∞   =  ‖    𝐀  ℎ     𝐼  ℎ   [  𝑓  (  𝑢  (  𝑡  )  ]    ‖  ∞   ≲  1  ,    𝑡  ∈  [  0  ,  𝑇  ]  . 


\begin {equation*}\|\bm A_h\bm F(I^hu(t))\|_{\infty }=\|\bm A_hI^h[f(u(t)]\|_{\infty }\lesssim 1,\quad t\in [0,T].\end {equation*}


         ‖    𝐀  ℎ   𝐅  (    𝐮  ℎ   (  𝑡  )  )    ‖  ∞      ≤  ‖    𝐀  ℎ   𝐅  (    𝐼  ℎ   𝑢  (  𝑡  )  )    ‖  ∞   +  ‖    𝐀  ℎ   [  𝐅  (    𝐮  ℎ   (  𝑡  )  )  −  𝐅  (    𝐼  ℎ   𝑢  (  𝑡  )  )  ]    ‖  ∞            ≲  1  +  ‖    𝐀  ℎ     ‖  ∞   ‖  𝐅  (    𝐮  ℎ   (  𝑡  )  )  −  𝐅  (    𝐼  ℎ   𝑢  (  𝑡  )  )    ‖  ∞            ≲  1  +  ‖    𝐀  ℎ     ‖  ∞   ‖    𝐮  ℎ   (  𝑡  )  −    𝐼  ℎ   𝑢  (  𝑡  )    ‖  ∞            ≲  1  +    ℎ    −  2      ℎ  2   ≲  1  ,    𝑡  ∈  [  0  ,  𝑇  ]  ,    


\begin {align*}\|\bm A_h\bm F(\bm u_h(t))\|_{\infty }&\le \|\bm A_h\bm F(I^hu(t))\|_{\infty }+\|\bm A_h[\bm F(\bm u_h(t))-\bm F(I^hu(t))]\|_{\infty }\\[4pt] &\lesssim 1+\|\bm A_h\|_{\infty }\|\bm F(\bm u_h(t))-\bm F(I^hu(t))\|_{\infty }\\[4pt] &\lesssim 1+\|\bm A_h\|_{\infty }\|\bm u_h(t)-I^hu(t)\|_{\infty }\\[4pt] &\lesssim 1+h^{-2}h^2 \lesssim 1,\quad t\in [0,T],\end {align*}


$f$


$f$


   𝑓  (  0  )  =  0 


$f(0)=0$


$\bm A_h$


$f(u)$


$\bm A_h$


     𝐀  ℎ   =      𝜀  2     ℎ  2          [            −  2     1     0     ⋯     0        1     −  2     1     ⋯     0        ⋮     ⋱     ⋱     ⋱     ⋮        0     ⋯     1     −  2     1        0     ⋯     0     1     −  2        ]     𝑁  ×  𝑁    . 


\begin {equation*}\bm A_h=\frac {\varepsilon ^2}{h^2}\begin {bmatrix} -2&1&0&\cdots &0\\ 1&-2&1&\cdots &0\\ \vdots &\ddots &\ddots &\ddots &\vdots \\ 0&\cdots &1&-2&1\\ 0&\cdots &0& 1&-2 \end {bmatrix}_{N\times N}.\end {equation*}


     𝑥  0  


$x_0$


     𝑥    𝑁  +  1   


$x_{N+1}$


     Ω  ‾  


$\overline {\Omega }$


     𝑥  1  


$x_1$


     𝑥  𝑁  


$x_N$


$f(0)=0$


   𝑣  (    𝑥  0   ,  𝑡  )  =  𝑣  (    𝑥    𝑁  +  1    ,  𝑡  )  =  0 


$v(x_0,t)=v(x_{N+1},t)=0$


     𝛼  1   (  𝑡  )  =      𝑣  (    𝑥  2   ,  𝑡  )  −  2  𝑣  (    𝑥  1   ,  𝑡  )     ℎ  2    =      𝑣  (    𝑥  2   ,  𝑡  )  −  2  𝑣  (    𝑥  1   ,  𝑡  )  +  𝑣  (    𝑥  0   ,  𝑡  )     ℎ  2    , 


\begin {equation*}\alpha _1(t)=\frac {v(x_2,t)-2v(x_1,t)}{h^2}=\frac {v(x_2,t)-2v(x_1,t)+v(x_0,t)}{h^2},\end {equation*}


     𝛼  𝑁   (  𝑡  )  =      𝑣  (    𝑥    𝑁  −  1    ,  𝑡  )  −  2  𝑣  (    𝑥  𝑁   ,  𝑡  )     ℎ  2    =      𝑣  (    𝑥    𝑁  −  1    ,  𝑡  )  −  2  𝑣  (    𝑥  𝑁   ,  𝑡  )  +  𝑣  (    𝑥    𝑁  +  1    ,  𝑡  )     ℎ  2    . 


\begin {equation*}\alpha _N(t)=\frac {v(x_{N-1},t)-2v(x_N,t)}{h^2}=\frac {v(x_{N-1},t)-2v(x_N,t)+v(x_{N+1},t)}{h^2}.\end {equation*}


$|\alpha _1(t)|\lesssim 1$


   |    𝛼  𝑁   (  𝑡  )  |  ≲  1 


$|\alpha _{N}(t)|\lesssim 1$


$\|\bm A_hI^h[f(u(t))]\|_{\infty }\lesssim 1$


$t\in [0,T]$


$f(0)=0$


$f$


$\bm v=(v_1,v_2,\ldots ,v_N)^T\in \mathbb {R}^N$


       𝜕  𝐅     𝜕  𝐮    (  𝐯  )  =   diag   (    𝑓  ′   (    𝑣  1   )  ,    𝑓  ′   (    𝑣  2   )  ,  …  ,    𝑓  ′   (    𝑣  𝑁   )  )  . 


\begin {equation*}\frac {\partial \bm F}{\partial \bm u}(\bm v)=\text {diag}(f'(v_1),f'(v_2),\ldots ,f'(v_N)).\end {equation*}


   {    𝐮  ℎ  𝑚   } 


$\{\bm u_h^m\}$


$\bm u_h^0=\bm u_h(0)$


   ‖    𝐮  ℎ  𝑚   −    𝐼  ℎ   𝑢  (    𝑡  𝑚   )    ‖  ∞   ≲    ℎ  2   +  Δ  𝑡  ,    ∀    𝑚  =  0  ,  1  ,  …  ,  𝑀  , 


\begin {equation*}\|\bm u_h^m-I^hu(t_m)\|_{\infty }\lesssim h^2+\Delta t,\quad \forall \,m=0,1,\ldots ,M,\end {equation*}


$0<\Delta t\le \omega _0$


$\{\bm u_h^m\}$


$\bm u_h^0=\bm u_h(0)$


\begin {equation*}\|\bm u_h^m-I^hu(t_m)\|_{\infty }\lesssim h^2+\Delta t,\quad \forall \,m=0,1,\ldots ,M,\end {equation*}


$0<\Delta t\le \omega _0$


   ‖    𝐮  ℎ  𝑚   −    𝐮  ℎ   (    𝑡  𝑚   )    ‖  ∞   ≲  Δ  𝑡  . 


$\|\bm u_h^m-\bm u_h(t_m)\|_{\infty }\lesssim \Delta t.$


     𝐞    𝑚  +  1    =    𝑒    Δ  𝑡    𝐀  ℎ       𝐞  𝑚   +  Δ  𝑡  [  𝐅  (    𝑒    Δ  𝑡    𝐀  ℎ       𝐮  ℎ  𝑚   )  −  𝐅  (    𝑒    Δ  𝑡    𝐀  ℎ       𝐮  ℎ   (    𝑡  𝑚   )  )  ]  +    𝐑  𝑚    (  2  )    , 


\begin {equation*}\bm e_{m+1}=e^{\Delta t\bm A_h}\bm e_m+\Delta t[\bm F(e^{\Delta t\bm A_h}\bm u_h^m)-\bm F(e^{\Delta t\bm A_h}\bm u_h(t_m))]+\bm R_m^{(2)},\end {equation*}


     𝐑  𝑚    (  2  )    =  Δ  𝑡  𝐅  (    𝑒    Δ  𝑡    𝐀  ℎ       𝐮  ℎ   (    𝑡  𝑚   )  )  −    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝐀  ℎ     𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝑠  )  )  𝑑  𝑠 


$\bm R_m^{(2)}=\Delta t \bm F(e^{\Delta t\bm A_h}\bm u_h(t_m))-\int _0^{\Delta t}e^{(\Delta t-s)\bm A_h}\bm F(\bm u_h(t_m+s))ds$


         ‖    𝐞    𝑚  +  1      ‖  ∞      ≤  ‖    𝐞  𝑚     ‖  ∞   +  Δ  𝑡  ‖  𝐅  (    𝑒    Δ  𝑡    𝐀  ℎ       𝐮  ℎ  𝑚   )  −  𝐅  (    𝑒    Δ  𝑡    𝐀  ℎ       𝐮  ℎ   (    𝑡  𝑚   )  )    ‖  ∞   +  ‖    𝐑  𝑚    (  2  )      ‖  ∞            ≤  ‖    𝐞  𝑚     ‖  ∞   +    𝐶  1   Δ  𝑡  ‖    𝑒    Δ  𝑡    𝐀  ℎ     (    𝐮  ℎ  𝑚   −    𝐮  ℎ   (    𝑡  𝑚   )  )    ‖  ∞   +  ‖    𝐑  𝑚    (  2  )      ‖  ∞            ≤  (  1  +    𝐶  1   Δ  𝑡  )  ‖    𝐞  𝑚     ‖  ∞   +  ‖    𝐑  𝑚    (  2  )      ‖  ∞   ,    


\begin {align}\label {p2:error_1b} \|\bm e_{m+1}\|_{\infty }&\le \|\bm e_m\|_{\infty }+\Delta t\|\bm F(e^{\Delta t\bm A_h}\bm u_h^m)-\bm F(e^{\Delta t\bm A_h}\bm u_h(t_m))\|_{\infty }+\|\bm R_m^{(2)}\|_{\infty } \notag \\[4pt] &\le \|\bm e_m\|_{\infty }+C_1\Delta t\|e^{\Delta t\bm A_h}(\bm u_h^m-\bm u_h(t_m))\|_{\infty }+\|\bm R_m^{(2)}\|_{\infty } \notag \\[4pt] &\le (1+C_1\Delta t)\|\bm e_m\|_{\infty }+\|\bm R_m^{(2)}\|_{\infty },\end {align}


     𝐶  1  


$C_1$


     𝐑  𝑚    (  2  )   


$\bm R_m^{(2)}$


           𝐑  𝑚    (  2  )       =  Δ  𝑡  [  𝐅  (    𝑒    Δ  𝑡    𝐀  ℎ       𝐮  ℎ   (    𝑡  𝑚   )  )  −  𝐅  (    𝐮  ℎ   (    𝑡    𝑚  +  1    )  )  ]  +    ∫  0    Δ  𝑡    𝐅  (    𝐮  ℎ   (    𝑡    𝑚  +  1    )  )  −    𝑒    (  Δ  𝑡  −  𝑠  )    𝐀  ℎ     𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝑠  )  )  𝑑  𝑠           =  Δ  𝑡  [  𝐅  (    𝑒    Δ  𝑡    𝐀  ℎ       𝐮  ℎ   (    𝑡  𝑚   )  )  −  𝐅  (    𝐮  ℎ   (    𝑡    𝑚  +  1    )  )  ]  +    ∫  0    Δ  𝑡    𝐅  (    𝐮  ℎ   (    𝑡    𝑚  +  1    )  )  −  𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝑠  )  )  𝑑  𝑠             +    ∫  0    Δ  𝑡    (  𝐈  −    𝑒    (  Δ  𝑡  −  𝑠  )    𝐀  ℎ     )  𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝑠  )  )  )  𝑑  𝑠           =  ∶    𝐽  1   +    𝐽  2   +    𝐽  3   ,    


\begin {align*}\bm R_m^{(2)}&=\Delta t[\bm F(e^{\Delta t\bm A_h}\bm u_h(t_m))-\bm F(\bm u_h(t_{m+1}))]+\int _0^{\Delta t}\bm F(\bm u_h(t_{m+1}))-e^{(\Delta t-s)\bm A_h}\bm F(\bm u_h(t_m+s))ds\\ &=\Delta t[\bm F(e^{\Delta t\bm A_h}\bm u_h(t_m))-\bm F(\bm u_h(t_{m+1}))]+\int _0^{\Delta t}\bm F(\bm u_h(t_{m+1}))-\bm F(\bm u_h(t_m+s))ds\\ &\quad +\int _0^{\Delta t}(\bm I-e^{(\Delta t-s)\bm A_h})\bm F(\bm u_h(t_m+s)))ds\\ &=:J_1+J_2+J_3,\end {align*}


     𝐽  1   ,    𝐽  2  


$J_1, J_2$


$J_3$


           𝐽  1      =  Δ  𝑡  [  𝐅  (    𝑒    Δ  𝑡    𝐀  ℎ       𝐮  ℎ   (    𝑡  𝑚   )  )  −  𝐅  (    𝐮  ℎ   (    𝑡    𝑚  +  1    )  )  ]  ,          𝐽  2      =    ∫  0    Δ  𝑡    𝐅  (    𝐮  ℎ   (    𝑡    𝑚  +  1    )  )  −  𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝑠  )  )  𝑑  𝑠  ,          𝐽  3      =    ∫  0    Δ  𝑡    (  𝐈  −    𝑒    (  Δ  𝑡  −  𝑠  )    𝐀  ℎ     )  𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝑠  )  )  )  𝑑  𝑠  .    


\begin {align*}J_1&=\Delta t[\bm F(e^{\Delta t\bm A_h}\bm u_h(t_m))-\bm F(\bm u_h(t_{m+1}))],\\ J_2&=\int _0^{\Delta t}\bm F(\bm u_h(t_{m+1}))-\bm F(\bm u_h(t_m+s))ds,\\ J_3&=\int _0^{\Delta t}(\bm I-e^{(\Delta t-s)\bm A_h})\bm F(\bm u_h(t_m+s)))ds.\end {align*}


         ‖    𝐽  1     ‖  ∞      ≲  Δ  𝑡  ‖    𝑒    Δ  𝑡    𝐀  ℎ       𝐮  ℎ   (    𝑡  𝑚   )  −    𝐮  ℎ   (    𝑡    𝑚  +  1    )    ‖  ∞            =  Δ  𝑡        ‖    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝜎  )    𝐀  ℎ     𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝜎  )  )  𝑑  𝜎  ‖   ∞   ≲  Δ    𝑡  2   .    


\begin {align}\label {p2:est_J1} \|J_1\|_{\infty }&\lesssim \Delta t\|e^{\Delta t\bm A_h}\bm u_h(t_m)-\bm u_h(t_{m+1})\|_{\infty }\nonumber \\ &=\Delta t\left \|\int _0^{\Delta t}e^{(\Delta t-\sigma )\bm A_h}\bm F(\bm u_h(t_m+\sigma ))d\sigma \right \|_{\infty }\lesssim \Delta t^2.\end {align}


   ‖    𝐽  2     ‖  ∞  


$\|J_2\|_{\infty }$


$f$


$\bm u_h$


         ‖    𝐽  2     ‖  ∞      ≤    ∫  0    Δ  𝑡    ‖  𝐅  (    𝐮  ℎ   (    𝑡    𝑚  +  1    )  )  −  𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝑠  )  )    ‖  ∞   𝑑  𝑠           ≲    ∫  0    Δ  𝑡    ‖    𝐮  ℎ   (    𝑡    𝑚  +  1    )  −    𝐮  ℎ   (    𝑡  𝑚   +  𝑠  )    ‖  ∞   𝑑  𝑠           ≲    ∫  0    Δ  𝑡    [    𝑡    𝑚  +  1    −  (    𝑡  𝑚   +  𝑠  )  ]  𝑑  𝑠  =    ∫  0    Δ  𝑡    (  Δ  𝑡  −  𝑠  )  𝑑  𝑠  ≲  Δ    𝑡  2   .    


\begin {align}\label {p2:est_J2} \|J_2\|_{\infty }&\le \int _0^{\Delta t}\|\bm F(\bm u_h(t_{m+1}))-\bm F(\bm u_h(t_m+s))\|_{\infty }ds \notag \\ &\lesssim \int _0^{\Delta t}\|\bm u_h(t_{m+1})-\bm u_h(t_m+s)\|_{\infty }ds \notag \\ &\lesssim \int _0^{\Delta t}[t_{m+1}-(t_m+s)]ds=\int _0^{\Delta t}(\Delta t-s)ds\lesssim \Delta t^2.\end {align}


     𝐽  3   =  −    ∫  0    Δ  𝑡      (    ∫  0    Δ  𝑡  −  𝑠      𝑒    𝜎    𝐀  ℎ       𝐀  ℎ   𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝑠  )  )  𝑑  𝜎  )     𝑑  𝑠  . 


\begin {equation*}J_3=-\int _0^{\Delta t}\left (\int _0^{\Delta t-s}e^{\sigma \bm A_h}\bm A_h\bm F(\bm u_h(t_m+s))d\sigma \right ) ds.\end {equation*}


   ‖    𝐀  ℎ   𝐅  (    𝐮  ℎ   (  𝑡  )  )    ‖  ∞   ≲  1 


$\|\bm A_h\bm F(\bm u_h(t))\|_{\infty }\lesssim 1$


$t\in [0,T]$


         ‖    𝐽  3     ‖  ∞      ≤    ∫  0    Δ  𝑡      (    ∫  0    Δ  𝑡  −  𝑠    ‖    𝑒    𝜎    𝐀  ℎ       ‖  ∞   ‖    𝐀  ℎ   𝐅  (    𝐮  ℎ   (    𝑡  𝑚   +  𝑠  )  )    ‖  ∞   𝑑  𝜎  )     𝑑  𝑠           ≲    ∫  0    Δ  𝑡    (  Δ  𝑡  −  𝑠  )  𝑑  𝑠  ≲  Δ    𝑡  2   .    


\begin {align}\label {p2:est_J3} \|J_3\|_{\infty }&\le \int _0^{\Delta t}\left (\int _0^{\Delta t-s}\|e^{\sigma \bm A_h}\|_{\infty }\|\bm A_h\bm F(\bm u_h(t_m+s))\|_{\infty }d\sigma \right ) ds\nonumber \\ & \lesssim \int _0^{\Delta t}(\Delta t-s)ds\lesssim \Delta t^2.\end {align}


   ‖    𝐑  𝑚    (  2  )      ‖  ∞   ≲  Δ    𝑡  2  


$\|\bm R_m^{(2)}\|_{\infty }\lesssim \Delta t^2$


   ‖    𝐑  𝑚    (  2  )      ‖  ∞   ≤    𝐶  3   Δ    𝑡  2  


$\|\bm R_m^{(2)}\|_{\infty }\le C_3\Delta t^2$


     𝐶  3   >  0 


$C_3>0$


   ‖    𝐞    𝑚  +  1      ‖  ∞   ≤  (  1  +    𝐶  1   Δ  𝑡  )  ‖    𝐞  𝑚     ‖  ∞   +    𝐶  3   Δ    𝑡  2   , 


\begin {equation*}\|\bm e_{m+1}\|_{\infty }\le (1+C_1\Delta t)\|\bm e_m\|_{\infty }+C_3\Delta t^2,\end {equation*}


$f(u)=u-u^3$


$\Omega =(-0.5,0.5)^2$


     𝑢  0   (  𝑥  ,  𝑦  )  =    1  2       (  1  −   tanh       (    𝑥    2    2   𝜀    )   )   ,    (  𝑥  ,  𝑦  )  ∈    Ω  ‾   . 


\begin {equation*}u_0(x,y)=\frac 12\left (1-\tanh \left (\frac {x}{2\sqrt {2}\varepsilon }\right )\right ),\quad (x,y)\in \overline {\Omega }.\end {equation*}


$\varepsilon \ll 1$


         𝑢  (  𝑥  ,  𝑦  ,  𝑡  )  =    1  2       (  1  −   tanh       (      𝑥  −  𝑠  𝑡     2    2   𝜀    )   )   ,    (  𝑥  ,  𝑦  )  ∈    Ω  ‾   ,    𝑡  ≥  0  ,       


\begin {align*}u(x,y,t)=\frac 12\left (1-\tanh \left (\frac {x-st}{2\sqrt {2}\varepsilon }\right )\right ),\quad (x,y)\in \overline {\Omega },\;t\ge 0,\end {align*}


   𝑠  =  3  𝜀  /    2  


$s=3\varepsilon /\sqrt {2}$


   𝑇  =  1  /  4  𝑠 


$T=1/4s$


$h$


$\Delta t$


$h$


$\Delta t$


$L^2$


$L^{\infty }$


$T$


   𝜀  ∈  {  0  .   01   ,  0  .   005   } 


$\varepsilon \in \{ 0.01, 0.005\}$


$L^{2}$


$L^{\infty }$


$\varepsilon $


$L^2$


   (  𝜀  ,  𝑇  )  ∈  {  (  0  .   01   ,  1  )  ,  (  0  .   005   ,  2  )  ,  (  0  .   0025   ,  4  )  } 


$(\mitvarepsilon ,T)\in \{(0.01,1),(0.005,2),(0.0025,4)\}$


$L^{\infty }$


$(\mitvarepsilon ,T)\in \{(0.01,1),(0.005,2),(0.0025,4)\}$


$(\mitvarepsilon ,T)\in \{(0.01,1),(0.005,2),(0.0025,4)\}$


$L^2$


$T=4$


$L^{\infty }$


$T=4$


$T=4$


$L^1$


$T=0.3$


$h=1/2048$


$h=1/2048$


$T=0.3$


$L^1$


$T=0.3$


     𝒞   SSPRK2    =  0  .   331  


$\symcal C_{\text {SSP-RK2}}=0.331$


   𝒞  =  0  .   75  


$\symcal C=0.75$


$L^1$


$|x-x_{\text {shock}}|\ge 0.1$


$T=1.1$


$\symcal C=0.75$


$L^1$


$T=0.3$


$h=1/2048$


                   𝑢  𝑡   +      (        𝑢  2   2    )   𝑥   +      (        𝑢  2   2    )   𝑦   =  0  ,     (  𝑥  ,  𝑦  ,  𝑡  )  ∈  (  −  1  ,  1    )  2   ×  (  0  ,  𝑇  )  ,        𝑢  (  𝑥  ,  𝑦  ,  0  )  =      1  4    +      1  2       sin       (  𝜋  (  𝑥  +  𝑦  )  )   ,     (  𝑥  ,  𝑦  )  ∈  (  −  1  ,  1    )  2   ,           


\begin {align}\label {p4:2D_PDE} \begin {array}{ll} u_t + \left (\dfrac {u^2}{2}\right )_x + \left (\dfrac {u^2}{2}\right )_{y} =0,& (x, y, t) \in (-1,1)^2 \times (0, T), \vspace {0.1cm} \\ u(x, y, 0) = \dfrac {1}{4}+\dfrac {1}{2}\sin \left (\pi (x+y)\right ),& (x, y) \in (-1,1)^2, \end {array}\end {align}


     𝑁  𝑆  


$N_{S}$


   (    𝑥  𝐼   ,    𝑥    𝐼  +  1    )  ×  (  −  1  ,  1  ) 


$(x_{I}, x_{I+1}) \times (-1,1)$


   𝐼  =  1  ,  …  ,    𝑁  𝑆  


$I=1, \hdots , N_{S}$


     𝑁  𝑆   =  2  ,  4  ,  8 


$N_{S}=2,4,8$


$T=0.2$


$T=0.45$


$T=0.2$


$h=1/400$


$\Delta t$


     𝐿  1  


$L^{1}$


$T=0.45$


$L^{1}$


   𝑥  =  −  1 


$x=-1$


   𝑦  =  −  1 


$y=-1$


$h=1/400$


     𝐿  1   − 


$L^{1}-$


$T=0.2$


   Δ    𝑡   ref    =  𝑇  /   512  


$\Delta {t}_{\text {ref}} = T/512$


   Δ  𝑥 


$\Delta x$


   Δ  𝑦 


$\Delta y$


     𝐔  ℎ   ∈    𝒞  2   (  [  0  ,  𝑇  ]  ,    ℝ    3    𝑁  𝑥     𝑁  𝑦     ) 


$\bU _h\in \mathcal {C}^2([0,T],\mR ^{3N_xN_y})$


           𝑑    𝑑  𝑡      𝐔  ℎ   =    𝐆  ℎ   (    𝐔  ℎ   ,    𝛾  ℎ   )  ,      𝐔  ℎ   (  0  )  =    𝐔    ℎ  ,  0    ,       


\begin {align}\label {p4:ODE_sd} \frac {d}{dt} \bU _{h}=\bG _{h}(\bU _{h}, \gamma _{h}), \quad \bU _{h}(0)=\bU _{h,0},\end {align}


     𝑣  ℎ   =    𝜙    𝑖  ,  𝑗     𝑙  𝑘   


$v_{h}=\phi _{i,j}^{lk}$


     𝑑    𝑑  𝑡      𝑢    𝑖  ,  𝑗     𝑙  𝑘      ∫    𝐾    𝑖  ,  𝑗     (    𝜙    𝑖  ,  𝑗     𝑙  𝑘      )  2     𝑑  𝑥  𝑑  𝑦  =    ∫    𝐾    𝑖  ,  𝑗     𝐅  (    𝑢  ℎ   )  ⋅  ∇    𝜙    𝑖  ,  𝑗     𝑙  𝑘      𝑑  𝑥  𝑑  𝑦  −    ∑    𝑒  ⊂  𝜕    𝐾    𝑖  ,  𝑗        ∫  𝑒     𝔥    𝑒  ,    𝐾    𝑖  ,  𝑗          (    𝑢  ℎ     int   (    𝐾    𝑖  ,  𝑗    )    ,    𝑢  ℎ     ext   (    𝐾    𝑖  ,  𝑗    )    )       𝜙    𝑖  ,  𝑗     𝑙  𝑘    𝑑  𝑠  , 


\begin {equation*}\frac {d}{dt}u_{i,j}^{lk}\int _{K_{i,j}}(\phi _{i,j}^{lk})^2 \, dxdy=\int _{K_{i,j}} \pmb F(u_h)\cdot \nabla \phi _{i,j}^{lk} \, dx dy-\sum _{e \subset \partial K_{i,j}}\int _{e}\fh _{e,K_{i,j}}\left (u_h^{\text {int}(K_{i,j})},u_h^{\text {ext}(K_{i,j})}\right )\phi _{i,j}^{lk}ds,\end {equation*}


   1  ≤  𝑖  ≤    𝑁  𝑥  


$1\le i\le N_x$


   1  ≤  𝑗  ≤    𝑁  𝑦  


$1\le j\le N_y$


   (  𝑙  ,  𝑘  )  ∈  {  (  0  ,  0  )  ,  (  1  ,  0  )  ,  (  0  ,  1  )  } 


$(l,k)\in \{(0,0),(1,0),(0,1)\}$


     ∫    𝐾    𝑖  ,  𝑗     (    𝜙    𝑖  ,  𝑗     𝑙  𝑘      )  2   𝑑  𝑥  𝑑  𝑦  =      |    𝐾    𝑖  ,  𝑗    |     3    𝑙  +  𝑘    


$\int _{K_{i,j}}(\phi _{i,j}^{lk})^2dxdy=\frac {|K_{i,j}|}{3^{l+k}}$


   ∇    𝜙    𝑖  ,  𝑗     𝑙  𝑘    =      (      2  𝑙     Δ    𝑥  𝑖     ,      2  𝑘     Δ    𝑦  𝑗     )   𝑇  


$\nabla \phi _{i,j}^{lk}=\left (\frac {2l}{\Delta x_i},\frac {2k}{\Delta y_j}\right )^T$


           𝑑    𝑑  𝑡      𝑢    𝑖  ,  𝑗     𝑙  𝑘       =      3    𝑙  +  𝑘      |    𝐾    𝑖  ,  𝑗    |    [      2  𝑙     Δ    𝑥  𝑖       ∫    𝐾    𝑖  ,  𝑗       𝑓  1   (    𝑢  ℎ   )  𝑑  𝑥  𝑑  𝑦  +      2  𝑘     Δ    𝑦  𝑗       ∫    𝐾    𝑖  ,  𝑗       𝑓  2   (    𝑢  ℎ   )  𝑑  𝑥  𝑑  𝑦             −    ∑    𝑒  ⊂  𝜕    𝐾    𝑖  ,  𝑗        ∫  𝑒     𝔥    𝑒  ,    𝐾    𝑖  ,  𝑗          (    𝑢  ℎ     int   (    𝐾    𝑖  ,  𝑗    )    ,    𝑢  ℎ     ext   (    𝐾    𝑖  ,  𝑗    )    )       𝜙    𝑖  ,  𝑗     𝑙  𝑘    𝑑  𝑠  ]  .    


\begin {align}\label {p4:pre-eta} \frac {d}{dt}u_{i,j}^{lk}&=\frac {3^{l+k}}{|K_{i,j}|}\bigg [\frac {2l}{\Delta x_i}\int _{K_{i,j}}f_1(u_h)dxdy+\frac {2k}{\Delta y_j}\int _{K_{i,j}}f_2(u_h)dxdy \notag \\ &\hspace {3.5cm}-\sum _{e \subset \partial K_{i,j}}\int _{e}\fh _{e,K_{i,j}}\left (u_h^{\text {int}(K_{i,j})},u_h^{\text {ext}(K_{i,j})}\right )\phi _{i,j}^{lk}ds\bigg ].\end {align}


                    ∫  𝐾   𝑓  (    𝑢  ℎ   (  𝑥  ,  𝑦  ,  𝑡  )  )  𝑑  𝑥  𝑑  𝑦  ≈    ℐ  𝐾   (  𝑓  )  ,     with     𝑓  =    𝑓  1      or     𝑓  =    𝑓  2   ,             ∫  𝑒     𝔥    𝑒  ,  𝐾        (    𝑢  ℎ     int   (  𝐾  )    (  𝑥  ,  𝑦  ,  𝑡  )  ,    𝑢  ℎ     ext   (  𝐾  )    (  𝑥  ,  𝑦  ,  𝑡  )  )     𝜙  (  𝑥  ,  𝑦  )    𝑑  𝑠  ≈    ℐ  𝑒   (    𝔥    𝑒  ,  𝐾    𝜙  )  ,     with     𝜙  =    𝜙    𝑖  ,  𝑗     𝑙  𝑘    ,      


\begin {equation}\label {p4:eq:quadrule} \begin {array}{ll} &\displaystyle \int _{K}f(u_h(x,y,t))dxdy \approx \mathcal {I}_{K}(f), \quad \text {with} \; f=f_{1} \; \text {or} \; f=f_{2}, \vspace {5pt}\\ &\displaystyle \int _{e} \fh _{e,K}\left (u_h^{\text {int}(K)}(x,y,t),u_h^{\text {ext}(K)}(x,y,t)\right ) \phi (x,y) \, ds \approx \mathcal {I}_{e}(\fh _{e,K}\phi ), \quad \text {with} \; \phi =\phi _{i,j}^{lk}, \end {array}\end {equation}


   𝐾  =    𝐾    𝑖  ,  𝑗    ∈    𝒦  ℎ  


$K=K_{i,j} \in \iK _{h}$


   𝑒  ⊂  𝜕  𝐾 


$e \subset \partial K$


                  ℐ  𝐾   (  𝑓  )  ∶  =      ∑    𝑞  =  1     𝑁  𝑞      𝜔  𝑞   𝑓  (    𝑢  ℎ   (    𝑥    𝐾  𝑞    ,    𝑦    𝐾  𝑞    ,  𝑡  )  )  |  𝐾  |  ,           ℐ  𝑒   (    𝔥    𝑒  ,  𝐾    𝜙  )  ∶  =      ∑    𝑞  =  1     𝑁  ˆ      𝜔  ˆ     𝔥    𝑒  ,  𝐾        (    𝑢  ℎ     int   (  𝐾  )    (    𝑥    𝑒  𝑞    ,    𝑦    𝑒  𝑞    ,  𝑡  )  ,    𝑢  ℎ     ext   (  𝐾  )    (    𝑥    𝑒  𝑞    ,    𝑦    𝑒  𝑞    ,  𝑡  )  )     𝜙  (    𝑥    𝑒  𝑞    ,    𝑦    𝑒  𝑞    )  |  𝑒  |  .      


\begin {equation}\label {p4:eq:quadrule2} \begin {array}{ll} &\mathcal {I}_{K}(f) := \displaystyle \sum _{q=1}^{N_{q}} \omega _{q} f(u_h(x_{Kq},y_{Kq},t)) \vert K \vert , \vspace {2pt}\\ &\mathcal {I}_{e}(\fh _{e,K}\phi ) :=\displaystyle \sum _{q=1}^{\widehat {N}_{q}} \widehat {\omega }_{q} \fh _{e,K}\left (u_h^{\text {int}(K)}(x_{eq},y_{eq},t),u_h^{\text {ext}(K)}(x_{eq}, y_{eq},t)\right )\phi (x_{eq}, y_{eq}) \vert e \vert . \end {array}\end {equation}


     𝐮    𝑖  ,  𝑗    (  𝑡  )  =  (    𝑢    𝑖  ,  𝑗    00    (  𝑡  )  ,    𝑢    𝑖  ,  𝑗    10    (  𝑡  )  ,    𝑢    𝑖  ,  𝑗    01    (  𝑡  )    )  𝑇  


$\bu _{i,j}(t)=(u_{i,j}^{00}(t),u_{i,j}^{10}(t),u_{i,j}^{01}(t))^{T}$


     𝑢  ℎ   (  𝑡  ) 


$u_{h}(t)$


     𝐾    𝑖  ,  𝑗   


$K_{i,j}$


   1  ≤  𝑖  ≤    𝑁  𝑥  


$1 \leq i \leq N_{x}$


   1  ≤  𝑗  ≤    𝑁  𝑦  


$1 \leq j \leq N_{y}$


$x$


                  𝐔  ℎ   (  𝑡  )     =  (    𝐔  1   (  𝑡  )  ,    𝐔  2   (  𝑡  )  ,  …  ,    𝐔    𝑁  𝑥    (  𝑡  )    )  𝑇   ,         where       𝐔  𝑖      =  (    𝐮    𝑖  ,  1    ,    𝐮    𝑖  ,  2    ,  …  ,    𝐮    𝑖  ,    𝑁  𝑦       )  𝑇   ∈    ℝ    3    𝑁  𝑦     ,     for     1  ≤  𝑖  ≤    𝑁  𝑥   .     


\begin {equation}\label {p4:eq:Uh_number} \begin {array}{rl} \bU _{h}(t) &= (\bU _{1}(t), \bU _{2}(t), \hdots , \bU _{N_{x}}(t))^{T}, \vspace {5pt}\\ \text {where} \quad \bU _{i} &=(\bu _{i,1}, \bu _{i,2}, \hdots , \bu _{i,N_{y}})^{T} \in \mR ^{3N_y}, \; \text {for} \; 1 \leq i \leq N_{x}. \end {array}\end {equation}


          𝑑    𝑑  𝑡      𝑢    𝑖  ,  𝑗     𝑙  𝑘    =    𝑔    𝑖  ,  𝑗     𝑙  𝑘    (    𝐔  ℎ   ,    𝛾  ℎ   )  ∶  =      3    𝑙  +  𝑘      |    𝐾    𝑖  ,  𝑗    |    [      2  𝑙     Δ    𝑥  𝑖       ℐ    𝐾    𝑖  ,  𝑗     (    𝑓  1   (    𝑢  ℎ   )  )  +      2  𝑘     Δ    𝑦  𝑗       ℐ    𝐾    𝑖  ,  𝑗     (    𝑓  2   (    𝑢  ℎ   )  )  −    ∑    𝑒  ⊂  𝜕    𝐾    𝑖  ,  𝑗        ℐ  𝑒       (    𝔥    𝑒  ,    𝐾    𝑖  ,  𝑗        𝜙    𝑖  ,  𝑗     𝑙  𝑘    )   ]  , 


\begin {equation}\label {p4:new-rho} \frac {d}{dt}u_{i,j}^{lk}=g_{i,j}^{lk}(\bU _{h},\gamma _{h}):=\frac {3^{l+k}}{|K_{i,j}|}\bigg [\frac {2l}{\Delta x_i}\mathcal {I}_{K_{i,j}}(f_1(u_h))+\frac {2k}{\Delta y_j}\mathcal {I}_{K_{i,j}}(f_2(u_h))-\sum _{e \subset \partial K_{i,j}}\mathcal {I}_{e}\left (\fh _{e,K_{i,j}}\phi _{i,j}^{lk}\right )\bigg ],\end {equation}


$1 \leq i \leq N_{x}$


$1 \leq j \leq N_{y}$


$(l,k)\in \{(0,0),(1,0),(0,1)\}$


     𝑢  ℎ  


$u_{h}$


                  𝐆  ℎ      =  (    𝐆  1   ,    𝐆  2   ,  …  ,    𝐆    𝑁  𝑥      )  𝑇   ,      𝐆  𝑖   =  (    𝐠    𝑖  ,  1    ,    𝐠    𝑖  ,  2    ,  …  ,    𝐠    𝑖  ,    𝑁  𝑦       )  𝑇   ,         where        𝐠    𝑖  ,  𝑗    =  (    𝑔    𝑖  ,  𝑗    00    ,    𝑔    𝑖  ,  𝑗    10    ,    𝑔    𝑖  ,  𝑗    01      )  𝑇   ,    1  ≤  𝑖  ≤    𝑁  𝑥   ,    1  ≤  𝑗  ≤    𝑁  𝑦   .     


\begin {equation}\label {p4:eq:Gh_number} \begin {array}{rl} \bG _{h} &= (\bG _{1}, \bG _{2}, \hdots , \bG _{N_{x}})^{T},\quad \bG _{i}=(\bg _{i,1}, \bg _{i,2}, \hdots , \bg _{i,N_{y}})^{T}, \vspace {5pt}\\ \text {where} & \bg _{i,j}=(g_{i,j}^{00},g_{i,j}^{10},g_{i,j}^{01})^{T}, \quad 1 \leq i \leq N_{x}, \; 1 \leq j \leq N_{y}. \end {array}\end {equation}


     𝐔    ℎ  ,  0   


$\bU _{h,0}$


     𝑢    ℎ  ,  0   


$u_{h,0}$


$L^{2}$


     𝑢  0  


$u_{0}$


     𝒱  ℎ  


$\iV _{h}$


$\Omega $


     ℝ  𝑑  


$\mR ^d$


   𝑑  =  1  ,  2  ,  3 


$d=1,2,3$


$T>0$


           𝜕  𝑡   𝑢  +  ∇  ⋅  𝐅  (  𝑢  )     =  0  ,     in     Ω  ×  (  0  ,  𝑇  )  ,        𝑢     =  𝛾  ,     on     𝜕  Ω  ×  (  0  ,  𝑇  )  ,        𝑢  (  ⋅  ,  0  )     =    𝑢  0   ,     in     Ω  ,    


\begin {align}\partial _t u+\nabla \cdot \pmb F(u)&=0, \hspace {0.5cm} \text {in} \; \Omega \times (0,T), \label {p4:PDE-main}\\ u&=\gamma , \hspace {0.5cm} \text {on} \; \partial \Omega \times (0,T), \label {p4:PDE-bc}\\ u(\cdot , 0)&=u_0, \hspace {0.35cm} \text {in} \; \Omega , \label {p4:PDE-ic}\end {align}


   𝐅  =  (    𝑓  1   ,    𝑓  2   ,  …  ,    𝑓  𝑑     )  𝑇   ∈  (    𝒞  1   (  ℝ  )    )  𝑑  


$\pmb F=(f_1,f_2,\ldots ,f_d)^T \in (\mathcal {C}^{1}(\mR ))^d$


   𝛾  ∈    𝐿  ∞   (  𝜕  Ω  ×  (  0  ,  𝑇  )  ) 


$\gamma \in L^{\infty }(\partial \Omega \times (0,T))$


     𝑢  0   ∈    𝐿  ∞   (  Ω  ) 


$u_{0} \in L^{\infty }(\Omega )$


$u$


$d=2$


$\Omega =(0,1)^2$


   𝐅  =  (    𝑓  1   ,    𝑓  2     )  𝑇  


$\pmb F=(f_1,f_2)^T$


     𝒦  ℎ  


$\iK _{h}$


$\Omega $


     𝑁  𝑥     𝑁  𝑦  


$N_xN_y$


     𝐾    𝑖  ,  𝑗    =  (    𝑥    𝑖  −  1  /  2    ,    𝑥    𝑖  +  1  /  2    )  ×  (    𝑦    𝑗  −  1  /  2    ,    𝑦    𝑗  +  1  /  2    ) 


$K_{i,j}=(x_{i-1/2},x_{i+1/2})\times (y_{j-1/2},y_{j+1/2})$


$1\le i\le N_x$


$1\le j\le N_y$


   0  =    𝑥    1  /  2    <    𝑥    3  /  2    <  …  <    𝑥      𝑁  𝑥   +  1  /  2    =  1  ,    and    0  =    𝑦    1  /  2    <    𝑦    3  /  2    <  …  <    𝑦      𝑁  𝑦   +  1  /  2    =  1  . 


\begin {equation*}0=x_{1/2}<x_{3/2}<\ldots <x_{N_x+1/2}=1,\text { and } 0=y_{1/2}<y_{3/2}<\ldots <y_{N_y+1/2}=1.\end {equation*}


$x_i$


     𝑦  𝑗  


$y_j$


   (    𝑥    𝑖  −  1  /  2    ,    𝑥    𝑖  +  1  /  2    ) 


$(x_{i-1/2},x_{i+1/2})$


   (    𝑦    𝑗  −  1  /  2    ,    𝑦    𝑗  +  1  /  2    ) 


$(y_{j-1/2},y_{j+1/2})$


   Δ    𝑥  𝑖   =    𝑥    𝑖  +  1  /  2    −    𝑥    𝑖  −  1  /  2   


$\Delta x_i=x_{i+1/2}-x_{i-1/2}$


   Δ    𝑦  𝑗   =    𝑦    𝑗  +  1  /  2    −    𝑦    𝑗  −  1  /  2   


$\Delta y_j=y_{j+1/2}-y_{j-1/2}$


   Δ  𝑥  =     max     1  ≤  𝑖  ≤    𝑁  𝑥       Δ    𝑥  𝑖  


$\Delta x=\max _{1\le i\le N_x}\Delta x_i$


   Δ  𝑦  =     max     1  ≤  𝑗  ≤    𝑁  𝑦       Δ    𝑦  𝑗  


$\Delta y=\max _{1\le j\le N_y}\Delta y_j$


   ℎ  =   max   {  Δ  𝑥  ,  Δ  𝑦  } 


$h=\max \{\Delta x,\Delta y\}$


$\iV _{h}$


     𝒱  ℎ   =  {    𝑣  ℎ   ∈    𝐿  1   (  Ω  )  ∶    𝑣  ℎ     |    𝐾    𝑖  ,  𝑗     ∈    𝒫  1   (    𝐾    𝑖  ,  𝑗    )  ,    1  ≤  𝑖  ≤    𝑁  𝑥   ,    1  ≤  𝑗  ≤    𝑁  𝑦   }  , 


\begin {equation*}\iV _{h}=\{v_{h}\in L^1(\Omega ):v_{h}|_{K_{i,j}}\in \mathcal {P}^{1}(K_{i,j}),\; 1\le i\le N_x,\; 1\le j\le N_y\},\end {equation*}


     𝒫  1   (    𝐾    𝑖  ,  𝑗    ) 


$\mathcal {P}^{1}(K_{i,j})$


$1$


$K_{i,j}$


     𝑢  ℎ   ∈    𝒱  ℎ  


$u_{h} \in \iV _{h}$


$u$


           𝑢  ℎ   (  𝑥  ,  𝑦  ,  𝑡  )  =    𝑢    𝑖  ,  𝑗    00    (  𝑡  )  +    𝑢    𝑖  ,  𝑗    10    (  𝑡  )    𝜙    𝑖  ,  𝑗    10    (  𝑥  ,  𝑦  )  +    𝑢    𝑖  ,  𝑗    01    (  𝑡  )    𝜙    𝑖  ,  𝑗    01    (  𝑥  ,  𝑦  )  ,     for     (  𝑥  ,  𝑦  )  ∈    𝐾    𝑖  ,  𝑗    ,    𝑡  ∈  (  0  ,  𝑇  )  ,       


\begin {align}\label {p4:u_h} u_{h}(x,y,t)=u_{i,j}^{00}(t)+u_{i,j}^{10}(t)\phi _{i,j}^{10}(x,y)+u_{i,j}^{01}(t)\phi _{i,j}^{01}(x,y), \quad \text {for} \; (x,y) \in K_{i,j}, \; t \in (0,T),\end {align}


     𝜙    𝑖  ,  𝑗     𝑙  𝑘   


$\phi _{i,j}^{lk}$


$(l,k)\in \{(0,0),(1,0),(0,1)\}$


           𝜙    𝑖  ,  𝑗    00    (  𝑥  ,  𝑦  )  =  1  ,      𝜙    𝑖  ,  𝑗    10    (  𝑥  ,  𝑦  )  =      2  (  𝑥  −    𝑥  𝑖   )     Δ    𝑥  𝑖     ,    and      𝜙    𝑖  ,  𝑗    01    (  𝑥  ,  𝑦  )  =      2  (  𝑦  −    𝑦  𝑗   )     Δ    𝑦  𝑗     .       


\begin {align*}\label {p4:basis} \phi _{i,j}^{00}(x,y)=1,\;\phi _{i,j}^{10}(x,y)=\frac {2(x-x_i)}{\Delta x_i},\text { and } \phi _{i,j}^{01}(x,y)=\frac {2(y-y_j)}{\Delta y_j}.\end {align*}


     𝑢    𝑖  ,  𝑗     𝑙  𝑘   


$u_{i,j}^{lk}$


                  𝑢    𝑖  ,  𝑗    00    (  𝑡  )     =    1    |    𝐾    𝑖  ,  𝑗    |        ∫    𝐾    𝑖  ,  𝑗     𝑢  (  𝑥  ,  𝑦  ,  𝑡  )    𝑑  𝑥    𝑑  𝑦  ,      𝑢    𝑖  ,  𝑗    10    (  𝑡  )  =    3    |    𝐾    𝑖  ,  𝑗    |      ∫    𝐾    𝑖  ,  𝑗     𝑢  (  𝑥  ,  𝑦  ,  𝑡  )    𝜙    𝑖  ,  𝑗    10    (  𝑥  ,  𝑦  )    𝑑  𝑥    𝑑  𝑦  ,           𝑢    𝑖  ,  𝑗    01    (  𝑡  )     =    3    |    𝐾    𝑖  ,  𝑗    |        ∫    𝐾    𝑖  ,  𝑗     𝑢  (  𝑥  ,  𝑦  ,  𝑡  )    𝜙    𝑖  ,  𝑗    01    (  𝑥  ,  𝑦  )    𝑑  𝑥    𝑑  𝑦  ,      


\begin {equation}\label {p4:eq:DOFs} \begin {array}{ll} u_{i,j}^{00}(t)&=\frac {1}{\vert K_{i,j} \vert } \displaystyle \int _{K_{i,j}} u(x,y,t) \, dx\, dy, \quad u_{i,j}^{10}(t)=\frac {3}{\vert K_{i,j} \vert } \displaystyle \int _{K_{i,j}} u(x,y,t) \phi _{i,j}^{10}(x,y) \, dx\, dy, \vspace {5pt}\\ u_{i,j}^{01}(t)&=\frac {3}{\vert K_{i,j} \vert } \displaystyle \int _{K_{i,j}} u(x,y,t) \phi _{i,j}^{01}(x,y) \, dx\, dy, \end {array}\end {equation}


$u_{h}$


     𝐿  2   − 


$L^{2}-$


$u$


$\iV _{h}$


     𝑣  ℎ   ∈    𝒱  ℎ  


$v_{h} \in \iV _{h}$


$K_{i,j}$


$u$


$u_{h}$


                     𝑑    𝑑  𝑡         ∫    𝐾    𝑖  ,  𝑗       𝑢  ℎ     𝑣  ℎ     𝑑  𝑥  𝑑  𝑦  =    ∫    𝐾    𝑖  ,  𝑗     𝐅  (    𝑢  ℎ   )  ⋅  ∇    𝑣  ℎ     𝑑  𝑥  𝑑  𝑦  −    ∑    𝑒  ⊂  𝜕    𝐾    𝑖  ,  𝑗        ∫  𝑒   𝐅  (    𝑢  ℎ   )  ⋅    𝐧    𝑒  ,    𝐾    𝑖  ,  𝑗        𝑣  ℎ     𝑑  𝑠  ,            


\begin {align}\label {p4:eq_weak_form} \begin {array}{l} \dfrac {d}{dt}\displaystyle \int _{K_{i,j}} u_h v_h \, dxdy = \displaystyle \int _{K_{i,j}}\pmb F(u_h)\cdot \nabla v_h \, dxdy-\sum _{e \subset \partial K_{i,j}}\displaystyle \int _{e}\pmb F(u_h)\cdot \bn _{e,K_{i,j}} v_h \, ds, \end {array}\end {align}


     𝐧    𝑒  ,  𝐾   


$\bn _{e,K}$


$e \subset \partial K$


   𝐾  ∈    𝒦  ℎ  


$K \in \iK _{h}$


     𝑢  ℎ  


$u_h$


   𝐱  =  (  𝑥  ,  𝑦  )  ∈  𝑒  ⊂  𝜕  𝐾 


$\bx =(x,y) \in e \subset \partial K$


   𝐅  (    𝑢  ℎ   )  ⋅    𝐧    𝑒  ,  𝐾   


$\pmb F(u_h)\cdot \pmb n_{e,K}$


     𝔥    𝑒  ,  𝐾        (    𝑢  ℎ     int   (  𝐾  )    (  𝐱  ,  𝑡  )  ,    𝑢  ℎ     ext   (  𝐾  )    (  𝐱  ,  𝑡  )  )  


$\fh _{e,K}\left (u_h^{\text {int}(K)}(\bx ,t),u_h^{\text {ext}(K)}(\bx ,t)\right )$


     𝐲  →  𝐱  


\begin {equation}\label {p4:eq:u_int_ext} u_h^{\text {int}(K)}(\bx ,t)=\lim \limits _{\substack {\by \to \bx \\ \by \in \mathring {K}}} u_h(\by , t),\; \text {and} \quad u_h^{\text {ext}(K)}(\bx ,t)= \left \{ \begin {array}{ll} \gamma _{h} (\bx ,t) & \quad \text {if} \; \bx \in \partial \Omega , \\ \lim \limits _{\substack {\by \to \bx \\ \by \in (K)^{c}}} u_h(\by ,t) & \quad \text {otherwise}, \end {array} \right .\end {equation}


     𝛾  ℎ  


$\gamma _{h}$


$L^{2}-$


$\gamma $


   𝜕    𝒱  ℎ  


$\partial \iV _{h}$


     𝔥    𝑒  ,  𝐾   


$\fh _{e,K}$


           𝔥    𝑒  ,  𝐾    LF    (  𝑢  ,  𝑣  )  =    1  2   [  𝐅  (  𝑢  )  +  𝐅  (  𝑣  )  ]  ⋅    𝐧    𝑒  ,  𝐾    −    𝛼  2   (  𝑣  −  𝑢  )  ,     for     𝛼  =     max     𝑤  ∈  [   inf       𝑢  0   ,   sup       𝑢  0   ]        |    𝑑    𝑑  𝑤    (  𝐅  (  𝑤  )  ⋅    𝐧    𝑒  ,  𝐾    )  |   ,       


\begin {align}\label {p4:flux-LF} \fh _{e,K}^{\text {LF}}(u,v)=\frac 12[\pmb F(u)+\pmb F(v)]\cdot \pmb n_{e,K}-\frac {\alpha }{2}(v-u), \; \text {for} \; \alpha =\max _{w \in [\inf u_0,\sup u_0]}\left \vert \frac {d}{dw}(\bF (w)\cdot \pmb n_{e,K})\right \vert ,\end {align}


           𝔥    𝑒  ,  𝐾    EO    (  𝑢  ,  𝑣  )  =    1  2   [  𝐅  (  𝑢  )  +  𝐅  (  𝑣  )  ]  ⋅    𝐧    𝑒  ,  𝐾    −    1  2     ∫  𝑢  𝑣     |    𝑑    𝑑  𝑤    (  𝐅  (  𝑤  )  ⋅    𝐧    𝑒  ,  𝐾    )  |     𝑑  𝑤  .       


\begin {align}\label {p4:flux} \fh _{e,K}^{\text {EO}}(u,v)=\frac 12[\pmb F(u)+\pmb F(v)]\cdot \pmb n_{e,K}-\frac 12\int _{u}^{v}\left |\frac {d}{dw}(\pmb F(w)\cdot \pmb n_{e,K})\right |dw.\end {align}


       (    𝐔  ℎ  𝑚   )     𝑚  =  1  ,  …  ,  𝑀   


$\left (\bU _h^m\right )_{m=1, \hdots , M}$


   ‖    𝐔  ℎ  𝑚   −    𝐔  ℎ   (    𝑡  𝑚   )    ‖  ∞   ≤  𝐶  Δ    𝑡  2   , 


\begin {equation*}\| \bU _h^m- \bU _h(t_m)\|_{\infty }\le C\Delta t^2,\end {equation*}


$m=0,1,\ldots ,M$


$C>0$


   Δ  𝑥  ,  Δ  𝑦  ,    𝐿  𝑢   ,    𝐿  𝑓   ,    𝐿    𝑓  𝑓    ,  𝑇 


$\Delta x,\Delta y, L_u,L_f,L_{ff}, T$


     𝒞  2   (  [  0  ,  𝑇  ]  ) 


$\mathcal {C}^2([0,T])$


     𝐔  ℎ  


$\bU _h$


$\Delta t$


$L^1$


$T=0.2$


$h=1/400$


$h=1/400$


$T=0.2$


$L^1$


$[-0.2,0.4]^2$


$T=0.45$


   𝒞  =  0  .   5625  


$\symcal C=0.5625$


$L^1$


$T=0.2$


$h=1/400$


   Δ  𝑡  =  2  ℎ  ∈  {    1  8   ,    1   16    ,    1   32    ,    1   64    ,    1   128    } 


$\mitDelta t=2h\in \{\frac 18,\frac {1}{16},\frac {1}{32},\frac {1}{64},\frac {1}{128}\}$


   𝜃  ∈  {  0  .  1  ,  1  ,   10   ,   100   } 


$\mittheta \in \{0.1,1,10,100\}$


   ℎ  =        Δ  𝑡    4  


$h=\frac {\sqrt {\mitDelta t}}{4}$


   ℎ  =      Δ  𝑡   2  


$h=\frac {\mitDelta t}{2}$


$h=\frac {\sqrt {\mitDelta t}}{4}$


$h=\frac {\mitDelta t}{2}$


$h=\frac {\sqrt {\mitDelta t}}{4}$


$h=\frac {\mitDelta t}{2}$


   𝜀  ∈  {  0  .  2  ,  0  .  1  } 


$\mitvarepsilon \in \{0.2,0.1\}$


$L^{\infty }$


$\mitvarepsilon \in \{0.2,0.1\}$


$\mitvarepsilon \in \{0.2,0.1\}$


$L^{\infty }$


$\mitvarepsilon \in \{0.2,0.1\}$


     𝑓  1  


$f_1$


   Δ  𝑡  = 


$\mitDelta t =$


$\mitDelta t =$


$f_1$


   𝑡  = 


$t=$


   Δ  𝑡 


$\mitDelta t$


     𝑓  2  


$f_2$


$\mitDelta t =$


$\mitDelta t =$


$t=$


   Δ  𝑡  =  0  .  1 


$\mitDelta t = 0.1$


   Δ  𝑡  =  0  .  1  ,  0  .  2  ,  0  .  5 


$\mitDelta t = 0.1, 0.2, 0.5$


$\mitDelta t = 0.1, 0.2, 0.5$


$\mitDelta t = 0.1, 0.2, 0.5$


$t=$


$\mitDelta t = 0.1$


   Δ  𝑡  =  0  .  1  ,  0  .  2 


$\mitDelta t = 0.1, 0.2$


$t=$


$\mitDelta t = 0.1$


$\mitDelta t = 0.1, 0.2, 0.5$


$t=$


$\mitDelta t = 0.1$


$\mitDelta t = 0.1, 0.2$


   ℎ  =  Δ  𝑡  =  1  /   80  


$h=\mitDelta t=1/80$


$h=\mitDelta t=1/80$


$h=\mitDelta t=1/80$


$h=\mitDelta t=1/80$


$h=\mitDelta t=1/80$


     𝑁  𝑥   =    𝑁  𝑦   =  4 


$N_x=N_y=4$


   𝑢  ,  𝑣 


$u,v$


$p$


   𝑅  𝑒  =   10  


$Re=10$


   ℎ  =      Δ  𝑡   8  


$h=\frac {\mitDelta t}{8}$


   𝜃 


$\mittheta $


   𝑅  𝑒  =   1000  


$Re=1000$


   ℎ  =  4  Δ  𝑡 


$h=4\mitDelta t$


$\mittheta $


$Re=1000$


     ℰ  𝑖  𝑛  


$\symcal {E}_i^n$


$i=1,2$


   ℎ  =  1  .  5  Δ  𝑡  =  0  .   01  


$h=1.5\mitDelta t=0.01$


   𝑅  𝑒  =   5000  


$Re=5000$


   𝑡  =  4  ,  6  , 


$t=4,6,$


    10  


$10$


   ℎ  =  2  Δ  𝑡  =    1   256   


$h=2\mitDelta t=\frac {1}{256}$


$Re=5000$


$h=2\mitDelta t=\frac {1}{256}$


$Re=1000$


$h=1.5\mitDelta t=0.01$


$Re=1000$


$h=1.5\mitDelta t=0.01$


   𝑅  𝑒  =   100  


$Re=100$


   𝑡  =   10     𝑡  ‾  


$t=10\overline {t}$


    17     𝑡  ‾  


$17\overline {t}$


    42     𝑡  ‾  


$42\overline {t}$


    50     𝑡  ‾  


$50\overline {t}$


    140     𝑡  ‾  


$140\overline {t}$


    200     𝑡  ‾  


$200\overline {t}$


   ℎ  =    1   256   


$h=\frac {1}{256}$


   Δ  𝑡  =    1   560   


$\mitDelta t=\frac {1}{560}$


$Re=100$


     ℰ  2  𝑛  


$\symcal {E}_2^n$


$h=\frac {1}{256}$


$\mitDelta t=\frac {1}{560}$


$t=4,6,$


$10$


$h=2\mitDelta t=\frac {1}{256}$


$h=2\mitDelta t=\frac {1}{256}$


     ℰ  𝑖  


$\symcal {E}_i$


$i=1,2$


   ℎ  =  Δ  𝑡  ∈  {  4  ×     10     −  3    ,  2  ×     10     −  3    } 


$h=\mitDelta t\in \{\num {4e-3},\num {2e-3}\}$


   𝑡  =  0  .  1  ,  0  .  2  ,  0  .  4  ,  0  .  6  ,  1 


$t=0.1, 0.2, 0.4, 0.6, 1$


   𝜀  =  0  .   02  


$\mitvarepsilon =0.02$


   𝜀  =  0  .   01  


$\mitvarepsilon =0.01$


$\mitvarepsilon =0.02$


$\mitvarepsilon =0.01$


   𝑡  =  0  .   25  


$t=0.25$


$1$


   2 


$2$


   6 


$6$


$10$


    15  


$15$


    20   , 


$20,$


    25  


$25$


     𝜙  ‾   =  0 


$\overline {\mitphi }_0=0$


$t=0.25$


$1$


$2$


$6$


$10$


$15$


$20,$


$50$


     𝜙  ‾   =  0  .  5 


$\overline {\mitphi }_0=0.5$


$\overline {\mitphi }_0=0$


$\overline {\mitphi }_0=0.5$


   𝑅  𝑒  =  1  ,   10   , 


$Re=1, 10,$


$50$


$Re=50$


$\mitvarepsilon =0.02$


   𝑡  =  0  .  1  ,  0  .  5 


$t=0.1, 0.5$


   1  .  5 


$1.5$


$\mitvarepsilon =0.01$


   𝑡  =  0  .  5  ,  1  .  5 


$t=0.5, 1.5$


$3$


$\mitvarepsilon =0.02$


$\mitvarepsilon =0.01$


     𝑢  ‾   =  0 


$\overline {u}=0$


     𝑢  ‾   =  0  .  5 


$\overline {u}=0.5$


   𝑡  =  5  ,   20  


$t=5,20$


    40  


$40$


$\overline {u}=0$


$\overline {u}=0.5$


   𝑡  =  0  .  3  ,  0  .  7 


$t=0.3,0.7$


$1.5$


   Ω  =  (  0  ,  1    )  3  


$\Omega =(0,1)^3$


         𝑢  (  𝑥  ,  𝑦  ,  𝑧  ,  𝑡  )  =   cos   (  𝜋  𝑥  )   cos   (  𝜋  𝑦  )   cos   (  𝜋  𝑧  )   sin   (  𝑡  )  ,       


\begin {align*}u(x,y,z,t)=\cos (\pi x)\cos (\pi y)\cos (\pi z)\sin (t),\end {align*}


$T=1$


   𝐷  =  0  .  1 


$D=0.1$


   𝜅  =  0 


$\kappa =0$


   𝛿  =  0  .  5 


$\delta =0.5$


   𝑅  =  0  .  9 


$R=0.9$


     𝐾   int    =     30   3  


$K_{\mathrm {int}}=30^3$


     𝐾   bd    =   5402  


$K_{\mathrm {bd}}=5402$


$\varepsilon \in \{0.2,0.1\}$


$\varepsilon $


   8    𝐾   int   


$8K_{\mathrm {int}}$


$\Omega $


$L^{\infty }$


$L=2$


$L=3$


$\varepsilon \in \{0.2,0.1\}$


$L=2$


$L=3$


$\Omega =(0,1)^3$


     𝑢  0   (  𝑥  ,  𝑦  ,  𝑧  )  =    𝑢  ‾   +  0  .   05      rand   (  𝑥  ,  𝑦  ,  𝑧  )  , 


\begin {equation*}u_0(x,y,z)=\overline {u}+0.05\,\mathrm {rand}(x,y,z),\end {equation*}


    rand   (  𝑥  ,  𝑦  ,  𝑧  ) 


$\mathrm {rand}(x,y,z)$


$[-1,1]$


   𝜀  =  0  .   04  


$\varepsilon =0.04$


$\overline {u}=0$


   𝐷  =  0  .   05  


$D=0.05$


   𝜅  =  2 


$\kappa =2$


$\delta =0.5$


$R=0.9$


     𝐾   int    =     50   3  


$K_{\mathrm {int}}=50^3$


     𝐾   bd    =   15002  


$K_{\mathrm {bd}}=15002$


   𝑇  =   20  


$T=20$


     𝑁  1   =   4000  


$N_1=4000$


     𝑁  2   =   2000  


$N_2=2000$


   𝛾  =  7 


$\gamma =7$


   Δ  𝑡  =  5  ×     10     −  3   


$\Delta t=\num {5e-3}$


   {  𝑢  =  0  } 


$\{u=0\}$


   𝑡  =  2 


$t=2$


   𝑡  =   20  


$t=20$


         𝑢   NN    (  𝐱  ,  𝑡  )   


\begin {align}\label {uNN} \begin {aligned} u_{\mathrm {NN}}(\bm x,t)&=\sum _{m=1}^N\alpha _m(t)\,\tanh (\bm w_m^T\bm x+b_m)=\sum _{m=1}^N\alpha _m(t)\,\tanh (\gamma _m(\bm a_m^T\bm x+r_m)), \end {aligned}\end {align}


           𝛾  𝑚   =  ‖    𝐰  𝑚     ‖    𝑙  2    ,      𝐚  𝑚   =      𝐰  𝑚     𝛾  𝑚    ,      𝑟  𝑚   =      𝑏  𝑚     𝛾  𝑚    ,    1  ≤  𝑚  ≤  𝑁  .       


\begin {align*}\gamma _m=\|\bm w_m\|_{l^2},\quad \bm a_m=\frac {\bm w_m}{\gamma _m},\quad r_m=\frac {b_m}{\gamma _m},\quad 1\le m\le N.\end {align*}


           𝐷  𝑁  𝜏   (  𝐱  )  =    1  𝑁     ∑    𝑚  =  1   𝑁     𝜒    {    𝑑  𝑚   (  𝐱  )  <  𝜏  }    (  𝐱  )  ,     where        𝑑  𝑚   (  𝐱  )  =  |    𝐚  𝑚  𝑇   𝐱  +    𝑟  𝑚   |  .       


\begin {align*}D_N^{\tau }(\bm x)=\frac {1}{N}\sum _{m=1}^N\chi _{\{d_m(\bm x)<\tau \}}(\bm x),\quad \text {where }\;d_m(\bm x)=|\bm a_m^T\bm x+r_m|.\end {align*}


       𝒫   NN    


\begin {align*}\begin {aligned} \mathcal P_{\mathrm {NN}}&=\mathrm {span}\left \{\tanh (\gamma (\bm a_1^T\bm x+r_1)),\ldots ,\tanh (\gamma (\bm a_N^T\bm x+r_N))\right \}\\ &=:\mathrm {span}\left \{\psi _1(\bm x),\dots ,\psi _N(\bm x)\right \}, \end {aligned}\end {align*}


         {            𝝍  1   (  𝐱  )  =   tanh   (  𝛾  (  𝒜  (  𝐱  −    𝐱  𝑐   )  +  𝑅  𝐫  )  )  ,               𝝍  𝑙   (  𝐱  )  =   tanh   (    𝐖  𝑙     𝝍    𝑙  −  1    (  𝐱  )  )  ,    𝑙  =  2  ,  …  ,  𝐿  ,               𝑢   NN    (  𝐱  ,  𝑡  )  =  𝜶  (  𝑡    )  𝑇     𝝍  𝐿   (  𝐱  )  ,                  


\begin {align}\label {GTransNet} \begin {cases} \bm \psi _1(\bm x)=\tanh (\gamma (\bm {\mathcal A}(\bm x-\bm x_c)+R\bm r)),\\ \bm \psi _l(\bm x)=\tanh (\bm W_l\bm \psi _{l-1}(\bm x)),\quad l=2,\ldots ,L,\\ u_{\mathrm {NN}}(\bm x,t)=\bm \alpha (t)^T\bm \psi _L(\bm x), \end {cases}\end {align}


           𝑟  𝑚   ∼  𝒰  [  −  1  ,  1  ]  ,    𝑚  =  1  ,  …  ,    𝑁  1   ,       


\begin {align}\label {rm_sym} r_m\sim \mathcal U[-1,1],\quad m=1,\ldots ,N_1,\end {align}


           𝑊    𝑖  𝑗     (  𝑙  )    ∼  𝒩      (  0  ,    𝜎  𝑙  2   )        with       𝜎  𝑙   =      𝛿    𝑁    𝑙  −  1      ,       


\begin {align*}W_{ij}^{(l)}\sim \mathcal N\left (0,\sigma _l^2\right )\quad \text {with}\quad \sigma _l=\sqrt {\frac {\delta }{N_{l-1}}},\end {align*}


   0  =    𝑡  0   <    𝑡  1   <  ⋯  <    𝑡  𝐾   =  𝑇 


$0=t_0<t_1<\dots <t_K=T$


     𝑀  


$\Delta t=\nicefrac TK$


   𝜅  ≥  0 


$\kappa \ge 0$


     𝑓  𝜅   (  𝑢  )  =  𝑓  (  𝑢  )  −  𝜅  𝑢 


$f_{\kappa }(u)=f(u)-\kappa u$


         {                𝜕  𝑢     𝜕  𝑡     =  𝐷  Δ  𝜇  ,           in    Ω  ×  (  0  ,  𝑇  ]  ,        𝜇  =  −    𝜀  2   Δ  𝑢  +  𝑓  (  𝑢  )  ,           in    Ω  ×  (  0  ,  𝑇  ]  ,             


\begin {align}\label {eq:CHmix} \begin {cases} \dfrac {\partial u}{\partial t} = D\Delta \mu , & \text {in } \Omega \times (0,T], \\ \mu = -\varepsilon ^2 \Delta u + f(u), & \text {in } \Omega \times (0,T], \end {cases}\end {align}


         {                𝜕  𝑢     𝜕  𝑡     =  𝐷  Δ  𝜇  ,           in    Ω  ×  (  0  ,  𝑇  ]  ,        𝜇  =  −    𝜀  2   Δ  𝑢  +  𝜅  𝑢  +    𝑓  𝜅   (  𝑢  )  ,           in    Ω  ×  (  0  ,  𝑇  ]  .             


\begin {align}\label {eq:CHmix_kappa} \begin {cases} \dfrac {\partial u}{\partial t} = D\Delta \mu , & \text {in } \Omega \times (0,T], \\ \mu = -\varepsilon ^2 \Delta u+\kappa u + f_{\kappa }(u), & \text {in } \Omega \times (0,T]. \end {cases}\end {align}


   {    𝜙  𝑗   (  𝐱  )    }    𝑗  =  1     𝑁  𝐿   


$\{\phi _j(\bm x)\}_{j=1}^{N_L}$


     𝝍  𝐿  


$\bm \psi _L$


     𝜙  𝑗   ∶  =    𝜓  𝑗    (  𝐿  )   


$\phi _j:=\psi _j^{(L)}$


   𝑗  =  1  ,  …  ,    𝑁  𝐿  


$j=1,\ldots ,N_L$


     𝑢   NN   


$u_{\mathrm {NN}}$


     𝜇   NN   


$\mu _{\mathrm {NN}}$


$u$


$\mu $


         𝑢  (  𝐱  ,  𝑡  )  ≈    𝑢   NN    (  𝐱  ,  𝑡  )  =    ∑    𝑗  =  1     𝑁  𝐿      𝛼  𝑗   (  𝑡  )      𝜙  𝑗   (  𝐱  )  ,    𝜇  (  𝐱  ,  𝑡  )  ≈    𝜇   NN    (  𝐱  ,  𝑡  )  =    ∑    𝑗  =  1     𝑁  𝐿      𝛽  𝑗   (  𝑡  )      𝜙  𝑗   (  𝐱  )  .       


\begin {align}\label {u_mu_GTransNet} u(\bm x,t)\approx u_{\mathrm {NN}}(\bm x,t)=\sum _{j=1}^{N_L}\alpha _j(t)\,\phi _j(\bm x),\quad \mu (\bm x,t)\approx \mu _{\mathrm {NN}}(\bm x,t)=\sum _{j=1}^{N_L}\beta _j(t)\,\phi _j(\bm x).\end {align}


           ∑    𝑗  =  1     𝑁  𝐿          𝛼  𝑗    𝑛  +  1    −    𝛼  𝑗  𝑛      Δ  𝑡      𝜙  𝑗   (  𝐱  )     =  𝐷    ∑    𝑗  =  1     𝑁  𝐿      𝛽  𝑗    𝑛  +  1    Δ    𝜙  𝑗   (  𝐱  )  ,          ∑    𝑗  =  1     𝑁  𝐿      𝛽  𝑗    𝑛  +  1      𝜙  𝑗   (  𝐱  )     =    ∑    𝑗  =  1     𝑁  𝐿      𝛼  𝑗    𝑛  +  1    (  −    𝜀  2   Δ  +  𝜅  )    𝜙  𝑗   (  𝐱  )  +    𝑓  𝜅   (    𝑢   NN   𝑛   (  𝐱  )  )  ,    


\begin {align}\sum _{j=1}^{N_L}\frac {\alpha _j^{n+1}-\alpha _j^{n}}{\Delta t}\phi _j(\bm x)&=D\sum _{j=1}^{N_L}\beta _j^{n+1}\Delta \phi _j(\bm x),\label {GBDF1a}\\ \sum _{j=1}^{N_L}\beta _j^{n+1}\phi _j(\bm x)&=\sum _{j=1}^{N_L}\alpha _j^{n+1}(-\varepsilon ^2\Delta +\kappa )\phi _j(\bm x)+f_{\kappa }(u_{\mathrm {NN}}^n(\bm x)),\label {GBDF1b}\end {align}


           ∑    𝑗  =  1     𝑁  𝐿        3    𝛼  𝑗    𝑛  +  1    −  4    𝛼  𝑗  𝑛   +    𝛼  𝑗    𝑛  −  1       2  Δ  𝑡      𝜙  𝑗   (  𝐱  )     =  𝐷    ∑    𝑗  =  1     𝑁  𝐿      𝛽  𝑗    𝑛  +  1    Δ    𝜙  𝑗   (  𝐱  )  ,          ∑    𝑗  =  1     𝑁  𝐿      𝛽  𝑗    𝑛  +  1      𝜙  𝑗   (  𝐱  )     =    ∑    𝑗  =  1     𝑁  𝐿      𝛼  𝑗    𝑛  +  1    (  −    𝜀  2   Δ  +  𝜅  )    𝜙  𝑗   (  𝐱  )  +    𝑓  𝜅   (  2    𝑢   NN   𝑛   (  𝐱  )  −    𝑢   NN     𝑛  −  1    (  𝐱  )  )  ,    


\begin {align}\sum _{j=1}^{N_L}\frac {3\alpha _j^{n+1}-4\alpha _j^n+\alpha _j^{n-1}}{2\Delta t}\phi _j(\bm x)&=D\sum _{j=1}^{N_L}\beta _j^{n+1}\Delta \phi _j(\bm x),\label {GBDF2a}\\ \sum _{j=1}^{N_L}\beta _j^{n+1}\phi _j(\bm x)&=\sum _{j=1}^{N_L}\alpha _j^{n+1}(-\varepsilon ^2\Delta +\kappa )\phi _j(\bm x)+f_{\kappa }(2u_{\mathrm {NN}}^n(\bm x)-u_{\mathrm {NN}}^{n-1}(\bm x)),\label {GBDF2b}\end {align}


     𝑢   NN   𝑘   (  𝐱  )  =    ∑    𝑗  =  1     𝑁  𝐿      𝛼  𝑗  𝑘       𝜙  𝑗   (  𝐱  ) 


$u_{\mathrm {NN}}^k(\bm x)=\sum _{j=1}^{N_L}\alpha _j^k\,\phi _j(\bm x)$


   𝑘  ∈  {  𝑛  −  1  ,  𝑛  } 


$k\in \{n-1,n\}$


     𝑢  0  


$u_0$


   {    𝛼  𝑗  0     }    𝑗  =  1     𝑁  𝐿   


$\{\alpha _j^0\}_{j=1}^{N_L}$


   {    𝛼  𝑗  1     }    𝑗  =  1     𝑁  𝐿   


$\{\alpha _j^{1}\}_{j=1}^{N_L}$


   𝑡  =    𝑡  1  


$t=t_1$


     𝑓  𝜅   (  2    𝑢   NN   𝑛   −    𝑢   NN     𝑛  −  1    ) 


$f_\kappa (2u_{\mathrm {NN}}^n-u_{\mathrm {NN}}^{n-1})$


   2    𝑓  𝜅   (    𝑢   NN   𝑛   )  −    𝑓  𝜅   (    𝑢   NN     𝑛  −  1    ) 


$2f_\kappa (u_{\mathrm {NN}}^n)-f_\kappa (u_{\mathrm {NN}}^{n-1})$


         {                𝜕  𝑢     𝜕  𝑡     =  ∇    ⋅    (  𝑀  (  𝑢  )    ∇  𝜇  )  ,           in    Ω  ×  (  0  ,  𝑇  ]  ,        𝜇  =  −    𝜀  2   Δ  𝑢  +  𝑓  (  𝑢  )  ,           in    Ω  ×  (  0  ,  𝑇  ]  ,             


\begin {align}\label {eq:CHmix_varmob} \begin {cases} \dfrac {\partial u}{\partial t}=\nabla \!\cdot \!\bigl (M(u)\,\nabla \mu \bigr ), & \text {in }\Omega \times (0,T],\\[4pt] \mu =-\varepsilon ^2\Delta u+f(u), & \text {in }\Omega \times (0,T], \end {cases}\end {align}


         𝐀      𝐜    𝑛  +  1    =    𝐛    𝑛  +  1    .       


\begin {align}\label {LSQ} \bm A\,\bm c^{n+1}=\bm b^{n+1}.\end {align}


   Γ  ∶  =     max   𝑢     𝑀  (  𝑢  ) 


$\Gamma :=\max _{u}M(u)$


         𝑀  (  𝑢  )    ∇  𝜇  =  Γ    ∇  𝜇  +  (  𝑀  (  𝑢  )  −  Γ  )  ∇  𝜇  ,       


\begin {align*}M(u)\,\nabla \mu =\Gamma \,\nabla \mu +\bigl (M(u)-\Gamma \bigr )\nabla \mu ,\end {align*}


             𝜕  𝑢     𝜕  𝑡    =  Γ  Δ  𝜇  +  ∇    ⋅    [  (  𝑀  (  𝑢  )  −  Γ  )  ∇  𝜇  ]  .       


\begin {align}\label {eq:CHmix_varmob_split} \frac {\partial u}{\partial t}=\Gamma \Delta \mu +\nabla \!\cdot \!\Bigl [\bigl (M(u)-\Gamma \bigr )\nabla \mu \Bigr ].\end {align}


   𝑀  (  𝑢  )  −  Γ  ≤  0 


$M(u)-\Gamma \le 0$


$\kappa \ge 0$


     𝑓  𝜅   (  𝑢  )  =  𝑓  (  𝑢  )  −  𝜅  𝑢 


$f_\kappa (u)=f(u)-\kappa u$


$u$


$\mu $


           ∑    𝑗  =  1     𝑁  𝐿          𝛼  𝑗    𝑛  +  1    −    𝛼  𝑗  𝑛      Δ  𝑡      𝜙  𝑗   (  𝐱  )     =  Γ    ∑    𝑗  =  1     𝑁  𝐿      𝛽  𝑗    𝑛  +  1    Δ    𝜙  𝑗   (  𝐱  )  +  ∇    ⋅    [  (  𝑀  (    𝑢   NN   𝑛   (  𝐱  )  )  −  Γ  )  ∇    𝜇   NN     ⋆  ,  𝑛    (  𝐱  )  ]  ,          ∑    𝑗  =  1     𝑁  𝐿      𝛽  𝑗    𝑛  +  1      𝜙  𝑗   (  𝐱  )     =    ∑    𝑗  =  1     𝑁  𝐿      𝛼  𝑗    𝑛  +  1    (  −    𝜀  2   Δ  +  𝜅  )    𝜙  𝑗   (  𝐱  )  +    𝑓  𝜅   (    𝑢   NN   𝑛   (  𝐱  )  )  ,    


\begin {align}\sum _{j=1}^{N_L}\frac {\alpha _j^{n+1}-\alpha _j^{n}}{\Delta t}\phi _j(\bm x) &=\Gamma \sum _{j=1}^{N_L}\beta _j^{n+1}\Delta \phi _j(\bm x) +\nabla \!\cdot \!\Bigl [\bigl (M(u_{\mathrm {NN}}^n(\bm x))-\Gamma \bigr )\nabla \mu _{\mathrm {NN}}^{\star ,n}(\bm x)\Bigr ],\label {GBDF1a_varmob}\\ \sum _{j=1}^{N_L}\beta _j^{n+1}\phi _j(\bm x) &=\sum _{j=1}^{N_L}\alpha _j^{n+1}(-\varepsilon ^2\Delta +\kappa )\phi _j(\bm x)+f_{\kappa }(u_{\mathrm {NN}}^n(\bm x)),\label {GBDF1b_varmob}\end {align}


     𝜇   NN     ⋆  ,  𝑛    =  −    𝜀  2   Δ    𝑢   NN   𝑛   +  𝑓  (    𝑢   NN   𝑛   ) 


$\mu _{\mathrm {NN}}^{\star ,n}=-\varepsilon ^2\Delta u_{\mathrm {NN}}^n+f(u_{\mathrm {NN}}^n)$


           ∑    𝑗  =  1     𝑁  𝐿        3    𝛼  𝑗    𝑛  +  1    −  4    𝛼  𝑗  𝑛   +    𝛼  𝑗    𝑛  −  1       2  Δ  𝑡      𝜙  𝑗   (  𝐱  )     =  Γ    ∑    𝑗  =  1     𝑁  𝐿      𝛽  𝑗    𝑛  +  1    Δ    𝜙  𝑗   (  𝐱  )  +  ∇    ⋅    [  (  𝑀  (    𝑢  ˜   (  𝐱  )  )  −  Γ  )  ∇    𝜇  ˜   (  𝐱  )  ]  ,          ∑    𝑗  =  1     𝑁  𝐿      𝛽  𝑗    𝑛  +  1      𝜙  𝑗   (  𝐱  )     =    ∑    𝑗  =  1     𝑁  𝐿      𝛼  𝑗    𝑛  +  1    (  −    𝜀  2   Δ  +  𝜅  )    𝜙  𝑗   (  𝐱  )  +    𝑓  𝜅   (    𝑢  ˜   (  𝐱  )  )  ,    


\begin {align}\sum _{j=1}^{N_L}\frac {3\alpha _j^{n+1}-4\alpha _j^n+\alpha _j^{n-1}}{2\Delta t}\phi _j(\bm x) &=\Gamma \sum _{j=1}^{N_L}\beta _j^{n+1}\Delta \phi _j(\bm x) +\nabla \!\cdot \!\Bigl [\bigl (M(\tilde u_{\mathrm {NN}}^{n+1}(\bm x))-\Gamma \bigr )\nabla \tilde \mu _{\mathrm {NN}}^{n+1}(\bm x)\Bigr ],\label {GBDF2a_varmob}\\ \sum _{j=1}^{N_L}\beta _j^{n+1}\phi _j(\bm x) &=\sum _{j=1}^{N_L}\alpha _j^{n+1}(-\varepsilon ^2\Delta +\kappa )\phi _j(\bm x)+f_{\kappa }(\tilde u_{\mathrm {NN}}^{n+1}(\bm x)),\label {GBDF2b_varmob}\end {align}


     𝑢  ˜   =  2    𝑢   NN   𝑛   −    𝑢   NN     𝑛  −  1   


$\tilde u_{\mathrm {NN}}^{n+1}=2u_{\mathrm {NN}}^n-u_{\mathrm {NN}}^{n-1}$


     𝜇  ˜   =  −    𝜀  2   Δ    𝑢  ˜   +  𝑓  (    𝑢  ˜   )  . 


$\tilde \mu _{\mathrm {NN}}^{n+1}=-\varepsilon ^2\Delta \tilde u_{\mathrm {NN}}^{n+1}+f(\tilde u_{\mathrm {NN}}^{n+1}).$


   {    𝛼  𝑗  1     }    𝑗  =  1     𝑁  𝐿   


$\{\alpha _j^1\}_{j=1}^{N_L}$


   𝐷 


$D$


   Γ 


$\Gamma $


     𝐜    𝑛  +  1    ∈    ℝ    2    𝑁  𝐿    


$\bm c^{n+1}\in \mathbb R^{2N_L}$


           (            𝚽     −  Γ  Δ  𝑡      𝚽  Δ           𝜀  2     𝚽  Δ   −  𝜅  𝚽     𝚽          𝚽   bd       𝟎        𝟎       𝚽   bd          )       𝐜    𝑛  +  1    =    (            𝚽    𝜶  𝑛   +  Δ  𝑡      𝐠   var   𝑛           𝑓  𝜅   (  𝚽    𝜶  𝑛   )        𝟎        𝟎        )   ,       


\begin {align}\label {LSQ_varmob_BDF1} \begin {pmatrix} \bm \Phi & -\Gamma \Delta t\,\bm \Phi _{\Delta }\\[2pt] \varepsilon ^2\bm \Phi _{\Delta }-\kappa \bm \Phi & \bm \Phi \\ \bm \Phi _{\mathrm {bd}} & \bm 0\\ \bm 0 & \bm \Phi _{\mathrm {bd}} \end {pmatrix}\bm c^{n+1} =\begin {pmatrix} \bm \Phi \bm \alpha ^n+\Delta t\,\bm g_{\mathrm {var}}^{n}\\[2pt] f_\kappa (\bm \Phi \bm \alpha ^n)\\ \bm 0\\ \bm 0 \end {pmatrix},\end {align}


     𝐠   var   𝑛   ∈    ℝ    𝐾   int    


$\bm g_{\mathrm {var}}^{n}\in \mathbb R^{K_{\mathrm {int}}}$


   ∇    ⋅    [  (  𝑀  (    𝑢   NN   𝑛   )  −  Γ  )    ∇    𝜇   NN     ⋆  ,  𝑛    ] 


$\nabla \!\cdot \!\bigl [(M(u_{\mathrm {NN}}^n)-\Gamma )\,\nabla \mu _{\mathrm {NN}}^{\star ,n}\bigr ]$


           (              3  2   𝚽     −  Γ  Δ  𝑡      𝚽  Δ           𝜀  2     𝚽  Δ   −  𝜅  𝚽     𝚽          𝚽   bd       𝟎        𝟎       𝚽   bd          )       𝐜    𝑛  +  1    =    (            2  𝚽    𝜶  𝑛   −    1  2   𝚽    𝜶    𝑛  −  1    +  Δ  𝑡      𝐠  ˜           𝑓  𝜅   (  2  𝚽    𝜶  𝑛   −  𝚽    𝜶    𝑛  −  1    )        𝟎        𝟎        )   ,       


\begin {align}\label {LSQ_varmob} \begin {pmatrix} \frac {3}{2}\bm \Phi & -\Gamma \Delta t\,\bm \Phi _{\Delta }\\[2pt] \varepsilon ^2\bm \Phi _{\Delta }-\kappa \bm \Phi & \bm \Phi \\ \bm \Phi _{\mathrm {bd}} & \bm 0\\ \bm 0 & \bm \Phi _{\mathrm {bd}} \end {pmatrix}\bm c^{n+1} =\begin {pmatrix} 2\bm \Phi \bm \alpha ^n-\tfrac {1}{2}\bm \Phi \bm \alpha ^{n-1}+\Delta t\,\tilde {\bm g}_{\mathrm {var}}^{n+1}\\[2pt] f_\kappa (2\bm \Phi \bm \alpha ^n-\bm \Phi \bm \alpha ^{n-1})\\ \bm 0\\ \bm 0 \end {pmatrix},\end {align}


     𝐠  ˜   ∈    ℝ    𝐾   int    


$\tilde {\bm g}_{\mathrm {var}}^{n+1}\in \mathbb R^{K_{\mathrm {int}}}$


   ∇    ⋅    [  (  𝑀  (    𝑢  ˜   )  −  Γ  )    ∇    𝜇  ˜   ] 


$\nabla \!\cdot \!\bigl [(M(\tilde u_{\mathrm {NN}}^{n+1})-\Gamma )\,\nabla \tilde \mu _{\mathrm {NN}}^{n+1}\bigr ]$


   𝑀  (  𝑢  )  =  |  1  −    𝑢  2   | 


$M(u)=|1-u^2|$


   𝐹  (  𝑢  )  =    1  4   (    𝑢  2   −  1    )  2  


$F(u)=\tfrac {1}{4}(u^2-1)^2$


   𝑓  (  𝑢  )  =    𝐹  ′   (  𝑢  )  =    𝑢  3   −  𝑢 


$f(u)=F'(u)=u^3-u$


   𝑢  =  ±  1 


$u=\pm 1$


   {    𝐱  𝑖     }    𝑖  =  1     𝐾   int    


$\{\bm x_i\}_{i=1}^{K_{\mathrm {int}}}$


$\overline {\Omega }$


$\Omega $


$\Omega $


$\Omega $


   {    𝐱  𝑖   bd      }    𝑖  =  1     𝐾   bd    


$\{\bm x_i^{\mathrm {bd}}\}_{i=1}^{K_{\mathrm {bd}}}$


     𝐵  𝑅   (    𝐱  𝑐   )  ⊃  Ω 


$B_R(\bm x_c)\supset \Omega $


     𝐱  𝑐  


$\bm x_c$


$\Omega $


   𝑅 


$R$


     𝐵  𝑅   (    𝐱  𝑐   ) 


$B_R(\bm x_c)$


$\Omega $


$L=2$


$L=3$


$L=3$


$\Omega =(-0.5,0.5)^2$


$T=1$


         𝑢  (  𝑥  ,  𝑦  ,  𝑡  )  =   sin   (  2  𝜋  𝑥  )   cos   (  2  𝜋  𝑦  )   cos   (  𝑡  )  ,       


\begin {align*}u(x,y,t)=\sin (2\pi x)\cos (2\pi y)\cos (t),\end {align*}


   𝐷  =  0  .  5 


$D=0.5$


$\kappa =0$


$\delta =0.5$


   𝑅  =  0  .   75  


$R=0.75$


$\varepsilon \in \{0.2,0.1\}$


     𝑛  𝑥   ×    𝑛  𝑦  


$n_x\times n_y$


   4    𝑛  𝑥     𝑛  𝑦  


$4n_xn_y$


$\Omega $


$\varepsilon $


$L^{\infty }$


$L=2$


$L=3$


$\varepsilon \in \{0.2,0.1\}$


$L=2$


$L=3$


$\Omega =(0,1)^2$


$D=0.05$


$\kappa =2$


$\delta =0.5$


$R=0.75$


   𝜀  ∈  {  0  .   02   ,  0  .   01   } 


$\varepsilon \in \{0.02,0.01\}$


$[0.25,0.75]^2$


$-1$


$\varepsilon =0.02$


   𝑇  =  1  .  5 


$T=1.5$


     𝑁  1   =   2000  


$N_1=2000$


     𝑁  2   =   1000  


$N_2=1000$


   𝛾  =   12  


$\gamma =12$


   Δ  𝑡  =  1  ×     10     −  2   


$\Delta t=\num {1e-2}$


     𝐾   int    =     150   2  


$K_{\mathrm {int}}=150^2$


     𝐾   bd    =   600  


$K_{\mathrm {bd}}=600$


$\varepsilon =0.01$


   𝑇  =  3 


$T=3$


     𝑁  1   =   3000  


$N_1=3000$


     𝑁  2   =   1500  


$N_2=1500$


   𝛾  =   16  


$\gamma =16$


$\Delta t=\num {5e-3}$


     𝐾   int    =     200   2  


$K_{\mathrm {int}}=200^2$


     𝐾   bd    =   800  


$K_{\mathrm {bd}}=800$


$\varepsilon \in \{0.02,0.01\}$


$(0.5,0.5)$


$\frac {1}{2\sqrt {\pi }}$


   𝜀  =  0  .   02  


$\varepsilon = 0.02$


   𝜀  =  0  .   01  


$\varepsilon = 0.01$


$\Omega =(0,1)^2$


     𝑢  0   (  𝑥  ,  𝑦  )  =    𝑢  ‾   +  0  .   05      rand   (  𝑥  ,  𝑦  )  , 


\begin {equation*}u_0(x,y) = \overline {u}+0.05\,\mathrm {rand}(x,y),\end {equation*}


    rand   (  𝑥  ,  𝑦  ) 


$\mathrm {rand}(x,y)$


$[-1,1]$


$\varepsilon =0.02$


$D=0.05$


$\kappa =2$


$\delta =0.5$


$R=0.75$


     𝐾   int    =     250   2  


$K_{\mathrm {int}}=250^2$


     𝐾   bd    =   1000  


$K_{\mathrm {bd}}=1000$


     𝑢  ‾   ∈  {  0  ,  0  .  5  } 


$\overline {u}\in \{0,0.5\}$


   𝑇  =   40  


$T=40$


$N_1=2000$


$N_2=1000$


$\gamma =12$


   Δ  𝑡  =  1  ×     10     −  3   


$\Delta t=\num {1e-3}$


$\overline {u}=0$


$N_1=3000$


$N_2=1500$


   𝛾  =   14  


$\gamma =14$


$\Delta t=\num {5e-3}$


$\overline {u}=0.5$


$t=5,20$


$40$


$\overline {u}\in \{0,0.5\}$


     𝑢  ‾   =  0 


$\overline u=0$


$\overline {u}=0.5$


   𝐹  (  𝑢  )  =    1  4     𝑢  2   (  𝑢  −  1    )  2  


$F(u)=\tfrac {1}{4}u^2(u-1)^2$


   𝑢  =  0 


$u=0$


   𝑢  =  1 


$u=1$


     𝑢  0   (  𝑥  ,  𝑦  )  =  0  .  5  +  0  .   17      cos   (  𝜋  𝑥  )   cos   (  2  𝜋  𝑦  )  +  0  .  2     cos   (  3  𝜋  𝑥  )   cos   (  𝜋  𝑦  )  . 


\begin {equation*}u_0(x,y)=0.5+0.17\cos (\pi x)\cos (2\pi y)+0.2\cos (3\pi x)\cos (\pi y).\end {equation*}


$\varepsilon =0.01$


   𝐷  =  0  .   25  


$D=0.25$


$\kappa =2$


$\delta =0.5$


$N_1=2000$


$N_2=1000$


$\Omega =(0,1)^2$


$R=0.75$


$\gamma =12$


$K_{\mathrm {int}}=200^2$


$K_{\mathrm {bd}}=800$


   Δ  𝑡  =  2  ×     10     −  3   


$\Delta t = \num {2e-3}$


   Ω  =  {  (  𝑥  ,  𝑦  )  ∶  (  𝑥  −  0  .  5    )  2   +  (  𝑦  −  0  .  5    )  2   <  0  .   25   } 


$\Omega =\{(x,y): (x-0.5)^2+(y-0.5)^2<0.25\}$


   𝑅  =  0  .  6 


$R=0.6$


$\gamma =12$


     𝐾   int    =   31428  


$K_{\mathrm {int}}=31428$


$K_{\mathrm {bd}}=800$


$\Delta t = \num {2e-3}$


            𝜕  Ω  =    {  (  𝑥  ,  𝑦  )  ∶  𝑥  =    1  5   𝜌  (  𝜃  )   cos   (  𝜃  )  +    2  5   ,    𝑦  =    1  5   𝜌  (  𝜃  )   sin   (  𝜃  )  +    2  5   ,    0  ≤  𝜃  <  2  𝜋  }   ,           𝜌  (  𝜃  )  =    𝑒     sin   (  𝜃  )         sin   2   (  2  𝜃  )  +    𝑒     cos   (  𝜃  )         cos   2   (  2  𝜃  )  ,    


\begin {align*}&\partial \Omega =\left \{(x,y): x=\frac 15\rho (\theta )\cos (\theta )+\frac 25,\;y=\frac 15\rho (\theta )\sin (\theta )+\frac 25,\;0\le \theta <2\pi \right \},\\ &\rho (\theta )=e^{\sin (\theta )}\sin ^2(2\theta )+e^{\cos (\theta )}\cos ^2(2\theta ),\end {align*}


     𝐱  𝑐   =  (  0  .   53   ,  0  .   48   ) 


$\bm x_c=(0.53,0.48)$


   𝑅  =  0  .   65  


$R=0.65$


   𝛾  =   13   .   76  


$\gamma =13.76$


     𝐾   int    =   31259  


$K_{\mathrm {int}}=31259$


$K_{\mathrm {bd}}=800$


   Δ  𝑡  =  5  ×     10     −  4   


$\Delta t = \num {5e-4}$


   𝑡  =  0  .  3 


$t=0.3$


   0  .  7 


$0.7$


$1.5$


   [  0  ,  1  ] 


$[0,1]$


   𝑀  (  𝑢  ) 


$M(u)$


   𝑀  (  𝑢  )  =  |  1  −    𝑢  2   |  , 


$M(u)=|1-u^2|,$


$u=\pm 1$


   Γ  =     max     𝑢  ∈  [  −  1  ,  1  ]      𝑀  (  𝑢  )  =  1 


$\Gamma =\max _{u\in [-1,1]} M(u)=1$


$u=0$


   𝑀  (  𝑢  )  ≡  1 


$M(u)\equiv 1$


$\Omega =(0,1)^2$


     𝑢  0   (  𝑥  ,  𝑦  )  =    𝑢  ‾   +  0  .  2     rand   (  𝑥  ,  𝑦  )  , 


\begin {equation*}u_0(x,y) = \overline {u}+0.2\,\mathrm {rand}(x,y),\end {equation*}


$\mathrm {rand}(x,y)$


$[-1,1]$


     𝑢  ‾   =  0  .  5 


$\overline u=0.5$


$\varepsilon =0.02$


$\kappa =2$


$\delta =0.5$


$R=0.75$


$K_{\mathrm {int}}=250^2$


$K_{\mathrm {bd}}=1000$


   𝑇  =  5 


$T=5$


$N_1=4000$


$N_2=2000$


$\gamma =16$


   Δ  𝑡  =  5  ×     10     −  4   


$\Delta t=\num {5e-4}$


   𝑡  =  0  .  2  ,  0  .  5  ,  1  ,  2  .  5 


$t=0.2, 0.5, 1, 2.5$


   5 


$5$


$\overline u=0.5$


   𝑡  =  2  ,  5  ,   10  


$t=2,5,10$


    20  


$20$


$\overline {u}=0.5$


$M(u)=|1-u^2|$


$t=0.2, 0.5, 1, 2.5$


$5$


$\overline {u}=0.5$


$M(u)=|1-u^2|$


$\mathcal {C}^1$


     𝒞  2  


$\mathcal {C}^2$


     𝒞  𝑝  


$\mathcal {C}^p$


$p$


$\mathcal {C}^p$


$\gamma $


$N_1$


$\varepsilon $


$\Delta t$


   Δ  𝑡  ≪  1 


$\Delta t\ll 1$


$\gamma $


                  𝐮  ‾   −    𝐮  𝑛      Δ  𝑡    −  𝜈  Δ    𝐮  ‾   +    𝑞    𝑛  +  1    (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   +  ∇    𝑝  𝑛   =    𝐟    𝑛  +  1    ,                 𝐮    𝑛  +  1    −    𝐮  ‾      Δ  𝑡    +  ∇  (    𝑝    𝑛  +  1    −    𝑝  𝑛   )  =  𝟎  ,           ∇  ⋅    𝐮    𝑛  +  1    =  0  ,               𝒦  (    𝐮    𝑛  +  1    )  −  𝒦  (    𝐮  𝑛   )     Δ  𝑡    +  𝜃      (    𝑞    𝑛  +  1      )  2   −  (    𝑞  𝑛     )  2      Δ  𝑡    =    (        𝐮    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    +    𝑞    𝑛  +  1    (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   ,    𝐮  ‾   )   ,    


\begin {align}&\frac {\overline {\bm u}^{n+1}-\bm u^n}{\Delta t}-\nu \Delta \overline {\bm u}^{n+1}+q^{n+1}(\bm u^n\cdot \nabla )\bm u^n+\nabla p^{n}=\bm f^{n+1},\label {p5:pc1:eq1}\\ &\frac {\bm u^{n+1}-\overline {\bm u}^{n+1}}{\Delta t}+\nabla (p^{n+1}-p^n)=\bm 0,\label {p5:pc1:eq2}\\ &\nabla \cdot \bm u^{n+1}=0,\label {p5:pc1:eq3}\\ &\frac {\mathcal {K}(\bm u^{n+1})-\mathcal {K}(\bm u^n)}{\Delta t}+\theta \frac {(q^{n+1})^2-(q^n)^2}{\Delta t}=\left (\frac {\bm u^{n+1}-\bm u^n}{\Delta t}+q^{n+1}(\bm u^n\cdot \nabla )\bm u^n,\overline {\bm u}^{n+1}\right ),\label {p5:pc1:eq4}\end {align}


   𝐟  =  𝟎 


$\bm f=\bm 0$


               𝐮    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    −  𝜈  Δ    𝐮  ‾   +    𝑞    𝑛  +  1    (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   +  ∇    𝑝    𝑛  +  1    =  𝟎  .       


\begin {align*}\frac {\bm u^{n+1}-\bm u^n}{\Delta t}-\nu \Delta \overline {\bm u}^{n+1}+q^{n+1}(\bm u^n\cdot \nabla )\bm u^n+\nabla p^{n+1}=\bm 0.\end {align*}


         (        𝐮    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    +    𝑞    𝑛  +  1    (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   ,    𝐮  ‾   )     =    (  𝜈  Δ    𝐮  ‾   −  ∇    𝑝    𝑛  +  1    ,    𝐮  ‾   )            =  −  𝜈        ‖  ∇    𝐮  ‾   ‖   0  2   −    (  ∇    𝑝    𝑛  +  1    ,    𝐮  ‾   −    𝐮    𝑛  +  1    )   ,    


\begin {align}\label {p5:app:1} \left (\frac {\bm u^{n+1}-\bm u^n}{\Delta t}+q^{n+1}(\bm u^n\cdot \nabla )\bm u^n,\overline {\bm u}^{n+1}\right )&=\left (\nu \Delta \overline {\bm u}^{n+1}-\nabla p^{n+1},\overline {\bm u}^{n+1}\right )\notag \\ &=-\nu \left \|\nabla \overline {\bm u}^{n+1}\right \|_0^2-\left (\nabla p^{n+1},\overline {\bm u}^{n+1}-\bm u^{n+1}\right ),\end {align}


     (  ∇    𝑝    𝑛  +  1    ,    𝐮    𝑛  +  1    )   =  0 


$\left (\nabla p^{n+1},\bm u^{n+1}\right )=0$


     𝐮  ‾   −    𝐮    𝑛  +  1    =  Δ  𝑡  ∇  (    𝑝    𝑛  +  1    −    𝑝  𝑛   ) 


$\overline {\bm u}^{n+1}-\bm u^{n+1}=\Delta t\nabla (p^{n+1}-p^n)$


         (        𝐮    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    +    𝑞    𝑛  +  1    (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   ,    𝐮  ‾   )     =  −  𝜈        ‖  ∇    𝐮  ‾   ‖   0  2   −  Δ  𝑡      (  ∇    𝑝    𝑛  +  1    ,  ∇  (    𝑝    𝑛  +  1    −    𝑝  𝑛   )  )              =  −  𝜈        ‖  ∇    𝐮  ‾   ‖   0  2   −      Δ  𝑡   2       (  ‖  ∇    𝑝    𝑛  +  1      ‖  0  2   −  ‖  ∇    𝑝  𝑛     ‖  0  2   +  ‖  ∇  (    𝑝    𝑛  +  1    −    𝑝  𝑛   )    ‖  0  2   )              ≤  −      Δ  𝑡   2       (  ‖  ∇    𝑝    𝑛  +  1      ‖  0  2   −  ‖  ∇    𝑝  𝑛     ‖  0  2   )   .    


\begin {align}\label {p5:app:2} \left (\frac {\bm u^{n+1}-\bm u^n}{\Delta t}+q^{n+1}(\bm u^n\cdot \nabla )\bm u^n,\overline {\bm u}^{n+1}\right )&=-\nu \left \|\nabla \overline {\bm u}^{n+1}\right \|_0^2-\Delta t\left (\nabla p^{n+1},\nabla (p^{n+1}-p^n)\right )\notag \\ &\hspace {-3cm}=-\nu \left \|\nabla \overline {\bm u}^{n+1}\right \|_0^2-\frac {\Delta t}{2}\left (\|\nabla p^{n+1}\|_0^2-\|\nabla p^n\|_0^2+\|\nabla (p^{n+1}-p^n)\|_0^2\right )\notag \\ &\hspace {-3cm}\le -\frac {\Delta t}{2}\left (\|\nabla p^{n+1}\|_0^2-\|\nabla p^n\|_0^2\right ).\end {align}


             𝒦  (    𝐮    𝑛  +  1    )  −  𝒦  (    𝐮  𝑛   )     Δ  𝑡    +  𝜃      (    𝑞    𝑛  +  1      )  2   −  (    𝑞  𝑛     )  2      Δ  𝑡    ≤  −      Δ  𝑡   2       (  ‖  ∇    𝑝    𝑛  +  1      ‖  0  2   −  ‖  ∇    𝑝  𝑛     ‖  0  2   )   ,       


\begin {align*}\frac {\mathcal {K}(\bm u^{n+1})-\mathcal {K}(\bm u^n)}{\Delta t}+\theta \frac {(q^{n+1})^2-(q^n)^2}{\Delta t}\le -\frac {\Delta t}{2}\left (\|\nabla p^{n+1}\|_0^2-\|\nabla p^n\|_0^2\right ),\end {align*}


         𝒦  (    𝐮    𝑛  +  1    )  +      Δ    𝑡  2    2   ‖  ∇    𝑝    𝑛  +  1      ‖  0  2   +  𝜃  (    𝑞    𝑛  +  1      )  2   ≤  𝒦  (    𝐮  𝑛   )  +      Δ    𝑡  2    2   ‖  ∇    𝑝  𝑛     ‖  0  2   +  𝜃  (    𝑞  𝑛     )  2   .       


\begin {align*}\mathcal {K}(\bm u^{n+1})+\frac {\Delta t^2}{2}\|\nabla p^{n+1}\|_0^2+\theta (q^{n+1})^2\le \mathcal {K}(\bm u^{n})+\frac {\Delta t^2}{2}\|\nabla p^{n}\|_0^2+\theta (q^{n})^2.\end {align*}


         𝒦  (    𝐮    𝑛  +  1    )  +      Δ    𝑡  2    2   ‖  ∇    𝑝    𝑛  +  1      ‖  0  2   +  𝜃  [  (    𝑞    𝑛  +  1      )  2   −  1  ]  ≤  𝒦  (    𝐮  𝑛   )  +      Δ    𝑡  2    2   ‖  ∇    𝑝  𝑛     ‖  0  2   +  𝜃  [  (    𝑞  𝑛     )  2   −  1  ]  ,       


\begin {align}\label {p5:egy:pc1} \mathcal {K}(\bm u^{n+1})+\frac {\Delta t^2}{2}\|\nabla p^{n+1}\|_0^2+\theta [(q^{n+1})^2-1]\le \mathcal {K}(\bm u^n)+\frac {\Delta t^2}{2}\|\nabla p^{n}\|_0^2+\theta [(q^n)^2-1],\end {align}


   0  ≤  𝑛  ≤    𝑁  𝑡   −  1 


$0\le n\le N_t-1$


     𝑠  𝑛   ∶  =  ∇  ⋅    ∑    𝑖  =  1   𝑛     𝐮  ‾  


$s^n:=\nabla \cdot \sum \limits _{i=1}^n\overline {\bm u}^i$


   𝑛  ≥  1 


$n\ge 1$


   ∇  ⋅    𝐮  ‾   =    𝑠    𝑛  +  1    −    𝑠  𝑛  


$\nabla \cdot \overline {\bm u}^{n+1}=s^{n+1}-s^n$


                3    𝐮  ‾   −  4    𝐮  𝑛   +    𝐮    𝑛  −  1       2  Δ  𝑡    −  𝜈  Δ    𝐮  ‾   +    𝑞    𝑛  +  1    (    𝐮  ˜   ⋅  ∇  )    𝐮  ˜   +  ∇    𝑝  𝑛   =    𝐟    𝑛  +  1    ,               3    𝐮    𝑛  +  1    −  3    𝐮  ‾      2  Δ  𝑡    +  ∇  (    𝑝    𝑛  +  1    −    𝑝  𝑛   +  𝜈  ∇  ⋅    𝐮  ‾   )  =  𝟎  ,           ∇  ⋅    𝐮    𝑛  +  1    =  0  ,               3  𝒦  (    𝐮    𝑛  +  1    )  −  4  𝒦  (    𝐮  𝑛   )  +  𝒦  (    𝐮    𝑛  −  1    )     2  Δ  𝑡    +  𝜃      3  (    𝑞    𝑛  +  1      )  2   −  4  (    𝑞  𝑛     )  2   +  (    𝑞    𝑛  −  1      )  2      2  Δ  𝑡               =    (      3    𝐮    𝑛  +  1    −  4    𝐮  𝑛   +    𝐮    𝑛  −  1       2  Δ  𝑡    +    𝑞    𝑛  +  1    (    𝐮  ˜   ⋅  ∇  )    𝐮  ˜   ,    𝐮  ‾   )   ,    


\begin {align}&\frac {3\overline {\bm u}^{n+1}-4\bm u^n+\bm u^{n-1}}{2\Delta t}-\nu \Delta \overline {\bm u}^{n+1}+q^{n+1}(\tilde {\bm u}^{n+1}\cdot \nabla )\tilde {\bm u}^{n+1}+\nabla p^{n}=\bm f^{n+1},\label {p5:pc2:eq1}\\ &\frac {3\bm u^{n+1}-3\overline {\bm u}^{n+1}}{2\Delta t}+\nabla (p^{n+1}-p^n+\nu \nabla \cdot \overline {\bm u}^{n+1})=\bm 0,\label {p5:pc2:eq2}\\ &\nabla \cdot \bm u^{n+1}=0,\label {p5:pc2:eq3}\\ &\frac {3\mathcal {K}(\bm u^{n+1})-4\mathcal {K}(\bm u^n)+\mathcal {K}(\bm u^{n-1})}{2\Delta t}+\theta \frac {3(q^{n+1})^2-4(q^n)^2+(q^{n-1})^2}{2\Delta t} \notag \\ &\hspace {4cm}=\left (\frac {3\bm u^{n+1}-4\bm u^n+\bm u^{n-1}}{2\Delta t}+q^{n+1}(\tilde {\bm u}^{n+1}\cdot \nabla )\tilde {\bm u}^{n+1},\overline {\bm u}^{n+1}\right ),\label {p5:pc2:eq4}\end {align}


             3    𝐮    𝑛  +  1    −  4    𝐮  𝑛   +    𝐮    𝑛  −  1       2  Δ  𝑡    −  𝜈  Δ    𝐮  ‾   +    𝑞    𝑛  +  1    (    𝐮  ˜   ⋅  ∇  )    𝐮  ˜   +  ∇  (    𝑝    𝑛  +  1    +  𝜈    𝑠    𝑛  +  1    −  𝜈    𝑠  𝑛   )  =  𝟎  .       


\begin {align*}\frac {3\bm u^{n+1}-4\bm u^n+\bm u^{n-1}}{2\Delta t}-\nu \Delta \overline {\bm u}^{n+1}+q^{n+1}(\tilde {\bm u}^{n+1}\cdot \nabla )\tilde {\bm u}^{n+1}+\nabla (p^{n+1}+\nu s^{n+1}-\nu s^n)=\bm 0.\end {align*}


                (      3    𝐮    𝑛  +  1    −  4    𝐮  𝑛   +    𝐮    𝑛  −  1       2  Δ  𝑡    +    𝑞    𝑛  +  1    (    𝐮  ˜   ⋅  ∇  )    𝐮  ˜   ,    𝐮  ‾   )            =    (  𝜈  Δ    𝐮  ‾   −  ∇  (    𝑝    𝑛  +  1    +  𝜈    𝑠    𝑛  +  1    −  𝜈    𝑠  𝑛   )  ,    𝐮  ‾   )            =  −  𝜈  ‖  ∇    𝐮  ‾     ‖  0  2   +  𝜈      (  ∇    𝑠  𝑛   ,    𝐮  ‾   )   −    (  ∇  (    𝑝    𝑛  +  1    +  𝜈    𝑠    𝑛  +  1    )  ,    𝐮  ‾   −    𝐮    𝑛  +  1    )   ,    


\begin {align}\label {p5:app:3} &\left (\frac {3\bm u^{n+1}-4\bm u^n+\bm u^{n-1}}{2\Delta t}+q^{n+1}(\tilde {\bm u}^{n+1}\cdot \nabla )\tilde {\bm u}^{n+1},\overline {\bm u}^{n+1}\right )\notag \\ &=\left (\nu \Delta \overline {\bm u}^{n+1}-\nabla (p^{n+1}+\nu s^{n+1}-\nu s^n),\overline {\bm u}^{n+1}\right )\notag \\ &=-\nu \|\nabla \overline {\bm u}^{n+1}\|_0^2+\nu \left (\nabla s^n,\overline {\bm u}^{n+1}\right )-\left (\nabla (p^{n+1}+\nu s^{n+1}),\overline {\bm u}^{n+1}-\bm u^{n+1}\right ),\end {align}


     (  ∇  (    𝑝    𝑛  +  1    +  𝜈    𝑠    𝑛  +  1    )  ,    𝐮    𝑛  +  1    )   =  0 


\begin {equation*}\left (\nabla (p^{n+1}+\nu s^{n+1}),\bm u^{n+1}\right )=0\end {equation*}


           𝐮  ‾   −    𝐮    𝑛  +  1    =      2  Δ  𝑡   3   ∇  (    𝑝    𝑛  +  1    +  𝜈    𝑠    𝑛  +  1    −    𝑝  𝑛   −  𝜈    𝑠  𝑛   )  .       


\begin {align}\label {p5:app:4} \overline {\bm u}^{n+1}-\bm u^{n+1}=\frac {2\Delta t}{3}\nabla (p^{n+1}+\nu s^{n+1}-p^n-\nu s^n).\end {align}


                (      3    𝐮    𝑛  +  1    −  4    𝐮  𝑛   +    𝐮    𝑛  −  1       2  Δ  𝑡    +    𝑞    𝑛  +  1    (    𝐮  ˜   ⋅  ∇  )    𝐮  ˜   ,    𝐮  ‾   )            =  −  𝜈  ‖  ∇    𝐮  ‾     ‖  0  2   +  𝜈      (  ∇    𝑠  𝑛   ,    𝐮  ‾   )   −      2  Δ  𝑡   3       (  ∇  (    𝑝    𝑛  +  1    +  𝜈    𝑠    𝑛  +  1    )  ,  ∇  (    𝑝    𝑛  +  1    +  𝜈    𝑠    𝑛  +  1    −    𝑝  𝑛   −  𝜈    𝑠  𝑛   )  )   .    


\begin {align}\label {p5:app:5} &\left (\frac {3\bm u^{n+1}-4\bm u^n+\bm u^{n-1}}{2\Delta t}+q^{n+1}(\tilde {\bm u}^{n+1}\cdot \nabla )\tilde {\bm u}^{n+1},\overline {\bm u}^{n+1}\right )\notag \\ &=-\nu \|\nabla \overline {\bm u}^{n+1}\|_0^2+\nu \left (\nabla s^n,\overline {\bm u}^{n+1}\right )-\frac {2\Delta t}{3}\left (\nabla (p^{n+1}+\nu s^{n+1}),\nabla (p^{n+1}+\nu s^{n+1}-p^n-\nu s^n)\right ).\end {align}


$\nabla \cdot \overline {\bm u}^{n+1}=s^{n+1}-s^n$


   ‖  ∇  ⋅    𝐮  ‾     ‖  0   ≤  ‖  ∇    𝐮  ‾     ‖  0  


$\|\nabla \cdot \overline {\bm u}^{n+1}\|_0\le \|\nabla \overline {\bm u}^{n+1}\|_0$


         𝜈      (  ∇    𝑠  𝑛   ,    𝐮  ‾   )      =  −  𝜈  (    𝑠  𝑛   ,  ∇  ⋅    𝐮  ‾   )  =  −  𝜈  (    𝑠  𝑛   ,    𝑠    𝑛  +  1    −    𝑠  𝑛   )           =  −    𝜈  2       (  ‖    𝑠    𝑛  +  1      ‖  0  2   −  ‖    𝑠  𝑛     ‖  0  2   −  ‖    𝑠    𝑛  +  1    −    𝑠  𝑛     ‖  0  2   )            =  −    𝜈  2       (  ‖    𝑠    𝑛  +  1      ‖  0  2   −  ‖    𝑠  𝑛     ‖  0  2   )   +    𝜈  2   ‖  ∇  ⋅    𝐮  ‾     ‖  0  2            ≤  −    𝜈  2       (  ‖    𝑠    𝑛  +  1      ‖  0  2   −  ‖    𝑠  𝑛     ‖  0  2   )   +    𝜈  2   ‖  ∇    𝐮  ‾     ‖  0  2   .    


\begin {align}\label {p5:app:6} \nu \left (\nabla s^n,\overline {\bm u}^{n+1}\right )&=-\nu (s^n,\nabla \cdot \overline {\bm u}^{n+1})=-\nu (s^n,s^{n+1}-s^n)\notag \\ &=-\frac {\nu }{2}\left (\|s^{n+1}\|_0^2-\|s^n\|_0^2-\|s^{n+1}-s^n\|_0^2\right )\notag \\ &=-\frac {\nu }{2}\left (\|s^{n+1}\|_0^2-\|s^n\|_0^2\right )+\frac {\nu }{2}\|\nabla \cdot \overline {\bm u}^{n+1}\|_0^2\notag \\ &\le -\frac {\nu }{2}\left (\|s^{n+1}\|_0^2-\|s^n\|_0^2\right )+\frac {\nu }{2}\|\nabla \overline {\bm u}^{n+1}\|_0^2.\end {align}


   𝑎  (  𝑎  −  𝑏  )  ≥    1  2   (    𝑎  2   −    𝑏  2   ) 


$a(a-b)\ge \frac 12(a^2-b^2)$


            −      2  Δ  𝑡   3       (  ∇  (    𝑝    𝑛  +  1    +  𝜈    𝑠    𝑛  +  1    )  ,  ∇  (    𝑝    𝑛  +  1    +  𝜈    𝑠    𝑛  +  1    −    𝑝  𝑛   −  𝜈    𝑠  𝑛   )  )            ≤  −      Δ  𝑡   3       (      ‖  ∇  (    𝑝    𝑛  +  1    +  𝜈    𝑠    𝑛  +  1    )  ‖   0  2   −      ‖  ∇  (    𝑝  𝑛   +  𝜈    𝑠  𝑛   )  ‖   0  2   )   .    


\begin {align}\label {p5:app:7} &-\frac {2\Delta t}{3}\left (\nabla (p^{n+1}+\nu s^{n+1}),\nabla (p^{n+1}+\nu s^{n+1}-p^n-\nu s^n)\right )\notag \\ &\le -\frac {\Delta t}{3}\left (\left \|\nabla (p^{n+1}+\nu s^{n+1})\right \|_0^2-\left \|\nabla (p^n+\nu s^n)\right \|_0^2\right ).\end {align}


                (      3    𝐮    𝑛  +  1    −  4    𝐮  𝑛   +    𝐮    𝑛  −  1       2  Δ  𝑡    +    𝑞    𝑛  +  1    (    𝐮  ˜   ⋅  ∇  )    𝐮  ˜   ,    𝐮  ‾   )            ≤  −    𝜈  2       (  ‖    𝑠    𝑛  +  1      ‖  0  2   −  ‖    𝑠  𝑛     ‖  0  2   )   −      Δ  𝑡   3       (      ‖  ∇  (    𝑝    𝑛  +  1    +  𝜈    𝑠    𝑛  +  1    )  ‖   0  2   −      ‖  ∇  (    𝑝  𝑛   +  𝜈    𝑠  𝑛   )  ‖   0  2   )   .    


\begin {align}\label {p5:app:8} &\left (\frac {3\bm u^{n+1}-4\bm u^n+\bm u^{n-1}}{2\Delta t}+q^{n+1}(\tilde {\bm u}^{n+1}\cdot \nabla )\tilde {\bm u}^{n+1},\overline {\bm u}^{n+1}\right )\notag \\ &\le -\frac {\nu }{2}\left (\|s^{n+1}\|_0^2-\|s^n\|_0^2\right )-\frac {\Delta t}{3}\left (\left \|\nabla (p^{n+1}+\nu s^{n+1})\right \|_0^2-\left \|\nabla (p^n+\nu s^n)\right \|_0^2\right ).\end {align}


                3  𝒦  (    𝐮    𝑛  +  1    )  −  4  𝒦  (    𝐮  𝑛   )  +  𝒦  (    𝐮    𝑛  −  1    )     2  Δ  𝑡    +  𝜃      3  (    𝑞    𝑛  +  1      )  2   −  4  (    𝑞  𝑛     )  2   +  (    𝑞    𝑛  −  1      )  2      2  Δ  𝑡             ≤  −    𝜈  2       (  ‖    𝑠    𝑛  +  1      ‖  0  2   −  ‖    𝑠  𝑛     ‖  0  2   )   −      Δ  𝑡   3       (      ‖  ∇  (    𝑝    𝑛  +  1    +  𝜈    𝑠    𝑛  +  1    )  ‖   0  2   −      ‖  ∇  (    𝑝  𝑛   +  𝜈    𝑠  𝑛   )  ‖   0  2   )   ,    


\begin {align*}&\frac {3\mathcal {K}(\bm u^{n+1})-4\mathcal {K}(\bm u^n)+\mathcal {K}(\bm u^{n-1})}{2\Delta t}+\theta \frac {3(q^{n+1})^2-4(q^n)^2+(q^{n-1})^2}{2\Delta t}\\ &\le -\frac {\nu }{2}\left (\|s^{n+1}\|_0^2-\|s^n\|_0^2\right )-\frac {\Delta t}{3}\left (\left \|\nabla (p^{n+1}+\nu s^{n+1})\right \|_0^2-\left \|\nabla (p^n+\nu s^n)\right \|_0^2\right ),\end {align*}


              3  2   𝒦  (    𝐮    𝑛  +  1    )  −    1  2   𝒦  (    𝐮  𝑛   )  +      Δ    𝑡  2    3         ‖  ∇  (    𝑝    𝑛  +  1    +  𝜈    𝑠    𝑛  +  1    )  ‖   0  2   +      Δ  𝑡  𝜈   2   ‖    𝑠    𝑛  +  1      ‖  0  2   +  𝜃      [    3  2   (    𝑞    𝑛  +  1      )  2   −    1  2   (    𝑞  𝑛     )  2   ]            ≤    3  2   𝒦  (    𝐮  𝑛   )  −    1  2   𝒦  (    𝐮    𝑛  −  1    )  +      Δ    𝑡  2    3         ‖  ∇  (    𝑝  𝑛   +  𝜈    𝑠  𝑛   )  ‖   0  2   +      Δ  𝑡  𝜈   2   ‖    𝑠  𝑛     ‖  0  2   +  𝜃      [    3  2   (    𝑞  𝑛     )  2   −    1  2   (    𝑞    𝑛  −  1      )  2   ]   .    


\begin {align*}&\frac {3}{2}\mathcal {K}(\bm u^{n+1})-\frac 12 \mathcal {K}(\bm u^n)+\frac {\Delta t^2}{3}\left \|\nabla (p^{n+1}+\nu s^{n+1})\right \|_0^2+\frac {\Delta t\nu }{2}\|s^{n+1}\|_0^2+\theta \left [\frac 32(q^{n+1})^2-\frac 12(q^n)^2\right ]\\ &\le \frac {3}{2}\mathcal {K}(\bm u^{n})-\frac 12 \mathcal {K}(\bm u^{n-1})+\frac {\Delta t^2}{3}\left \|\nabla (p^{n}+\nu s^{n})\right \|_0^2+\frac {\Delta t\nu }{2}\|s^{n}\|_0^2+\theta \left [\frac 32(q^{n})^2-\frac 12(q^{n-1})^2\right ].\end {align*}


           3  2   𝒦  (    𝐮    𝑛  +  1    )  −    1  2   𝒦  (    𝐮  𝑛   )  +      Δ    𝑡  2    3   ‖  ∇  (    𝑝    𝑛  +  1    +  𝜈    𝑠    𝑛  +  1    )    ‖  0  2   +      Δ  𝑡  𝜈   2   ‖    𝑠    𝑛  +  1      ‖  0  2   +  𝜃      [    3  2   (    𝑞    𝑛  +  1      )  2   −    1  2   (    𝑞  𝑛     )  2   −  1  ]            ≤    3  2   𝒦  (    𝐮  𝑛   )  −    1  2   𝒦  (    𝐮    𝑛  −  1    )  +      Δ    𝑡  2    3   ‖  ∇  (    𝑝  𝑛   +  𝜈    𝑠  𝑛   )    ‖  0  2   +      Δ  𝑡  𝜈   2   ‖    𝑠  𝑛     ‖  0  2   +  𝜃      [    3  2   (    𝑞  𝑛     )  2   −    1  2   (    𝑞    𝑛  −  1      )  2   −  1  ]   ,       


\begin {align}\label {p5:egy:pc2} \frac 32\mathcal {K}(\bm u^{n+1})-\frac 12\mathcal {K}(\bm u^{n})+\frac {\Delta t^2}{3}\|\nabla (p^{n+1}+\nu s^{n+1})\|_0^2+\frac {\Delta t\nu }{2}\|s^{n+1}\|_0^2+\theta \left [\frac 32(q^{n+1})^2-\frac 12(q^n)^2-1\right ] \notag \\ \le \frac 32\mathcal {K}(\bm u^{n})-\frac 12\mathcal {K}(\bm u^{n-1})+\frac {\Delta t^2}{3}\|\nabla (p^{n}+\nu s^{n})\|_0^2+\frac {\Delta t\nu }{2}\|s^{n}\|_0^2+\theta \left [\frac 32(q^{n})^2-\frac 12(q^{n-1})^2-1\right ],\end {align}


   1  ≤  𝑛  ≤    𝑁  𝑡   −  1 


$1\le n\le N_t-1$




$f_1$


   Δ  𝑡  = 


$\Delta t =$


$\Delta t =$


$f_1$


$t=$


$\Delta t$


$f_2$


$\Delta t =$


$\Delta t =$


   ‖    𝐀  ℎ     𝐮  ℎ   (  𝑡  )    ‖  ∞   ≲  1 


$\|\bm A_h\bm u_h(t)\|_{\infty }\lesssim 1$


   ‖    𝐮  ℎ   (  𝑡  )  −    𝐮  ℎ   (  𝑠  )    ‖  ∞   ≲  |  𝑡  −  𝑠  | 


$\|\bm u_h(t)-\bm u_h(s)\|_{\infty }\lesssim |t-s|$


$f$


$\|\bm A_h\bm F(\bm u_h(t))\|_{\infty }\lesssim 1$


   Δ  𝑡  =  0  .  1  ,  0  .  2  ,  0  .  5 


$\Delta t = 0.1, 0.2, 0.5$


$\Delta t = 0.1, 0.2, 0.5$


$\Delta t = 0.1, 0.2, 0.5$


$t=$


   Δ  𝑡  =  0  .  1 


$\Delta t = 0.1$


   Δ  𝑡  =  0  .  1  ,  0  .  2 


$\Delta t = 0.1, 0.2$


$t=$


$\Delta t = 0.1$


$\Delta t = 0.1, 0.2, 0.5$


$t=$


$\Delta t = 0.1$


$\Delta t = 0.1, 0.2$


     𝔥    𝑒  ,  𝐾    (  𝑢  ,  𝑢  )  =  𝐅  (  𝑢  )  ⋅    𝐧    𝑒  ,  𝐾   


$\fh _{e,K}(u,u)=\pmb F(u)\cdot \pmb n_{e,K}$


$\fh _{e,K}$


     𝔥    𝑒  ,  𝐾    (  𝑢  ,  𝑣  ) 


$\fh _{e,K}(u,v)$


$u$


$v$


   (  𝐾  ,    𝐾  ′   ) 


$(K,K^{\prime })$


   𝐱  ∈  𝑒  =  𝜕  𝐾  ∩  𝜕    𝐾  ′  


$\bx \in e=\partial K\cap \partial K^{\prime }$


           𝔥    𝑒  ,  𝐾        (    𝑢  ℎ     int   (  𝐾  )    (  𝐱  ,  𝑡  )  ,    𝑢  ℎ     ext   (  𝐾  )    (  𝐱  ,  𝑡  )  )   =  −    𝔥    𝑒  ,    𝐾  ′         (    𝑢  ℎ     int   (    𝐾  ′   )    (  𝐱  ,  𝑡  )  ,    𝑢  ℎ     ext   (    𝐾  ′   )    (  𝐱  ,  𝑡  )  )   .       


\begin {align}\label {p4:pro4} \fh _{e,K}\left (u_h^{\text {int}(K)}(\bx ,t),u_h^{\text {ext}(K)}(\bx ,t)\right )=-\fh _{e,K'}\left (u_h^{\text {int}(K^{\prime })}(\bx ,t),u_h^{\text {ext}(K^{\prime })}(\bx ,t)\right ).\end {align}


$0=t_0<t_1<\ldots <t_M=T$


$[0,T]$


$\Delta t=\sfrac {T}{M}$


     𝐔  ℎ  𝑚  


$\bU _h^m$


     𝐔  ℎ   (    𝑡  𝑚   ) 


$\bU _h(t_m)$


$\bU _h^m$


     𝐋  ℎ  𝑚   =    𝐋  ℎ   (    𝐔  ℎ  𝑚   ) 


$\bL _h^m=\bL _{h}(\bU _h^m)$


     𝐑  ℎ  𝑚   (    𝐔  ℎ   ,    𝛾  ℎ   )  =    𝐆  ℎ   (    𝐔  ℎ   ,    𝛾  ℎ   )  −    𝐋  ℎ  𝑚     𝐔  ℎ  


$\bR _h^{m}(\pmb U_h,\gamma _{h})=\pmb G_h(\pmb U_h,\gamma _{h})-\bL _{h}^{m}\bU _h$


     𝐋  ℎ  𝑚  


$\bL _{h}^{m}$


     𝐆  ℎ  


$\pmb G_h$


     𝑡  𝑚  


$t_{m}$


     𝐔  ℎ  


$\bU _{h}$


     𝐆  ℎ  


$\bG _{h}$


$\bL _{h}^{m}$


   3    𝑁  𝑦   ×  3    𝑁  𝑦  


$3N_y\times 3N_y$


     𝐀    𝑖  ,  𝑖   𝑚  


$\bA ^m_{i,i}$


$1 \leq i \leq N_{x}$


     𝐀    𝑖  ,  𝑖  +  1   𝑚  


$\bA ^m_{i,i+1}$


   1  ≤  𝑖  ≤    𝑁  𝑥   −  1 


$1 \leq i \leq N_{x}-1$


     𝐀    𝑖  −  1  ,  𝑖   𝑚  


$\bA ^m_{i-1,i}$


   2  ≤  𝑖  ≤    𝑁  𝑥  


$2 \leq i \leq N_{x}$


   𝑡  =    𝑡    𝑚  +  1   


$t=t_{m+1}$


     𝐑  ℎ  𝑚   (    𝐔  ℎ   ,    𝛾  ℎ   ) 


$\bR _h^m( \bU _h, \gamma _{h})$


   [    𝑡  𝑚   ,    𝑡    𝑚  +  1    ] 


$[t_{m}, t_{m+1}]$


     𝜑  1   (  𝐌  )  =    𝐌    −  1    (    𝑒  𝐌   −  𝐈  ) 


$\varphi _1(\pmb M)=\pmb M^{-1}(e^{\pmb M}-\pmb I)$


     𝜑  2   (  𝐌  )  =    𝐌    −  2    (    𝑒  𝐌   −  𝐈  −  𝐌  ) 


$\varphi _2(\pmb M)=\pmb M^{-2}(e^{\pmb M}-\pmb I-\pmb M)$


   𝐌 


$\pmb M$


     m  ˜   (    𝑎  1   ,    𝑎  2   ,  …  ,    𝑎  𝑛   ) 


$\widetilde {\sm }(a_1,a_2,\ldots ,a_n)$


     𝐶  𝑀  


$C_M$


   m 


$\sm $


     𝐔  ℎ   =  (    𝐮    𝑖  ,  𝑗    )  ∈    ℝ    3    𝑁  𝑥     𝑁  𝑦    


$\pmb {U}_h = (\pmb {u}_{i,j}) \in \mathbb {R}^{3N_xN_y}$


     𝐮    𝑖  ,  𝑗    =  (    𝑢    𝑖  ,  𝑗    00    ,    𝑢    𝑖  ,  𝑗    10    ,    𝑢    𝑖  ,  𝑗    01      )  𝑇  


$\pmb {u}_{i,j} = (u_{i,j}^{00}, u_{i,j}^{10}, u_{i,j}^{01})^T$


     Λ  ℎ  1  


$\Lambda _h^1$


     𝐔  ℎ    (   mod   )    =      (    𝐮    𝑖  ,  𝑗     (   mod   )    )     𝑖  ,  𝑗   


$\pmb U_h^{(\text {mod})}=\left (\pmb u_{i,j}^{(\text {mod})}\right )_{i,j}$


     𝐮    𝑖  ,  𝑗     (   mod   )    =      (    𝑢    𝑖  ,  𝑗    00    ,    𝑢    𝑖  ,  𝑗      10   (   mod   )    ,    𝑢    𝑖  ,  𝑗      01   (   mod   )    )   𝑇  


$\pmb u_{i,j}^{(\text {mod})}=\left (u_{i,j}^{00},u_{i,j}^{10(\text {mod})},u_{i,j}^{01(\text {mod})}\right )^T$


     𝐾    1  ,  𝑗   


$K_{1,j}$


$1 \leq j \leq N_{y}$


   𝑥  =  0 


$x=0$


     𝐔  ℎ    0  (   mod   )    =    Λ  ℎ  1       (    𝐔  ℎ  0   )  


$\pmb {U}^{0(\text {mod})}_h = \Lambda ^{1}_h\left (\pmb {U}^{0}_h\right )$


   𝑚  =  0  ,  1  ,  …  ,  𝑀  −  1  , 


$m=0,1, \hdots , M-1,$


                   𝐋  ℎ    𝑚  (   mod   )    =    𝐋  ℎ       (    𝐔  ℎ    𝑚  (   mod   )    )   ,          𝐔  ˜   =    Λ  ℎ  1       [    𝐔  ℎ    𝑚  (   mod   )    +  Δ  𝑡    𝜑  1       (  Δ  𝑡    𝐋  ℎ    𝑚  (   mod   )    )       𝐆  ℎ       (    𝐔  ℎ    𝑚  (   mod   )    ,    𝛾  ℎ  𝑚   )   ]   ,          𝐔  ℎ    𝑚  +  1  (   mod   )    =    Λ  ℎ  1       {    𝐔  ˜   +  Δ  𝑡    𝜑  2       (  Δ  𝑡    𝐋  ℎ    𝑚  (   mod   )    )       [    𝐆  ℎ       (    𝐔  ˜   ,    𝛾  ℎ    𝑚  +  1    )                           −    𝐆  ℎ       (    𝐔  ℎ    𝑚  (   mod   )    ,    𝛾  ℎ  𝑚   )   −    𝐋  ℎ    𝑚  (   mod   )        (    𝐔  ˜   −    𝐔  ℎ    𝑚  (   mod   )    )   ]   }   .           


\begin {align*}\begin {array}{l} \bL ^{m(\text {mod})}_h = \pmb {L}_h\left (\pmb {U}^{m(\text {mod})}_h\right ), \vspace {0.1cm} \\ \widetilde {\pmb {U}}^{m+1(\text {mod})}_h = \Lambda ^{1}_h\left [\pmb {U}^{m(\text {mod})}_h + \Delta {t}\varphi _1\left (\Delta {t}\bL ^{m(\text {mod})}_h\right )\pmb {G}_h\left (\pmb {U}^{m(\text {mod})}_h,\gamma _{h}^{m}\right )\right ], \vspace {0.1cm} \\ \pmb {U}^{m+1(\text {mod})}_h = \Lambda ^{1}_h\left \{\widetilde {\pmb {U}}^{m+1(\text {mod})}_h+ \Delta {t}\varphi _2\left (\Delta {t}\bL ^{m(\text {mod})}_h\right )\left [\pmb {G}_h\left (\widetilde {\pmb {U}}^{m+1(\text {mod})}_h, \gamma _{h}^{m+1}\right ) \right .\right . \vspace {0.2cm} \\ \hspace {4cm}\left .\left . - \pmb {G}_h\left (\pmb {U}^{m(\text {mod})}_h, \gamma _{h}^{m}\right ) - \bL ^{m(\text {mod})}_h\left (\widetilde {\pmb {U}}^{m+1(\text {mod})}_h - \pmb {U}^{m(\text {mod})}_h\right )\right ]\right \}. \end {array}\end {align*}


     Ω  1   =  (    𝑥    1  /  2    ,    𝑥      𝑁  Γ   +  1  /  2    )  ×  (  0  ,  1  ) 


$\Omega _1=(x_{1/2},x_{N_{\Gamma }+1/2})\times (0,1)$


     Ω  2   =  (    𝑥      𝑁  Γ   +  1  /  2    ,    𝑥      𝑁  𝑥   +  1  /  2    )  ×  (  0  ,  1  ) 


$\Omega _2=(x_{N_{\Gamma }+1/2},x_{N_x+1/2})\times (0,1)$


$\Omega $


   Γ  =  {    𝑥      𝑁  Γ   +  1  /  2    }  ×  [  0  ,  1  ] 


$\Gamma =\{x_{N_{\Gamma }+1/2}\}\times [0,1]$


     𝑁  Γ  


$N_{\Gamma }$


   0  <    𝑁  Γ   <    𝑁  𝑥  


$0<N_{\Gamma }<N_x$


     Ω  1  


$\Omega _{1}$


     Ω  2  


$\Omega _{2}$


     𝒦    ℎ  ,  1   


$\iK _{h,1}$


     𝒦    ℎ  ,  2   


$\iK _{h,2}$


$\iK _{h}$


     ℰ  ℎ  Γ  


$\iE _{h}^{\Gamma }$


     𝝀  ℎ   ∈    ℝ    3    𝑁  𝑦    


$\blambda _{h} \in \mR ^{3N_{y}}$


   𝐼  =  1  ,  2  , 


$I=1,2,$


     𝒱    ℎ  ,  𝐼   


$\iV _{h,I}$


$\iV _{h}$


     Ω  𝐼  


$\Omega _{I}$


     𝑤    ℎ  ,  𝐼    ∈    𝒱    ℎ  ,  𝐼   


$w_{h,I} \in \iV _{h,I}$


$u$


$\Omega _{I}$


$u_{h}$


     𝑤    ℎ  ,  1   


$w_{h,1}$


     𝑤    ℎ  ,  2   


$w_{h,2}$


     𝑤    𝑖  ,  𝑗     𝑙  𝑘   


$w_{i,j}^{lk}$


$\Omega _{1}$


$\Omega _{2}$


   1  ≤  𝑗  ≤    𝑁  𝑦   , 


$1 \leq j \leq N_{y},$


$(l,k)\in \{(0,0),(1,0),(0,1)\}$


     𝑤     int   (  𝐾  )    (  𝐱  ,  𝑡  ) 


$w^{\text {int}(K)}(\bx ,t)$


     𝑤     ext   (  𝐾  )    (  𝐱  ,  𝑡  ) 


$w^{\text {ext}(K)}(\bx ,t)$


   𝐱  ∈  𝑒  ⊂  𝜕  𝐾 


$\bx \in e \subset \partial K$


$u_{h}$


     𝑤    ℎ  ,  1    =    𝑢  ℎ     |    Ω  1   


$w_{h,1}=u_{h}\vert _{\Omega _{1}}$


     𝑤    ℎ  ,  2    =    𝑢  ℎ     |    Ω  2   


$w_{h,2}=u_{h}\vert _{\Omega _{2}}$


                  𝜆  𝑗    𝑙  𝑘       =      ∫  𝑒     𝔥    𝑒  ,    𝐾      𝑁  Γ   ,  𝑗          (    𝑢  ℎ     int   (    𝐾      𝑁  Γ   ,  𝑗    )    ,    𝑢  ℎ     int   (    𝐾      𝑁  Γ   +  1  ,  𝑗    )    )       𝜙      𝑁  Γ   ,  𝑗     𝑙  𝑘    𝑑  𝑠         =      ∫  𝑒     𝔥    𝑒  ,    𝐾      𝑁  Γ   ,  𝑗          (    𝑢  ℎ     int   (    𝐾      𝑁  Γ   ,  𝑗    )    ,    𝑢  ℎ     ext   (    𝐾      𝑁  Γ   ,  𝑗    )    )       𝜙      𝑁  Γ   ,  𝑗     𝑙  𝑘    𝑑  𝑠         =    −    ∫  𝑒     𝔥    𝑒  ,    𝐾      𝑁  Γ   +  1  ,  𝑗          (    𝑢  ℎ     int   (    𝐾      𝑁  Γ   +  1  ,  𝑗    )    ,    𝑢  ℎ     ext   (    𝐾      𝑁  Γ   +  1  ,  𝑗    )    )       𝜙      𝑁  Γ   ,  𝑗     𝑙  𝑘    𝑑  𝑠  ,      


\begin {equation}\label {p4:eq:lambda_eq} \begin {array}{rl} \lambda _{j}^{lk}&=\displaystyle \int _{e}\fh _{e,K_{N_{\Gamma },j}}\left (u_{h}^{\text {int}(K_{N_{\Gamma },j})},u_{h}^{\text {int}(K_{N_{\Gamma }+1,j})}\right )\phi _{N_{\Gamma },j}^{lk}ds \vspace {5pt}\\ & =\displaystyle \int _{e}\fh _{e,K_{N_{\Gamma },j}}\left (u_{h}^{\text {int}(K_{N_{\Gamma },j})},u_{h}^{\text {ext}(K_{N_{\Gamma },j})}\right )\phi _{N_{\Gamma },j}^{lk}ds \vspace {5pt}\\ &=\displaystyle -\int _{e}\fh _{e,K_{N_{\Gamma }+1,j}}\left (u_{h}^{\text {int}(K_{N_{\Gamma }+1,j})},u_{h}^{\text {ext}(K_{N_{\Gamma }+1,j})}\right )\phi _{N_{\Gamma },j}^{lk}ds, \end {array}\end {equation}


   𝑒  =  𝜕    𝐾      𝑁  Γ   ,  𝑗    ∩  𝜕    𝐾      𝑁  Γ   +  1  ,  𝑗    ∈    ℰ  ℎ  Γ  


$e=\partial K_{N_{\Gamma }, j} \cap \partial K_{N_{\Gamma }+1,j} \in \iE _{h}^{\Gamma }$


$1 \leq j \leq N_{y}$


$w_{h,1}$


$w_{h,2}$


$w_{h,1}$


$w_{h,2}$


$u_{h} \in \iV _{h}$


     𝑢  ℎ     |    Ω  1    =    𝑤    ℎ  ,  1   


$u_{h}\vert _{\Omega _{1}}=w_{h,1}$


     𝑢  ℎ     |    Ω  2    =    𝑤    ℎ  ,  2   


$u_{h}\vert _{\Omega _{2}}=w_{h,2}$


$u_{h}$


          𝜆  𝑗   00    =    𝜆  𝑗   10    ,    1  ≤  𝑗  ≤    𝑁  𝑦   . 


\begin {equation}\label {p4:IFlam10} \lambda _{j}^{00}=\lambda _{j}^{10}, \quad 1 \leq j \leq N_{y}.\end {equation}


     𝜙    𝑖  ,  𝑗    00      |  𝑒   =    𝜙    𝑖  ,  𝑗    10      |  𝑒   =  1  , 


$\phi _{i,j}^{00}\vert _{e}=\phi _{i,j}^{10}\vert _{e}=1,$


   𝑒  =  𝜕    𝐾      𝑁  Γ   ,  𝑗    ∩  𝜕    𝐾      𝑁  Γ   +  1  ,  𝑗    , 


$e=\partial K_{N_{\Gamma }, j} \cap \partial K_{N_{\Gamma }+1,j},$


   𝑖  =    𝑁  Γ  


$i=N_{\Gamma }$


     𝓖    ℎ  ,  1    =      (    𝓖  1   ,    𝓖  2   ,  …  ,    𝓖    𝑁  Γ    )   𝑇  


$\subG _{h,1}=\left (\subG _{1}, \subG _{2}, \hdots , \subG _{N_{\Gamma }}\right )^{T}$


     𝓖    ℎ  ,  2    =      (    𝓖      𝑁  Γ   +  1    ,    𝓖      𝑁  Γ   +  2    ,  …  ,    𝓖    𝑁  𝑥    )   𝑇  


$\subG _{h,2}=\left (\subG _{N_{\Gamma }+1}, \subG _{N_{\Gamma }+2}, \hdots , \subG _{N_{x}}\right )^{T}$


$1 \leq j \leq N_{y},$


$(l,k)\in \{(0,0),(1,0),(0,1)\}$


     𝝀  ℎ   =    ℱ  ℎ  Γ   (    𝐖    ℎ  ,  1    ,    𝐖    ℎ  ,  2    ) 


$\blambda _{h}=\iF _{h}^{\Gamma }(\bW _{h,1}, \bW _{h,2})$


     𝐖    ℎ  ,  1   0  


$\bW _{h,1}^{0}$


     𝐖    ℎ  ,  2   0  


$\bW _{h,2}^{0}$


$\bU _{h,0}$


$\Omega _{1}$


$\Omega _{2}$


$m=0,1, \hdots , M-1,$


     𝐋    ℎ  ,  𝐼   𝑚  


$\bL ^{m}_{h,I}$


$I=1,2,$


     𝐋    ℎ  ,  𝐼   𝑚  


$\bL _{h,I}^{m}$


     𝓖    ℎ  ,  𝐼   


$\subG _{h,I}$


$t_{m}$


     𝐋    ℎ  ,  1   𝑚  


$\bL ^{m}_{h,1}$


     𝐋    ℎ  ,  2   𝑚  


$\bL ^{m}_{h,2}$


       𝐀    𝑖  ,    𝑖  ′    𝑚   ∶  =      𝜕    𝐆  𝑖      𝜕    𝐔    𝑖  ′      (    𝐖    𝑖  ′   𝑚   )  


$\displaystyle \bA ^m_{i,i^{\prime }}:=\frac {\partial \bG _{i}}{\partial \bU _{i^{\prime }}}(\bW _{i^{\prime }}^{m})$


     𝐋    ℎ  ,  𝐼   𝑚  


$\bL _{h,I}^m$


     𝐖    ℎ  ,  𝐼   𝑚  


$\bW _{h,I}^{m}$


   𝐼  =  1  ,  2 


$I=1,2$


$\Lambda _h^1$


     (    𝐖    ℎ  ,  1     0  (   mod   )    ,    𝐖    ℎ  ,  2     0  (   mod   )    )   =    Λ  ℎ  1       (    𝐖    ℎ  ,  1   0   ,    𝐖    ℎ  ,  2   0   )  


$\left (\bW _{h,1}^{0(\text {mod})},\bW _{h,2}^{0(\text {mod})}\right )=\Lambda ^{1}_h\left (\bW _{h,1}^{0},\bW _{h,2}^{0}\right )$


$m=0,1, \hdots , M-1,$


              𝐋    ℎ  ,  𝐼     𝑚  (   mod   )    =    𝐋    ℎ  ,  𝐼        (    𝐖    ℎ  ,  𝐼     𝑚  (   mod   )    )   ,    𝐼  =  1  ,  2  ,      𝝀  ℎ    𝑚  (   mod   )    =    ℱ  ℎ  Γ       (    𝐖    ℎ  ,  1     𝑚  (   mod   )    ,    𝐖    ℎ  ,  2     𝑚  (   mod   )    )   ,             𝐖  ˜   =    𝐖    ℎ  ,  𝐼     𝑚  (   mod   )    +  Δ  𝑡    𝜑  1       (  Δ  𝑡    𝐋    ℎ  ,  𝐼     𝑚  (   mod   )    )       𝓖    ℎ  ,  𝐼        (    𝐖    ℎ  ,  𝐼     𝑚  (   mod   )    ,    𝝀  ℎ    𝑚  (   mod   )    ,    𝛾  ℎ  𝑚   )   ,    𝐼  =  1  ,  2  ,               (    𝐖  ˜   ,    𝐖  ˜   )   =    Λ  ℎ  1       (    𝐖  ˜   ,    𝐖  ˜   )   ,             𝝀  ˜   =    ℱ  ℎ  Γ       (    𝐖  ˜   ,    𝐖  ˜   )   ,                       𝐖    ℎ  ,  𝐼     𝑚  +  1       =    𝐖  ˜   +  Δ  𝑡    𝜑  2       (  Δ  𝑡    𝐋    ℎ  ,  𝐼     𝑚  (   mod   )    )       [    𝓖    ℎ  ,  𝐼        (    𝐖  ˜   ,    𝝀  ˜   ,    𝛾  ℎ    𝑚  +  1    )                  −    𝓖    ℎ  ,  𝐼        (    𝐖    ℎ  ,  𝐼     𝑚  (   mod   )    ,    𝝀  ℎ    𝑚  (   mod   )    ,    𝛾  ℎ  𝑚   )   −    𝐋    ℎ  ,  𝐼     𝑚  (   mod   )        (    𝐖  ˜   −    𝐖    ℎ  ,  𝐼     𝑚  (   mod   )    )   ]   ,    𝐼  =  1  ,  2  ,                   (    𝐖    ℎ  ,  1     𝑚  +  1  (   mod   )    ,    𝐖    ℎ  ,  2     𝑚  +  1  (   mod   )    )   =    Λ  ℎ  1       (    𝐖    ℎ  ,  1     𝑚  +  1    ,    𝐖    ℎ  ,  2     𝑚  +  1    )   .    


\begin {align*}& \bL _{h,I}^{m(\text {mod})}=\bL _{h,I}\left (\bW _{h,I}^{m(\text {mod})}\right ), \; I=1,2,\quad \blambda _{h}^{m(\text {mod})}=\iF _{h}^{\Gamma }\left (\bW _{h,1}^{m(\text {mod})}, \bW _{h,2}^{m(\text {mod})}\right ), \vspace {5pt}\\ & \widetilde {\bW }^{m+1}_{h, I} = \bW ^{m(\text {mod})}_{h, I} + \Delta {t}\varphi _1\left (\Delta {t}\bL ^{m(\text {mod})}_{h,I}\right )\subG _{h,I}\left (\bW ^{m(\text {mod})}_{h, I}, \blambda _{h}^{m(\text {mod})},\gamma _{h}^m\right ), \quad I=1,2,\vspace {5pt}\\ &\left (\widetilde {\bW }^{m+1 (\text {mod})}_{h, 1}, \widetilde {\bW }^{m+1 (\text {mod})}_{h, 2}\right )= \Lambda ^{1}_h\left (\widetilde {\bW }^{m+1}_{h, 1},\widetilde {\bW }^{m+1}_{h, 2} \right ),\vspace {5pt}\\ & \widetilde {\blambda }_{h}^{m+1 (\text {mod})}=\iF _{h}^{\Gamma }\left (\widetilde {\bW }^{m+1 (\text {mod})}_{h, 1}, \widetilde {\bW }^{m+1 (\text {mod})}_{h, 2}\right ), \vspace {5pt}\\ &\hspace {-0.2cm}\begin {array}{ll} \bW ^{m+1}_{h, I}&= \widetilde {\bW }^{m+1 (\text {mod})}_{h, I}+ \Delta {t}\varphi _2\left (\Delta {t}\bL ^{m (\text {mod})}_{h,I}\right )\left [\subG _{h,I}\left (\widetilde {\bW }^{m+1 (\text {mod})}_{h, I}, \widetilde {\blambda }_{h}^{m+1 (\text {mod})}, \gamma _{h}^{m+1}\right ) \right . \vspace {5pt}\\ & \hspace {-0.1cm}\left . - \subG _{h,I}\left (\bW ^{m (\text {mod})}_{h, I}, \blambda _{h}^{m (\text {mod})}, \gamma _{h}^m\right ) -\bL ^{m (\text {mod})}_{h,I}\left (\widetilde {\bW }^{m+1 (\text {mod})}_{h, I} - \bW ^{m (\text {mod})}_{h, I}\right )\right ], \quad I=1,2, \end {array} \vspace {5pt}\\ &\left (\bW ^{m+1 (\text {mod})}_{h, 1}, \bW ^{m+1 (\text {mod})}_{h, 2}\right )= \Lambda ^{1}_h\left (\bW ^{m+1}_{h, 1},\bW ^{m+1}_{h, 2} \right ).\end {align*}


     𝑓  1  


$f_{1}$


     𝑓  2  


$f_{2}$


$u_0$


$\gamma $


   [    𝑚  0   ,    𝑀  0   ] 


$[m_0,M_0]$


$f_1$


$f_2$


   [    𝑚  0   −  1  ,    𝑀  0   +  1  ] 


$[m_0-1,M_0+1]$


$f_1$


$f_2$


     𝐿  𝑓  


$L_f$


     𝐿    𝑓  𝑓   


$L_{ff}$


$K \in \iK _{h}$


$e \subset \partial K$


$\fh _{e,K}$


        |    𝔥    𝑒  ,  𝐾    (  𝑢  ,  𝑣  )  −    𝔥    𝑒  ,  𝐾    (    𝑢  ˆ   ,    𝑣  ˆ   )  |  ≤    𝐿  𝑓   (  |  𝑢  −    𝑢  ˆ   |  +  |  𝑣  −    𝑣  ˆ   |  )  ,    ∀  𝑢  ,  𝑣  ,    𝑢  ˆ   ,    𝑣  ˆ   ∈  ℝ  . 


\begin {equation}\label {p4:L_h} |\fh _{e,K}(u,v)-\fh _{e,K}(\widehat {u},\widehat {v})|\le L_f(|u-\widehat {u}|+|v-\widehat {v}|),\quad \forall u, v, \widehat {u}, \widehat {v}\in \mR .\end {equation}


     𝜕  𝑢     𝔥    𝑒  ,  𝐾   


$\partial _u \fh _{e,K}$


     𝜕  𝑣     𝔥    𝑒  ,  𝐾   


$\partial _v \fh _{e,K}$


   (  𝑒  ,  𝐾  ) 


$(e,K)$


$e \subset \partial K$


     𝐧    𝑒  ,  𝐾    =  (  1  ,  0    )  𝑇  


$\pmb n_{e,K}=(1,0)^T$


     𝐧    𝑒  ,  𝐾    ∈  {  (  −  1  ,  0    )  𝑇   ,  (  0  ,  1    )  𝑇   ,  (  0  ,  −  1    )  𝑇   } 


$\pmb n_{e,K}\in \{(-1,0)^T,(0,1)^T,(0,-1)^T\}$


$\fh _{e,K}$


     𝔥    𝑒  ,  𝐾    LF    (  𝑢  ,  𝑣  )  =    1  2   [    𝑓  1   (  𝑢  )  +    𝑓  1   (  𝑣  )  ]  −    𝛼  2   (  𝑣  −  𝑢  )  ,    𝛼  =     max     [   inf       𝑢  0   ,   sup       𝑢  0   ]    |    𝑓  1  ′   |  , 


\begin {equation*}\label {p4:LF-s} \fh _{e,K}^{\text {LF}}(u,v)=\frac 12[f_1(u)+f_1(v)]-\frac {\alpha }{2}(v-u), \quad \alpha =\max _{[\inf u_0,\sup u_0]}|f_1'|,\end {equation*}


     𝔥    𝑒  ,  𝐾    EO    (  𝑢  ,  𝑣  )  =    1  2   [    𝑓  1   (  𝑢  )  +    𝑓  1   (  𝑣  )  ]  −    1  2     ∫  𝑢  𝑣   |    𝑓  1  ′   (  𝑤  )  |  𝑑  𝑤  , 


\begin {equation*}\label {p4:EO-s} \fh _{e,K}^{\text {EO}}(u,v)=\frac 12[f_1(u)+f_1(v)]-\frac 12\int _{u}^{v}|f_1'(w)|dw,\end {equation*}


          𝜕  𝑢     𝔥    𝑒  ,  𝐾    LF    (  𝑢  ,  𝑣  )  =        𝑓  1  ′   (  𝑢  )   2   +    𝛼  2   ,    and      𝜕  𝑣     𝔥    𝑒  ,  𝐾    LF    (  𝑢  ,  𝑣  )  =        𝑓  1  ′   (  𝑣  )   2   −    𝛼  2   , 


\begin {equation}\label {p4:h_x_LF} \partial _u \fh _{e,K}^{\text {LF}}(u,v)=\frac {f_1'(u)}{2}+\frac {\alpha }{2},\text { and } \partial _v \fh _{e,K}^{\text {LF}}(u,v)=\frac {f_1'(v)}{2}-\frac {\alpha }{2},\end {equation}


           𝜕  𝑢     𝔥    𝑒  ,  𝐾    EO    (  𝑢  ,  𝑣  )     =        𝑓  1  ′   (  𝑢  )   2   +      |    𝑓  1  ′   (  𝑢  )  |   2   =   max   {    𝑓  1  ′   (  𝑢  )  ,  0  }  ,          𝜕  𝑣     𝔥    𝑒  ,  𝐾    EO    (  𝑢  ,  𝑣  )     =        𝑓  1  ′   (  𝑣  )   2   −      |    𝑓  1  ′   (  𝑣  )  |   2   =   min   {    𝑓  1  ′   (  𝑣  )  ,  0  }  ,    


\begin {align}\partial _u \fh _{e,K}^{\text {EO}}(u,v)&=\frac {f_1'(u)}{2}+\frac {|f_1'(u)|}{2}=\max \{f_1'(u),0\}, \\ \partial _v \fh _{e,K}^{\text {EO}}(u,v)&=\frac {f_1'(v)}{2}-\frac {|f_1'(v)|}{2}=\min \{f_1'(v),0\},\end {align}


   |    𝜕  𝑢     𝔥    𝑒  ,  𝐾    (  𝑢  ,  𝑣  )  |  ≤    𝐿  𝑓  


$|\partial _u \fh _{e,K}(u,v)|\le L_f$


   |    𝜕  𝑣     𝔥    𝑒  ,  𝐾    (  𝑢  ,  𝑣  )  |  ≤    𝐿  𝑓  


$|\partial _v \fh _{e,K}(u,v)|\le L_f$


   𝑢  ,  𝑣  ∈  ℝ 


$u,v\in \mR $


   𝛼  ≤    𝐿  𝑓  


$\alpha \le L_f$


   𝑢  ,  𝑣  ,    𝑢  ˆ   ,    𝑣  ˆ   ∈  ℝ 


$u,v,\widehat {u},\widehat {v}\in \mR $


         |    𝔥    𝑒  ,  𝐾    (  𝑢  ,  𝑣  )  −    𝔥    𝑒  ,  𝐾    (    𝑢  ˆ   ,    𝑣  ˆ   )  |     ≤  |    𝔥    𝑒  ,  𝐾    (  𝑢  ,  𝑣  )  −    𝔥    𝑒  ,  𝐾    (  𝑢  ,    𝑣  ˆ   )  |  +  |    𝔥    𝑒  ,  𝐾    (  𝑢  ,    𝑣  ˆ   )  −    𝔥    𝑒  ,  𝐾    (    𝑢  ˆ   ,    𝑣  ˆ   )  |           ≤    𝐿  𝑓   |  𝑣  −    𝑣  ˆ   |  +    𝐿  𝑓   |  𝑢  −    𝑢  ˆ   |  .    


\begin {align*}|\fh _{e,K}(u,v)-\fh _{e,K}(\widehat {u}, \widehat {v})|&\le |\fh _{e,K}(u,v)-\fh _{e,K}(u,\widehat {v})|+|\fh _{e,K}(u,\widehat {v})-\fh _{e,K}(\widehat {u}, \widehat {v})|\\ &\le L_f|v-\widehat {v}|+L_f|u-\widehat {u}|.\end {align*}


$\partial _u \fh _{e,K}$


$\partial _v \fh _{e,K}$


         |    𝜕  𝑢     𝔥    𝑒  ,  𝐾    EO    (  𝑢  ,  𝑣  )  −    𝜕  𝑢     𝔥    𝑒  ,  𝐾    EO    (    𝑢  ˆ   ,  𝑣  )  |     ≤      |    𝑓  1  ′   (  𝑢  )  −    𝑓  1  ′   (    𝑢  ˆ   )  |   2   +      |  |    𝑓  1  ′   (  𝑢  )  |  −  |    𝑓  1  ′   (    𝑢  ˆ   )  |  |   2            ≤  |    𝑓  1  ′   (  𝑢  )  −    𝑓  1  ′   (    𝑢  ˆ   )  |  ≤    𝐿    𝑓  𝑓    |  𝑢  −    𝑢  ˆ   |  ,    


\begin {align*}|\partial _u \fh _{e,K}^{\text {EO}}(u,v)-\partial _u \fh _{e,K}^{\text {EO}}(\widehat {u},v)|&\le \frac {|f_1'(u)-f_1'(\widehat {u})|}{2}+\frac {\big ||f_1'(u)|-|f_1'(\widehat {u})|\big |}{2}\\ &\le |f_1'(u)-f_1'(\widehat {u})|\le L_{ff}|u-\widehat {u}|,\end {align*}


   |  |  𝑎  |  −  |  𝑏  |  |  ≤  |  𝑎  −  𝑏  | 


$\big ||a|-|b|\big |\le |a-b|$


   𝑎  ,  𝑏  ∈  ℝ 


$a,b\in \mR $


   |    𝜕  𝑢     𝔥    𝑒  ,  𝐾    EO    (  𝑢  ,  𝑣  )  −    𝜕  𝑢     𝔥    𝑒  ,  𝐾    EO    (  𝑢  ,    𝑣  ˆ   )  |  =  0  . 


\begin {equation*}|\partial _u \fh _{e,K}^{\text {EO}}(u,v)-\partial _u \fh _{e,K}^{\text {EO}}(u,\widehat {v})|=0.\end {equation*}


     𝜕  𝑢     𝔥    𝑒  ,  𝐾    EO   


$\partial _u\fh _{e,K}^{\text {EO}}$


     𝜕  𝑣     𝔥    𝑒  ,  𝐾    EO   


$\partial _v\fh _{e,K}^{\text {EO}}$


   𝑎  ,  𝑏  ∈    𝒞  2   (  [  0  ,  𝑇  ]  ) 


$a,b\in \mathcal {C}^2([0,T])$


     𝜃  1  


$\theta _1$


     𝜃  2  


$\theta _2$


     |      Δ  𝑡  −  𝑠     Δ  𝑡      𝑓  1   (  𝑎  (    𝑡  𝑚   )  )  +    𝑠    Δ  𝑡      𝑓  1   (  𝑎  (    𝑡    𝑚  +  1    )  )  −    𝑓  1   (  𝑎  (    𝑡  𝑚   +  𝑠  )  )  |   ≤    𝜃  1   Δ    𝑡  2   , 


\begin {equation*}\left |\frac {\Delta t-s}{\Delta t}f_1(a(t_m))+\frac {s}{\Delta t}f_1(a(t_{m+1}))-f_1(a(t_m+s))\right |\le \theta _1\Delta t^2,\end {equation*}


     |      Δ  𝑡  −  𝑠     Δ  𝑡      𝔥    𝑒  ,  𝐾    (  𝑎  (    𝑡  𝑚   )  ,  𝑏  (    𝑡  𝑚   )  )  +    𝑠    Δ  𝑡      𝔥    𝑒  ,  𝐾    (  𝑎  (    𝑡    𝑚  +  1    )  ,  𝑏  (    𝑡    𝑚  +  1    )  )  −    𝔥    𝑒  ,  𝐾    (  𝑎  (    𝑡  𝑚   +  𝑠  )  ,  𝑏  (    𝑡  𝑚   +  𝑠  )  )  |   ≤    𝜃  2   Δ    𝑡  2   , 


\begin {equation*}\left |\frac {\Delta t-s}{\Delta t}\fh _{e,K}(a(t_m),b(t_m))+\frac {s}{\Delta t}\fh _{e,K}(a(t_{m+1}),b(t_{m+1}))-\fh _{e,K}(a(t_m+s),b(t_m+s))\right |\le \theta _2\Delta t^2,\end {equation*}


$s\in [0,\Delta t]$


   𝑚  ∈  {  0  ,  1  ,  …  ,  𝑀  −  1  } 


$m\in \{0,1,\ldots ,M-1\}$


$\theta _1$


$\theta _2$


     𝐿  𝑓   ,    𝐿    𝑓  𝑓   


$L_f,L_{ff}$


$\mathcal {C}^2([0,T])$


   𝑎  ,  𝑏 


$a,b$


$\Delta t$


     𝑓  1  ′   ,    𝜕  𝑢     𝔥    𝑒  ,  𝐾   


$f_1',\partial _u \fh _{e,K}$


$\partial _v \fh _{e,K}$


   𝑝  ∈    𝒞  1   (  ℝ  ) 


$p\in \mathcal {C}^1(\mR )$


     𝑝  ′  


$p'$


   |    𝑝  ′   (  𝑡  )  −    𝑝  ′   (  𝑠  )  |  ≤    𝐿  𝑝   |  𝑡  −  𝑠  |  ,  ∀  𝑡  ,  𝑠  ∈  ℝ 


$|p'(t)-p'(s)|\le L_{p}|t-s|,\forall t,s\in \mR $


           |      Δ  𝑡  −  𝑠     Δ  𝑡    𝑝  (    𝑡  𝑚   )  +    𝑠    Δ  𝑡    𝑝  (    𝑡    𝑚  +  1    )  −  𝑝  (    𝑡  𝑚   +  𝑠  )  |   ≤  𝑐  (    𝐿  𝑝   )  Δ    𝑡  2   ,       


\begin {align}\label {p4:c(L)} \left |\frac {\Delta t-s}{\Delta t}p(t_m)+\frac {s}{\Delta t}p(t_{m+1})-p(t_m+s)\right |\le c(L_{p})\Delta t^2,\end {align}


   𝑐  (    𝐿  𝑝   )  >  0 


$c(L_{p})>0$


     𝐿  𝑝  


$L_{p}$


     𝛼  𝑚   ,    𝛽  𝑚   ∈  [    𝑡  𝑚   ,    𝑡    𝑚  +  1    ] 


$\alpha _m,\beta _m\in [t_m,t_{m+1}]$


                 |        Δ  𝑡  −  𝑠     Δ  𝑡     𝑝  (    𝑡  𝑚   )  +      𝑠    Δ  𝑡     𝑝  (    𝑡    𝑚  +  1    )  −  𝑝  (    𝑡  𝑚   +  𝑠  )  |        =    |        Δ  𝑡  −  𝑠     Δ  𝑡     (  𝑝  (    𝑡  𝑚   )  −  𝑝  (    𝑡  𝑚   +  𝑠  )  )  +      𝑠    Δ  𝑡     (  𝑝  (    𝑡    𝑚  +  1    )  −  𝑝  (    𝑡  𝑚   +  𝑠  )  )  |         =    |        Δ  𝑡  −  𝑠     Δ  𝑡     (  −  𝑠  )    𝑝  ′   (    𝛼  𝑚   )  +      𝑠    Δ  𝑡     (  Δ  𝑡  −  𝑠  )    𝑝  ′   (    𝛽  𝑚   )  |         =        𝑠  (  Δ  𝑡  −  𝑠  )     Δ  𝑡     |    𝑝  ′   (    𝛽  𝑚   )  −    𝑝  ′   (    𝛼  𝑚   )  |  ≤        Δ  𝑡   4      𝐿  𝑝   |    𝛽  𝑚   −    𝛼  𝑚   |  ≤        𝐿  𝑝   4    Δ    𝑡  2   ,           


\begin {align*}\begin {array}{l} \left |\dfrac {\Delta t-s}{\Delta t}p(t_m)+\dfrac {s}{\Delta t}p(t_{m+1})-p(t_m+s)\right | \vspace {5pt}\\ =\left |\dfrac {\Delta t-s}{\Delta t}(p(t_m)-p(t_m+s))+\dfrac {s}{\Delta t}(p(t_{m+1})-p(t_m+s))\right | \vspace {5pt}\\ =\left |\dfrac {\Delta t-s}{\Delta t}(-s)p'(\alpha _m)+\dfrac {s}{\Delta t}(\Delta t-s)p'(\beta _m)\right | \vspace {5pt}\\ =\dfrac {s(\Delta t-s)}{\Delta t}|p'(\beta _m)-p'(\alpha _m)|\le \dfrac {\Delta t}{4}L_{p}|\beta _m-\alpha _m|\le \dfrac {L_{p}}{4}\Delta t^2, \end {array}\end {align*}


   𝑠  (  Δ  𝑡  −  𝑠  )  ≤    1  4   Δ    𝑡  2  


$s(\Delta t -s)\le \frac 14 \Delta t^2$


$s\in [0,\Delta t]$


   𝑝  =    𝑓  1   (  𝑎  (  ⋅  )  ) 


$p=f_1(a(\cdot ))$


   𝑝  =    𝔥    𝑒  ,  𝐾    (  𝑎  (  ⋅  )  ,  𝑏  (  ⋅  )  ) 


$p=\fh _{e,K}(a(\cdot ),b(\cdot ))$


$\gamma $


$\gamma _{h}$


$\bG _{h}$


$\subG _{h,I}$


$I=1,2$


$\Delta x$


$\Delta y$


     𝐔  ℎ   ∈    𝒞  1   (  [  0  ,  𝑇  ]  ,    ℝ    3    𝑁  𝑥     𝑁  𝑦     ) 


$\bU _h\in \mathcal {C}^1([0,T],\mR ^{3N_xN_y})$


     𝐔  ˜  


$\widetilde { \bU }_h^{m+1}$


         ‖    𝐔  ˜   −    𝐔  ℎ   (    𝑡    𝑚  +  1    )    ‖  ∞   ≤  (    𝑒      𝑐  0   Δ  𝑡    +    𝑐  1   Δ  𝑡  )  ‖    𝐔  ℎ  𝑚   −    𝐔  ℎ   (    𝑡  𝑚   )    ‖  ∞   +    𝑐  2   Δ    𝑡  2   ,       


\begin {align}\label {p4:forETD2} \|\widetilde { \bU }_h^{m+1}- \bU _h(t_{m+1})\|_{\infty }\le (e^{c_0\Delta t}+c_1\Delta t)\| \bU _h^m- \bU _h(t_m)\|_{\infty }+c_2\Delta t^2,\end {align}


   𝑚  =  0  ,  1  ,  …  ,  𝑀  −  1  , 


$m=0,1,\ldots ,M-1,$


     𝑐  1  


$c_1$


     𝑐  2  


$c_2$


$\Delta x$


$\Delta y$


     𝐿  𝑢  


$L_u$


$L_f$


$T$


$\Delta t$


           𝐔  ˜   =    𝑒    Δ  𝑡    𝐋  ℎ  𝑚       𝐔  ℎ  𝑚   +    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝐋  ℎ  𝑚       𝐑  ℎ  𝑚   (    𝐔  ℎ  𝑚   )  𝑑  𝑠  .       


\begin {align}\label {p4:ETD1_pre3} \widetilde {\bU }_h^{m+1}=e^{\Delta t \bL _{h}^m} \bU _h^m+\int _0^{\Delta t}e^{(\Delta t-s) \bL _{h}^m} \bR _h^m(\bU _h^m)ds.\end {align}


           𝐔  ˜   −    𝐔  ℎ   (    𝑡    𝑚  +  1    )     =    𝑒    Δ  𝑡    𝐋  ℎ  𝑚     (    𝐔  ℎ  𝑚   −    𝐔  ℎ   (    𝑡  𝑚   )  )  +    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝐋  ℎ  𝑚         [    𝐑  ℎ  𝑚   (    𝐔  ℎ  𝑚   )  −    𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡  𝑚   )  )  ]     𝑑  𝑠           +    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝐋  ℎ  𝑚         [    𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡  𝑚   )  )  −    𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡  𝑚   +  𝑠  )  )  ]     𝑑  𝑠  .    


\begin {align*}\widetilde {\bU }_h^{m+1}- \bU _h(t_{m+1})&=e^{\Delta t \bL _{h}^m}( \bU _h^m- \bU _h(t_m))+\int _0^{\Delta t}e^{(\Delta t-s) \bL _{h}^m}\left [\bR _h^m( \bU _h^m)- \bR _h^m( \bU _h(t_m))\right ]ds\\ &+\int _0^{\Delta t}e^{(\Delta t-s) \bL _{h}^m}\left [\bR _h^m( \bU _h(t_m))- \bR _h^m(\bU _h(t_m+s))\right ]ds.\end {align*}


         ‖    𝐔  ˜   −    𝐔  ℎ   (    𝑡    𝑚  +  1    )    ‖  ∞      ≤  ‖    𝑒    Δ  𝑡    𝐋  ℎ  𝑚       ‖  ∞   ‖    𝐔  ℎ  𝑚   −    𝐔  ℎ   (    𝑡  𝑚   )    ‖  ∞              +    ∫  0    Δ  𝑡    ‖    𝑒    (  Δ  𝑡  −  𝑠  )    𝐋  ℎ  𝑚       ‖  ∞   ‖    𝐑  ℎ  𝑚   (    𝐔  ℎ  𝑚   )  −    𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡  𝑚   )  )    ‖  ∞   𝑑  𝑠             +    ∫  0    Δ  𝑡    ‖    𝑒    (  Δ  𝑡  −  𝑠  )    𝐋  ℎ  𝑚       ‖  ∞   ‖    𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡  𝑚   )  )  −    𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡  𝑚   +  𝑠  )  )    ‖  ∞   𝑑  𝑠  .    


\begin {align}\label {p4:I:1} \|\widetilde { \bU }_h^{m+1}- \bU _h(t_{m+1})\|_{\infty }&\le \|e^{\Delta t \bL _{h}^m}\|_{\infty }\| \bU _h^m- \bU _h(t_m)\|_{\infty } \notag \\ &\quad +\int _0^{\Delta t}\|e^{(\Delta t-s) \bL _{h}^m}\|_{\infty }\| \bR _h^m( \bU _h^m)- \bR _h^m( \bU _h(t_m))\|_{\infty }ds \notag \\ &\quad +\int _0^{\Delta t}\|e^{(\Delta t-s) \bL _{h}^m}\|_{\infty }\| \bR _h^m(\bU _h(t_m))- \bR _h^m(\bU _h(t_m+s))\|_{\infty } ds.\end {align}


         ‖    𝐋  ℎ  𝑚     ‖  ∞   ≤    𝑐  0   ,       


\begin {align}\label {p4:J-t} \|\bL _{h}^m\|_{\infty }\le c_0,\end {align}


     𝑐  0   =    𝑐  0   (  Δ  𝑥  ,  Δ  𝑦  ,    𝐿  𝑓   ) 


$c_0=c_0(\Delta x,\Delta y,L_f)$


$\Delta t$


$t>0$


         ‖    𝑒    𝑡    𝐋  ℎ  𝑚       ‖  ∞   ≤    𝑒    𝑡  ‖    𝐋  ℎ  𝑚     ‖  ∞     ≤    𝑒      𝑐  0   𝑡    .       


\begin {align}\label {p4:key} \|e^{t \bL _{h}^m}\|_{\infty }\le e^{t\| \bL _{h}^m\|_{\infty }}\le e^{c_0t}.\end {align}


   𝐕  ,    𝐕  ˆ   ∈    ℝ    3    𝑁  𝑥     𝑁  𝑦    


$\bV ,\widehat {\bV }\in \mR ^{3N_xN_y}$


   ‖    𝐆  ℎ   (  𝐕  )  −    𝐆  ℎ   (    𝐕  ˆ   )    ‖  ∞   ≤      𝑐  0   ‾   ‖  𝐕  −    𝐕  ˆ     ‖  ∞   , 


\begin {equation*}\|\pmb {G}_h( \bV )- \pmb {G}_h( \widehat {\bV })\|_{\infty }\le \overline {c_0}\| \bV - \widehat {\bV }\|_{\infty },\end {equation*}


       𝑐  0   ‾   =      𝑐  0   ‾   (  Δ  𝑥  ,  Δ  𝑦  ,    𝐿  𝑓   ) 


$\overline {c_0}=\overline {c_0}(\Delta x,\Delta y,L_f)$


$\Delta t$


         ‖    𝐑  ℎ  𝑚   (  𝐕  )  −    𝐑  ℎ  𝑚   (    𝐕  ˆ   )    ‖  ∞      ≤  ‖    𝐆  ℎ   (  𝐕  )  −    𝐆  ℎ   (    𝐕  ˆ   )    ‖  ∞   +  ‖    𝐋  ℎ  𝑚   (  𝐕  −    𝐕  ˆ   )    ‖  ∞            ≤  (    𝑐  0   +      𝑐  0   ‾   )  ‖  𝐕  −    𝐕  ˆ     ‖  ∞   .    


\begin {align}\label {p4:lips_f} \|\bR _h^m( \bV )- \bR _h^m( \widehat {\bV })\|_{\infty }&\le \| \pmb {G}_h( \bV )- \pmb {G}_h( \widehat {\bV })\|_{\infty } + \| \bL _{h}^m( \bV - \widehat {\bV })\|_{\infty } \notag \\ &\le (c_0+\overline {c_0})\| \bV - \widehat {\bV }\|_{\infty }.\end {align}


            ‖    𝐔  ˜   −    𝐔  ℎ   (    𝑡    𝑚  +  1    )    ‖  ∞   ≤    𝑒      𝑐  0   Δ  𝑡    ‖    𝐔  ℎ  𝑚   −    𝐔  ℎ   (    𝑡  𝑚   )    ‖  ∞   +  (    𝑐  0   +      𝑐  0   ‾   )    ∫  0    Δ  𝑡      𝑒      𝑐  0   (  Δ  𝑡  −  𝑠  )    𝑑  𝑠  ‖    𝐔  ℎ  𝑚   −    𝐔  ℎ   (    𝑡  𝑚   )    ‖  ∞              +  (    𝑐  0   +      𝑐  0   ‾   )    ∫  0    Δ  𝑡      𝑒      𝑐  0   (  Δ  𝑡  −  𝑠  )    ‖    𝐔  ℎ   (    𝑡  𝑚   )  −    𝐔  ℎ   (    𝑡  𝑚   +  𝑠  )    ‖  ∞   𝑑  𝑠  .    


\begin {align*}&\|\widetilde { \bU }_h^{m+1}- \bU _h(t_{m+1})\|_{\infty }\le e^{c_0\Delta t}\| \bU _h^m- \bU _h(t_m)\|_{\infty }+(c_0+\overline {c_0})\int _0^{\Delta t}e^{c_0(\Delta t-s)}ds \| \bU _h^m- \bU _h(t_m)\|_{\infty }\\ &\hspace {6cm}+(c_0+\overline {c_0})\int _0^{\Delta t}e^{c_0(\Delta t-s)}\| \bU _h(t_m)- \bU _h(t_m+s)\|_{\infty }ds.\end {align*}


$\bU _h\in \mathcal {C}^1([0,T],\mR ^{3N_xN_y})$


     𝐿  𝑢   >  0 


$L_u>0$


         ‖    𝐔  ℎ   (  𝑠  )  −    𝐔  ℎ   (  𝑡  )    ‖  ∞   ≤    𝐿  𝑢   |  𝑠  −  𝑡  |  ,    ∀  𝑠  ,  𝑡  ∈  [  0  ,  𝑇  ]  .       


\begin {align}\label {p4:L_u} \| \bU _h(s)- \bU _h(t)\|_{\infty }\le L_u|s-t|,\quad \forall s,t\in [0,T].\end {align}


   ‖    𝐔  ℎ   (    𝑡  𝑚   )  −    𝐔  ℎ   (    𝑡  𝑚   +  𝑠  )    ‖  ∞   ≤    𝐿  𝑢   𝑠 


$\| \bU _h(t_m)- \bU _h(t_m+s)\|_{\infty }\le L_us$


     𝑒      𝑐  0   (  Δ  𝑡  −  𝑠  )    ≤    𝑒      𝑐  0   𝑇   


$e^{c_0(\Delta t-s)}\le e^{c_0T}$


         ‖    𝐔  ˜   −    𝐔  ℎ   (    𝑡    𝑚  +  1    )    ‖  ∞      ≤  (    𝑒      𝑐  0   Δ  𝑡    +  (    𝑐  0   +      𝑐  0   ‾   )    𝑒      𝑐  0   𝑇    Δ  𝑡  )  ‖    𝐔  ℎ  𝑚   −    𝐔  ℎ   (    𝑡  𝑚   )    ‖  ∞   +    1  2   (    𝑐  0   +      𝑐  0   ‾   )    𝐿  𝑢     𝑒      𝑐  0   𝑇    Δ    𝑡  2            =  ∶  (    𝑒      𝑐  0   Δ  𝑡    +    𝑐  1   Δ  𝑡  )  ‖    𝐔  ℎ  𝑚   −    𝐔  ℎ   (    𝑡  𝑚   )    ‖  ∞   +    𝑐  2   Δ    𝑡  2   ,    


\begin {align*}\|\widetilde { \bU }_h^{m+1}- \bU _h(t_{m+1})\|_{\infty }&\le (e^{c_0\Delta t}+(c_0+\overline {c_0})e^{c_0T}\Delta t)\| \bU _h^m- \bU _h(t_m)\|_{\infty }+\frac 12(c_0+\overline {c_0})L_ue^{c_0T}\Delta t^2\\ &=:(e^{c_0\Delta t}+c_1\Delta t)\| \bU _h^m- \bU _h(t_m)\|_{\infty }+c_2\Delta t^2,\end {align*}


     𝑐  1   =  (    𝑐  0   +      𝑐  0   ‾   )    𝑒      𝑐  0   𝑇   


$c_1=(c_0+\overline {c_0})e^{c_0T}$


     𝑐  2   =    1  2   (    𝑐  0   +      𝑐  0   ‾   )    𝐿  𝑢     𝑒      𝑐  0   𝑇   


$c_2=\frac 12(c_0+\overline {c_0})L_ue^{c_0T}$


           𝐔  ℎ    𝑚  +  1    =    𝑒    Δ  𝑡    𝐋  ℎ  𝑚       𝐔  ℎ  𝑚   +    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝐋  ℎ  𝑚         [      Δ  𝑡  −  𝑠     Δ  𝑡      𝐑  ℎ  𝑚   (    𝐔  ℎ  𝑚   )  +    𝑠    Δ  𝑡      𝐑  ℎ  𝑚   (    𝐔  ˜   )  ]     𝑑  𝑠  .       


\begin {align}\label {p4:ETD2_pre3} \bU _h^{m+1}=e^{\Delta t \bL _{h}^m} \bU _h^m+\int _0^{\Delta t}e^{(\Delta t-s) \bL _{h}^m}\left [\frac {\Delta t-s}{\Delta t} \bR _h^m( \bU _h^m)+\frac {s}{\Delta t} \bR _h^m(\widetilde {\bU }_h^{m+1})\right ]ds.\end {align}


              𝐔  ℎ    𝑚  +  1    −    𝐔  ℎ   (    𝑡    𝑚  +  1    )  =    𝑒    Δ  𝑡    𝐋  ℎ  𝑚     (    𝐔  ℎ  𝑚   −    𝐔  ℎ   (    𝑡  𝑚   )  )           +    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝐋  ℎ  𝑚         [      Δ  𝑡  −  𝑠     Δ  𝑡        (    𝐑  ℎ  𝑚   (    𝐔  ℎ  𝑚   )  −    𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡  𝑚   )  )  )   +    𝑠    Δ  𝑡        (    𝐑  ℎ  𝑚   (    𝐔  ˜   )  −    𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡    𝑚  +  1    )  )  )   ]     𝑑  𝑠           +    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝐋  ℎ  𝑚         [      Δ  𝑡  −  𝑠     Δ  𝑡      𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡  𝑚   )  )  +    𝑠    Δ  𝑡      𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡    𝑚  +  1    )  )  −    𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡  𝑚   +  𝑠  )  )  ]     𝑑  𝑠  .    


\begin {align*}& \bU _h^{m+1}- \bU _h(t_{m+1})=e^{\Delta t \bL _{h}^m}(\bU _h^m- \bU _h(t_m))\\ &+\int _0^{\Delta t}e^{(\Delta t-s) \bL _{h}^m}\left [\frac {\Delta t-s}{\Delta t}\left ( \bR _h^m( \bU _h^m)- \bR _h^m( \bU _h(t_m))\right )+\frac {s}{\Delta t}\left ( \bR _h^m(\widetilde {\bU }_h^{m+1})- \bR _h^m( \bU _h(t_{m+1}))\right )\right ]ds\\ &+\int _0^{\Delta t}e^{(\Delta t-s) \bL _{h}^m}\left [\frac {\Delta t-s}{\Delta t} \bR _h^m( \bU _h(t_m))+\frac {s}{\Delta t} \bR _h^m(\bU _h(t_{m+1}))- \bR _h^m(\bU _h(t_m+s))\right ]ds.\end {align*}


            ‖    𝐔  ℎ    𝑚  +  1    −    𝐔  ℎ   (    𝑡    𝑚  +  1    )    ‖  ∞   ≤    𝑒      𝑐  0   Δ  𝑡    ‖    𝐔  ℎ  𝑚   −    𝐔  ℎ   (    𝑡  𝑚   )    ‖  ∞            +    ∫  0    Δ  𝑡      𝑒      𝑐  0   (  Δ  𝑡  −  𝑠  )        [      Δ  𝑡  −  𝑠     Δ  𝑡    (    𝑐  0   +      𝑐  0   ‾   )  ‖    𝐔  ℎ  𝑚   −    𝐔  ℎ   (    𝑡  𝑚   )    ‖  ∞   +    𝑠    Δ  𝑡    (    𝑐  0   +      𝑐  0   ‾   )  ‖    𝐔  ˜   −    𝐔  ℎ   (    𝑡    𝑚  +  1    )    ‖  ∞   ]     𝑑  𝑠           +    ∫  0    Δ  𝑡      𝑒      𝑐  0   (  Δ  𝑡  −  𝑠  )          ‖      Δ  𝑡  −  𝑠     Δ  𝑡      𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡  𝑚   )  )  +    𝑠    Δ  𝑡      𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡    𝑚  +  1    )  )  −    𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡  𝑚   +  𝑠  )  )  ‖   ∞     𝑑  𝑠  .    


\begin {align*}&\| \bU _h^{m+1}- \bU _h(t_{m+1})\|_{\infty }\le e^{c_0\Delta t} \| \bU _h^m- \bU _h(t_m)\|_{\infty }\\ &+\int _0^{\Delta t}e^{c_0(\Delta t-s)}\left [\frac {\Delta t-s}{\Delta t}(c_0+\overline {c_0}) \| \bU _h^m- \bU _h(t_m)\|_{\infty }+\frac {s}{\Delta t}(c_0+\overline {c_0})\|\widetilde { \bU }_h^{m+1}- \bU _h(t_{m+1})\|_{\infty }\right ]ds\\ &+\int _0^{\Delta t}e^{c_0(\Delta t-s)}\left \|\frac {\Delta t-s}{\Delta t} \bR _h^m(\bU _h(t_m))+\frac {s}{\Delta t} \bR _h^m( \bU _h(t_{m+1}))- \bR _h^m(\bU _h(t_m+s))\right \|_{\infty }ds.\end {align*}


$e^{c_0(\Delta t-s)}\le e^{c_0T}$


            ‖    𝐔  ℎ    𝑚  +  1    −    𝐔  ℎ   (    𝑡    𝑚  +  1    )    ‖  ∞   ≤    (    𝑒      𝑐  0   Δ  𝑡    +    1  2   (    𝑐  0   +      𝑐  0   ‾   )    𝑒      𝑐  0   𝑇    Δ  𝑡  )     ‖    𝐔  ℎ  𝑚   −    𝐔  ℎ   (    𝑡  𝑚   )    ‖  ∞              +    1  2   (    𝑐  0   +      𝑐  0   ‾   )    𝑒      𝑐  0   𝑇    Δ  𝑡  ‖    𝐔  ˜   −    𝐔  ℎ   (    𝑡    𝑚  +  1    )    ‖  ∞              +    𝑒      𝑐  0   𝑇      ∫  0    Δ  𝑡        ‖      Δ  𝑡  −  𝑠     Δ  𝑡      𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡  𝑚   )  )  +    𝑠    Δ  𝑡      𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡    𝑚  +  1    )  )  −    𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡  𝑚   +  𝑠  )  )  ‖   ∞     𝑑  𝑠  .    


\begin {align}\label {p4:est_ETD2} &\| \bU _h^{m+1}- \bU _h(t_{m+1})\|_{\infty }\le \left (e^{c_0\Delta t}+\frac 12(c_0+\overline {c_0})e^{c_0T}\Delta t\right )\| \bU _h^m- \bU _h(t_m)\|_{\infty }\notag \\ &\quad +\frac 12(c_0+\overline {c_0})e^{c_0T}\Delta t\|\widetilde { \bU }_h^{m+1}- \bU _h(t_{m+1})\|_{\infty } \notag \\ &\quad +e^{c_0T}\displaystyle \int _0^{\Delta t}\left \|\dfrac {\Delta t-s}{\Delta t} \bR _h^m(\bU _h(t_m))+\dfrac {s}{\Delta t} \bR _h^m( \bU _h(t_{m+1}))- \bR _h^m(\bU _h(t_m+s))\right \|_{\infty }ds.\end {align}


             ‖      Δ  𝑡  −  𝑠     Δ  𝑡      𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡  𝑚   )  )  +    𝑠    Δ  𝑡      𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡    𝑚  +  1    )  )  −    𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡  𝑚   +  𝑠  )  )  ‖   ∞   ≤    𝑐  3   Δ    𝑡  2   ,       


\begin {align}\label {p4:trun_err2} \left \|\frac {\Delta t-s}{\Delta t} \bR _h^m( \bU _h(t_m))+\frac {s}{\Delta t} \bR _h^m( \bU _h(t_{m+1}))- \bR _h^m(\bU _h(t_m+s))\right \|_{\infty }\le c_3\Delta t^2,\end {align}


     𝑐  3   >  0 


$c_3>0$


$L_f,L_{ff}$


$\mathcal {C}^2$


$\bU _h$


         ‖    𝐔  ℎ    𝑚  +  1    −    𝐔  ℎ   (    𝑡    𝑚  +  1    )    ‖  ∞      ≤    (    𝑒      𝑐  0   Δ  𝑡    +    1  2   (    𝑐  0   +      𝑐  0   ‾   )    𝑒      𝑐  0   𝑇    Δ  𝑡  (  1  +    𝑒      𝑐  0   Δ  𝑡    +    𝑐  1   Δ  𝑡  )  )     ‖    𝐔  ℎ  𝑚   −    𝐔  ℎ   (    𝑡  𝑚   )    ‖  ∞              +    𝑒      𝑐  0   𝑇        (    1  2   (    𝑐  0   +      𝑐  0   ‾   )    𝑐  2   +    𝑐  3   )     Δ    𝑡  3            ≤  (    𝑒      𝑐  0   Δ  𝑡    +    𝑐  4   Δ  𝑡  )  ‖    𝐔  ℎ  𝑚   −    𝐔  ℎ   (    𝑡  𝑚   )    ‖  ∞   +    𝑐  5   Δ    𝑡  3   ,    


\begin {align}\label {p4:kd} \| \bU _h^{m+1}- \bU _h(t_{m+1})\|_{\infty }&\le \left (e^{c_0\Delta t}+\frac 12(c_0+\overline {c_0})e^{c_0T}\Delta t(1+e^{c_0\Delta t}+c_1\Delta t)\right )\| \bU _h^{m}- \bU _h(t_{m})\|_{\infty } \notag \\ &\hspace {6cm}+e^{c_0T}\left (\frac 12(c_0+\overline {c_0})c_2+c_3\right )\Delta t^3 \notag \\ &\le (e^{c_0\Delta t}+c_4\Delta t)\| \bU _h^{m}- \bU _h(t_{m})\|_{\infty }+c_5\Delta t^3,\end {align}


     𝑐  4   =    1  2   (    𝑐  0   +      𝑐  0   ‾   )    𝑒      𝑐  0   𝑇    (  1  +    𝑒      𝑐  0   𝑇    +    𝑐  1   𝑇  ) 


$c_4=\frac 12(c_0+\overline {c_0})e^{c_0T}(1+e^{c_0T}+c_1T)$


     𝑐  5   =    𝑒      𝑐  0   𝑇        (    1  2   (    𝑐  0   +      𝑐  0   ‾   )    𝑐  2   +    𝑐  3   )  


$c_5=e^{c_0T}\left (\frac 12(c_0+\overline {c_0})c_2+c_3\right )$


     𝐔  ℎ  0   =    𝐔  ℎ   (    𝑡  0   ) 


$\bU _h^0= \bU _h(t_0)$


         ‖    𝐔  ℎ  𝑚   −    𝐔  ℎ   (    𝑡  𝑚   )    ‖  ∞      ≤        𝑐  5   Δ    𝑡  3        𝑒      𝑐  0   Δ  𝑡    +    𝑐  4   Δ  𝑡  −  1        [  (    𝑒      𝑐  0   Δ  𝑡    +    𝑐  4   Δ  𝑡    )  𝑚   −  1  ]            ≤      𝑐  5     𝑐  4    Δ    𝑡  2   [    𝑒      𝑐  0     𝑡  𝑚     (  1  +    𝑐  4   Δ  𝑡    )  𝑚   −  1  ]  ≤      𝑐  5     𝑐  4    [    𝑒    (    𝑐  0   +    𝑐  4   )    𝑡  𝑚     −  1  ]  Δ    𝑡  2   .    


\begin {align*}\| \bU _h^m- \bU _h(t_m)\|_{\infty }&\le \frac {c_5\Delta t^3}{e^{c_0\Delta t}+c_4\Delta t-1}\left [(e^{c_0\Delta t}+c_4\Delta t)^m-1\right ]\\ &\le \frac {c_5}{c_4}\Delta t^2[e^{c_0t_m}(1+c_4\Delta t)^m-1]\le \frac {c_5}{c_4}[e^{(c_0+c_4)t_m}-1]\Delta t^2.\end {align*}


   𝐶  =        𝑐  5     𝑐  4     [    𝑒    (    𝑐  0   +    𝑐  4   )  𝑇    −  1  ] 


$C=\dfrac {c_5}{c_4}[e^{(c_0+c_4)T}-1]$


$\Delta x$


$\Delta y$


$\bU _h\in \mathcal {C}^2([0,T],\mR ^{3N_xN_y})$


     𝐖  ℎ  𝑚   =  (    𝐖    ℎ  ,  1   𝑚   ,    𝐖    ℎ  ,  2   𝑚     )  𝑇  


$\bW _h^m=(\bW _{h,1}^m,\bW _{h,2}^m)^T$


   ‖    𝐖  ℎ  𝑚   −    𝐔  ℎ   (    𝑡  𝑚   )    ‖  ∞   ≤  𝐶  Δ    𝑡  2   , 


\begin {equation*}\| \bW _h^m- \bU _h(t_m)\|_{\infty }\le C\Delta t^2,\end {equation*}


$m=0,1,\ldots ,M$


$C>0$


$\Delta x,\Delta y, L_u,L_f,L_{ff}, T$


$\mathcal {C}^2([0,T])$


       𝐔  ℎ  


$\,\bU _h$


$\Delta t$


   𝑚  =  0  ,  1  ,  …  ,  𝑀  −  1 


$m=0, 1, \hdots , M-1$


     𝐖  ˜   =  (    𝐖  ˜   ,    𝐖  ˜     )  𝑇  


$\widetilde {\bW }_h^{m+1}=(\widetilde {\bW }_{h,1}^{m+1},\widetilde {\bW }_{h,2}^{m+1})^T$


          𝓛  ℎ  𝑚   ∶  =    (              𝐋    ℎ  ,  1   𝑚      𝐎        𝐎       𝐋    ℎ  ,  2   𝑚         )   .     Then       𝜑  𝑙   (  Δ  𝑡    𝓛  ℎ  𝑚   )  =    (              𝜑  𝑙   (  Δ  𝑡    𝐋    ℎ  ,  1   𝑚   )     𝐎        𝐎       𝜑  𝑙   (  Δ  𝑡    𝐋    ℎ  ,  2   𝑚   )        )   ,    𝑙  =  1  ,  2  . 


\begin {equation}\label {p4:eq:newL} \ibL _{h}^m:=\begin {pmatrix} \bL _{h,1}^m& \pmb O \vspace {0.1cm} \\ \pmb O& \bL _{h,2}^m \end {pmatrix}. \quad \text {Then} \quad \varphi _{l}(\Delta t \ibL _{h}^m) = \begin {pmatrix} \varphi _{l}(\Delta t \bL _{h,1}^m)& \pmb O \vspace {0.1cm} \\ \pmb O& \varphi _{l}(\Delta t \bL _{h,2}^m) \end {pmatrix}, \quad l=1,2.\end {equation}


     𝝀  ℎ  


$\blambda _{h}$


     𝐖    ℎ  ,  1   𝑚  


$\bW _{h,1}^m$


     𝐖    ℎ  ,  2   𝑚  


$\bW _{h,2}^m$


          (              𝓖    ℎ  ,  1        (    𝐖    ℎ  ,  1   𝑚   ,    𝝀  𝑚   )           𝓖    ℎ  ,  2        (    𝐖    ℎ  ,  2   𝑚   ,    𝝀  𝑚   )         )   =    (              𝓖    ℎ  ,  1        (    𝐖  ℎ  𝑚   )           𝓖    ℎ  ,  2        (    𝐖  ℎ  𝑚   )         )   =    𝐆  ℎ       (    𝐖  ℎ  𝑚   )   . 


\begin {equation}\label {p4:eq:newG} \begin {pmatrix} \subG _{h,1} \left (\bW _{h,1}^{m}, \blambda ^{m}\right ) \vspace {0.1cm} \\ \subG _{h,2} \left (\bW _{h,2}^{m}, \blambda ^{m}\right ) \end {pmatrix} = \begin {pmatrix} \subG _{h,1} \left (\bW _{h}^{m}\right ) \vspace {0.1cm} \\ \subG _{h,2} \left (\bW _{h}^{m}\right ) \end {pmatrix} = \bG _{h}\left (\bW _{h}^{m} \right ).\end {equation}


       𝐖  ˜   


\begin {align}\label {p4:mono_based} \begin {aligned} \widetilde { \bW }_h^{m+1}&= \bW _h^m+\Delta t\varphi _1(\Delta t \ibL _{h}^m) \bG _h( \bW _h^m),\\ \bW _h^{m+1} &= \widetilde { \bW }_h^{m+1}+ \Delta t \varphi _2(\Delta t \ibL _{h}^m)\left [\bG _h(\widetilde { \bW }_h^{m+1})- \bG _h( \bW _h^m)- \ibL _{h}^m(\widetilde { \bW }_h^{m+1}- \bW _h^m)\right ]. \end {aligned}\end {align}


   ‖    𝓛  ℎ  𝑚     ‖  ∞   ≤    𝑐  0  ∗   ,    and    ‖    𝓡  ℎ  𝑚   (  𝐕  )  −    𝓡  ℎ  𝑚   (    𝐕  ˆ   )    ‖  ∞   ≤  (    𝑐  0  ∗   +      𝑐  0   ‾   )  ‖  𝐕  −    𝐕  ˆ     ‖  ∞   , 


\begin {equation*}\|\ibL _h^m\|_{\infty }\le c_0^*,\text { and } \| \ibR _h^m( \bV )- \ibR _h^m(\widehat {\bV })\|_{\infty }\le (c_0^*+\overline {c_0})\|\bV - \widehat {\bV }\|_{\infty },\end {equation*}


   𝐕  ,    𝐕  ˆ   ∈    ℝ    3    𝑁  𝑥     𝑁  𝑦    


$\bV , \widehat {\bV }\in \mR ^{3N_xN_y}$


     𝑐  0  ∗  


$c_0^*$


$\Delta t$


     𝓡  ℎ  𝑚   (  𝐕  )  =    𝐆  ℎ   (  𝐕  )  −    𝓛  ℎ  𝑚   𝐕 


$\ibR _h^m( \bV )= \bG _h( \bV )- \ibL _{h}^m \bV $


$L^1$


$L^{\infty }$


           𝑢  ℎ   (    𝑡  𝑚   )    |    𝐾    𝑖  ,  𝑗        =    𝑢    𝑖  ,  𝑗    00    (    𝑡  𝑚   )  +    𝑢    𝑖  ,  𝑗    10    (    𝑡  𝑚   )    𝜙    𝑖  ,  𝑗    10    +    𝑢    𝑖  ,  𝑗    01    (    𝑡  𝑚   )    𝜙    𝑖  ,  𝑗    01    ,          𝑢  ℎ  𝑚     |    𝐾    𝑖  ,  𝑗        =    𝑢    𝑖  ,  𝑗      00   ,  𝑚    +    𝑢    𝑖  ,  𝑗      10   ,  𝑚      𝜙    𝑖  ,  𝑗    10    +    𝑢    𝑖  ,  𝑗      01   ,  𝑚      𝜙    𝑖  ,  𝑗    01    ,    


\begin {align*}u_h(t_m)|_{K_{i,j}}&=u_{i,j}^{00}(t_m)+u_{i,j}^{10}(t_m)\phi _{i,j}^{10}+u_{i,j}^{01}(t_m)\phi _{i,j}^{01}, \vspace {5pt}\\ u_h^m|_{K_{i,j}}&=u_{i,j}^{00,m}+u_{i,j}^{10,m}\phi _{i,j}^{10}+u_{i,j}^{01,m}\phi _{i,j}^{01},\end {align*}


     𝐾    𝑖  ,  𝑗    ∈    𝒦  ℎ  


$K_{i,j} \in \iK _{h}$


     𝐔  ℎ   (    𝑡  𝑚   )  =  (    𝑢    𝑖  ,  𝑗     𝑙  𝑘    (    𝑡  𝑚   )    )    𝑖  ,  𝑗  ,  𝑙  𝑘   


$\bU _h(t_m)=(u_{i,j}^{lk}(t_m))_{i,j,lk}$


     𝐔  ℎ  𝑚   =  (    𝑢    𝑖  ,  𝑗     𝑙  𝑘  ,  𝑚      )    𝑖  ,  𝑗  ,  𝑙  𝑘   


$\bU _h^m=(u_{i,j}^{lk,m})_{i,j,lk}$


     𝐔  ℎ  𝑚   −    𝐔  ℎ   (    𝑡  𝑚   )  =  (    𝑟    𝑖  ,  𝑗     𝑙  𝑘  ,  𝑚      )    𝑖  ,  𝑗  ,  𝑙  𝑘   


$\bU _h^m- \bU _h(t_m)=(r_{i,j}^{lk,m})_{i,j,lk}$


         ‖    𝑢  ℎ  𝑚   −    𝑢  ℎ   (    𝑡  𝑚   )    ‖      𝐿  1   (  Ω  )       =    ∑    𝑖  =  1     𝑁  𝑥      ∑    𝑗  =  1     𝑁  𝑦      ∫    𝐾    𝑖  ,  𝑗       |    𝑟    𝑖  ,  𝑗      00   ,  𝑚    +    𝑟    𝑖  ,  𝑗      10   ,  𝑚      𝜙    𝑖  ,  𝑗    10    +    𝑟    𝑖  ,  𝑗      01   ,  𝑚      𝜙    𝑖  ,  𝑗    01    |     𝑑  𝑥  𝑑  𝑦           ≤    ∑    𝑖  =  1     𝑁  𝑥      ∑    𝑗  =  1     𝑁  𝑦    |    𝐾    𝑖  ,  𝑗    |    (  |    𝑟    𝑖  ,  𝑗      00   ,  𝑚    |  +  |    𝑟    𝑖  ,  𝑗      10   ,  𝑚    |  +  |    𝑟    𝑖  ,  𝑗      01   ,  𝑚    |  )            ≤    ∑    𝑖  =  1     𝑁  𝑥      ∑    𝑗  =  1     𝑁  𝑦    |    𝐾    𝑖  ,  𝑗    |  3  𝐶  Δ    𝑡  2   =  3  |  Ω  |  𝐶  Δ    𝑡  2   ,    


\begin {align*}\|u_h^m-u_h(t_m)\|_{L^1(\Omega )}&=\sum _{i=1}^{N_x}\sum _{j=1}^{N_y}\int _{K_{i,j}}\left |r_{i,j}^{00,m}+r_{i,j}^{10,m}\phi _{i,j}^{10}+r_{i,j}^{01,m}\phi _{i,j}^{01}\right |dxdy\\ &\le \sum _{i=1}^{N_x}\sum _{j=1}^{N_y}|K_{i,j}|\left (|r_{i,j}^{00,m}|+|r_{i,j}^{10,m}|+|r_{i,j}^{01,m}|\right )\\ &\le \sum _{i=1}^{N_x}\sum _{j=1}^{N_y}|K_{i,j}|3C\Delta t^2=3|\Omega |C\Delta t^2,\end {align*}


   |    𝜙    𝑖  ,  𝑗    10    |  ≤  1 


$|\phi _{i,j}^{10}|\le 1$


   |    𝜙    𝑖  ,  𝑗    01    |  ≤  1 


$|\phi _{i,j}^{01}|\le 1$


$K_{i,j} \in \iK _{h}$


$m=0,1, \hdots , M-1,$


     𝐋  ℎ     per   ,  𝑚   


$\bL _{h}^{\perBC ,m}$


     𝐆  ℎ   per   


$\bG _{h}^{\perBC }$


   𝑡  =    𝑡  𝑚  


$t=t_{m}$


       𝐀    𝑖  ,    𝑖  ′    𝑚   ∶  =      𝜕    𝐆  𝑖   per       𝜕    𝐔    𝑖  ′      (    𝐔    𝑖  ′   𝑚   )  


$\displaystyle \bA ^m_{i,i^{\prime }}:=\frac {\partial \bG _{i}^{\perBC }}{\partial \bU _{i^{\prime }}}(\bU _{i^{\prime }}^{m})$


$\Delta t$


          ∫  Ω     𝑢  ℎ  𝑚     𝑑  𝑥    𝑑  𝑦  =    ∫  Ω     𝑢  ℎ  0     𝑑  𝑥    𝑑  𝑦  ,    ∀  𝑚  =  1  ,  …  ,  𝑀  . 


\begin {equation}\int _{\Omega } u_{h}^{m} \, dx \, dy= \int _{\Omega } u_{h}^{0} \, dx \, dy, \quad \forall m=1, \hdots , M.\end {equation}


     ∫  Ω     𝑢  ℎ  𝑚     𝑑  𝑥    𝑑  𝑦  =    ∑    𝑖  =  1     𝑁  𝑥      ∑    𝑗  =  1     𝑁  𝑦    |    𝐾    𝑖  ,  𝑗    |    𝑢    𝑖  ,  𝑗      00   ,  𝑚    =    𝐙  𝑇     𝐔  ℎ  𝑚   , 


\begin {equation*}\int _{\Omega } u_{h}^{m} \, dx \, dy=\sum _{i=1}^{N_x}\sum _{j=1}^{N_y}|K_{i,j}| u_{i,j}^{00,m}= \bZ ^{T} \bU _{h}^{m},\end {equation*}


   𝐙  =      (    𝐳  1   ,    𝐳  2   ,  …  ,    𝐳    𝑁  𝑥    )   𝑇   ,      𝐳  𝑖   =      (  |    𝐾    𝑖  ,  1    |  ,  0  ,  0  ,  |    𝐾    𝑖  ,  2    |  ,  0  ,  0  ,  …  ,  |    𝐾    𝑖  ,    𝑁  𝑦     |  ,  0  ,  0  )   𝑇   ∈    ℝ    3    𝑁  𝑦     ,    1  ≤  𝑖  ≤    𝑁  𝑥   . 


\begin {equation*}\bZ =\left (\bz _{1}, \bz _{2}, \hdots , \bz _{N_{x}}\right )^{T}, \; \bz _{i}=\left (|K_{i,1}|,0,0,|K_{i,2}|,0,0,\ldots ,|K_{i,N_{y}}|,0,0\right )^{T} \in \mR ^{3N_{y}}, \; 1 \leq i \leq N_{x}.\end {equation*}


        |    𝐾    𝑖  ,  𝑗    |    𝑔    𝑖  ,  𝑗    00    =  −    ∑    𝑒  ⊂  𝜕    𝐾    𝑖  ,  𝑗        ℐ  𝑒       (    𝔥    𝑒  ,    𝐾    𝑖  ,  𝑗          (    𝑢  ℎ     int   (    𝐾    𝑖  ,  𝑗    )    ,    𝑢  ℎ     ext   (    𝐾    𝑖  ,  𝑗    )    )   )   , 


\begin {equation}\label {p4:rho-00-mono} |K_{i,j}|g_{i,j}^{00}=-\sum _{e \subset \partial K_{i,j}}\mathcal {I}_e\left (\fh _{e,K_{i,j}}\left (u_h^{\text {int}(K_{i,j})},u_h^{\text {ext}(K_{i,j})}\right )\right ),\end {equation}


$K_{i,j}$


   𝑖  ∈  {  1  ,  …  ,    𝑁  𝑥   } 


$i\in \{1,\ldots ,N_{x}\}$


   𝑗  ∈  {  1  ,  …  ,    𝑁  𝑦   } 


$j\in \{1,\ldots ,N_y\}$


          𝐙  𝑇     𝐆  ℎ   per    (    𝐔  ℎ   )  =    ∑    𝑖  =  1     𝑁  𝑥      ∑    𝑗  =  1     𝑁  𝑦    |    𝐾    𝑖  ,  𝑗    |    𝑔    𝑖  ,  𝑗    00    =  0  , 


\begin {equation}\label {p4:m-1-mono} \bZ ^{T} \bG _{h}^{\perBC }(\bU _{h})=\sum _{i=1}^{N_x}\sum _{j=1}^{N_y} |K_{i,j}|g_{i,j}^{00}=0,\end {equation}


   𝐙 


$\bZ $


$\fh _{e,K}$


     𝐔  ℎ   ∈    ℝ    3    𝑁  𝑥     𝑁  𝑦    


$\bU _{h} \in \mR ^{3N_{x}N_{y}}$


     𝐙  𝑇     𝐆  ℎ   per    ≡  0 


$\bZ ^{T} \bG _{h}^{\perBC } \equiv 0$


          𝐙  𝑇     𝐋  ℎ     per   ,  𝑚    =      𝜕  (    𝐙  𝑇     𝐆  ℎ   per    )     𝜕    𝐔  ℎ     (    𝐔  ℎ  𝑚   )  =  𝟎  . 


\begin {equation}\label {p4:vL-mono} \bZ ^{T} \bL _{h}^{\perBC ,m} =\frac {\partial (\bZ ^{T} \bG _{h}^{\perBC })} {\partial \bU _{h}}(\bU _{h}^{m})= \pmb 0.\end {equation}


     𝐙  𝑇     𝐋  ℎ     per   ,  𝑚    =    (    𝜻    1  ,  𝑚   𝑇       𝜻    2  ,  𝑚   𝑇     …      𝜻      𝑁  𝑥   ,  𝑚   𝑇   )  


$\bZ ^{T} \bL _{h}^{\perBC ,m} = \left (\bzeta _{1,m}^{T} \quad \bzeta _{2,m}^{T} \quad \hdots \quad \bzeta _{N_{x},m}^{T}\right )$


     𝜻    𝑖  ,  𝑚    ∈    ℝ    3    𝑁  𝑦    


$\bzeta _{i,m} \in \mR ^{3N_{y}}$


                  𝜻    1  ,  𝑚   𝑇      ∶  =    𝐳  1  𝑇     𝐀    1  ,  1   𝑚   +    𝐳  2  𝑇     𝐀    2  ,  1   𝑚   +    𝐳    𝑁  𝑥   𝑇     𝐀      𝑁  𝑥   ,  1   𝑚   =  𝟎  ,          𝜻    𝑖  ,  𝑚   𝑇      ∶  =    𝐳    𝑖  −  1   𝑇     𝐀    𝑖  −  1  ,  𝑖   𝑚   +    𝐳  𝑖  𝑇     𝐀    𝑖  ,  𝑖   𝑚   +    𝐳    𝑖  +  1   𝑇     𝐀    𝑖  +  1  ,  𝑖   𝑚   =  𝟎  ,     for     2  ≤  𝑖  ≤    𝑁  𝑥   −  1  ,          𝜻      𝑁  𝑥   ,  𝑚   𝑇      ∶  =    𝐳  1  𝑇     𝐀    1  ,    𝑁  𝑥    𝑚   +    𝐳    𝑁    𝑥  −  1    𝑇     𝐀      𝑁  𝑥   −  1  ,    𝑁  𝑥    𝑚   +    𝐳    𝑁  𝑥   𝑇     𝐀      𝑁  𝑥   ,    𝑁  𝑥    𝑚   =  𝟎  .     


\begin {equation}\label {p4:vL-mono-elem} \begin {array}{rl} \bzeta _{1,m}^{T}&:=\bz _{1}^{T} \bA _{1,1}^{m}+\bz _{2}^{T} \bA _{2,1}^{m}+\bz _{N_{x}}^{T} \bA _{N_{x},1}^{m}=\pmb {0}, \vspace {4pt}\\ \bzeta _{i,m}^{T}&:=\bz _{i-1}^{T} \bA _{i-1,i}^{m}+\bz _{i}^{T} \bA _{i,i}^{m}+\bz _{i+1}^{T} \bA _{i+1,i}^{m}=\pmb {0}, \; \text {for} \; 2 \leq i \leq N_{x}-1, \vspace {4pt}\\ \bzeta _{N_{x},m}^{T}&:=\bz _{1}^{T} \bA _{1,N_{x}}^{m}+\bz _{N_{x-1}}^{T} \bA _{N_{x}-1,N_{x}}^{m}+\bz _{N_{x}}^{T} \bA _{N_{x},N_{x}}^{m}=\pmb {0}. \end {array}\end {equation}


     𝐁  1  


$\bK _{1}$


     𝐁  2  


$\bK _{2}$


           𝜑  1   (  Δ  𝑡    𝐋  ℎ     per   ,  𝑚    )     =  (  Δ  𝑡    𝐋  ℎ     per   ,  𝑚      )    −  1      (    𝑒    Δ  𝑡    𝐋  ℎ     per   ,  𝑚      −  𝐈  )   =  𝐈  +    𝐋  ℎ     per   ,  𝑚      𝐁  1   ,          𝜑  2   (  Δ  𝑡    𝐋  ℎ     per   ,  𝑚    )     =  (  Δ  𝑡    𝐋  ℎ     per   ,  𝑚      )    −  2      (    𝑒    Δ  𝑡    𝐋  ℎ     per   ,  𝑚      −  𝐈  −  Δ  𝑡    𝐋  ℎ     per   ,  𝑚    )   =    1  2   𝐈  +    𝐋  ℎ     per   ,  𝑚      𝐁  2   .    


\begin {align*}\varphi _1(\Delta t \bL _{h}^{\perBC ,m})&=(\Delta t \bL _{h}^{\perBC ,m})^{-1}\left (e^{\Delta t \bL _{h}^{\perBC ,m}}- \bI \right )= \bI + \bL _{h}^{\perBC ,m} \bK _{1},\\ \varphi _2(\Delta t \bL _{h}^{\perBC ,m})&=(\Delta t \bL _{h}^{\perBC ,m})^{-2}\left (e^{\Delta t \bL _{h}^{\perBC ,m}}- \bI -\Delta t \bL _{h}^{\perBC ,m}\right )=\frac 12 \bI + \bL _{h}^{\perBC ,m} \bK _{2}.\end {align*}


           𝐙  𝑇     𝜑  1   (  Δ  𝑡    𝐋  ℎ     per   ,  𝑚    )  =    𝐙  𝑇   ,    and      𝐙  𝑇     𝜑  2   (  Δ  𝑡    𝐋  ℎ     per   ,  𝑚    )  =    1  2     𝐙  𝑇   .       


\begin {align}\label {p4:v-phi-mono} \bZ ^{T}\varphi _1(\Delta t \bL _{h}^{\perBC ,m})= \bZ ^{T},\text { and } \bZ ^{T} \varphi _2(\Delta t \bL _{h}^{\perBC ,m})=\frac 12 \bZ ^{T}. \vspace {-0.2cm}\end {align}


     𝐙  𝑇  


$\bZ ^{T}$


           𝐙  𝑇     𝐔  ˜      =    𝐙  𝑇     𝐔  ℎ  𝑚   +  Δ  𝑡    𝐙  𝑇     𝐆  ℎ   per    (    𝐔  ℎ  𝑚   )  ,          𝐙  𝑇     𝐔  ℎ    𝑚  +  1       =    𝐙  𝑇     𝐔  ˜   +      Δ  𝑡   2       [    𝐙  𝑇     𝐆  ℎ   per    (    𝐔  ˜   )  −    𝐙  𝑇     𝐆  ℎ   per    (    𝐔  ℎ  𝑚   )  ]   .    


\begin {align*}\bZ ^{T} \widetilde { \bU }_{h}^{m+1}&=\bZ ^{T} \bU _{h}^m+\Delta t \bZ ^{T} \bG _{h}^{\perBC }(\bU _{h}^{m}),\vspace {4pt}\\ \bZ ^{T} \bU _{h}^{m+1}&=\bZ ^{T}\widetilde { \bU }_{h}^{m+1}+\frac {\Delta t}{2}\left [\bZ ^{T} \bG _h^{\perBC }(\widetilde { \bU }_h^{m+1})- \bZ ^{T} \bG _{h}^{\perBC }(\bU _{h}^{m})\right ]. \vspace {-0.2cm}\end {align*}


     𝐙  𝑇     𝐆  ℎ   per    (    𝐔  ℎ  𝑚   )  =    𝐙  𝑇     𝐆  ℎ   per    (    𝐔  ˜   )  =  𝟎 


$\bZ ^{T} \bG _{h}^{\perBC }(\bU _{h}^{m}) = \bZ ^{T} \bG _{h}^{\perBC }(\widetilde {\bU }_{h}^{m+1})=\pmb {0}$


           𝐙  𝑇     𝐔  ℎ    𝑚  +  1    =    𝐙  𝑇     𝐔  ˜   =    𝐙  𝑇     𝐔  ℎ  𝑚   ,       


\begin {align*}\bZ ^{T} \bU _{h}^{m+1}=\bZ ^{T}\widetilde { \bU }_{h}^{m+1}=\bZ ^{T} \bU _{h}^m, \vspace {-0.2cm}\end {align*}


$m=0,1, \hdots , M-1$


     Γ  _   =  {    𝑥    1  /  2    }  ×  [  0  ,  1  ]  ≡  {    𝑥      𝑁  𝑥   +  1  /  2    }  ×  [  0  ,  1  ] 


$\underline {\Gamma }=\{x_{1/2}\}\times [0,1]\equiv \{x_{N_x+1/2}\}\times [0,1]$


     𝝀  _  


$\underline {\blambda }_{h}$


     Γ  _  


$\underline {\Gamma }$


$1 \leq j \leq N_{y},$


$(l,k)\in \{(0,0),(1,0),(0,1)\}$


$\blambda _{h}=\iF _{h}^{\Gamma }(\bW _{h,1}, \bW _{h,2})$


     𝝀  _   =    ℱ  _   (    𝐖    ℎ  ,  1    ,    𝐖    ℎ  ,  2    ) 


$\underline {\blambda }_{h}=\underline {\iF }_{h}^{\underline {\Gamma }}(\bW _{h,1}, \bW _{h,2})$


     𝐋    ℎ  ,  1      per   ,  𝑚   


$\bL ^{\perBC ,m}_{h,1}$


     𝐋    ℎ  ,  2      per   ,  𝑚   


$\bL ^{\perBC ,m}_{h,2}$


$\bL _{h}^{\perBC ,m}$


$\bL ^{\perBC ,m}_{h,1}$


$\bL ^{\perBC ,m}_{h,2}$


     𝐙  1   =      (    𝐳  1   ,    𝐳  2   ,  …  ,    𝐳    𝑁  Γ    )   𝑇   , 


$\bZ _{1}=\left (\bz _{1}, \bz _{2}, \hdots , \bz _{N_{\Gamma }}\right )^{T},$


     𝐙  2   =      (    𝐳      𝑁  Γ   +  1    ,    𝐳      𝑁  Γ   +  2    ,  …  ,    𝐳    𝑁  𝑥    )   𝑇   . 


$\bZ _{2}=\left (\bz _{N_{\Gamma }+1}, \bz _{N_{\Gamma }+2}, \hdots , \bz _{N_{x}}\right )^{T}.$


$\bL ^{\perBC ,m}_{h,1}$


$\bL ^{\perBC ,m}_{h,2}$


     𝐌    ℎ  ,  1   𝑚  


$\bM _{h,1}^{m}$


     𝐌    ℎ  ,  2   𝑚  


$\bM _{h,2}^{m}$


     𝑛  𝐼  


$n_{I}$


     𝐌    ℎ  ,  𝐼   𝑚  


$\bM _{h,I}^{m}$


$n_{I}$


$\bM _{h,I}^{m}$


$I=1,2$


$m=0,1, \hdots , M-1,$


$\Delta t$


          ∫    Ω  1      𝑤    ℎ  ,  1   𝑚     𝑑  𝑥    𝑑  𝑦  +    ∫    Ω  2      𝑤    ℎ  ,  2   𝑚     𝑑  𝑥    𝑑  𝑦  =    ∫    Ω  1      𝑤    ℎ  ,  1   0     𝑑  𝑥    𝑑  𝑦  +    ∫    Ω  2      𝑤    ℎ  ,  2   0     𝑑  𝑥    𝑑  𝑦  ,    ∀  𝑚  =  1  ,  …  ,  𝑀  . 


\begin {equation}\int _{\Omega _{1}} w_{h,1}^{m} \, dx \, dy+\int _{\Omega _{2}} w_{h,2}^{m} \, dx \, dy= \int _{\Omega _{1}} w_{h,1}^{0} \, dx \, dy+\int _{\Omega _{2}} w_{h,2}^{0} \, dx \, dy, \quad \forall m=1, \hdots , M.\end {equation}


           𝐙  1  𝑇     𝓖    ℎ  ,  1    per        (    𝐖    ℎ  ,  1   𝑚   ,    𝝀  ℎ  𝑚   ,    𝝀  _   )   =    ∑    𝑖  =  1     𝑁  Γ      ∑    𝑗  =  1     𝑁  𝑦    |    𝐾    𝑖  ,  𝑗    |    𝑔    𝑖  ,  𝑗      00   ,  𝑚    =  −    ∑    𝑗  =  1     𝑁  𝑦      𝜆  𝑗     00   ,  𝑚    +    ∑    𝑗  =  1     𝑁  𝑦      𝜆  _        


\begin {align}\label {p4:v1F1} \bZ _{1}^{T}\pmb \subG _{h,1}^{\perBC }\left (\pmb W_{h,1}^m,\blambda _{h}^m,\underline {\blambda }_{h}^m\right )=\sum _{i=1}^{N_{\Gamma }}\sum _{j=1}^{N_y}|K_{i,j}|g_{i,j}^{00,m}=-\sum _{j=1}^{N_y}\lambda _{j}^{00,m}+\sum _{j=1}^{N_y}\underline {\lambda }_{j}^{00,m}\end {align}


           𝐙  2  𝑇     𝓖    ℎ  ,  2    per        (    𝐖    ℎ  ,  2   𝑚   ,    𝝀  ℎ  𝑚   ,    𝝀  _   )   =    ∑    𝑖  =    𝑁  Γ   +  1     𝑁  𝑥      ∑    𝑗  =  1     𝑁  𝑦    |    𝐾    𝑖  ,  𝑗    |    𝑔    𝑖  ,  𝑗      00   ,  𝑚    =    ∑    𝑗  =  1     𝑁  𝑦      𝜆  𝑗     00   ,  𝑚    −    ∑    𝑗  =  1     𝑁  𝑦      𝜆  _   .       


\begin {align}\label {p4:v2F2} \bZ _{2}^{T} \pmb \subG _{h,2}^{\perBC }\left (\pmb W_{h,2}^m,\blambda _{h}^m,\underline {\blambda }_{h}^m\right )=\sum _{i=N_{\Gamma }+1}^{N_x}\sum _{j=1}^{N_y}|K_{i,j}|g_{i,j}^{00,m}=\sum _{j=1}^{N_y}\lambda _{j}^{00,m}-\sum _{j=1}^{N_y} \underline {\lambda }_{j}^{00,m}.\end {align}


           ∑    𝐼  =  1   2     𝐙  𝐼  𝑇     𝓖    ℎ  ,  𝐼    per        (    𝐖    ℎ  ,  𝐼   𝑚   ,    𝝀  ℎ  𝑚   ,    𝝀  _   )   =  0  .       


\begin {align}\label {p4:m-1} \sum _{I=1}^2\bZ _I^{T} \pmb \subG _{h,I}^{\perBC }\left (\pmb W_{h,I}^m,\blambda _{h}^m,\underline {\blambda }_{h}^m\right )=0.\end {align}


           ∑    𝐼  =  1   2     𝐙  𝐼  𝑇     𝓖    ℎ  ,  𝐼    per        (    𝐖  ˜   ,    𝝀  ˜   ,      𝝀  _   ˜   )   =  0  .       


\begin {align}\label {p4:m-2} \sum _{I=1}^2\bZ _I^{T} \pmb \subG _{h,I}^{\perBC }\left (\widetilde {\bW }_{h,I}^{m+1},\widetilde {\blambda }_{h}^{m+1},\widetilde {\underline {\blambda }}_{h}^{m+1}\right )=0.\end {align}


     𝐋    ℎ  ,  𝐼      per   ,  𝑚   


$\bL _{h,I}^{\perBC ,m}$


     𝐙  1  𝑇     𝐋    ℎ  ,  1      per   ,  𝑚    =  𝟎 


$\bZ _{1}^{T} \bL _{h,1}^{\perBC ,m}= \pmb {0}$


     𝐙  2  𝑇     𝐋    ℎ  ,  2      per   ,  𝑚    =  𝟎 


$\bZ _2^{T} \bL _{h,2}^{\perBC ,m}=\pmb {0}$


           𝐙  𝐼  𝑇     𝜑  1   (  Δ  𝑡    𝐋    ℎ  ,  𝐼      per   ,  𝑚    )  =    𝐙  𝐼  𝑇   ,    and      𝐙  𝐼  𝑇     𝜑  2   (  Δ  𝑡    𝐋    ℎ  ,  𝐼      per   ,  𝑚    )  =    1  2     𝐙  𝐼  𝑇   ,    𝐼  =  1  ,  2  .       


\begin {align}\label {p4:v-phi} \bZ _{I}^{T} \varphi _1(\Delta t \bL _{h,I}^{\perBC ,m})= \bZ _{I}^{T},\text { and } \bZ _{I}^{T}\varphi _2(\Delta t \bL _{h,I}^{\perBC ,m})=\frac 12 \bZ _{I}^{T}, \quad I=1,2.\end {align}


     𝐙  𝐼  𝑇  


$\bZ _I^{T}$


         𝐙  𝐼  𝑇     𝐖  ˜    


\begin {align}\label {p4:m-3} \begin {aligned} \bZ _{I}^{T} \widetilde {\bW }_{h,I}^{m+1}&=\bZ _{I}^{T} \bW _{h,I}^m+\Delta t \bZ _{I}^{T}\pmb \subG _{h,I}^{\perBC }(\pmb W_{h,I}^m,\blambda _h^m,\underline {\blambda }_{h}^m),\\ \bZ _{I}^{T} \bW _{h,I}^{m+1}&=\bZ _{I}^{T}\widetilde { \bW }_{h,I}^{m+1}+\frac {\Delta t}{2}\left [\bZ _{I}^{T}\pmb \subG _{h,I}^{\perBC }\left (\widetilde {\pmb {W}}^{m+1}_{h, I}, \widetilde {\blambda }_{h}^{m+1}, \widetilde {\underline {\blambda }}_{h}^{m+1}\right )-\bZ _{I}^{T}\pmb \subG _{h,I}^{\perBC }(\pmb W_{h,I}^m,\blambda _h^m,\underline {\blambda }_{h}^m)\right ]. \end {aligned}\end {align}


   𝐼  ∈  {  1  ,  2  } 


$I\in \{1,2\}$


           ∑    𝐼  =  1   2     𝐙  𝐼  𝑇     𝐖    ℎ  ,  𝐼     𝑚  +  1    =    ∑    𝐼  =  1   2     𝐙  𝐼  𝑇     𝐖  ˜   =    ∑    𝐼  =  1   2     𝐙  𝐼  𝑇     𝐖    ℎ  ,  𝐼   𝑚   ,       


\begin {align*}\sum _{I=1}^2 \bZ _{I}^{T} \bW _{h,I}^{m+1}=\sum _{I=1}^2 \bZ _{I}^{T}\widetilde { \bW }_{h,I}^{m+1}=\sum _{I=1}^2 \bZ _{I}^{T} \bW _{h,I}^m,\end {align*}


$\bM _{h,I}^{m}$


$\bM _{h,I}^{m}$


   𝑇  =  2  /  𝜋 


$T=2/\pi $


   𝑇  =  1  .  1  >  2  /  𝜋 


$T=1.1>2/\pi $


     𝑥   shock    ≈  −  0  .   72  


$x_{\text {shock}}\approx -0.72$


     𝐶  𝑀   =   50  


$C_M=50$


   𝑇  =  0  .  3  ,  2  /  𝜋  ,  1  .  1 


$T=0.3, 2/\pi , 1.1$


   ℎ  =  1  /   80  


$h=1/80$


   Δ  𝑡  =  1  /   80  


$\Delta t=1/80$


$T=0.3$


   𝑇  =  2  /  𝜋 


$T = 2/\pi $


$T=1.1$


   ℎ  =  Δ  𝑡  =  1  /   80  


$h=\Delta t=1/80$


$h=\Delta t=1/80$


$T=0.3$


$h = 1/2048$


$\Delta t$


   (  −  1  ,  1  ) 


$(-1,1)$


$N_{S}$


$N_{S}=2,4,8$


$L^1$


$T=0.3$


$T=0.3$


$L^{1}$


$T=1.1$


$L^1$


$|x-x_{\text {shock}}|\ge 0.1$


$\Delta t$


$\Delta x$


   𝑣  (  𝑥  ,  𝑡  ) 


$v(x,t)$


$x=-1$


   𝑥  =  1 


$x=1$


$T=0.3$


$h=1/2048$


$T=0.2$


$T=0.45$


$h=\Delta t=1/80$


$T=0.2$


$T=0.45$


$h=\Delta t=1/80$


$h=\Delta t=1/80$


   𝐮  ,  𝐯  ∈  (    𝐿  2   (  Ω  )    )  𝑑  


$\bm u,\bm v\in (L^2(\Omega ))^d$


   (  𝐮  ,  𝐯  ) 


$(\bm u,\bm v)$


$L^2$


$\bm u$


   𝐯 


$\bm v$


$\Omega $


   ‖  𝐮    ‖  0   =      (  𝐮  ,  𝐮  )   


$\|\bm u\|_0=\sqrt {(\bm u,\bm u)}$


$L^2$


$\bm u$


   𝒦  (  𝐮  )  =    1  2     ∫  Ω   |  𝐮    |  2   𝑑  𝐱 


$\mathcal {K}(\bm u)=\frac 12\int _{\Omega }|\bm u|^2d\bm x$


   𝑞  (  𝑡  ) 


$q(t)$


$q(t)$


   𝑞 


$q$


$q$


   𝑞  (  0  )  =  1 


$q(0)=1$


   𝜃  >  0 


$\theta >0$


   𝑞  (  𝑡  )  =  1 


$q(t)=1$


$t>0$


$q$


$\theta $


$[0,T]$


   0  =    𝑡  0   <    𝑡  1   <  …  <    𝑡    𝑁  𝑡    =  𝑇 


$0=t_0<t_1<\ldots <t_{N_t}=T$


       (  )   


$\Delta t=\sfrac {T}{N_t}$


   𝐮    |    𝜕  Ω    =    𝐮  𝑏  


$\bm u|_{\partial \Omega }=\bm u_b$


       𝑑  𝒦  (  𝐮  )     𝑑  𝑡    +  𝜃      𝑑    𝑞  2      𝑑  𝑡    =  (    𝐮  𝑡   ,  𝐮  )  +  𝑞      [  (  (  𝐮  ⋅  ∇  )  𝐮  ,  𝐮  )  −    1  2   (    𝐮  𝑏   ⋅  𝐧  ,  |    𝐮  𝑏     |  2     )    𝜕  Ω    ]   , 


\begin {equation*}\frac {d\mathcal {K}(\bm u)}{dt}+\theta \frac {dq^2}{dt}=(\bm u_t,\bm u)+q\left [((\bm u\cdot \nabla )\bm u,\bm u)-\frac 12(\bm u_b\cdot \bm n,|\bm u_b|^2)_{\partial \Omega }\right ],\end {equation*}


   (  ⋅  ,  ⋅    )    𝜕  Ω   


$(\cdot ,\cdot )_{\partial \Omega }$


$L^2$


$\partial \Omega $


   𝐧 


$\bm n$


$\partial \Omega $


$0\le n\le N_t-1$


$\bm u^{n+1}$


     𝐟    𝑛  +  1    =  𝐟  (    𝑡    𝑛  +  1    ) 


$\bm f^{n+1}=\bm f(t_{n+1})$


     𝐮  𝑛  


$\bm u^n$


     𝑝  𝑛  


$p^n$


   𝐮  (    𝑡  𝑛   ) 


$\bm u(t_n)$


   𝑝  (    𝑡  𝑛   ) 


$p(t_n)$


$\bm u^{n+1}$


$p^{n+1}$


$\bm u_1^{n+1}$


$\bm u_2^{n+1}$


$\bm u^{n+1}$


$\bm u|_{\partial \Omega }=\bm u_b$


     𝐮  1    𝑛  +  1    =    𝐮  𝑏   (    𝑡    𝑛  +  1    ) 


$\bm u_1^{n+1}=\bm u_b(t_{n+1})$


     𝐮  2    𝑛  +  1    =  0 


$\bm u_2^{n+1}=0$


$\partial \Omega $


$q^{n+1}$


     𝐮  1    𝑛  +  1    ,    𝐮  2    𝑛  +  1    ,    𝑝  1    𝑛  +  1   


$\bm u_1^{n+1},\bm u_2^{n+1},p_1^{n+1}$


     𝑝  2    𝑛  +  1   


$p_2^{n+1}$


$q^{n+1}$


     𝐴    1  ,  𝑛  +  1   


$A_{1,n+1}$


   (    1    Δ  𝑡      𝐮  2    𝑛  +  1    +  (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   ,    𝐮  2    𝑛  +  1    )  =  −  𝜈  ‖  ∇    𝐮  2    𝑛  +  1      ‖  0  2  


$(\frac {1}{\Delta t}\bm u_2^{n+1}+(\bm u^n\cdot \nabla )\bm u^n,\bm u_2^{n+1})=-\nu \|\nabla \bm u_2^{n+1}\|_0^2$


     𝐴    1  ,  𝑛  +  1    >  0 


$A_{1,n+1}>0$


     𝐶    1  ,  𝑛  +  1    <  0 


$C_{1,n+1}<0$


$\theta >0$


$q^{n+1}$


$\theta $


$q^{n+1}$


$\bm u^{n+1}$


$p^{n+1}$


     𝐮    𝑛  −  1   


$\bm u^{n-1}$


$\bm u^n$


$\tilde {\bm u}^{n+1}=2\bm u^n-\bm u^{n-1}$


$1\le n\le N_t-1$


$\bm u^{n+1}$


     𝐮  1  


$\bm u^{1}$


     𝑞  1  


$q^1$


$\bm u^{n+1}$


$p^{n+1}$


$\bm u_i^{n+1}$


$p_i^{n+1}$


$i=1,2$


$\bm u_i^{n+1}$


$p_i^{n+1}$


$i=1,2$


$q^{n+1}$


     𝐴    2  ,  𝑛  +  1   


$A_{2,n+1}$


   (    3    2  Δ  𝑡      𝐮  2    𝑛  +  1    +  (    𝐮  ˜   ⋅  ∇  )    𝐮  ˜   ,    𝐮  2    𝑛  +  1    )  =  −  𝜈  ‖  ∇    𝐮  2    𝑛  +  1      ‖  0  2  


$(\frac {3}{2\Delta t}\bm u_2^{n+1}+(\tilde {\bm u}^{n+1}\cdot \nabla )\tilde {\bm u}^{n+1},\bm u_2^{n+1})=-\nu \|\nabla \bm u_2^{n+1}\|_0^2$


     𝐴    2  ,  𝑛  +  1    >  0 


$A_{2,n+1}>0$


$\theta >0$


$q$


     𝐶    2  ,  𝑛  +  1    <  0 


$C_{2,n+1}<0$


$\theta $


     𝑞    𝑛  +  1    =    𝑞  +    𝑛  +  1   


$q^{n+1}=q^{n+1}_{+}$


$\bm u^{n+1}$


$p^{n+1}$


                  𝐮    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    −  𝜈  Δ    𝐮    𝑛  +  1  /  2    +    𝑞    𝑛  +  1  /  2    (    𝐮  ˜   ⋅  ∇  )    𝐮  ˜   +  ∇    𝑝    𝑛  +  1  /  2    =    𝐟    𝑛  +  1  /  2    ,           ∇  ⋅    𝐮    𝑛  +  1  /  2    =  0  ,               𝒦  (    𝐮    𝑛  +  1    )  −  𝒦  (    𝐮  𝑛   )     Δ  𝑡    +  𝜃      (    𝑞    𝑛  +  1      )  2   −  (    𝑞  𝑛     )  2      Δ  𝑡    =    (        𝐮    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    +    𝑞    𝑛  +  1  /  2    (    𝐮  ˜   ⋅  ∇  )    𝐮  ˜   ,    𝐮    𝑛  +  1  /  2    )   ,    


\begin {align}& \frac {\bm u^{n+1}-\bm u^n}{\Delta t}-\nu \Delta \bm u^{n+1/2}+q^{n+1/2}(\tilde {\bm u}^{n+1/2}\cdot \nabla )\tilde {\bm u}^{n+1/2}+\nabla p^{n+1/2}=\bm f^{n+1/2},\\ & \nabla \cdot \bm u^{n+1/2}=0, \\ & \frac {\mathcal {K}(\bm u^{n+1})-\mathcal {K}(\bm u^n)}{\Delta t}+\theta \frac {(q^{n+1})^2-(q^n)^2}{\Delta t}=\left (\frac {\bm u^{n+1}-\bm u^n}{\Delta t}+q^{n+1/2}(\tilde {\bm u}^{n+1/2}\cdot \nabla )\tilde {\bm u}^{n+1/2},\bm u^{n+1/2}\right ), \label {p5:CNc}\end {align}


     𝐟    𝑛  +  1  /  2    =  𝐟  (    𝑡    𝑛  +  1  /  2    ) 


$\bm f^{n+1/2}=\bm f(t_{n+1/2})$


     𝐮  ˜   =    1  2   (  3    𝐮  𝑛   −    𝐮    𝑛  −  1    ) 


$\tilde {\bm u}^{n+1/2}=\frac 12(3\bm u^n-\bm u^{n-1})$


     𝜓    𝑛  +  1  /  2    =    1  2   (    𝜓  𝑛   +    𝜓    𝑛  +  1    ) 


$\psi ^{n+1/2}=\frac 12(\psi ^n+\psi ^{n+1})$


   𝜓  ∈  {  𝐮  ,  𝑝  ,  𝑞  } 


$\psi \in \{\bm u,p,q\}$


     𝐮  ˜  


$\tilde {\bm u}^{1/2}$


               𝐮  ˜   −    𝐮  0      Δ  𝑡  /  2    −  𝜈  Δ    𝐮  ˜   +  (    𝐮  0   ⋅  ∇  )    𝐮  0   +  ∇    𝑝  ˜   =    𝐟    1  /  2    ,    ∇  ⋅    𝐮  ˜   =  0  ,       


\begin {align*}\frac {\tilde {\bm u}^{1/2}-\bm u^0}{\Delta t/2}-\nu \Delta \tilde {\bm u}^{1/2}+(\bm u^0\cdot \nabla )\bm u^0+\nabla \tilde {p}^{1/2}=\bm f^{1/2},\quad \nabla \cdot \tilde {\bm u}^{1/2}=0,\end {align*}


   𝒪  (  Δ    𝑡  2   ) 


$\mathcal {O}(\Delta t^2)$


   𝒦  (  𝐮  ) 


$\mathcal {K}(\bm u)$


             𝒦  (    𝐮    𝑛  +  1    )  −  𝒦  (    𝐮  𝑛   )     Δ  𝑡    =    1    2  Δ  𝑡        [  (    𝐮    𝑛  +  1    ,    𝐮    𝑛  +  1    )  −  (    𝐮  𝑛   ,    𝐮  𝑛   )  ]   =    (        𝐮    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    ,    𝐮    𝑛  +  1  /  2    )   .       


\begin {align*}\frac {\mathcal {K}(\bm u^{n+1})-\mathcal {K}(\bm u^n)}{\Delta t}=\frac {1}{2\Delta t}\left [(\bm u^{n+1},\bm u^{n+1})-(\bm u^{n},\bm u^{n})\right ]=\left (\frac {\bm u^{n+1}-\bm u^n}{\Delta t},\bm u^{n+1/2}\right ).\end {align*}


   𝜃      (    𝑞    𝑛  +  1      )  2   −  (    𝑞  𝑛     )  2      Δ  𝑡    =    (    𝑞    𝑛  +  1  /  2    (    𝐮  ˜   ⋅  ∇  )    𝐮  ˜   ,    𝐮    𝑛  +  1  /  2    )  


$\theta \frac {(q^{n+1})^2-(q^n)^2}{\Delta t}=\left (q^{n+1/2}(\tilde {\bm u}^{n+1/2}\cdot \nabla )\tilde {\bm u}^{n+1/2},\bm u^{n+1/2}\right )$


     𝑞    𝑛  +  1    +    𝑞  𝑛   =  2    𝑞    𝑛  +  1  /  2    ≠  0 


$q^{n+1}+q^n=2q^{n+1/2}\ne 0$


         𝜃        𝑞    𝑛  +  1    −    𝑞  𝑛      Δ  𝑡    =    1  2       (  (    𝐮  ˜   ⋅  ∇  )    𝐮  ˜   ,    𝐮    𝑛  +  1  /  2    )   .       


\begin {align}\label {p5:egy_sim} \theta \frac {q^{n+1}-q^n}{\Delta t}=\frac 12\left ((\tilde {\bm u}^{n+1/2}\cdot \nabla )\tilde {\bm u}^{n+1/2},\bm u^{n+1/2}\right ).\end {align}


$q^{n+1}$


   𝜃      𝑑  𝑞     𝑑  𝑡    =    1  2   (  (  𝐮  ⋅  ∇  )  𝐮  ,  𝐮  ) 


$\theta \frac {dq}{dt}=\frac 12((\bm u\cdot \nabla )\bm u,\bm u)$


     𝐮  ‾  


$\overline {\bm u}^{n+1}$


$\bm u^{n+1}$


     𝐮  ‾     |    𝜕  Ω    =  0 


$\overline {\bm u}^{n+1}|_{\partial \Omega }=0$


     𝐮    𝑛  +  1    ⋅  𝐧    |    𝜕  Ω    =  0 


$\bm u^{n+1}\cdot \bm n|_{\partial \Omega }=0$


   𝐟 


$\bm f$


   𝒦  (    𝐮    𝑛  +  1    )  +  𝜃  [  (    𝑞    𝑛  +  1      )  2   −  1  ]  ≤  𝒦  (    𝐮  𝑛   )  +  𝜃  [  (    𝑞  𝑛     )  2   −  1  ]  ,    𝑛  =  0  ,  1  ,  ⋯  ,    𝑁  𝑡   −  1  . 


\begin {equation*}\mathcal {K}(\bm u^{n+1})+\theta [(q^{n+1})^2-1]\le \mathcal {K}(\bm u^n)+\theta [(q^n)^2-1], \quad n= 0,1,\cdots ,N_t-1.\end {equation*}


$L^2$


$\bm u^{n+1}$


           (        𝐮    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    +    𝑞    𝑛  +  1    (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   ,    𝐮    𝑛  +  1    )   =  (  𝜈  Δ    𝐮    𝑛  +  1    −  ∇    𝑝    𝑛  +  1    ,    𝐮    𝑛  +  1    )  =  −  𝜈  ‖  ∇    𝐮    𝑛  +  1      ‖  0  2   ,       


\begin {align}\label {p5:eg1} \left (\frac {\bm u^{n+1}-\bm u^n}{\Delta t}+q^{n+1}(\bm u^n\cdot \nabla )\bm u^n,\bm u^{n+1}\right )=(\nu \Delta \bm u^{n+1}-\nabla p^{n+1},\bm u^{n+1})=-\nu \|\nabla \bm u^{n+1}\|_0^2,\end {align}


   (  ∇    𝑝    𝑛  +  1    ,    𝐮    𝑛  +  1    )  =  0 


$(\nabla p^{n+1},\bm u^{n+1})=0$


$\bm u^{n+1}$


             𝒦  (    𝐮    𝑛  +  1    )  −  𝒦  (    𝐮  𝑛   )     Δ  𝑡    +  𝜃      (    𝑞    𝑛  +  1      )  2   −  (    𝑞  𝑛     )  2      Δ  𝑡    =  −  𝜈  ‖  ∇    𝐮    𝑛  +  1      ‖  0  2   ≤  0  .       


\begin {align*}\frac {\mathcal {K}(\bm u^{n+1})-\mathcal {K}(\bm u^n)}{\Delta t}+\theta \frac {(q^{n+1})^2-(q^n)^2}{\Delta t}=-\nu \|\nabla \bm u^{n+1}\|_0^2\le 0.\end {align*}


   𝒦  (    𝐮    𝑛  +  1    )  +  𝜃  (    𝑞    𝑛  +  1      )  2   ≤  𝒦  (    𝐮  𝑛   )  +  𝜃  (    𝑞  𝑛     )  2   , 


\begin {equation*}\mathcal {K}(\bm u^{n+1})+\theta (q^{n+1})^2\le \mathcal {K}(\bm u^n)+\theta (q^n)^2,\end {equation*}


   0  ≤  𝒦  (    𝐮  𝑛   )  +  𝜃  (    𝑞  𝑛     )  2   ≤  𝒦  (    𝐮    𝑛  −  1    )  +  𝜃  (    𝑞    𝑛  −  1      )  2   ≤  …  ≤  𝒦  (    𝐮  0   )  +  𝜃  (    𝑞  0     )  2   =  𝒦  (    𝐮  0   )  +  𝜃  . 


\begin {equation*}0\leq \mathcal {K}(\bm u^n)+\theta (q^n)^2\le \mathcal {K}(\bm u^{n-1})+\theta (q^{n-1})^2\le \ldots \le \mathcal {K}(\bm u^0)+\theta (q^0)^2=\mathcal {K}(\bm u^0)+\theta .\end {equation*}


   {  𝒦  (    𝐮  𝑛   )    }    𝑛  =  0     𝑁  𝑡   


$\{\mathcal {K}(\bm u^n)\}_{n=0}^{N_t}$


$\bm f$


              3  2   𝒦  (    𝐮    𝑛  +  1    )  −    1  2   𝒦  (    𝐮  𝑛   )  +  𝜃      [    3  2   (    𝑞    𝑛  +  1      )  2   −    1  2   (    𝑞  𝑛     )  2   −  1  ]              ≤    3  2   𝒦  (    𝐮  𝑛   )  −    1  2   𝒦  (    𝐮    𝑛  −  1    )  +  𝜃      [    3  2   (    𝑞  𝑛     )  2   −    1  2   (    𝑞    𝑛  −  1      )  2   −  1  ]   ,    𝑛  =  1  ,  2  ,  ⋯  ,    𝑁  𝑡   −  1  .    


\begin {align}\label {p5:egy_BDF2} &\frac 32\mathcal {K}(\bm u^{n+1})-\frac 12\mathcal {K}(\bm u^{n})+\theta \left [\frac 32(q^{n+1})^2-\frac 12(q^n)^2-1\right ] \notag \\ &\hspace {2cm}\le \frac 32\mathcal {K}(\bm u^{n})-\frac 12\mathcal {K}(\bm u^{n-1})+\theta \left [\frac 32(q^{n})^2-\frac 12(q^{n-1})^2-1\right ],\quad n= 1,2,\cdots ,N_t-1.\end {align}


$\bm u^{n+1}$


         (      3    𝐮    𝑛  +  1    −  4    𝐮  𝑛   +    𝐮    𝑛  −  1       2  Δ  𝑡    +    𝑞    𝑛  +  1    (    𝐮  ˜   ⋅  ∇  )    𝐮  ˜   ,    𝐮    𝑛  +  1    )     =  (  𝜈  Δ    𝐮    𝑛  +  1    −  ∇    𝑝    𝑛  +  1    ,    𝐮    𝑛  +  1    )           =  −  𝜈  ‖  ∇    𝐮    𝑛  +  1      ‖  0  2   ≤  0  .    


\begin {align*}\left (\frac {3\bm u^{n+1}-4\bm u^n+\bm u^{n-1}}{2\Delta t}+q^{n+1}(\tilde {\bm u}^{n+1}\cdot \nabla )\tilde {\bm u}^{n+1},\bm u^{n+1}\right )&=(\nu \Delta \bm u^{n+1}-\nabla p^{n+1},\bm u^{n+1})\\ &=-\nu \|\nabla \bm u^{n+1}\|_0^2\le 0.\end {align*}


             3  𝒦  (    𝐮    𝑛  +  1    )  −  4  𝒦  (    𝐮  𝑛   )  +  𝒦  (    𝐮    𝑛  −  1    )     2  Δ  𝑡    +  𝜃      3  (    𝑞    𝑛  +  1      )  2   −  4  (    𝑞  𝑛     )  2   +  (    𝑞    𝑛  −  1      )  2      2  Δ  𝑡    ≤  0  ,       


\begin {align*}\frac {3\mathcal {K}(\bm u^{n+1})-4\mathcal {K}(\bm u^n)+\mathcal {K}(\bm u^{n-1})}{2\Delta t}+\theta \frac {3(q^{n+1})^2-4(q^n)^2+(q^{n-1})^2}{2\Delta t}\le 0,\end {align*}


         3  𝒦  (    𝐮    𝑛  +  1    )  −  𝒦  (    𝐮  𝑛   )  +  𝜃      [  3  (    𝑞    𝑛  +  1      )  2   −  (    𝑞  𝑛     )  2   ]   ≤  3  𝒦  (    𝐮  𝑛   )  −  𝒦  (    𝐮    𝑛  −  1    )  +  𝜃      [  3  (    𝑞  𝑛     )  2   −  (    𝑞    𝑛  −  1      )  2   ]   .       


\begin {align*}3\mathcal {K}(\bm u^{n+1})-\mathcal {K}(\bm u^{n})+\theta \left [3(q^{n+1})^2-(q^n)^2\right ]\le 3\mathcal {K}(\bm u^{n})-\mathcal {K}(\bm u^{n-1})+\theta \left [3(q^{n})^2-(q^{n-1})^2\right ].\end {align*}


   𝒦  (    𝐮  ˜   )  +  𝜃  [  (    𝑞  ˜     )  2   −  1  ]  ≤  𝒦  (    𝐮  ˜   )  +  𝜃  [  (    𝑞  ˜     )  2   −  1  ]  +    𝜀    𝑛  +  1    , 


\begin {equation*}\mathcal {K}(\tilde {\bm u}^{n+3/2})+\theta [(\tilde {q}^{ n+3/2})^2-1]\le \mathcal {K}(\tilde {\bm u}^{n+1/2})+\theta [(\tilde {q}^{n+1/2})^2-1]+\varepsilon ^{n+1},\end {equation*}


$\tilde {\bm u}^{n+1/2}=\frac 12(3\bm u^n-\bm u^{n-1})$


     𝑞  ˜   =    1  2   (  3    𝑞  𝑛   −    𝑞    𝑛  −  1    ) 


$\tilde {q}^{n+1/2}=\frac 12(3q^{n}-q^{n-1})$


$n\ge 1$


   𝐮  (    𝑡    𝑛  +  1  /  2    ) 


$\bm u(t_{n+1/2})$


   𝑞  (    𝑡    𝑛  +  1  /  2    ) 


$q(t_{n+1/2})$


     𝜀    𝑛  +  1    =    3  4       [  𝒦  (    𝐮    𝑛  +  1    −    𝐮  𝑛   )  −  𝒦  (    𝐮  𝑛   −    𝐮    𝑛  −  1    )  +  𝜃  (    𝑞    𝑛  +  1    −    𝑞  𝑛     )  2   −  𝜃  (    𝑞  𝑛   −    𝑞    𝑛  −  1      )  2   ]   . 


\begin {equation*}\varepsilon ^{n+1}=\frac 34\left [\mathcal {K}(\bm u^{n+1}-\bm u^n)-\mathcal {K}(\bm u^{n}-\bm u^{n-1})+\theta (q^{n+1}-q^n)^2-\theta (q^n-q^{n-1})^2\right ].\end {equation*}


   ‖    𝐮    𝑛  +  1    −    𝐮  𝑛     ‖  0   ≤  𝑐  Δ  𝑡 


$\|\bm u^{n+1}-\bm u^n\|_0\le c\Delta t$


   |    𝑞    𝑛  +  1    −    𝑞  𝑛   |  ≤  𝑐  Δ  𝑡 


$|q^{n+1}-q^n|\le c\Delta t$


   𝑛  ≥  0 


$n\ge 0$


     𝜀    𝑛  +  1    =  𝒪  (  Δ    𝑡  2   )  . 


$\varepsilon ^{n+1}=\mathcal {O}(\Delta t^2).$


           3  2   𝒦  (    𝐮    𝑛  +  1    )  +    3  2   𝜃  (    𝑞    𝑛  +  1      )  2   ≤    1  2   𝒦  (    𝐮  𝑛   )  +    1  2   𝜃  (    𝑞  𝑛     )  2   +  𝐶  ,       


\begin {align}\label {p5:BDF_egy} \frac 32\mathcal {K}(\bm u^{n+1})+\frac 32\theta (q^{n+1})^2\le \frac 12\mathcal {K}(\bm u^n)+\frac 12\theta (q^n)^2+C,\end {align}


   𝐶  =    3  2   𝒦  (    𝐮  1   )  −    1  2   𝒦  (    𝐮  0   )  +  𝜃      [    3  2   (    𝑞  1     )  2   −    1  2   (    𝑞  0     )  2   ]   . 


$C=\frac 32\mathcal {K}(\bm u^1)-\frac 12\mathcal {K}(\bm u^0)+\theta \left [\frac 32(q^1)^2-\frac 12(q^0)^2\right ].$


   𝒦  (    𝐮  𝑛   )  +  𝜃  (    𝑞  𝑛     )  2   ≤    1    3  𝑛        (  𝒦  (    𝐮  0   )  +  𝜃  (    𝑞  0     )  2   −  𝐶  )   +  𝐶  , 


\begin {equation*}\mathcal {K}(\bm u^n)+\theta (q^n)^2\le \frac {1}{3^n}\left (\mathcal {K}(\bm u^0)+\theta (q^0)^2-C\right )+C,\end {equation*}


\begin {equation*}\mathcal {K}(\bm u^{n+1})+\theta [(q^{n+1})^2-1]\le \mathcal {K}(\bm u^n)+\theta [(q^n)^2-1], \quad n= 0,1,\cdots ,N_t-1.\end {equation*}


$\bm f=\bm 0$


$s^n:=\nabla \cdot \sum \limits _{i=1}^n\overline {\bm u}^i$


   1  ≤  𝑛  ≤    𝑁  𝑡  


$1\le n\le N_t$


$p$


$u$


$v$


$N_x=N_y=4$


$u,v$


$p$


$\Omega =(0,1)^2$


   𝐟  =  [    𝑓  1   ,    𝑓  2     ]  𝑇  


$\bm f=[f_1,f_2]^T$


   𝐮  =  [  𝑢  ,  𝑣    ]  𝑇  


$\bm u=[u,v]^T$


$\Omega $


$N_xN_y$


   (    𝑥    𝑖  −  1    ,    𝑥  𝑖   )  ×  (    𝑦    𝑗  −  1    ,    𝑦  𝑗   ) 


$(x_{i-1},x_{i})\times (y_{j-1},y_j)$


$1\le i\le N_x$


$1\le j\le N_y$


     ℎ  𝑥   =    1    𝑁  𝑥   


$h_x=\frac {1}{N_x}$


     ℎ  𝑦   =    1    𝑁  𝑦   


$h_y=\frac {1}{N_y}$


$x$


$y$


   𝜓  ∈  {  𝑢  ,  𝑣  ,  𝑝  } 


$\psi \in \{u,v,p\}$


     Ω    ℎ  ,  𝜓   


$\Omega _{h,\psi }$


$\Omega $


   𝜓 


$\psi $


     Ω    ℎ  ,  𝑝   


$\Omega _{h,p}$


     Ω    ℎ  ,  𝑢   


$\Omega _{h,u}$


     Ω    ℎ  ,  𝑣   


$\Omega _{h,v}$


     𝐔  𝑛   ,    𝐕  𝑛  


$\bm U^n,\bm V^n$


     𝐏  𝑛  


$\bm P^n$


   0  ≤  𝑛  ≤    𝑁  𝑡  


$0\le n\le N_t$


     𝑢  𝑛   ,    𝑣  𝑛  


$u^n,v^n$


$p^n$


     Ω    ℎ  ,  𝑢    ,    Ω    ℎ  ,  𝑣   


$\Omega _{h,u},\Omega _{h,v}$


$\Omega _{h,p}$


   𝐀 


$\bm A$


   𝐁 


$\bm B$


     𝑙  2  


$l^2$


$l^2$


$\Delta u$


   Δ  𝑣 


$\Delta v$


   ∇  𝑝 


$\nabla p$


$N$


$h$


   𝑎 


$a$


     𝐀  𝑢  


$\bm A_u$


     𝐁  𝑢  


$\bm B_u$


     𝐀  𝑣  


$\bm A_v$


     𝐁  𝑣  


$\bm B_v$


     𝐀  𝑝  


$\bm A_p$


     𝐁  𝑝  


$\bm B_p$


     ℱ  1  


$\mathcal {F}_1$


     ℱ  2  


$\mathcal {F}_2$


$f_1$


$f_2$


$\Omega _{h,u}$


$\Omega _{h,v}$


     𝐅  1   (  𝐔  ,  𝐕  ) 


$\bm F_1(\bm U,\bm V)$


     𝐅  2   (  𝐔  ,  𝐕  ) 


$\bm F_2(\bm U,\bm V)$


   𝑢    𝑢  𝑥   +  𝑣    𝑢  𝑦  


$uu_x+vu_y$


   𝑢    𝑣  𝑥   +  𝑣    𝑣  𝑦  


$uv_x+vv_y$


$\Omega _{h,u}$


$\Omega _{h,v}$


     𝐔  ˜   =  2    𝐔  𝑛   −    𝐔    𝑛  −  1   


$\tilde {\bm U}^{n+1}=2\bm U^n-\bm U^{n-1}$


     𝐕  ˜   =  2    𝐕  𝑛   −    𝐕    𝑛  −  1   


$\tilde {\bm V}^{n+1}=2\bm V^n-\bm V^{n-1}$


$n\ge 1$


$\bm f$


   𝑛  =  0  ,  1  ,  ⋯  ,    𝑁  𝑡   −  1 


$n= 0,1,\cdots ,N_t-1$


           1  2       (  ‖    𝐔    𝑛  +  1      ‖    𝑙  2   2   +  ‖    𝐕    𝑛  +  1      ‖    𝑙  2   2   )   +  𝜃      [  (    𝑞    𝑛  +  1      )  2   −  1  ]   ≤    1  2       (  ‖    𝐔  𝑛     ‖    𝑙  2   2   +  ‖    𝐕  𝑛     ‖    𝑙  2   2   )   +  𝜃      [  (    𝑞  𝑛     )  2   −  1  ]   .       


\begin {align*}\frac 12\left (\|\bm U^{n+1}\|^2_{l^2}+\|\bm V^{n+1}\|^2_{l^2}\right )+\theta \left [(q^{n+1})^2-1\right ] \le \frac 12\left (\|\bm U^{n}\|^2_{l^2}+\|\bm V^{n}\|^2_{l^2}\right )+\theta \left [(q^{n})^2-1\right ].\end {align*}


   𝐟  =  [  0  ,  0    ]  𝑇  


$\bm f=[0,0]^T$


     ℱ  1    𝑛  +  1   


$\mathcal {F}_1^{n+1}$


     ℱ  2    𝑛  +  1   


$\mathcal {F}_2^{n+1}$


$n\ge 0$


$l^2$


     𝐔    𝑛  +  1   


$\bm U^{n+1}$


     𝐕    𝑛  +  1   


$\bm V^{n+1}$


                  (        𝐔    𝑛  +  1    −    𝐔  𝑛      Δ  𝑡    +    𝑞    𝑛  +  1      𝐅  1   (    𝐔  𝑛   ,    𝐕  𝑛   )  ,    𝐔    𝑛  +  1    )     𝑙  2               =  𝜈        (    𝐀  𝑢     𝐔    𝑛  +  1    +    𝐔    𝑛  +  1      𝐁  𝑢  𝑇   ,    𝐔    𝑛  +  1    )     𝑙  2    −  (    𝐀  𝑝     𝐏    𝑛  +  1    ,    𝐔    𝑛  +  1      )    𝑙  2    ,                 (        𝐕    𝑛  +  1    −    𝐕  𝑛      Δ  𝑡    +    𝑞    𝑛  +  1      𝐅  2   (    𝐔  𝑛   ,    𝐕  𝑛   )  ,    𝐕    𝑛  +  1    )     𝑙  2               =  𝜈        (    𝐀  𝑣     𝐕    𝑛  +  1    +    𝐕    𝑛  +  1      𝐁  𝑣  𝑇   ,    𝐕    𝑛  +  1    )     𝑙  2    −  (    𝐏    𝑛  +  1      𝐁  𝑝  𝑇   ,    𝐕    𝑛  +  1      )    𝑙  2    .    


\begin {align}&\left (\frac {\bm U^{n+1}-\bm U^n}{\Delta t}+q^{n+1}\bm F_1(\bm U^n,\bm V^n),\bm U^{n+1}\right )_{l^2}\notag \\ &\hspace {2cm}=\nu \left (\bm A_u\bm U^{n+1}+\bm U^{n+1}\bm B_u^T,\bm U^{n+1}\right )_{l^2} -(\bm A_p\bm P^{n+1},\bm U^{n+1})_{l^2}, \label {p5:egy_p1}\\ &\left (\frac {\bm V^{n+1}-\bm V^n}{\Delta t}+q^{n+1}\bm F_2(\bm U^n,\bm V^n),\bm V^{n+1}\right )_{l^2} \notag \\ &\hspace {2.cm}=\nu \left (\bm A_v\bm V^{n+1}+\bm V^{n+1}\bm B_v^T,\bm V^{n+1}\right )_{l^2}-(\bm P^{n+1}\bm B_p^T,\bm V^{n+1})_{l^2}. \label {p5:egy_p2}\end {align}


   𝐀  ,  𝐁  ,  𝐗 


$\bm A,\bm B,\bm X$


   𝐘 


$\bm Y$


         (  𝐀  𝐗  ,  𝐘    )    𝑙  2       =    ℎ  𝑥     ℎ  𝑦    Tr       (  (  𝐀  𝐗    )  𝑇   𝐘  )   =    ℎ  𝑥     ℎ  𝑦    Tr       (    𝐗  𝑇     𝐀  𝑇   𝐘  )   =  (  𝐗  ,    𝐀  𝑇   𝐘    )    𝑙  2    ,        (  𝐗    𝐁  𝑇   ,  𝐘    )    𝑙  2       =    ℎ  𝑥     ℎ  𝑦    Tr       (  (  𝐗    𝐁  𝑇     )  𝑇   𝐘  )   =    ℎ  𝑥     ℎ  𝑦    Tr       (  𝐁    𝐗  𝑇   𝐘  )   =    ℎ  𝑥     ℎ  𝑦    Tr       (    𝐗  𝑇   𝐘  𝐁  )   =  (  𝐗  ,  𝐘  𝐁    )    𝑙  2    ,    


\begin {align}(\bm A\bm X,\bm Y)_{l^2}&=h_xh_y\text {Tr}\left ((\bm A\bm X)^T\bm Y\right )=h_xh_y\text {Tr}\left (\bm X^T\bm A^T\bm Y\right )=(\bm X,\bm A^T\bm Y)_{l^2}, \label {p5:Tr1}\\ (\bm X\bm B^T,\bm Y)_{l^2}&=h_xh_y\text {Tr}\left ((\bm X\bm B^T)^T\bm Y\right )=h_xh_y\text {Tr}\left (\bm B\bm X^T\bm Y\right )=h_xh_y\text {Tr}\left (\bm X^T\bm Y\bm B\right )=(\bm X,\bm Y\bm B)_{l^2},\label {p5:Tr2}\end {align}


     𝐀  𝑝  𝑇     𝐔    𝑛  +  1    +    𝐕    𝑛  +  1      𝐁  𝑝   =  𝐎 


$\bm A_p^T\bm U^{n+1}+\bm V^{n+1}\bm B_p=\bm O$


         (    𝐀  𝑝     𝐏    𝑛  +  1    ,    𝐔    𝑛  +  1      )    𝑙  2    +  (    𝐏    𝑛  +  1      𝐁  𝑝  𝑇   ,    𝐕    𝑛  +  1      )    𝑙  2       =  (    𝐏    𝑛  +  1    ,    𝐀  𝑝  𝑇     𝐔    𝑛  +  1      )    𝑙  2    +  (    𝐏    𝑛  +  1    ,    𝐕    𝑛  +  1      𝐁  𝑝     )    𝑙  2             =  (    𝐏    𝑛  +  1    ,    𝐀  𝑝  𝑇     𝐔    𝑛  +  1    +    𝐕    𝑛  +  1      𝐁  𝑝     )    𝑙  2    =  0  .    


\begin {align}\label {p5:egy_p} (\bm A_p\bm P^{n+1},\bm U^{n+1})_{l^2}+(\bm P^{n+1}\bm B_p^T,\bm V^{n+1})_{l^2}&=(\bm P^{n+1},\bm A_p^T\bm U^{n+1})_{l^2}+(\bm P^{n+1},\bm V^{n+1}\bm B_p)_{l^2} \notag \\ &=(\bm P^{n+1},\bm A_p^T\bm U^{n+1}+\bm V^{n+1}\bm B_p)_{l^2}=0.\end {align}


$\bm A_u$


$\bm B_v$


$\bm A_p$


$\bm B_p$


     𝐀  𝑢   =  −    𝐀  𝑝     𝐀  𝑝  𝑇  


$\bm A_u=-\bm A_p\bm A_p^T$


     𝐁  𝑣   =  −    𝐁  𝑝     𝐁  𝑝  𝑇  


$\bm B_v=-\bm B_p\bm B_p^T$


             (    𝐀  𝑢     𝐔    𝑛  +  1    ,    𝐔    𝑛  +  1    )     𝑙  2       =  −      (    𝐀  𝑝     𝐀  𝑝  𝑇     𝐔    𝑛  +  1    ,    𝐔    𝑛  +  1    )     𝑙  2             =  −      (    𝐀  𝑝  𝑇     𝐔    𝑛  +  1    ,    𝐀  𝑝  𝑇     𝐔    𝑛  +  1    )     𝑙  2    =  −      ‖    𝐀  𝑝  𝑇     𝐔    𝑛  +  1    ‖     𝑙  2   2   ≤  0  ,            (    𝐕    𝑛  +  1      𝐁  𝑣  𝑇   ,    𝐕    𝑛  +  1    )     𝑙  2       =  −      (    𝐕    𝑛  +  1      𝐁  𝑝     𝐁  𝑝  𝑇   ,    𝐕    𝑛  +  1    )     𝑙  2             =  −      (    𝐕    𝑛  +  1      𝐁  𝑝   ,    𝐕    𝑛  +  1      𝐁  𝑝   )     𝑙  2    =  −      ‖    𝐕    𝑛  +  1      𝐁  𝑝   ‖     𝑙  2   2   ≤  0  ,    


\begin {align}\left (\bm A_u\bm U^{n+1},\bm U^{n+1}\right )_{l^2}&=-\left (\bm A_p\bm A_p^T\bm U^{n+1},\bm U^{n+1}\right )_{l^2}\notag \\ &=-\left (\bm A_p^T\bm U^{n+1},\bm A_p^T\bm U^{n+1}\right )_{l^2} =-\left \|\bm A_p^T\bm U^{n+1}\right \|^2_{l^2}\le 0, \label {p5:A_u}\\ \left (\bm V^{n+1}\bm B_v^T,\bm V^{n+1}\right )_{l^2}&=-\left (\bm V^{n+1}\bm B_p\bm B_p^T,\bm V^{n+1}\right )_{l^2}\notag \\ &=-\left (\bm V^{n+1}\bm B_p,\bm V^{n+1}\bm B_p\right )_{l^2}=-\left \|\bm V^{n+1}\bm B_p\right \|^2_{l^2}\le 0, \label {p5:B_v}\end {align}


   −    𝐁  𝑢  


$-\bm B_u$


   −    𝐀  𝑣  


$-\bm A_v$


   −    𝐁  𝑢   =    𝐑  𝑢     𝐑  𝑢  𝑇  


$-\bm B_u=\bm R_u\bm R_u^T$


   −    𝐀  𝑣   =    𝐑  𝑣     𝐑  𝑣  𝑇  


$-\bm A_v=\bm R_v\bm R_v^T$


             (    𝐔    𝑛  +  1      𝐁  𝑢  𝑇   ,    𝐔    𝑛  +  1    )     𝑙  2       =  −      ‖    𝐔    𝑛  +  1      𝐑  𝑢   ‖     𝑙  2   2   ≤  0  ,            (    𝐀  𝑣     𝐕    𝑛  +  1    ,    𝐕    𝑛  +  1    )     𝑙  2       =  −      ‖    𝐑  𝑣  𝑇     𝐕    𝑛  +  1    ‖     𝑙  2   2   ≤  0  .    


\begin {align}\left (\bm U^{n+1}\bm B_u^T,\bm U^{n+1}\right )_{l^2}&=-\left \|\bm U^{n+1}\bm R_u\right \|^2_{l^2}\le 0, \label {p5:B_u}\\ \left (\bm A_v\bm V^{n+1},\bm V^{n+1}\right )_{l^2}&=-\left \|\bm R_v^T\bm V^{n+1}\right \|^2_{l^2}\le 0. \label {p5:A_v}\end {align}


             (        𝐔    𝑛  +  1    −    𝐔  𝑛      Δ  𝑡    +    𝑞    𝑛  +  1      𝐅  1   (    𝐔  𝑛   ,    𝐕  𝑛   )  ,    𝐔    𝑛  +  1    )     𝑙  2    +      (        𝐕    𝑛  +  1    −    𝐕  𝑛      Δ  𝑡    +    𝑞    𝑛  +  1      𝐅  2   (    𝐔  𝑛   ,    𝐕  𝑛   )  ,    𝐕    𝑛  +  1    )     𝑙  2    ≤  0  .       


\begin {align*}\left (\frac {\bm U^{n+1}-\bm U^n}{\Delta t}+q^{n+1}\bm F_1(\bm U^n,\bm V^n),\bm U^{n+1}\right )_{l^2}+\left (\frac {\bm V^{n+1}-\bm V^n}{\Delta t}+q^{n+1}\bm F_2(\bm U^n,\bm V^n),\bm V^{n+1}\right )_{l^2}\le 0.\end {align*}


           1    2  Δ  𝑡        (  ‖    𝐔    𝑛  +  1      ‖    𝑙  2   2   +  ‖    𝐕    𝑛  +  1      ‖    𝑙  2   2   −  ‖    𝐔  𝑛     ‖    𝑙  2   2   −  ‖    𝐕  𝑛     ‖    𝑙  2   2   )   +  𝜃      (    𝑞    𝑛  +  1      )  2   −  (    𝑞  𝑛     )  2      Δ  𝑡    ≤  0  ,       


\begin {align*}\frac {1}{2\Delta t}\left (\|\bm U^{n+1}\|^2_{l^2}+\|\bm V^{n+1}\|^2_{l^2}-\|\bm U^{n}\|^2_{l^2}-\|\bm V^{n}\|^2_{l^2}\right )+\theta \frac {(q^{n+1})^2-(q^n)^2}{\Delta t}\le 0,\end {align*}


           1  2       (  ‖    𝐔    𝑛  +  1      ‖    𝑙  2   2   +  ‖    𝐕    𝑛  +  1      ‖    𝑙  2   2   )   +  𝜃  (    𝑞    𝑛  +  1      )  2   ≤    1  2       (  ‖    𝐔  𝑛     ‖    𝑙  2   2   +  ‖    𝐕  𝑛     ‖    𝑙  2   2   )   +  𝜃  (    𝑞  𝑛     )  2   ,       


\begin {align*}\frac 12\left (\|\bm U^{n+1}\|^2_{l^2}+\|\bm V^{n+1}\|^2_{l^2}\right )+\theta (q^{n+1})^2\le \frac 12\left (\|\bm U^{n}\|^2_{l^2}+\|\bm V^{n}\|^2_{l^2}\right )+\theta (q^{n})^2,\end {align*}


$\bm f$


   𝑛  =  1  ,  2  ,  ⋯  ,    𝑁  𝑡   −  1 


$n= 1,2,\cdots ,N_t-1$


              3  4       (  ‖    𝐔    𝑛  +  1      ‖    𝑙  2   2   +  ‖    𝐕    𝑛  +  1      ‖    𝑙  2   2   )   −    1  4       (  ‖    𝐔  𝑛     ‖    𝑙  2   2   +  ‖    𝐕  𝑛     ‖    𝑙  2   2   )   +  𝜃      [    3  2   (    𝑞    𝑛  +  1      )  2   −    1  2   (    𝑞  𝑛     )  2   −  1  ]              ≤    3  4       (  ‖    𝐔  𝑛     ‖    𝑙  2   2   +  ‖    𝐕  𝑛     ‖    𝑙  2   2   )   −    1  4       (  ‖    𝐔    𝑛  −  1      ‖    𝑙  2   2   +  ‖    𝐕    𝑛  −  1      ‖    𝑙  2   2   )   +  𝜃      [    3  2   (    𝑞  𝑛     )  2   −    1  2   (    𝑞    𝑛  −  1      )  2   −  1  ]   .    


\begin {align*}&\frac 34\left (\|\bm U^{n+1}\|^2_{l^2}+\|\bm V^{n+1}\|^2_{l^2}\right )-\frac 14\left (\|\bm U^{n}\|^2_{l^2}+\|\bm V^{n}\|^2_{l^2}\right )+\theta \left [\frac 32(q^{n+1})^2-\frac 12(q^n)^2-1\right ] \\ &\qquad \le \frac 34\left (\|\bm U^{n}\|^2_{l^2}+\|\bm V^{n}\|^2_{l^2}\right )-\frac 14\left (\|\bm U^{n-1}\|^2_{l^2}+\|\bm V^{n-1}\|^2_{l^2}\right )+\theta \left [\frac 32(q^{n})^2-\frac 12(q^{n-1})^2-1\right ].\end {align*}


$l^2$


$\bm U^{n+1}$


$\bm V^{n+1}$


$\mathcal {F}_1^{n+1}$


$\mathcal {F}_2^{n+1}$


$n\ge 0$


                  (      3    𝐔    𝑛  +  1    −  4    𝐔  𝑛   +    𝐔    𝑛  −  1       2  Δ  𝑡    +    𝑞    𝑛  +  1      𝐅  1   (    𝐔  ˜   ,    𝐕  ˜   )  ,    𝐔    𝑛  +  1    )     𝑙  2               =  𝜈        (    𝐀  𝑢     𝐔    𝑛  +  1    +    𝐔    𝑛  +  1      𝐁  𝑢  𝑇   ,    𝐔    𝑛  +  1    )     𝑙  2    −  (    𝐀  𝑝     𝐏    𝑛  +  1    ,    𝐔    𝑛  +  1      )    𝑙  2    ,                 (      3    𝐕    𝑛  +  1    −  4    𝐕  𝑛   +    𝐕    𝑛  −  1       2  Δ  𝑡    +    𝑞    𝑛  +  1      𝐅  2   (    𝐔  ˜   ,    𝐕  ˜   )  ,    𝐕    𝑛  +  1    )     𝑙  2               =  𝜈        (    𝐀  𝑣     𝐕    𝑛  +  1    +    𝐕    𝑛  +  1      𝐁  𝑣  𝑇   ,    𝐕    𝑛  +  1    )     𝑙  2    −  (    𝐏    𝑛  +  1      𝐁  𝑝  𝑇   ,    𝐕    𝑛  +  1      )    𝑙  2    .    


\begin {align*}&\left (\frac {3\bm U^{n+1}-4\bm U^n+\bm U^{n-1}}{2\Delta t}+q^{n+1}\bm F_1(\tilde {\bm U}^{n+1},\tilde {\bm V}^{n+1}),\bm U^{n+1}\right )_{l^2}\\ &\hspace {2cm}=\nu \left (\bm A_u\bm U^{n+1}+\bm U^{n+1}\bm B_u^T,\bm U^{n+1}\right )_{l^2}-(\bm A_p\bm P^{n+1},\bm U^{n+1})_{l^2},\\ &\left (\frac {3\bm V^{n+1}-4\bm V^n+\bm V^{n-1}}{2\Delta t}+q^{n+1}\bm F_2(\tilde {\bm U}^{n+1},\tilde {\bm V}^{n+1}),\bm V^{n+1}\right )_{l^2}\\ &\hspace {2cm}=\nu \left (\bm A_v\bm V^{n+1}+\bm V^{n+1}\bm B_v^T,\bm V^{n+1}\right )_{l^2}-(\bm P^{n+1}\bm B_p^T,\bm V^{n+1})_{l^2}.\end {align*}


            𝜈        (    𝐀  𝑢     𝐔    𝑛  +  1    +    𝐔    𝑛  +  1      𝐁  𝑢  𝑇   ,    𝐔    𝑛  +  1    )     𝑙  2    −  (    𝐀  𝑝     𝐏    𝑛  +  1    ,    𝐔    𝑛  +  1      )    𝑙  2               +  𝜈        (    𝐀  𝑣     𝐕    𝑛  +  1    +    𝐕    𝑛  +  1      𝐁  𝑣  𝑇   ,    𝐕    𝑛  +  1    )     𝑙  2    −  (    𝐏    𝑛  +  1      𝐁  𝑝  𝑇   ,    𝐕    𝑛  +  1      )    𝑙  2    ≤  0  .    


\begin {align*}&\nu \left (\bm A_u\bm U^{n+1}+\bm U^{n+1}\bm B_u^T,\bm U^{n+1}\right )_{l^2}-(\bm A_p\bm P^{n+1},\bm U^{n+1})_{l^2}\\ &\qquad +\nu \left (\bm A_v\bm V^{n+1}+\bm V^{n+1}\bm B_v^T,\bm V^{n+1}\right )_{l^2}-(\bm P^{n+1}\bm B_p^T,\bm V^{n+1})_{l^2}\le 0.\end {align*}


                  (      3    𝐔    𝑛  +  1    −  4    𝐔  𝑛   +    𝐔    𝑛  −  1       2  Δ  𝑡    +    𝑞    𝑛  +  1      𝐅  1   (    𝐔  ˜   ,    𝐕  ˜   )  ,    𝐔    𝑛  +  1    )     𝑙  2               +      (      3    𝐕    𝑛  +  1    −  4    𝐕  𝑛   +    𝐕    𝑛  −  1       2  Δ  𝑡    +    𝑞    𝑛  +  1      𝐅  2   (    𝐔  ˜   ,    𝐕  ˜   )  ,    𝐕    𝑛  +  1    )     𝑙  2    ≤  0  .    


\begin {align}\label {p5:egy2_est} &\left (\frac {3\bm U^{n+1}-4\bm U^n+\bm U^{n-1}}{2\Delta t}+q^{n+1}\bm F_1(\tilde {\bm U}^{n+1},\tilde {\bm V}^{n+1}),\bm U^{n+1}\right )_{l^2}\notag \\ &\qquad +\left (\frac {3\bm V^{n+1}-4\bm V^n+\bm V^{n-1}}{2\Delta t}+q^{n+1}\bm F_2(\tilde {\bm U}^{n+1},\tilde {\bm V}^{n+1}),\bm V^{n+1}\right )_{l^2}\le 0.\end {align}


              1    4  Δ  𝑡        (  3  ‖    𝐔    𝑛  +  1      ‖    𝑙  2   2   +  3  ‖    𝐕    𝑛  +  1      ‖    𝑙  2   2   −  4  ‖    𝐔  𝑛     ‖    𝑙  2   2   −  4  ‖    𝐕  𝑛     ‖    𝑙  2   2   +  ‖    𝐔    𝑛  −  1      ‖    𝑙  2   2   +  ‖    𝐕    𝑛  −  1      ‖    𝑙  2   2   )              +  𝜃      3  (    𝑞    𝑛  +  1      )  2   −  4  (    𝑞  𝑛     )  2   +  (    𝑞    𝑛  −  1      )  2      2  Δ  𝑡    ≤  0  .    


\begin {align*}&\frac {1}{4\Delta t}\left (3\|\bm U^{n+1}\|^2_{l^2}+3\|\bm V^{n+1}\|^2_{l^2}-4\|\bm U^{n}\|^2_{l^2}-4\|\bm V^{n}\|^2_{l^2}+\|\bm U^{n-1}\|^2_{l^2}+\|\bm V^{n-1}\|^2_{l^2}\right )\notag \\ &\hspace {4cm}+\theta \frac {3(q^{n+1})^2-4(q^n)^2+(q^{n-1})^2}{2\Delta t}\le 0.\end {align*}


              3  4       (  ‖    𝐔    𝑛  +  1      ‖    𝑙  2   2   +  ‖    𝐕    𝑛  +  1      ‖    𝑙  2   2   )   −    1  4       (  ‖    𝐔  𝑛     ‖    𝑙  2   2   +  ‖    𝐕  𝑛     ‖    𝑙  2   2   )   +  𝜃      [    3  2   (    𝑞    𝑛  +  1      )  2   −    1  2   (    𝑞  𝑛     )  2   ]              ≤    3  4       (  ‖    𝐔  𝑛     ‖    𝑙  2   2   +  ‖    𝐕  𝑛     ‖    𝑙  2   2   )   −    1  4       (  ‖    𝐔    𝑛  −  1      ‖    𝑙  2   2   +  ‖    𝐕    𝑛  −  1      ‖    𝑙  2   2   )   +  𝜃      [    3  2   (    𝑞  𝑛     )  2   −    1  2   (    𝑞    𝑛  −  1      )  2   ]   ,    


\begin {align*}&\frac 34\left (\|\bm U^{n+1}\|^2_{l^2}+\|\bm V^{n+1}\|^2_{l^2}\right )-\frac 14\left (\|\bm U^{n}\|^2_{l^2}+\|\bm V^{n}\|^2_{l^2}\right )+\theta \left [\frac 32(q^{n+1})^2-\frac 12(q^n)^2\right ] \\ &\qquad \le \frac 34\left (\|\bm U^{n}\|^2_{l^2}+\|\bm V^{n}\|^2_{l^2}\right )-\frac 14\left (\|\bm U^{n-1}\|^2_{l^2}+\|\bm V^{n-1}\|^2_{l^2}\right )+\theta \left [\frac 32(q^{n})^2-\frac 12(q^{n-1})^2\right ],\end {align*}


     ℰ  1  𝑛  


$\mathcal {E}_1^n$


     ℰ  2  𝑛  


$\mathcal {E}_2^n$


$n\ge 1$


$q$


           ℰ  1  𝑛   (    𝑞  𝑛   ,  𝜃  )  ∶  =  𝜃      [  (    𝑞  𝑛     )  2   −  1  ]   ,      ℰ  2  𝑛   (    𝑞  𝑛   ,    𝑞    𝑛  −  1    ,  𝜃  )  ∶  =  𝜃      [    3  2   (    𝑞  𝑛     )  2   −    1  2   (    𝑞    𝑛  −  1      )  2   −  1  ]   .       


\begin {align*}\mathcal {E}_1^n(q^n,\theta ):=\theta \left [(q^n)^2-1\right ],\quad \mathcal {E}_2^n(q^n,q^{n-1},\theta ):=\theta \left [\frac 32(q^n)^2-\frac 12(q^{n-1})^2-1\right ].\end {align*}


$\theta $


$\mathcal {E}_1^n$


$\mathcal {E}_2^n$


$\bm u=[u,v]^T$


$p$


$\nu $


   𝐠  =  [    𝑔  1   ,    𝑔  2     ]  𝑇  


$\bm g=[g_1,g_2]^T$


$\alpha =\frac {1}{\Delta t}$


$\alpha =\frac {3}{2\Delta t}$


   𝐔  ,  𝐕 


$\bm U,\bm V$


   𝐏 


$\bm P$


$u,v$


$p$


$\Omega _{h,u},\Omega _{h,v}$


$\Omega _{h,p}$


     𝒢  1  


$\mathcal {G}_1$


     𝒢  2  


$\mathcal {G}_2$


     𝑔  1  


$g_1$


     𝑔  2  


$g_2$


$\Omega _{h,u}$


$\Omega _{h,v}$


     𝐀  𝑢   ,    𝐁  𝑢   ,    𝐀  𝑣   ,    𝐁  𝑣   ,    𝐀  𝑝  


$\bm A_u,\bm B_u,\bm A_v,\bm B_v,\bm A_p$


$\bm B_p$


   𝐱  =    [             vec   (  𝐔  )         vec   (  𝐕  )        ]  


$\bm x=\begin {bmatrix} \text {vec}(\bm U)\\ \text {vec}(\bm V) \end {bmatrix}$


   𝐲  =   vec   (  𝐏  ) 


$\bm y=\text {vec}(\bm P)$


   𝒢  =    [             vec   (    𝒢  1   )         vec   (    𝒢  2   )        ]  


$\mathcal {G}=\begin {bmatrix} \text {vec}(\mathcal {G}_1)\\ \text {vec}(\mathcal {G}_2) \end {bmatrix}$


    vec  


$\text {vec}$


$\bm A$


$\otimes $


$\bm B$


$p$


     𝐁  𝑇  


$\bm B^T$


   𝐏  (  1  ,  1  )  =  0 


$\bm P(1,1)=0$


$\bm B^T$


   𝐀  ∈    ℝ    𝑛  ×  𝑛   


$\bm A\in \mathbb {R}^{n\times n}$


   𝐁  ∈    ℝ    𝑚  ×  𝑛   


$\bm B\in \mathbb {R}^{m\times n}$


   𝑚  <  𝑛 


$m<n$


$\bm A$


   𝐀  =  𝐃  −  𝐄 


$\bm A=\bm D-\bm E$


   𝐃 


$\bm D$


$\bm A$


     𝐒  ˆ   =  𝐁    𝐃    −  1      𝐁  𝑇  


$\hat {\bm S}=\bm B\bm D^{-1}\bm B^T$


   𝐒  =  𝐁    𝐀    −  1      𝐁  𝑇  


$\bm S=\bm B\bm A^{-1}\bm B^T$


   𝐱 


$\bm x$


           [    𝐈  𝑛   −  (    𝐈  𝑛   −    𝐃    −  1      𝐁  𝑇     𝐒  ˆ   𝐁  )    𝐃    −  1    𝐄  ]     𝐱  =  (    𝐈  𝑛   −    𝐃    −  1      𝐁  𝑇     𝐒  ˆ   𝐁  )    𝐃    −  1    𝒢  .       


\begin {align}\label {p5:it_gmres} \left [\bm I_n-(\bm I_n-\bm D^{-1}\bm B^T\hat {\bm S}^{-1}\bm B)\bm D^{-1}\bm E\right ]\bm x=(\bm I_n-\bm D^{-1}\bm B^T\hat {\bm S}^{-1}\bm B)\bm D^{-1}\mathcal {G}.\end {align}


   𝐲 


$\bm y$


$\bm x$


   𝐲  =    𝐒  ˆ   𝐁    𝐃    −  1    (  𝐄  𝐱  +  𝒢  ) 


$\bm y=\hat {\bm S}^{-1}\bm B\bm D^{-1}(\bm E\bm x+\mathcal {G})$


     𝐒  ˆ   ∈    ℝ    𝑚  ×  𝑚   


$\hat {\bm S}\in \mathbb {R}^{m\times m}$


     𝐒  ˆ   𝐳 


$\hat {\bm S}^{-1}\bm z$


   𝐳  ∈    ℝ  𝑚  


$\bm z\in \mathbb {R}^m$


$h=h_x=h_y$


$h=h_x=h_y=h_z$


   𝜈  =    1    𝑅  𝑒   


$\nu =\frac {1}{Re}$


   𝑅  𝑒 


$Re$


$\Omega =(0,1)^2$


$T=1$


$\bm f$


$Re=10$


$\nu =0.1$


     ℎ  =      Δ  𝑡   8   


$\displaystyle h=\frac {\Delta t}{8}$


   Δ  𝑡  ∈    {    1  8   ,    1   16    ,    1   32    ,    1   64    }   . 


$\Delta t\in \left \{\frac 18,\frac {1}{16},\frac {1}{32},\frac {1}{64} \right \}.$


$L^2$


$q$


   𝜃  ∈  {     10     −  2    ,     10     −  1    ,  1  ,   10   ,     10   2   } 


$\theta \in \{10^{-2},10^{-1}, 1,10,10^2\}$


$q$


$\theta $


   𝜃  ∈  {     10     −  2    ,     10     −  1    } 


$\theta \in \{10^{-2},10^{-1}\}$


   𝜃  =     10     −  3   


$\theta =10^{-3}$


   Δ  𝑡  ∈  {    1  8   ,    1   16    } 


$\Delta t\in \{\frac 18,\frac {1}{16}\}$


$q$


$\theta =10^{-3}$


   𝜃  ∈  {  1  ,   10   ,     10   2   } 


$\theta \in \{1,10,10^2\}$


$q$


$\theta $


$\theta $


$\theta $


$1$


$Re=10$


   ℎ  =      Δ  𝑡   8  


$h=\frac {\Delta t}{8}$


$\theta $


$Re=1000$


   𝜈  =  0  .   001  


$\nu =0.001$


   ℎ  =  4  Δ  𝑡 


$h=4\Delta t$


   Δ  𝑡  ∈    {    1   128    ,    1   256    ,    1   512    ,    1   1024    }  


$\Delta t\in \left \{\frac {1}{128},\frac {1}{256},\frac {1}{512},\frac {1}{1024} \right \}$


   𝜃  ∈  {     10     −  3    ,     10     −  2    ,     10     −  1    ,  1  ,   10   } 


$\theta \in \{10^{-3},10^{-2},10^{-1}, 1,10\}$


$\theta $


   𝜃  ≥  1 


$\theta \ge 1$


   𝜃  =     10   2  


$\theta =10^{2}$


   𝜃  =   10  


$\theta =10$


$\theta =10^{-3}$


$q$


$\theta $


$Re=1000$


$h=4\Delta t$


$\theta $


$\Omega =(0,1)^2$


   𝐟  =  [  0  ,  0    ]  𝑇  


$\bm f=[0, 0]^T$


$T=20$


$Re=1000$


   ℎ  =  1  .  5  Δ  𝑡  =  0  .   01  


$h=1.5\Delta t=0.01$


   𝒦  (    𝐮  𝑛   ) 


$\mathcal {K}(\bm u^n)$


$\mathcal {K}(\bm u)$


     ℰ  𝑖  𝑛  


$\mathcal {E}_i^n$


$i=1,2$


   𝜃  ∈  {  1  ,   100   } 


$\theta \in \{1,100\}$


$\mathcal {E}_1^n$


$\mathcal {E}_2^n$


   𝜃  =  1 


$\theta =1$


   𝜃  =   100  


$\theta =100$


$Re=1000$


$\mathcal {E}_i^n$


$i=1,2$


$h=1.5\Delta t=0.01$


$\Omega =(0,1)^2$


$x=0$


$x=1$


   𝑦  =  0 


$y=0$


   𝑦  =  1 


$y=1$


$Re=5000$


$\theta =100$


   ℎ  =  2  Δ  𝑡  =    1   256   


$h=2\Delta t=\frac {1}{256}$


   ‖    𝐮  𝑛   −    𝐮    𝑛  −  1      ‖  ∞   ≤     10     −  6   


$\|\bm u^n-\bm u^{n-1}\|_{\infty }\le 10^{-6}$


   𝑡  =  4 


$t=4$


   𝑡  =  6 


$t=6$


   𝑡  =   10  


$t=10$


$Re=5000$


$Re=5000$


$t=4,6,$


$10$


$h=2\Delta t=\frac {1}{256}$


$Re=5000$


$h=2\Delta t=\frac {1}{256}$


$\Omega =(0,1)^3$


$y=1$


$x$


$Re=1000$


$\theta =100$


$h=1.5\Delta t=0.01$


   ‖    𝐮  𝑛   −    𝐮    𝑛  −  1      ‖  0   ≤     10     −  6   


$\|\bm u^n-\bm u^{n-1}\|_0\le 10^{-6}$


   [    𝜔  1   ,    𝜔  2   ,    𝜔  3     ]  𝑇   =  ∇  ×  𝐮 


$[\omega _1,\omega _2,\omega _3]^T=\nabla \times \bm u$


   𝑥  =  0  .  5 


$x=0.5$


   𝑦  =  0  .  5 


$y=0.5$


   𝑧  =  0  .  5 


$z=0.5$


$z=0.5$


$u$


$v$


   𝑥  =  𝑧  =  0  .  5 


$x=z=0.5$


   𝑦  =  𝑧  =  0  .  5 


$y=z=0.5$


$Re=1000$


$h=1.5\Delta t=0.01$


$Re=1000$


$h=1.5\Delta t=0.01$


$\Omega =(0,1)^2$


$\bm f=[0,0]^T$


$\Omega $


       𝜕  𝑢     𝜕  𝑦    =  0 


$\frac {\partial u}{\partial y}=0$


   𝑣  =  0 


$v=0$


$\Omega $


     𝛿  0   =    1   28   


$\delta _0=\frac {1}{28}$


     𝑢  ∞   =  1 


$u_{\infty }=1$


     𝑐  𝑛   =     10     −  3   


$c_n=10^{-3}$


$Re=100$


   𝜈  =        𝛿  0     𝑢  ∞      𝑅  𝑒    =    1   2800   


$\nu =\frac {\delta _0u_{\infty }}{Re}=\frac {1}{2800}$


$h=\frac {1}{256}$


   Δ  𝑡  =    1   560   


$\Delta t=\frac {1}{560}$


$\theta =100$


   𝑇  =   200     𝑡  ‾  


$T=200\overline {t}$


     𝑡  ‾   =      𝛿  0     𝑢  ∞    =    1   28   


$\overline {t}=\frac {\delta _0}{u_{\infty }}=\frac {1}{28}$


$T=200\overline {t}$


$\mathcal {E}_2^n$


$Re=100$


$t=10\overline {t}$


$17\overline {t}$


$42\overline {t}$


$50\overline {t}$


$140\overline {t}$


$200\overline {t}$


$h=\frac {1}{256}$


$\Delta t=\frac {1}{560}$


$Re=100$


$\mathcal {E}_2^n$


$h=\frac {1}{256}$


$\Delta t=\frac {1}{560}$


   Ω  ⊂    ℝ  𝑑  


$\Omega \subset \mathbb {R}^d$


   𝑑  =  2  ,  3 


$d=2,3$


$T>0$


   𝐮  (  ⋅  ,  0  )  =    𝐮  0  


$\bm u(\cdot ,0)=\bm u_0$


   𝐮    |    𝜕  Ω    =  0 


$\bm u|_{\partial \Omega }=0$


$\bm u$


$p$


$\bm f$


$\nu $


     𝐿  2   (  Ω  ) 


$L^2(\Omega )$


     𝐻  𝑘   (  Ω  ) 


$H^k(\Omega )$


     𝐻  0  𝑘   (  Ω  ) 


$H^k_0(\Omega )$


$\Omega $


     𝐋  2   (  Ω  ) 


$\bm L^2(\Omega )$


     𝐇  𝑘   (  Ω  ) 


$\bm H^k(\Omega )$


     𝐇  0  𝑘   (  Ω  ) 


$\bm H^k_0(\Omega )$


   𝑑 


$d$


     𝐇  𝑘   (  Ω  )  =  (    𝐻  𝑘   (  Ω  )    )  𝑑  


$\bm H^k(\Omega )=(H^k(\Omega ))^d$


$H^k(\Omega )$


$\bm H^k(\Omega )$


   ‖  ⋅    ‖  𝑘  


$\|\cdot \|_k$


$L^2(\Omega )$


$\bm L^2(\Omega )$


   (  ⋅  ,  ⋅  ) 


$(\cdot ,\cdot )$


   ‖  ⋅    ‖  0  


$\|\cdot \|_0$


     𝐻  𝑘   (  Ω  )  /  ℝ 


$H^k(\Omega )/\mathbb {R}$


$H^k(\Omega )$


   𝑘  =  0 


$k=0$


     𝐿  2   (  Ω  )  /  ℝ 


$L^2(\Omega )/\mathbb {R}$


   𝜑  ∈    𝐻  𝑘   (  Ω  )  /  ℝ 


$\varphi \in H^k(\Omega )/\mathbb {R}$


   ‖  𝜑    ‖      𝐻  𝑘   /  ℝ    =     inf     𝑐  ∈  ℝ      ‖  𝜑  +  𝑐    ‖  𝑘   . 


$\|\varphi \|_{H^k/\mathbb {R}}=\inf _{c\in \mathbb {R}}\|\varphi +c\|_k.$


   𝐇 


$\bm H$


   𝐕 


$\bm V$


     𝐮  0   ∈  𝐕 


$\bm u_0\in \bm V$


   𝐟  ∈    𝐿  ∞   (  0  ,  𝑇  ;    𝐋  2   (  Ω  )  ) 


$\bm f\in L^{\infty }(0,T;\bm L^2(\Omega ))$


     𝑇  ∗  


$T^*$


     𝑇  ∗   =  𝑇 


$T^*=T$


$d=2$


     𝑇  ∗   =    𝑇  ∗   (    𝐮  0   )  ≤  𝑇 


$T^*=T^*(\bm u_0)\le T$


$d=3$


   (  𝐮  ,  𝑝  ) 


$(\bm u,p)$


            𝐮  ∈    𝐿  2   (  0  ,    𝑇  ∗   ;    𝐇  2   (  Ω  )  )  ∩  𝐶  (  [  0  ,    𝑇  ∗   ]  ;  𝐕  )  ,      𝐮  𝑡   ∈    𝐿  2   (  0  ,    𝑇  ∗   ;    𝐋  2   (  Ω  )  )  ,           𝑝  ∈    𝐿  2   (  0  ,    𝑇  ∗   ;    𝐻  1   (  Ω  )  /  ℝ  )  .    


\begin {align*}&\bm u\in L^2(0,T^*;\bm H^2(\Omega ))\cap {C}([0,T^*];\bm V), \quad \bm u_t\in L^2(0,T^*;\bm L^2(\Omega )),\\ &p\in L^2(0,T^*;H^1(\Omega )/\mathbb {R}).\end {align*}


$d=2$


$d=3$


   ‖    𝐮  0     ‖  1  


$\|\bm u_0\|_1$


   ‖  𝐟    ‖      𝐿  ∞   (  0  ,  𝑇  ;    𝐋  2   (  Ω  )  )   


$\|\bm f\|_{L^{\infty }(0,T;\bm L^2(\Omega ))}$


$(\bm u,p)$


$t\in [0,T]$


$T^*=T$


   𝑑  ∈  {  2  ,  3  } 


$d\in \{2,3\}$


            sup     𝑡  ∈  [  0  ,  𝑇  ]      ‖  𝐮  (  𝑡  )    ‖  1   <  ∞  .       


\begin {align}\label {p6:make_assump} \sup _{t\in [0,T]}\|\bm u(t)\|_1<\infty .\end {align}


     𝐮  0  


$\bm u_0$


$\bm f$


$q(t)$


$q(0)=1$


$\theta >0$


   𝒦  (  𝐮  )  =    1  2   ‖  𝐮    ‖  0  2  


$\mathcal {K}(\bm u)=\frac 12\|\bm u\|_0^2$


$(\cdot ,\cdot )$


     𝐋  2  


$\bm L^2$


$[0,T]$


$0=t_0<t_1<\cdots <t_N=T$


     𝑀  


$\Delta t=\nicefrac TN$


     𝐮  0   =    𝐮  0  


$\bm u^0=\bm u_0$


     𝑞  0   =  1 


$q^0=1$


$\theta $


   𝜃  ≥    𝜃   tol   


$\theta \ge \theta _{\mathrm {tol}}$


     𝜃   tol    >  0 


$\theta _{\mathrm {tol}}>0$


     𝜃   tol    =  1 


$\theta _{\mathrm {tol}}=1$


$\theta \ge 1$


$\theta $


$\theta $


   (    𝐮  𝑛   ,    𝑝  𝑛   ,    𝑞  𝑛   ) 


$(\bm u^{n},p^n,q^{n})$


     𝐮  𝑛   ∈  𝐕  ∩    𝐇  2   (  Ω  )  ,      𝑝  𝑛   ∈    𝐻  1   (  Ω  )  /  ℝ  ,      𝑞  𝑛   >  0  , 


\begin {equation*}\bm u^n\in \bm V\cap \bm H^2(\Omega ),\quad p^n\in H^1(\Omega )/\mathbb {R},\quad q^{n}>0,\end {equation*}


   𝑛  ∈  {  1  ,  2  ,  …  ,  𝑁  } 


$n\in \{1,2,\ldots ,N\}$


     𝐮  0   =    𝐮  0   ∈  𝐕  ∩    𝐇  2   (  Ω  ) 


$\bm u^0=\bm u_0\in \bm V\cap \bm H^2(\Omega )$


     𝑞  0   =  1  >  0 


$q^0=1>0$


   (    𝐮  𝑛   ,    𝑞  𝑛   ) 


$(\bm u^n,q^n)$


     𝐮  𝑛   ∈  𝐕  ∩    𝐇  2   (  Ω  ) 


$\bm u^n\in \bm V\cap \bm H^2(\Omega )$


     𝑞  𝑛   >  0 


$q^n>0$


   𝑛 


$n$


                  𝐮  1    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    −  𝜈  Δ    𝐮  1    𝑛  +  1    +  ∇    𝑝  1    𝑛  +  1    =  𝐟  (    𝑡    𝑛  +  1    )  ,       ∇  ⋅    𝐮  1    𝑛  +  1    =  0  ,      𝐮  1    𝑛  +  1      |    𝜕  Ω    =  0  ,                  𝐮  2    𝑛  +  1      Δ  𝑡    −  𝜈  Δ    𝐮  2    𝑛  +  1    +  (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   +  ∇    𝑝  2    𝑛  +  1    =  0  ,       ∇  ⋅    𝐮  2    𝑛  +  1    =  0  ,      𝐮  2    𝑛  +  1      |    𝜕  Ω    =  0  .       


\begin {alignat}{2} &\frac {\bm u_1^{n+1}-\bm u^n}{\Delta t}-\nu \Delta \bm u_1^{n+1}+\nabla p_1^{n+1}=\bm f(t_{n+1}),&\quad \nabla \cdot \bm u_1^{n+1}=0,\quad \bm u_1^{n+1}|_{\partial \Omega }=0,\label {p6:u1p1}\\ &\frac {\bm u_2^{n+1}}{\Delta t}-\nu \Delta \bm u_2^{n+1}+(\bm u^n\cdot \nabla )\bm u^n+\nabla p_2^{n+1}=0,&\quad \nabla \cdot \bm u_2^{n+1}=0,\quad \bm u_2^{n+1}|_{\partial \Omega }=0.\label {p6:u2p2}\end {alignat}


     1    Δ  𝑡      𝐮  𝑛   +  𝐟  (    𝑡    𝑛  +  1    )  ∈    𝐋  2   (  Ω  ) 


$\frac {1}{\Delta t}\bm u^n+\bm f(t_{n+1})\in \bm L^2(\Omega )$


   −  (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   ∈    𝐋  2   (  Ω  ) 


$-(\bm u^n\cdot \nabla )\bm u^n\in \bm L^2(\Omega )$


   (    𝐮  1    𝑛  +  1    ,    𝑝  1    𝑛  +  1    ) 


$(\bm u_1^{n+1},p_1^{n+1})$


   (    𝐮  2    𝑛  +  1    ,    𝑝  2    𝑛  +  1    ) 


$(\bm u_2^{n+1},p_2^{n+1})$


           𝐮  𝑖    𝑛  +  1    ∈  𝐕  ∩    𝐇  2   (  Ω  )      and        𝑝  𝑖    𝑛  +  1    ∈    𝐻  1   (  Ω  )  /  ℝ      for      𝑖  =  1  ,  2  .       


\begin {align}\label {p6:ui_pi} \bm u_i^{n+1}\in \bm V\cap \bm H^2(\Omega )\, \text { and } \, p_i^{n+1}\in H^1(\Omega )/\mathbb {R} \;\text { for }\; i=1,2.\end {align}


     𝐮    𝑛  +  1    =    𝐮  1    𝑛  +  1    +    𝑞    𝑛  +  1      𝐮  2    𝑛  +  1   


$\bm u^{n+1}=\bm u_1^{n+1}+q^{n+1}\bm u_2^{n+1}$


                ‖    𝐮  1    𝑛  +  1    +    𝑞    𝑛  +  1      𝐮  2    𝑛  +  1      ‖  0  2   −  ‖    𝐮  𝑛     ‖  0  2      2  Δ  𝑡    +  𝜃      (    𝑞    𝑛  +  1      )  2   −  (    𝑞  𝑛     )  2      Δ  𝑡             =    (        𝐮  1    𝑛  +  1    +    𝑞    𝑛  +  1      𝐮  2    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    +    𝑞    𝑛  +  1    (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   ,    𝐮  1    𝑛  +  1    +    𝑞    𝑛  +  1      𝐮  2    𝑛  +  1    )   ,    


\begin {align*}&\frac {\|\bm u_1^{n+1}+q^{n+1}\bm u_2^{n+1}\|_0^2-\|\bm u^n\|_0^2}{2\Delta t}+\theta \frac {(q^{n+1})^2-(q^n)^2}{\Delta t}\\ &=\left (\frac {\bm u_1^{n+1}+q^{n+1}\bm u_2^{n+1}-\bm u^n}{\Delta t}+q^{n+1}(\bm u^n\cdot \nabla )\bm u^n,\bm u_1^{n+1}+q^{n+1}\bm u_2^{n+1}\right ),\end {align*}


           𝐴    𝑛  +  1    (    𝑞    𝑛  +  1      )  2   +    𝐵    𝑛  +  1      𝑞    𝑛  +  1    +    𝐶    𝑛  +  1    =  0  ,       


\begin {align}\label {p6:quad} A_{n+1}(q^{n+1})^2+B_{n+1}q^{n+1}+C_{n+1}=0,\end {align}


           𝐴    𝑛  +  1       =  𝜃  +    1  2   ‖    𝐮  2    𝑛  +  1      ‖  0  2   +  Δ  𝑡  𝜈  ‖  ∇    𝐮  2    𝑛  +  1      ‖  0  2   ,          𝐵    𝑛  +  1       =  −    (    𝐮  1    𝑛  +  1    −    𝐮  𝑛   ,    𝐮  2    𝑛  +  1    )   −  Δ  𝑡      (  (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   ,    𝐮  1    𝑛  +  1    )   ,          𝐶    𝑛  +  1       =  −  𝜃  (    𝑞  𝑛     )  2   −    1  2   ‖    𝐮  1    𝑛  +  1    −    𝐮  𝑛     ‖  0  2   .    


\begin {align*}A_{n+1}&=\theta +\displaystyle \frac 12\|\bm u_2^{n+1}\|_0^2+\Delta t\nu \|\nabla \bm u_2^{n+1}\|_0^2,\\ B_{n+1}&=-\left (\bm u_1^{n+1}-\bm u^n,\bm u_2^{n+1}\right )-\Delta t\left ((\bm u^n\cdot \nabla )\bm u^n,\bm u_1^{n+1}\right ),\\ C_{n+1}&=-\theta (q^n)^2\displaystyle -\frac 12\|\bm u_1^{n+1}-\bm u^n\|_0^2.\end {align*}


     𝐴    𝑛  +  1    >  0 


$A_{n+1}>0$


     𝐶    𝑛  +  1    <  0 


$C_{n+1}<0$


$\theta >0$


     𝑞    𝑛  +  1    >  0 


$q^{n+1}>0$


     𝑝    𝑛  +  1    ∶  =    𝑝  1    𝑛  +  1    +    𝑞    𝑛  +  1      𝑝  2    𝑛  +  1   


$p^{n+1}:=p_1^{n+1}+q^{n+1}p_2^{n+1}$


     𝐮    𝑛  +  1    ∈  𝐕  ∩    𝐇  2   (  Ω  ) 


$\bm u^{n+1}\in \bm V\cap \bm H^2(\Omega )$


     𝑝    𝑛  +  1    ∈    𝐻  1   (  Ω  )  /  ℝ 


$p^{n+1}\in H^1(\Omega )/\mathbb {R}$


   (    𝐮    𝑛  +  1    ,    𝑝    𝑛  +  1    ,    𝑞    𝑛  +  1    ) 


$(\bm u^{n+1},p^{n+1},q^{n+1})$


$t_{n+1}$


$(\bm u^{n+1},p^{n+1},q^{n+1})$


           𝐮    𝑛  +  1       =    𝐮  1    𝑛  +  1    +    𝑞    𝑛  +  1      𝐮  2    𝑛  +  1    ,          𝑝    𝑛  +  1       =    𝑝  1    𝑛  +  1    +    𝑞    𝑛  +  1      𝑝  2    𝑛  +  1    +    𝑐    𝑛  +  1    ,    


\begin {align}\bm u^{n+1}&=\bm u_1^{n+1}+q^{n+1}\bm u_2^{n+1},\\ p^{n+1}&=p_1^{n+1}+q^{n+1}p_2^{n+1}+c^{n+1}, \vspace {-0.2cm}\end {align}


     𝑐    𝑛  +  1   


$c^{n+1}$


     𝐮  ˆ   =    𝐮    𝑛  +  1    −    𝐮  1    𝑛  +  1    −    𝑞    𝑛  +  1      𝐮  2    𝑛  +  1   


$\widehat {\bm u}^{n+1}=\bm u^{n+1}-\bm u_1^{n+1}-q^{n+1}\bm u_2^{n+1}$


     𝑝  ˆ   =    𝑝    𝑛  +  1    −    𝑝  1    𝑛  +  1    −    𝑞    𝑛  +  1      𝑝  2    𝑛  +  1   


$\widehat {p}^{n+1}=p^{n+1}-p_1^{n+1}-q^{n+1}p_2^{n+1}$


                𝐮  ˆ     Δ  𝑡    −  𝜈  Δ    𝐮  ˆ   +  ∇    𝑝  ˆ   =  𝟎  ,           ∇  ⋅    𝐮  ˆ   =  0  ,      𝐮  ˆ     |    𝜕  Ω    =  0  .    


\begin {align}&\frac {\widehat {\bm u}^{n+1}}{\Delta t}-\nu \Delta \widehat {\bm u}^{n+1}+\nabla \widehat {p}^{n+1}=\bm 0,\label {p6:bar_til_1}\\ &\nabla \cdot \widehat {\bm u}^{n+1}=0,\quad \widehat {\bm u}^{n+1}|_{\partial \Omega }=0.\label {p6:bar_til_2}\end {align}


$\bm L^2$


     𝐮  ˆ  


$\widehat {\bm u}^{n+1}$


             ‖    𝐮  ˆ     ‖  0  2      Δ  𝑡    +  𝜈  ‖  ∇    𝐮  ˆ     ‖  0  2   =  0  ,       


\begin {align*}\frac {\|\widehat {\bm u}^{n+1}\|_0^2}{\Delta t}+\nu \|\nabla \widehat {\bm u}^{n+1}\|_0^2=0,\end {align*}


     𝐮  ˆ   =  𝟎 


$\widehat {\bm u}^{n+1}=\bm 0$


   ∇    𝑝  ˆ   =  𝟎 


$\nabla \widehat {p}^{n+1}=\bm 0$


$\bm u^{n+1}$


$p^{n+1}$


   (    𝐮  ‾   ,    𝑝  ‾   ,    𝑞  ‾   ) 


$(\overline {\bm u}^{n+1},\overline {p}^{n+1},\overline {q}^{n+1})$


   (    𝐮  ˜   ,    𝑝  ˜   ,    𝑞  ˜   ) 


$(\tilde {\bm u}^{n+1},\tilde {p}^{n+1},\tilde {q}^{n+1})$


     𝑞  ‾   >  0 


$\overline {q}^{n+1}>0$


     𝑞  ˜   >  0 


$\tilde {q}^{n+1}>0$


           𝐮  ‾      =    𝐮  1    𝑛  +  1    +    𝑞  ‾     𝐮  2    𝑛  +  1    ,          𝑝  ‾      =    𝑝  1    𝑛  +  1    +    𝑞  ‾     𝑝  2    𝑛  +  1    +    𝑐  ‾   ,    


\begin {align}\overline {\bm u}^{n+1}&=\bm u_1^{n+1}+\overline {q}^{n+1}\bm u_2^{n+1},\label {p6:decom:bar1}\\ \overline {p}^{n+1}&=p_1^{n+1}+\overline {q}^{n+1}p_2^{n+1}+\overline {c}^{n+1},\end {align}


           𝐮  ˜      =    𝐮  1    𝑛  +  1    +    𝑞  ˜     𝐮  2    𝑛  +  1    ,          𝑝  ˜      =    𝑝  1    𝑛  +  1    +    𝑞  ˜     𝑝  2    𝑛  +  1    +    𝑐  ˜   .    


\begin {align}\tilde {\bm u}^{n+1}&=\bm u_1^{n+1}+\tilde {q}^{n+1}\bm u_2^{n+1},\label {p6:decom:tilde1}\\ \tilde {p}^{n+1}&=p_1^{n+1}+\tilde {q}^{n+1}p_2^{n+1}+\tilde {c}^{n+1}.\end {align}


   (    𝐮    𝑛  +  1    ,    𝑞    𝑛  +  1    ) 


$(\bm u^{n+1},q^{n+1})$


   (    𝐮  ‾   ,    𝑞  ‾   ) 


$(\overline {\bm u}^{n+1},\overline {q}^{n+1})$


   (    𝐮  ˜   ,    𝑞  ˜   ) 


$(\tilde {\bm u}^{n+1},\tilde {q}^{n+1})$


     𝑞  ‾  


$\overline {q}^{n+1}$


     𝑞  ˜  


$\tilde {q}^{n+1}$


     𝑞  ‾   =    𝑞  ˜  


$\overline {q}^{n+1}=\tilde {q}^{n+1}$


     𝐮  ‾   =    𝐮  ˜  


$\overline {\bm u}^{n+1}=\tilde {\bm u}^{n+1}$


     𝑝  ‾   =    𝑝  ˜   −    𝑐  ˜   +    𝑐  ‾  


$\overline {p}^{n+1}=\tilde {p}^{n+1}-\tilde {c}^{n+1}+\overline {c}^{n+1}$


$\Delta t>0$


   {    𝑞  𝑛     }    𝑛  =  0   𝑁  


$\{q^n\}_{n=0}^N$


     𝑐  0   ≥  1 


$c_0\ge 1$


$T$


   ‖    𝐮  0     ‖  0  


$\|\bm u_0\|_0$


$\|\bm f\|_{L^{\infty }(0,T;\bm L^2(\Omega ))}$


         0  <    𝑞  𝑛   ≤    𝑐  0   ,    𝑛  =  0  ,  1  ,  …  ,  𝑁  .       


\begin {align*}0<q^n\le c_0,\quad n=0,1,\ldots ,N.\end {align*}


$\bm L^2$


$\bm u^{n+1}$


           (        𝐮    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    +    𝑞    𝑛  +  1    (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   ,    𝐮    𝑛  +  1    )   =  −  𝜈  ‖  ∇    𝐮    𝑛  +  1      ‖  0  2   +    (  𝐟  (    𝑡    𝑛  +  1    )  ,    𝐮    𝑛  +  1    )   .       


\begin {align}\label {p6:rhs_be3} \left (\frac {\bm u^{n+1}-\bm u^n}{\Delta t}+q^{n+1}(\bm u^n\cdot \nabla )\bm u^n,\bm u^{n+1}\right )=-\nu \|\nabla \bm u^{n+1}\|_0^2+\left (\bm f(t_{n+1}),\bm u^{n+1}\right ).\end {align}


     𝑐  𝐟   =  ‖  𝐟    ‖      𝐿  ∞   (  0  ,  𝑇  ;    𝐋  2   (  Ω  )  )   


$c_{\bm f}=\|\bm f\|_{L^{\infty }(0,T;\bm L^2(\Omega ))}$


           ‖    𝐮    𝑛  +  1      ‖  0  2   −  ‖    𝐮  𝑛     ‖  0  2      2  Δ  𝑡    +  𝜃      (    𝑞    𝑛  +  1      )  2   −  (    𝑞  𝑛     )  2      Δ  𝑡     


\begin {align}\label {p6:bound_q} \begin {aligned} \frac {\|\bm u^{n+1}\|_0^2-\|\bm u^n\|_0^2}{2\Delta t}+\theta \frac {(q^{n+1})^2-(q^n)^2}{\Delta t}&=-\nu \|\nabla \bm u^{n+1}\|_0^2+\left (\bm f(t_{n+1}),\bm u^{n+1}\right )\\ &\le \|\bm f(t_{n+1})\|_0\|\bm u^{n+1}\|_0\le c_{\bm f}\|\bm u^{n+1}\|_0. \end {aligned}\end {align}


   𝑖  =  0  ,  1  ,  …  ,  𝑛 


$i=0,1,\ldots ,n$


$q^0=1$


             ‖    𝐮    𝑛  +  1      ‖  0  2   −  ‖    𝐮  0     ‖  0  2      2  Δ  𝑡    +  𝜃      (    𝑞    𝑛  +  1      )  2   −  1     Δ  𝑡    ≤    𝑐  𝐟     ∑    𝑖  =  0   𝑛   ‖    𝐮    𝑖  +  1      ‖  0   ,       


\begin {align*}\frac {\|\bm u^{n+1}\|_0^2-\|\bm u^0\|_0^2}{2\Delta t}+\theta \frac {(q^{n+1})^2-1}{\Delta t}\le c_{\bm f}\sum _{i=0}^n\|\bm u^{i+1}\|_0,\end {align*}


         ‖    𝐮    𝑛  +  1      ‖  0  2   +  2  𝜃  (    𝑞    𝑛  +  1      )  2   ≤  ‖    𝐮  0     ‖  0  2   +  2  𝜃  +  2    𝑐  𝐟   Δ  𝑡    ∑    𝑖  =  0   𝑛   ‖    𝐮    𝑖  +  1      ‖  0   .       


\begin {align}\label {p6:bound_q_2} \|\bm u^{n+1}\|_0^2+2\theta (q^{n+1})^2\le \|\bm u^0\|_0^2+2\theta +2c_{\bm f}\Delta t\sum _{i=0}^n\|\bm u^{i+1}\|_0.\end {align}


     𝜂  𝑛   ∶  =     max     1  ≤  𝑖  ≤  𝑛      ‖    𝐮  𝑖     ‖  0  


$\eta _n:=\max _{1\le i\le n}\|\bm u^i\|_0$


$n\in \{1,2,\ldots ,N\}$


         ‖    𝐮    𝑛  +  1      ‖  0  2   +  2  𝜃  (    𝑞    𝑛  +  1      )  2   ≤  ‖    𝐮  0     ‖  0  2   +  2  𝜃  +  2    𝑐  𝐟   𝑇    𝜂    𝑛  +  1    .       


\begin {align}\label {p6:bound_q_3} \|\bm u^{n+1}\|_0^2+2\theta (q^{n+1})^2\le \|\bm u^0\|_0^2+2\theta +2c_{\bm f}T \eta _{n+1}.\end {align}


   {    𝜂  𝑛   } 


$\{\eta _n\}$


   0  ≤  𝑖  ≤  𝑛 


$0\le i\le n$


         ‖    𝐮    𝑖  +  1      ‖  0  2   ≤  ‖    𝐮  0     ‖  0  2   +  2  𝜃  +  2    𝑐  𝐟   𝑇    𝜂    𝑖  +  1    ≤  ‖    𝐮  0     ‖  0  2   +  2  𝜃  +  2    𝑐  𝐟   𝑇    𝜂    𝑛  +  1    ,       


\begin {align*}\|\bm u^{i+1}\|_0^2\le \|\bm u^0\|_0^2+2\theta +2c_{\bm f}T \eta _{i+1}\le \|\bm u^0\|_0^2+2\theta +2c_{\bm f}T \eta _{n+1},\end {align*}


           𝜂    𝑛  +  1   2   ≤  ‖    𝐮  0     ‖  0  2   +  2  𝜃  +  2    𝑐  𝐟   𝑇    𝜂    𝑛  +  1    .       


\begin {align}\label {p6:bound_q_4} \eta _{n+1}^2\le \|\bm u^0\|_0^2+2\theta +2c_{\bm f}T \eta _{n+1}.\end {align}


     𝜂    𝑛  +  1   2   =  ‖    𝐮  0     ‖  0  2   +  2  𝜃  +  2    𝑐  𝐟   𝑇    𝜂    𝑛  +  1   


$\eta _{n+1}^2=\|\bm u^0\|_0^2+2\theta +2c_{\bm f}T \eta _{n+1}$


     𝜂    𝑛  +  1   


$\eta _{n+1}$


           𝜂    𝑛  +  1    ≤    𝑐  𝐟   𝑇  +      (    𝑐  𝐟   𝑇    )  2   +  ‖    𝐮  0     ‖  0  2   +  2  𝜃    ≤  2    𝑐  𝐟   𝑇  +  ‖    𝐮  0     ‖  0   +      2  𝜃    .       


\begin {align}\label {p6:bound_q_5} \eta _{n+1}\le c_{\bm f}T+\sqrt {(c_{\bm f}T)^2+\|\bm u^0\|_0^2+2\theta }\le 2c_{\bm f}T+\|\bm u^0\|_0+\sqrt {2\theta }.\end {align}


         ‖    𝐮    𝑛  +  1      ‖  0  2   +  2  𝜃  (    𝑞    𝑛  +  1      )  2   ≤  ‖    𝐮  0     ‖  0  2   +  2  𝜃  +  2    𝑐  𝐟   𝑇  (  2    𝑐  𝐟   𝑇  +  ‖    𝐮  0     ‖  0   +      2  𝜃    )  .       


\begin {align}\|\bm u^{n+1}\|_0^2+2\theta (q^{n+1})^2\le \|\bm u^0\|_0^2+2\theta +2c_{\bm f}T(2c_{\bm f}T+\|\bm u^0\|_0+\sqrt {2\theta }).\end {align}


$\theta \ge 1$


         (    𝑞    𝑛  +  1      )  2      ≤  1  +      ‖    𝐮  0     ‖  0  2   +  2    𝑐  𝐟   𝑇  (  2    𝑐  𝐟   𝑇  +  ‖    𝐮  0     ‖  0   +      2  𝜃    )     2  𝜃             ≤  1  +      ‖    𝐮  0     ‖  0  2   +  2    𝑐  𝐟   𝑇  (  2    𝑐  𝐟   𝑇  +  ‖    𝐮  0     ‖  0   +    2   )   2   .    


\begin {align*}(q^{n+1})^2&\le 1+\frac {\|\bm u^0\|_0^2+2c_{\bm f}T(2c_{\bm f}T+\|\bm u^0\|_0+\sqrt {2\theta })}{2\theta } \\ &\le 1+\frac {\|\bm u^0\|_0^2+2c_{\bm f}T(2c_{\bm f}T+\|\bm u^0\|_0+\sqrt {2})}{2}.\end {align*}


   {    𝐮  𝑛   ,    𝑝  𝑛   ,    𝑞  𝑛   } 


$\{\bm u^n,p^n,q^n\}$


$t_n$


     𝑒  𝐮  0   =  𝟎 


$e_{\bm u}^0=\bm 0$


     𝑒  𝑞  0   =  0 


$e_q^0=0$


$c_1$


$\Omega $


   𝐮  ,  𝐯  ,  𝐰  ∈    𝐇  0  1   (  Ω  ) 


$\bm u,\bm v,\bm w\in \bm H_0^1(\Omega )$


   𝑏  (  ⋅  ,  ⋅  ,  ⋅  ) 


$b(\cdot ,\cdot ,\cdot )$


   𝑏 


$b$


   𝐰  =  𝐯 


$\bm w=\bm v$


   𝑏  (  𝐮  ,  𝐯  ,  𝐯  )  =  0  ,    ∀    𝐮  ∈  𝐕  ,    ∀    𝐯  ∈    𝐇  0  1   (  Ω  ) 


$b(\bm u,\bm v,\bm v)=0,\;\forall \, \bm u\in \bm V,\;\forall \, \bm v\in \bm H_0^1(\Omega )$


   𝑑  ≤  3 


$d\le 3$


$c_2$


$\Omega $


   {    𝑎  ˜     }    𝑛  =  0   𝐾  


$\{\tilde a_n\}_{n=0}^K$


   {    𝑏  ˜     }    𝑛  =  1   𝐾  


$\{\tilde b_n\}_{n=1}^K$


   {    𝑐  ˜     }    𝑛  =  1   𝐾  


$\{\tilde c_n\}_{n=1}^K$


   {    𝜔  𝑛     }    𝑛  =  0   𝐾  


$\{\omega _n\}_{n=0}^K$


     𝜔  0     𝑎  ˜   +    𝑐  ˜   ≤    𝑐  ˜     𝑒    𝜔  0   


$\omega _0 \tilde a_0+\tilde c_1\le \tilde c_1e^{\omega _0}$


   {    𝑐  ˜   } 


$\{\tilde c_n\}$


           𝑎  ˜   +    𝑏  ˜   ≤    𝑐  ˜   +    ∑    𝑖  =  0     𝑛  −  1      𝜔  𝑖     𝑎  ˜   ,    ∀    1  ≤  𝑛  ≤  𝐾  ,       


\begin {align*}\tilde a_n+\tilde b_n\le \tilde c_n+\sum _{i=0}^{n-1}\omega _i \tilde a_i,\quad \forall \, 1\le n\le K, \vspace {-0.2cm}\end {align*}


           𝑎  ˜   +    𝑏  ˜   ≤    𝑐  ˜    exp       (    ∑    𝑖  =  0     𝑛  −  1      𝜔  𝑖   )   ,    ∀    1  ≤  𝑛  ≤  𝐾  .       


\begin {align}\label {p6:gronwall:KL} \tilde a_n+\tilde b_n\le \tilde c_n\mathrm {exp}\left (\sum _{i=0}^{n-1}\omega _i\right ),\quad \forall \,1\le n\le K. \vspace {-0.2cm}\end {align}


$\omega _0 \tilde a_0+\tilde c_1\le \tilde c_1e^{\omega _0}$


   𝑛  =  1 


$n=1$


     𝑎  ˜   ≤    𝑐  ˜  


$\tilde a_0\le \tilde c_1$


$(\bm u,p)$


$M$


   {    𝐮  𝑛   } 


$\{\bm u^n\}$


   {    𝑝  𝑛   } 


$\{p^n\}$


   {    𝑞  𝑛   } 


$\{q^n\}$


     𝜏  0  


$\tau _0$


$C_1$


     𝐶  2  


$C_2$


$\Omega $


$T$


$\nu $


$M$


$\bm u_0$


$\bm f$


$\Delta t$


$\theta $


$n$


   Δ  𝑡  ≤    𝜏  0  


$\Delta t\le \tau _0$


            ‖    𝑒  𝐮    𝑛  +  1      ‖  0  2   +    ∑    𝑖  =  0   𝑛   ‖    𝑒  𝐮    𝑖  +  1    −    𝑒  𝐮  𝑖     ‖  0  2   +  Δ  𝑡  𝜈    ∑    𝑖  =  0   𝑛   ‖  ∇    𝑒  𝐮    𝑖  +  1      ‖  0  2   ≤    𝐶  1       (  1  +    1  𝜃   )     Δ    𝑡  2   ,    0  ≤  𝑛  ≤  𝑁  −  1  ,    


\begin {align*}&\|e_{\bm u}^{n+1}\|_0^2+\sum _{i=0}^n\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_0^2+\Delta t\nu \sum _{i=0}^n\|\nabla e_{\bm u}^{i+1}\|_0^2\le C_1\left (1+\frac {1}{\theta }\right )\Delta t^2,\quad 0\le n\le N-1, \vspace {-0.2cm}\end {align*}


         |    𝑒  𝑞  𝑛   |  ≤      𝐶  2   𝜃   Δ  𝑡  ,    0  ≤  𝑛  ≤  𝑁  .       


\begin {align*}|e_q^n|\le \frac {C_2}{\theta }\Delta t,\quad 0\le n\le N. \vspace {-0.2cm}\end {align*}


     𝑒  𝐮    𝑛  +  1   


$e_{\bm u}^{n+1}$


$q^{n+1}$


   (    𝑞    𝑛  +  1      )  2  


$(q^{n+1})^2$


$q$


     𝐮    𝑛  +  1    −    𝐮  𝑛  


$\bm u^{n+1}-\bm u^n$


     𝑒  𝐮    𝑛  +  1    −    𝑒  𝐮  𝑛  


$e_{\bm u}^{n+1}-e_{\bm u}^n$


   𝒪  (  1  ) 


$\mathcal {O}(1)$


$t_{n+1}$


               𝑒  𝐮    𝑛  +  1    −    𝑒  𝐮  𝑛      Δ  𝑡    −  𝜈  Δ    𝑒  𝐮    𝑛  +  1    +  ∇    𝑒  𝑝    𝑛  +  1    =    𝐑  𝐮    𝑛  +  1    +  (  𝐮  (    𝑡    𝑛  +  1    )  ⋅  ∇  )  𝐮  (    𝑡    𝑛  +  1    )  −    𝑞    𝑛  +  1    (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   ,       


\begin {align}\label {p6:err_eq_u} \frac {e_{\bm u}^{n+1}-e_{\bm u}^n}{\Delta t}-\nu \Delta e_{\bm u}^{n+1}+\nabla e_p^{n+1}=\bm R_{\bm u}^{n+1}+(\bm u(t_{n+1})\cdot \nabla )\bm u(t_{n+1})-q^{n+1}(\bm u^n\cdot \nabla )\bm u^n,\end {align}


     𝐑  𝐮    𝑛  +  1   


$\bm R_{\bm u}^{n+1}$


           𝐑  𝐮    𝑛  +  1    =    𝐮  𝑡   (    𝑡    𝑛  +  1    )  −      𝐮  (    𝑡    𝑛  +  1    )  −  𝐮  (    𝑡  𝑛   )     Δ  𝑡    =    1    Δ  𝑡      ∫    𝑡  𝑛     𝑡    𝑛  +  1     (  𝑡  −    𝑡  𝑛   )    𝐮    𝑡  𝑡    (  𝑡  )    𝑑  𝑡  .       


\begin {align*}\bm R_{\bm u}^{n+1}=\bm u_t(t_{n+1})-\frac {\bm u(t_{n+1})-\bm u(t_n)}{\Delta t}=\frac {1}{\Delta t}\int _{t_n}^{t_{n+1}}(t-t_n)\bm u_{tt}(t)\,dt.\end {align*}


$e_{\bm u}^{n+1}$


   (  ∇    𝑒  𝑝    𝑛  +  1    ,    𝑒  𝐮    𝑛  +  1    )  =  0 


$(\nabla e_p^{n+1},e_{\bm u}^{n+1})=0$


   ∇  ⋅    𝑒  𝐮    𝑛  +  1    =  0 


$\nabla \cdot e_{\bm u}^{n+1}=0$


     


\begin {align}\label {p6:est:velo} \begin {aligned} &\frac {\|e_{\bm u}^{n+1}\|_0^2-\|e_{\bm u}^n\|_0^2}{2\Delta t}+\frac {\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_0^2}{2\Delta t}+\nu \|\nabla e_{\bm u}^{n+1}\|_0^2\\ &\quad =(\bm R_{\bm u}^{n+1},e_{\bm u}^{n+1})+b(\bm u(t_{n+1}),\bm u(t_{n+1}),e_{\bm u}^{n+1})-q^{n+1}b(\bm u^n,\bm u^n,e_{\bm u}^{n+1}). \end {aligned}\end {align}


   𝐮  (    𝑡    𝑛  +  1    )  ∈    𝐇  0  1   (  Ω  ) 


$\bm u(t_{n+1})\in \bm H_0^1(\Omega )$


     𝐮    𝑛  +  1    ∈    𝐇  0  1   (  Ω  ) 


$\bm u^{n+1}\in \bm H_0^1(\Omega )$


     𝑒  𝐮    𝑛  +  1    ∈    𝐇  0  1   (  Ω  ) 


$e_{\bm u}^{n+1}\in \bm H_0^1(\Omega )$


         (    𝐑  𝐮    𝑛  +  1    ,    𝑒  𝐮    𝑛  +  1    )  ≤      ‖    1    Δ  𝑡      ∫    𝑡  𝑛     𝑡    𝑛  +  1     (  𝑡  −    𝑡  𝑛   )    𝐮    𝑡  𝑡      𝑑  𝑡  ‖     −  1      ‖    𝑒  𝐮    𝑛  +  1      ‖  1   ≤    (    ∫    𝑡  𝑛     𝑡    𝑛  +  1     ‖    𝐮    𝑡  𝑡      ‖    −  1    𝑑  𝑡  )     ‖    𝑒  𝐮    𝑛  +  1      ‖  1   .       


\begin {align}\label {p6:est:Ru_} (\bm R_{\bm u}^{n+1},e_{\bm u}^{n+1})\le \left \|\frac {1}{\Delta t}\int _{t_n}^{t_{n+1}}(t-t_n)\bm u_{tt}\,dt\right \|_{-1}\|e_{\bm u}^{n+1}\|_1\le \left (\int _{t_n}^{t_{n+1}}\|\bm u_{tt}\|_{-1}dt\right )\|e_{\bm u}^{n+1}\|_1.\end {align}


         𝑏  (  𝐮  (    𝑡    𝑛  +  1    )  ,  𝐮  (    𝑡    𝑛  +  1    )  ,    𝑒  𝐮    𝑛  +  1    )  −    𝑞    𝑛  +  1    𝑏  (    𝐮  𝑛   ,    𝐮  𝑛   ,    𝑒  𝐮    𝑛  +  1    )  =    𝐵  1   +    𝐵  2   +    𝐵  3   +    𝐵  4   ,       


\begin {align}\label {p6:B1234} b(\bm u(t_{n+1}),\bm u(t_{n+1}),e_{\bm u}^{n+1})-q^{n+1}b(\bm u^n,\bm u^n,e_{\bm u}^{n+1})=B_1+B_2+B_3+B_4,\end {align}


           𝐵  1      =  𝑏  (  𝐮  (    𝑡    𝑛  +  1    )  −  𝐮  (    𝑡  𝑛   )  ,  𝐮  (    𝑡    𝑛  +  1    )  ,    𝑒  𝐮    𝑛  +  1    )  +  𝑏  (  𝐮  (    𝑡  𝑛   )  ,  𝐮  (    𝑡    𝑛  +  1    )  −  𝐮  (    𝑡  𝑛   )  ,    𝑒  𝐮    𝑛  +  1    )  ,          𝐵  2      =  −    𝑞    𝑛  +  1    𝑏  (    𝑒  𝐮  𝑛   ,  𝐮  (    𝑡  𝑛   )  ,    𝑒  𝐮    𝑛  +  1    )  −    𝑞    𝑛  +  1    𝑏  (  𝐮  (    𝑡  𝑛   )  ,    𝑒  𝐮  𝑛   ,    𝑒  𝐮    𝑛  +  1    )  ,          𝐵  3      =  −    𝑞    𝑛  +  1    𝑏  (    𝑒  𝐮  𝑛   ,    𝑒  𝐮  𝑛   ,    𝑒  𝐮    𝑛  +  1    )  ,          𝐵  4      =  −    𝑒  𝑞    𝑛  +  1    𝑏  (  𝐮  (    𝑡  𝑛   )  ,  𝐮  (    𝑡  𝑛   )  ,    𝑒  𝐮    𝑛  +  1    )  .    


\begin {align*}B_1&=b(\bm u(t_{n+1})-\bm u(t_n),\bm u(t_{n+1}),e_{\bm u}^{n+1})+b(\bm u(t_n),\bm u(t_{n+1})-\bm u(t_n),e_{\bm u}^{n+1}),\\ B_2&=-q^{n+1}b(e_{\bm u}^n,\bm u(t_n),e_{\bm u}^{n+1})-q^{n+1}b(\bm u(t_n),e_{\bm u}^n,e_{\bm u}^{n+1}),\\ B_3&=-q^{n+1}b(e_{\bm u}^n,e_{\bm u}^n,e_{\bm u}^{n+1}),\\ B_4&=-e_q^{n+1}b(\bm u(t_n),\bm u(t_n),e_{\bm u}^{n+1}).\end {align*}


$b$


       𝐵  1   


\begin {align}\label {p6:est:B1_} \begin {aligned} B_1&=b(\bm u(t_{n+1})-\bm u(t_n),\bm u(t_{n+1}),e_{\bm u}^{n+1})-b(\bm u(t_n),e_{\bm u}^{n+1},\bm u(t_{n+1})-\bm u(t_n)) \\ &\le c_2\|\bm u(t_{n+1})-\bm u(t_n)\|_0\|\bm u(t_{n+1})\|_2\|e_{\bm u}^{n+1}\|_1+c_2\|\bm u(t_n)\|_2\|e_{\bm u}^{n+1}\|_1\|\bm u(t_{n+1})-\bm u(t_n)\|_0 \\ &\le 2c_2M\|\bm u(t_{n+1})-\bm u(t_n)\|_0\|e_{\bm u}^{n+1}\|_1\\ &\le 2c_2M\left (\int _{t_n}^{t_{n+1}}\|\bm u_t\|_0\,dt\right )\|e_{\bm u}^{n+1}\|_1. \end {aligned}\end {align}


   0  <    𝑞    𝑛  +  1    ≤    𝑐  0  


$0<q^{n+1}\le c_0$


       𝐵  2   


\begin {align}&\begin {aligned} B_2&=-q^{n+1}b(e_{\bm u}^n,\bm u(t_n),e_{\bm u}^{n+1})+q^{n+1}b(\bm u(t_n),e_{\bm u}^{n+1},e_{\bm u}^n)\\ &\le c_0c_2\|e_{\bm u}^n\|_0\|\bm u(t_n)\|_2\|e_{\bm u}^{n+1}\|_1+c_0c_2\|\bm u(t_n)\|_2\|e_{\bm u}^{n+1}\|_1\|e_{\bm u}^n\|_0\\ &\le 2c_0c_2M\|e_{\bm u}^n\|_0\|e_{\bm u}^{n+1}\|_1, \end {aligned} \label {p6:est:B2_} \vspace {0.4cm}\\ &\begin {aligned} B_3&=-q^{n+1}b(e_{\bm u}^n,e_{\bm u}^n,e_{\bm u}^{n+1})\le c_0c_2\|e_{\bm u}^n\|_1\|e_{\bm u}^n\|_1\|e_{\bm u}^{n+1}\|_1=c_0c_2\|e_{\bm u}^n\|_1^2\|e_{\bm u}^{n+1}\|_1. \vspace {-0.2cm} \end {aligned} \label {p6:est:B3_}\end {align}


     𝐵  3  


$B_3$


   ‖    𝑒  𝐮  𝑛     ‖  1  2  


$\|e_{\bm u}^n\|_1^2$


   ‖    𝑒  𝐮  𝑛     ‖  1  4  


$\|e_{\bm u}^n\|_1^4$


$B_3$


     𝐵  3   ≤    𝑐  0     𝑐  2   ‖    𝑒  𝐮  𝑛     ‖  0    1  /  2    ‖    𝑒  𝐮  𝑛     ‖  1    1  /  2    ‖    𝑒  𝐮  𝑛     ‖  0    1  /  2    ‖    𝑒  𝐮  𝑛     ‖  1    1  /  2    ‖    𝑒  𝐮    𝑛  +  1      ‖  1  


$B_3\le c_0c_2\|e_{\bm u}^n\|_0^{1/2}\|e_{\bm u}^n\|_1^{1/2}\|e_{\bm u}^n\|_0^{1/2}\|e_{\bm u}^n\|_1^{1/2}\|e_{\bm u}^{n+1}\|_1$


     𝐵  3   ≤    𝑐  0     𝑐  2   ‖    𝑒  𝐮  𝑛     ‖  0   ‖    𝑒  𝐮  𝑛     ‖  1   ‖    𝑒  𝐮    𝑛  +  1      ‖  1  


$B_3\le c_0c_2\|e_{\bm u}^n\|_0\|e_{\bm u}^n\|_1\|e_{\bm u}^{n+1}\|_1$


$\|e_{\bm u}^n\|_1^4$


$d=2$


$B_3$


     𝐵  4  


$B_4$


       𝐵  4   


\begin {align}\label {p6:est:B4_} \begin {aligned} B_4&=-e_q^{n+1}b(\bm u(t_n),\bm u(t_n),e_{\bm u}^{n+1})\le c_2|e_q^{n+1}|\|\bm u(t_n)\|_2\|\bm u(t_n)\|_1\|e_{\bm u}^{n+1}\|_0\le c_2M^2|e_q^{n+1}|\|e_{\bm u}^{n+1}\|_0. \end {aligned}\end {align}


$B_3$


$B_4$


   |    𝑒  𝑞    𝑛  +  1    |  ‖    𝑒  𝐮    𝑛  +  1      ‖  0  


$|e_q^{n+1}|\|e_{\bm u}^{n+1}\|_0$


$B_4$


$e_{\bm u}^{n+1}$


     𝑒    𝑆  𝐴  𝑉     𝑛  +  1   


$e_{SAV}^{n+1}$


$B_4$


     


\begin {align}\label {p6:est:u} \begin {aligned} &\frac {\|e_{\bm u}^{n+1}\|_0^2-\|e_{\bm u}^n\|_0^2}{2\Delta t}+\frac {\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_0^2}{2\Delta t}+\nu \|\nabla e_{\bm u}^{n+1}\|_0^2\\ &\quad \le \left (\int _{t_n}^{t_{n+1}}\|\bm u_{tt}\|_{-1}\,dt+2c_2M\int _{t_n}^{t_{n+1}}\|\bm u_t\|_0\,dt+2c_0c_2M\|e_{\bm u}^n\|_0+c_0c_2\|e_{\bm u}^n\|_1^2\right )\|e_{\bm u}^{n+1}\|_1\\ &\qquad +c_2M^2|e_q^{n+1}|\|e_{\bm u}^{n+1}\|_0. \end {aligned}\end {align}


   ‖    𝑒  𝐮    𝑛  +  1      ‖  1   ≤  (  1  +    𝑐  1   )  ‖  ∇    𝑒  𝐮    𝑛  +  1      ‖  0  


$\|e_{\bm u}^{n+1}\|_1\le (1+c_1)\|\nabla e_{\bm u}^{n+1}\|_0$


     


\begin {align}\label {p6:est:u_rhs} \begin {aligned} &\left (\int _{t_n}^{t_{n+1}}\|\bm u_{tt}\|_{-1}\,dt+2c_2M\int _{t_n}^{t_{n+1}}\|\bm u_t\|_0\,dt+2c_0c_2M\|e_{\bm u}^n\|_0+c_0c_2\|e_{\bm u}^n\|_1^2\right )\|e_{\bm u}^{n+1}\|_1\\ &\quad \le \frac {(1+c_1)^2}{2\nu }\left (\int _{t_n}^{t_{n+1}}\|\bm u_{tt}\|_{-1}\,dt+2c_2M\int _{t_n}^{t_{n+1}}\|\bm u_t\|_0\,dt+2c_0c_2M\|e_{\bm u}^n\|_0+c_0c_2\|e_{\bm u}^n\|_1^2\right )^2\\ &\qquad +\frac {\nu }{2(1+c_1)^2}\|e_{\bm u}^{n+1}\|_1^2\\ &\quad \le \frac {(1+c_1)^2}{2\nu }\left (1+4c_2^2M^2+4c_0^2c_2^2M^2+c_0^2c_2^2\right )\bigg [\left (\int _{t_n}^{t_{n+1}}\|\bm u_{tt}\|_{-1}\,dt\right )^2+\left (\int _{t_n}^{t_{n+1}}\|\bm u_t\|_0\,dt\right )^2\\ &\qquad +\|e_{\bm u}^n\|_0^2+\|e_{\bm u}^n\|_1^4\bigg ]+\frac {\nu }{2}\|\nabla e_{\bm u}^{n+1}\|_0^2\\ &\quad \le c_3\left (\Delta t\int _{t_n}^{t_{n+1}}\|\bm u_{tt}\|_{-1}^2\,dt+\Delta t\int _{t_n}^{t_{n+1}}\|\bm u_t\|_0^2\,dt+\|e_{\bm u}^n\|_0^2+\|e_{\bm u}^n\|_1^4\right )+\frac {\nu }{2}\|\nabla e_{\bm u}^{n+1}\|_0^2, \end {aligned}\end {align}


     𝑐  3   =      (  1  +    𝑐  1     )  2      2  𝜈        (  1  +  4    𝑐  2  2     𝑀  2   +  4    𝑐  0  2     𝑐  2  2     𝑀  2   +    𝑐  0  2     𝑐  2  2   )   . 


$c_3=\frac {(1+c_1)^2}{2\nu }\left (1+4c_2^2M^2+4c_0^2c_2^2M^2+c_0^2c_2^2\right ).$


     


\begin {align}\label {p6:est:u_compact} \begin {aligned} &\frac {\|e_{\bm u}^{n+1}\|_0^2-\|e_{\bm u}^n\|_0^2}{2\Delta t}+\frac {\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_0^2}{2\Delta t}+\frac {\nu }{2}\|\nabla e_{\bm u}^{n+1}\|_0^2\\ &\quad \le c_3\left (\Delta t\int _{t_n}^{t_{n+1}}\|\bm u_{tt}\|_{-1}^2\,dt+\Delta t\int _{t_n}^{t_{n+1}}\|\bm u_t\|_0^2\,dt+\|e_{\bm u}^n\|_0^2+\|e_{\bm u}^n\|_1^4\right )+c_2M^2|e_q^{n+1}|\|e_{\bm u}^{n+1}\|_0. \end {aligned}\end {align}


$i=0,1,\ldots ,n$


   2  Δ  𝑡 


$2\Delta t$


     


\begin {align}\label {p6:u:before_Gronwall} \begin {aligned} &\|e_{\bm u}^{n+1}\|_0^2+\sum _{i=0}^n\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_0^2+\Delta t\nu \sum _{i=0}^n\|\nabla e_{\bm u}^{i+1}\|_0^2\\ &\quad \le 2c_3\Delta t\left (\Delta t\int _0^T\|\bm u_{tt}\|_{-1}^2\,dt+\Delta t\int _0^T\|\bm u_t\|_0^2\,dt+\sum _{i=0}^n\|e_{\bm u}^i\|_0^2+\sum _{i=0}^n\|e_{\bm u}^i\|_1^4\right )\\ &\qquad +2c_2M^2\Delta t\sum _{i=0}^n |e_q^{i+1}|\|e_{\bm u}^{i+1}\|_0\\ &\quad \le 2c_3\Delta t\left (2M\Delta t+\sum _{i=0}^n\|e_{\bm u}^i\|_0^2+\sum _{i=0}^n\|e_{\bm u}^i\|_1^4\right )+2c_2M^2\Delta t\sum _{i=0}^n |e_q^{i+1}|\|e_{\bm u}^{i+1}\|_0, \end {aligned}\end {align}


     


\begin {align}\label {p6:BDT:Cauchy} \begin {aligned} &2c_2M^2\Delta t\sum _{i=0}^n |e_q^{i+1}|\|e_{\bm u}^{i+1}\|_0=2c_2M^2\Delta t|e_q^{n+1}|\|e_{\bm u}^{n+1}\|_0+2c_2M^2\Delta t\sum _{i=0}^n |e_q^{i}|\|e_{\bm u}^{i}\|_0\\ &\qquad \le \frac 12\|e_{\bm u}^{n+1}\|_0^2+2c_2^2M^4\Delta t^2|e_q^{n+1}|^2+c_2M^2\Delta t\sum _{i=0}^n|e_q^i|^2+c_2M^2\Delta t\sum _{i=0}^n\|e_{\bm u}^{i}\|_0^2. \end {aligned}\end {align}


     


\begin {align}\label {p6:BDT:uq} \begin {aligned} &\frac 12\|e_{\bm u}^{n+1}\|_0^2+\sum _{i=0}^n\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_0^2+\Delta t\nu \sum _{i=0}^n\|\nabla e_{\bm u}^{i+1}\|_0^2\\ &\le 4c_3M\Delta t^2+(2c_3+c_2M^2)\Delta t\sum _{i=0}^n\|e_{\bm u}^i\|_0^2+2c_3\Delta t\sum _{i=0}^n\|e_{\bm u}^i\|_1^4\\ &\quad +c_2M^2\Delta t\sum _{i=0}^n|e_q^i|^2+2c_2^2M^4\Delta t^2|e_q^{n+1}|^2. \end {aligned}\end {align}


   |    𝑒  𝑞    𝑛  +  1      |  2  


$|e_q^{n+1}|^2$


   |  (    𝑞    𝑛  +  1      )  2   −  1  | 


$\left |(q^{n+1})^2-1\right |$


$q$


$q^0=1$


         𝜃      (    𝑞    𝑛  +  1      )  2   −  (    𝑞  𝑛     )  2      Δ  𝑡       =      ‖    𝐮    𝑛  +  1    −    𝐮  𝑛     ‖  0  2      2  Δ  𝑡    +    𝑞    𝑛  +  1    𝑏  (    𝐮  𝑛   ,    𝐮  𝑛   ,    𝐮    𝑛  +  1    )  .    


\begin {align}\label {p6:q:info_1} \theta \frac {(q^{n+1})^2-(q^n)^2}{\Delta t}&=\frac {\|\bm u^{n+1}-\bm u^n\|_0^2}{2\Delta t}+q^{n+1}b(\bm u^n,\bm u^n,\bm u^{n+1}).\end {align}


$\bm L^2$


$\bm u^{n+1}-\bm u^n$


   𝑏  (    𝐮  𝑛   ,    𝐮  𝑛   ,    𝐮  𝑛   )  =  0 


$b(\bm u^n,\bm u^n,\bm u^n)=0$


   (  ∇    𝑝    𝑛  +  1    ,    𝐮    𝑛  +  1    −    𝐮  𝑛   )  =  0 


$(\nabla p^{n+1},\bm u^{n+1}-\bm u^n)=0$


     


\begin {align}\label {p6:q:info_2} \begin {aligned} &\frac {\|\bm u^{n+1}-\bm u^n\|_0^2}{\Delta t}+\frac {\nu }{2}\left (\|\nabla \bm u^{n+1}\|_0^2-\|\nabla \bm u^n\|_0^2+\|\nabla (\bm u^{n+1}-\bm u^n)\|_0^2\right )+q^{n+1}b(\bm u^n,\bm u^n,\bm u^{n+1})\\ &\qquad \qquad =\left (\bm f(t_{n+1}),\bm u^{n+1}-\bm u^n\right ). \end {aligned}\end {align}


       𝜃      (    𝑞    𝑛  +  1      )  2   −  (    𝑞  𝑛     )  2      Δ  𝑡    =   


\begin {align}\label {p6:q:rewrite} \begin {aligned} \theta \frac {(q^{n+1})^2-(q^n)^2}{\Delta t}=&\left (\bm f(t_{n+1}),\bm u^{n+1}-\bm u^n\right )-\frac {\|\bm u^{n+1}-\bm u^n\|_0^2}{2\Delta t}\\ &-\frac {\nu }{2}\left (\|\nabla \bm u^{n+1}\|_0^2-\|\nabla \bm u^n\|_0^2+\|\nabla (\bm u^{n+1}-\bm u^n)\|_0^2\right ). \end {aligned}\end {align}


$q^0=1$


$i=0,1,\ldots ,n$


       𝜃      (    𝑞    𝑛  +  1      )  2   −  1     Δ  𝑡    =   


\begin {align}\label {p6:q:err_eqn} \begin {aligned} \theta \frac {(q^{n+1})^2-1}{\Delta t}=&\sum _{i=0}^n\left (\bm f(t_{i+1}),\bm u^{i+1}-\bm u^i\right )-\frac {1}{2\Delta t}\sum _{i=0}^n\|\bm u^{i+1}-\bm u^i\|_0^2\\ &-\frac {\nu }{2}(\|\nabla \bm u^{n+1}\|_0^2-\|\nabla \bm u^0\|_0^2)-\frac {\nu }{2}\sum _{i=0}^n\|\nabla (\bm u^{i+1}-\bm u^i)\|_0^2. \end {aligned}\end {align}


$c_{\bm f}=\|\bm f\|_{L^{\infty }(0,T;\bm L^2(\Omega ))}$


       |    ∑    𝑖  =  0   𝑛     (  𝐟  (    𝑡    𝑖  +  1    )  ,    𝐮    𝑖  +  1    −    𝐮  𝑖   )   |   


\begin {align}\label {p6:q:rhs1} \begin {aligned} \left |\sum _{i=0}^n\left (\bm f(t_{i+1}),\bm u^{i+1}-\bm u^i\right )\right |&\le \sum _{i=0}^n\|\bm f(t_{i+1})\|_0\|\bm u^{i+1}-\bm u^i\|_0\\ &\le \sum _{i=0}^n c_{\bm f}\sqrt {\Delta t}\cdot \frac {1}{\sqrt {\Delta t}}\|\bm u^{i+1}-\bm u^i\|_0\\ &\le \frac 12\sum _{i=0}^nc_{\bm f}^2\Delta t+\frac {1}{2\Delta t}\sum _{i=0}^n\|\bm u^{i+1}-\bm u^i\|_0^2\\ &\le \frac 12c_{\bm f}^2T+\frac {1}{2\Delta t}\sum _{i=0}^n\|\bm u^{i+1}-\bm u^i\|_0^2. \end {aligned}\end {align}


     𝐮    𝑖  +  1    −    𝐮  𝑖   =  (  𝐮  (    𝑡    𝑖  +  1    )  −  𝐮  (    𝑡  𝑖   )  )  +  (    𝑒  𝐮    𝑖  +  1    −    𝑒  𝐮  𝑖   ) 


$\bm u^{i+1}-\bm u^i=(\bm u(t_{i+1})-\bm u(t_i))+(e_{\bm u}^{i+1}-e_{\bm u}^i)$


   ‖  𝐮  +  𝐯    ‖  0  2   ≤  2  (  ‖  𝐮    ‖  0  2   +  ‖  𝐯    ‖  0  2   ) 


$\|\bm u+\bm v\|_0^2\le 2(\|\bm u\|_0^2+\|\bm v\|_0^2)$


         1    2  Δ  𝑡      ∑    𝑖  =  0   𝑛   ‖    𝐮    𝑖  +  1    −    𝐮  𝑖     ‖  0  2    


\begin {align}\label {p6:q:rhs2} \begin {aligned} \frac {1}{2\Delta t}\sum _{i=0}^n\|\bm u^{i+1}-\bm u^i\|_0^2&\le \frac {1}{\Delta t}\sum _{i=0}^n\|\bm u(t_{i+1})-\bm u(t_i)\|_0^2+\frac {1}{\Delta t}\sum _{i=0}^n\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_0^2\\ &\le \frac {1}{\Delta t}\sum _{i=0}^n\left (\int _{t_i}^{t_{i+1}}\|\bm u_t\|_0\,dt\right )^2+\frac {1}{\Delta t}\sum _{i=0}^n\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_0^2\\ &\le \int _0^T\|\bm u_t\|_0^2\,dt+\frac {1}{\Delta t}\sum _{i=0}^n\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_0^2\\ &\le M+\frac {1}{\Delta t}\sum _{i=0}^n\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_0^2. \end {aligned}\end {align}


     𝜈  2   ‖  ∇    𝐮    𝑛  +  1      ‖  0  2  


$\frac {\nu }{2}\|\nabla \bm u^{n+1}\|_0^2$


         𝜈  2   ‖  ∇    𝐮    𝑛  +  1      ‖  0  2    


\begin {align}\label {p6:q:rhs3} \begin {aligned} \frac {\nu }{2}\|\nabla \bm u^{n+1}\|_0^2&\le \nu \|\nabla \bm u(t_{n+1})\|_0^2+\nu \|\nabla e_{\bm u}^{n+1}\|_0^2\\ &\le \nu M^2+\nu \|\nabla e_{\bm u}^{n+1}\|_0^2, \end {aligned}\end {align}


         𝜈  2     ∑    𝑖  =  0   𝑛   ‖  ∇  (    𝐮    𝑖  +  1    −    𝐮  𝑖   )    ‖  0  2    


\begin {align}\label {p6:q:rhs4} \begin {aligned} \frac {\nu }{2}\sum _{i=0}^n\|\nabla (\bm u^{i+1}-\bm u^i)\|_0^2&\le \nu \sum _{i=0}^n\|\nabla (\bm u(t_{i+1})-\bm u(t_i))\|_0^2+ \nu \sum _{i=0}^n\|\nabla (e_{\bm u}^{i+1}-e_{\bm u}^i)\|_0^2\\ &\le \nu \Delta t\int _0^T\|\nabla \bm u_t\|_0^2\,dt+\nu \sum _{i=0}^n\|\nabla (e_{\bm u}^{i+1}-e_{\bm u}^i)\|_0^2\\ &\le \nu M\Delta t+\nu \sum _{i=0}^n\|\nabla (e_{\bm u}^{i+1}-e_{\bm u}^i)\|_0^2. \end {aligned}\end {align}


       𝜃      |  (    𝑞    𝑛  +  1      )  2   −  1  |     Δ  𝑡     


\begin {align}\label {p6:q:end} \begin {aligned} \theta \frac {|(q^{n+1})^2-1|}{\Delta t}&\le \left |\sum _{i=0}^n\left (\bm f(t_{i+1}),\bm u^{i+1}-\bm u^i\right )\right |+ \frac {1}{2\Delta t}\sum _{i=0}^n\|\bm u^{i+1}-\bm u^i\|_0^2\\ &\qquad +\frac {\nu }{2}\left (\|\nabla \bm u^{n+1}\|_0^2+\|\nabla \bm u^0\|_0^2\right )+\frac {\nu }{2}\sum _{i=0}^n\|\nabla (\bm u^{i+1}-\bm u^i)\|_0^2\\ &\le \frac 12c_{\bm f}^2T+2M+\nu M^2+\frac {\nu }{2}\|\nabla \bm u^0\|_0^2+\nu M\Delta t\\ &\qquad +\frac {2}{\Delta t}\sum _{i=0}^n\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_0^2+\nu \|\nabla e_{\bm u}^{n+1}\|_0^2+\nu \sum _{i=0}^n\|\nabla (e_{\bm u}^{i+1}-e_{\bm u}^i)\|_0^2. \end {aligned}\end {align}


     𝑒  𝑞    𝑛  +  1    =    𝑞    𝑛  +  1    −  1  ≥  −  1 


$e_q^{n+1}=q^{n+1}-1\ge -1$


       𝜃      |  (    𝑞    𝑛  +  1      )  2   −  1  |     Δ  𝑡     


\begin {align}\label {p6:BDT:key} \begin {aligned} \theta \frac {|(q^{n+1})^2-1|}{\Delta t}&=\theta \frac {|(e_q^{n+1}+1)^2-1|}{\Delta t}\\ &=\theta \frac {|(e_q^{n+1})^2+2e_q^{n+1}|}{\Delta t}\\ &\ge \theta \frac {\max \{|e_q^{n+1}|^2,|e_q^{n+1}|\}}{\Delta t}. \end {aligned}\end {align}


   |  𝑥  +  2  |  ≥   max   {  |  𝑥  |  ,  1  } 


$|x+2|\ge \max \{|x|,1\}$


   𝑥  ≥  −  1 


$x\ge -1$


         𝜃       max   {  |    𝑒  𝑞    𝑛  +  1      |  2   ,  |    𝑒  𝑞    𝑛  +  1    |  }     Δ  𝑡    ≤    𝑐  4   +  𝜈  𝑀  Δ  𝑡  +    𝑆    𝑛  +  1    ,       


\begin {align}\label {p6:BDT_max} \theta \frac {\max \{|e_q^{n+1}|^2,|e_q^{n+1}|\}}{\Delta t}\le c_4+\nu M\Delta t+S^{n+1},\end {align}


     𝑐  4   =    1  2     𝑐  𝐟  2   𝑇  +  2  𝑀  +  𝜈    𝑀  2   +    𝜈  2   ‖  ∇    𝐮  0     ‖  0  2  


$c_4=\frac 12c_{\bm f}^2T+2M+\nu M^2+\frac {\nu }{2}\|\nabla \bm u^0\|_0^2$


           𝑆    𝑛  +  1       =    2    Δ  𝑡      ∑    𝑖  =  0   𝑛   ‖    𝑒  𝐮    𝑖  +  1    −    𝑒  𝐮  𝑖     ‖  0  2   +  𝜈  ‖  ∇    𝑒  𝐮    𝑛  +  1      ‖  0  2   +  𝜈    ∑    𝑖  =  0   𝑛   ‖  ∇  (    𝑒  𝐮    𝑖  +  1    −    𝑒  𝐮  𝑖   )    ‖  0  2   .    


\begin {align*}S^{n+1}&=\frac {2}{\Delta t}\sum _{i=0}^n\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_0^2+\nu \|\nabla e_{\bm u}^{n+1}\|_0^2+\nu \sum _{i=0}^n\|\nabla (e_{\bm u}^{i+1}-e_{\bm u}^i)\|_0^2.\end {align*}


     𝑆    𝑛  +  1   


$S^{n+1}$


$\bm L^2$


$e_{\bm u}^{n+1}-e_{\bm u}^n$


     


\begin {align*}\begin {aligned} &\frac {\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_0^2}{\Delta t}+\frac {\nu }{2}\left (\|\nabla e_{\bm u}^{n+1}\|_0^2-\|\nabla e_{\bm u}^n\|_0^2+\|\nabla (e_{\bm u}^{n+1}-e_{\bm u}^n)\|_0^2\right )\\ &\quad =(\bm R_{\bm u}^{n+1},e_{\bm u}^{n+1}-e_{\bm u}^n)+b(\bm u(t_{n+1}),\bm u(t_{n+1}),e_{\bm u}^{n+1}-e_{\bm u}^n)-q^{n+1}b(\bm u^n,\bm u^n,e_{\bm u}^{n+1}-e_{\bm u}^n)\\ &\quad \le \left (\int _{t_n}^{t_{n+1}}\|\bm u_{tt}\|_{-1}\,dt+2c_2M\int _{t_n}^{t_{n+1}}\|\bm u_t\|_0\,dt+2c_0c_2M\|e_{\bm u}^n\|_0+c_0c_2\|e_{\bm u}^n\|_1^2\right )\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_1\\ &\qquad +c_2M^2|e_q^{n+1}|\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_0\\ &\quad \le 2c_3\left (\Delta t\int _{t_n}^{t_{n+1}}\|\bm u_{tt}\|_{-1}^2\,dt+\Delta t\int _{t_n}^{t_{n+1}}\|\bm u_t\|_0^2\,dt+\|e_{\bm u}^n\|_0^2+\|e_{\bm u}^n\|_1^4\right )+\frac {\nu }{4}\|\nabla (e_{\bm u}^{n+1}-e_{\bm u}^n)\|_0^2\\ &\qquad +\frac {\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_0^2}{2\Delta t}+\frac {c_2^2M^4\Delta t}{2}|e_q^{n+1}|^2, \end {aligned}\end {align*}


     


\begin {align}\label {p6:u:other} \begin {aligned} &\frac {\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_0^2}{2\Delta t}+\frac {\nu }{2}\left (\|\nabla e_{\bm u}^{n+1}\|_0^2-\|\nabla e_{\bm u}^n\|_0^2\right )+\frac {\nu }{4}\|\nabla (e_{\bm u}^{n+1}-e_{\bm u}^n)\|_0^2\\ &\quad \le 2c_3\left (\Delta t\int _{t_n}^{t_{n+1}}\|\bm u_{tt}\|_{-1}^2\,dt+\Delta t\int _{t_n}^{t_{n+1}}\|\bm u_t\|_0^2\,dt+\|e_{\bm u}^n\|_0^2+\|e_{\bm u}^n\|_1^4\right )+\frac {c_2^2M^4\Delta t}{2}|e_q^{n+1}|^2. \end {aligned}\end {align}


$i=0,1,\ldots ,n$


     


\begin {align}\label {p6:u:key1} \begin {aligned} &\frac {1}{2\Delta t}\sum _{i=0}^n\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_0^2+\frac {\nu }{2}\|\nabla e_{\bm u}^{n+1}\|_0^2+\frac {\nu }{4}\sum _{i=0}^n\|\nabla (e_{\bm u}^{i+1}-e_{\bm u}^i)\|_0^2\\ &\quad \le 2c_3\left (2M\Delta t+\sum _{i=0}^n\|e_{\bm u}^i\|_0^2+\sum _{i=0}^n\|e_{\bm u}^i\|_1^4\right )+\frac {c_2^2M^4\Delta t}{2}\sum _{i=0}^n|e_q^{i+1}|^2. \end {aligned}\end {align}


$S^{n+1}$


       𝑆    𝑛  +  1    


\begin {align}\label {p6:u:key2} \begin {aligned} S^{n+1}&\le \frac {2}{\Delta t}\sum _{i=0}^n\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_0^2+2\nu \|\nabla e_{\bm u}^{n+1}\|_0^2+\nu \sum _{i=0}^n\|\nabla (e_{\bm u}^{i+1}-e_{\bm u}^i)\|_0^2\\ &\le 8c_3\left (2M\Delta t+\sum _{i=0}^n\|e_{\bm u}^i\|_0^2+\sum _{i=0}^n\|e_{\bm u}^i\|_1^4\right )+2c_2^2M^4\Delta t\sum _{i=0}^n|e_q^{i+1}|^2. \end {aligned}\end {align}


   𝜃  |    𝑒  𝑞    𝑛  +  1      |  2  


$\theta |e_q^{n+1}|^2$


     


\begin {align}\label {p6:for_later} \begin {aligned} &\theta \frac {\max \{|e_q^{n+1}|^2,|e_q^{n+1}|\}}{\Delta t}\le c_4+\nu M\Delta t+S^{n+1}\\ &\quad \le c_4+(16c_3+\nu )M\Delta t+ 8c_3\sum _{i=0}^n\|e_{\bm u}^i\|_0^2+8c_3\sum _{i=0}^n\|e_{\bm u}^i\|_1^4+2c_2^2M^4\Delta t\sum _{i=0}^n|e_q^{i+1}|^2. \end {aligned}\end {align}


       𝑥  +  𝑦   2   ≤   max   {  𝑥  ,  𝑦  } 


$\frac {x+y}{2}\le \max \{x,y\}$


   𝑥  ,  𝑦  ∈  ℝ 


$x,y\in \mathbb {R}$


$2\Delta t$


       𝜃  |    𝑒  𝑞    𝑛  +  1      |  2   +  𝜃  |    𝑒  𝑞    𝑛  +  1    |   


\begin {align}\label {p6:q:c3c4c5} \begin {aligned} \theta |e_q^{n+1}|^2+\theta |e_q^{n+1}|&\le 2c_4\Delta t+(32c_3+2\nu )M\Delta t^2+ 16c_3\Delta t\sum _{i=0}^n\|e_{\bm u}^i\|_0^2\\ &\quad +16c_3\Delta t\sum _{i=0}^n\|e_{\bm u}^i\|_1^4+4c_2^2M^4\Delta t^2\sum _{i=0}^n|e_q^{i+1}|^2. \end {aligned}\end {align}


   𝜃  |    𝑒  𝑞    𝑛  +  1    |  >  2    𝑐  4   Δ  𝑡 


$\theta |e_q^{n+1}|>2c_4\Delta t$


         𝜃  |    𝑒  𝑞    𝑛  +  1      |  2   ≤  (   32     𝑐  3   +  2  𝜈  )  𝑀  Δ    𝑡  2   +   16     𝑐  3   Δ  𝑡    ∑    𝑖  =  0   𝑛   ‖    𝑒  𝐮  𝑖     ‖  0  2   +   16     𝑐  3   Δ  𝑡    ∑    𝑖  =  0   𝑛   ‖    𝑒  𝐮  𝑖     ‖  1  4   +  4    𝑐  2  2     𝑀  4   Δ    𝑡  2     ∑    𝑖  =  0   𝑛   |    𝑒  𝑞    𝑖  +  1      |  2   .       


\begin {align*}\theta |e_q^{n+1}|^2\le (32c_3+2\nu )M\Delta t^2+ 16c_3\Delta t\sum _{i=0}^n\|e_{\bm u}^i\|_0^2+16c_3\Delta t\sum _{i=0}^n\|e_{\bm u}^i\|_1^4+4c_2^2M^4\Delta t^2\sum _{i=0}^n|e_q^{i+1}|^2.\end {align*}


   𝜃  |    𝑒  𝑞    𝑛  +  1    |  ≤  2    𝑐  4   Δ  𝑡 


$\theta |e_q^{n+1}|\le 2c_4\Delta t$


   𝜃  |    𝑒  𝑞    𝑛  +  1      |  2   ≤      4    𝑐  4  2    𝜃   Δ    𝑡  2  


$\theta |e_q^{n+1}|^2\le \frac {4c_4^2}{\theta }\Delta t^2$


       𝜃  |    𝑒  𝑞    𝑛  +  1      |  2    


\begin {align}\label {p6:BDT:qu} \begin {aligned} \theta |e_q^{n+1}|^2&\le \left (32c_3M+2\nu M+\frac {4c_4^2}{\theta }\right )\Delta t^2+ 16c_3\Delta t\sum _{i=0}^n\|e_{\bm u}^i\|_0^2 \\ &\qquad \qquad +16c_3\Delta t\sum _{i=0}^n\|e_{\bm u}^i\|_1^4+4c_2^2M^4\Delta t^2\sum _{i=0}^n|e_q^{i+1}|^2. \end {aligned}\end {align}


     


\begin {align}\label {p6:combine_uq} \begin {aligned} &\frac 12\|e_{\bm u}^{n+1}\|_0^2+\sum _{i=0}^n\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_0^2+\Delta t\nu \sum _{i=0}^n\|\nabla e_{\bm u}^{i+1}\|_0^2+\theta |e_q^{n+1}|^2\\ &\quad \le \left (36c_3M+2\nu M+\frac {4c_4^2}{\theta }\right )\Delta t^2+(18c_3+c_2M^2)\Delta t\sum _{i=0}^n\|e_{\bm u}^i\|_0^2+18c_3\Delta t\sum _{i=0}^n\|e_{\bm u}^i\|_1^4\\ &\qquad +(c_2M^2+4c_2^2M^4\Delta t)\Delta t\sum _{i=0}^n|e_q^i|^2+6c_2^2M^4\Delta t^2|e_q^{n+1}|^2. \end {aligned}\end {align}


$\Delta t$


   6    𝑐  2  2     𝑀  4   Δ    𝑡  2   ≤    𝜃  2  


$6c_2^2M^4\Delta t^2\le \frac {\theta }{2}$


         Δ  𝑡  ≤      𝜃     2    3     𝑐  2     𝑀  2     ,       


\begin {align}\label {p6:CFL} \Delta t\le \frac {\sqrt {\theta }}{2\sqrt {3}c_2M^2},\end {align}


     


\begin {align}\label {p6:combine_uq_new} \begin {aligned} &\|e_{\bm u}^{n+1}\|_0^2+2\sum _{i=0}^n\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_0^2+2\Delta t\nu \sum _{i=0}^n\|\nabla e_{\bm u}^{i+1}\|_0^2+\theta |e_q^{n+1}|^2\\ &\quad \le \left (72c_3M+4\nu M+\frac {8c_4^2}{\theta }\right )\Delta t^2+(36c_3+2c_2M^2)\Delta t\sum _{i=0}^n\|e_{\bm u}^i\|_0^2+36c_3\Delta t\sum _{i=0}^n\|e_{\bm u}^i\|_1^4\\ &\qquad +(2c_2M^2+8c_2^2M^4\Delta t)\Delta t\sum _{i=0}^n|e_q^i|^2\\ &\quad \le \max \left \{36c_3+2c_2M^2,\frac {2c_2M^2+8c_2^2M^4\Delta t}{\theta }\right \}\Delta t\sum _{i=0}^n\left (\|e_{\bm u}^{i}\|_0^2+\theta |e_q^i|^2\right )\\ &\qquad +\left (72c_3M+4\nu M+\frac {8c_4^2}{\theta }\right )\Delta t^2+36c_3\Delta t\sum _{i=0}^n\|e_{\bm u}^i\|_1^4. \end {aligned}\end {align}


$\theta \ge 1$


             2    𝑐  2     𝑀  2   +  8    𝑐  2  2     𝑀  4   Δ  𝑡   𝜃      =  2    𝑐  2     𝑀  2       1  +  4    𝑐  2     𝑀  2   Δ  𝑡   𝜃   ≤  2    𝑐  2     𝑀  2       1  +      2    𝜃      3     𝜃   ≤  2    𝑐  2     𝑀  2       (  1  +    2    3    )   ≤  5    𝑐  2     𝑀  2   .    


\begin {align*}\frac {2c_2M^2+8c_2^2M^4\Delta t}{\theta }&=2c_2M^2\frac {1+4c_2M^2\Delta t}{\theta }\le 2c_2M^2\frac {1+\frac {2\sqrt {\theta }}{\sqrt {3}}}{\theta }\le 2c_2M^2\left (1+\frac {2}{\sqrt {3}}\right )\le 5c_2M^2.\end {align*}


     


\begin {align}\label {p6:combine_uq_new!} \begin {aligned} &\|e_{\bm u}^{n+1}\|_0^2+2\sum _{i=0}^n\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_0^2+2\Delta t\nu \sum _{i=0}^n\|\nabla e_{\bm u}^{i+1}\|_0^2+\theta |e_q^{n+1}|^2\\ &\le (36c_3+5c_2M^2)\Delta t\sum _{i=0}^n\left (\|e_{\bm u}^{i}\|_0^2+\theta |e_q^i|^2\right )+\left (72c_3M+4\nu M+\frac {8c_4^2}{\theta }\right )\Delta t^2+36c_3\Delta t\sum _{i=0}^n\|e_{\bm u}^i\|_1^4. \end {aligned}\end {align}


     𝑎  ˜   =  ‖    𝑒  𝐮  𝑛     ‖  0  2   +  𝜃  |    𝑒  𝑞  𝑛     |  2  


$\tilde a_n=\|e_{\bm u}^{n}\|_0^2+\theta |e_q^n|^2$


$0\le n\le N$


     


\begin {align}\label {p6:result_1} \begin {aligned} &\|e_{\bm u}^{n+1}\|_0^2+2\sum _{i=0}^n\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_0^2+2\Delta t\nu \sum _{i=0}^n\|\nabla e_{\bm u}^{i+1}\|_0^2+\theta |e_q^{n+1}|^2\\ &\quad \le \left [\left (72c_3M+4\nu M+\frac {8c_4^2}{\theta }\right )\Delta t^2+36c_3\Delta t\sum _{i=0}^n\|e_{\bm u}^i\|_1^4\right ]\mathrm {exp}\left (T(36c_3+5c_2M^2)\right )\\ &\quad \le \left (2c_5M+\frac {c_6}{\theta }\right )\Delta t^2+c_5\Delta t\sum _{i=0}^n\|e_{\bm u}^i\|_1^4, \end {aligned}\end {align}


     𝑐  5   =    (   36     𝑐  3   +  2  𝜈  )      exp       (  𝑇  (   36     𝑐  3   +  5    𝑐  2     𝑀  2   )  )  


$c_5=\left (36c_3+2\nu \right )\mathrm {exp}\left (T(36c_3+5c_2M^2)\right )$


     𝑐  6   =  8    𝑐  4  2      exp       (  𝑇  (   36     𝑐  3   +  5    𝑐  2     𝑀  2   )  )  


$c_6=8c_4^2\,\mathrm {exp}\left (T(36c_3+5c_2M^2)\right )$


     ∑    𝑖  =  0   𝑛   ‖    𝑒  𝐮  𝑖     ‖  1  4  


$\sum \limits _{i=0}^n\|e_{\bm u}^i\|_1^4$


             2  Δ  𝑡  𝜈     (  1  +    𝑐  1     )  2       ∑    𝑖  =  0   𝑛   ‖    𝑒  𝐮    𝑖  +  1      ‖  1  2      ≤  2  Δ  𝑡  𝜈    ∑    𝑖  =  0   𝑛   ‖  ∇    𝑒  𝐮    𝑖  +  1      ‖  0  2   ≤    (  2    𝑐  5   𝑀  +      𝑐  6   𝜃   )     Δ    𝑡  2   +    𝑐  5   Δ  𝑡        (    ∑    𝑖  =  0   𝑛   ‖    𝑒  𝐮  𝑖     ‖  1  2   )   2   ,    


\begin {align*}\frac {2\Delta t\nu }{(1+c_1)^2}\sum _{i=0}^{n}\|e_{\bm u}^{i+1}\|_1^2&\le 2\Delta t\nu \sum _{i=0}^n\|\nabla e_{\bm u}^{i+1}\|_0^2\le \left (2c_5M+\frac {c_6}{\theta }\right )\Delta t^2+c_5\Delta t\left (\sum _{i=0}^n\|e_{\bm u}^i\|_1^2\right )^2,\end {align*}


           ∑    𝑖  =  0     𝑛  +  1    ‖    𝑒  𝐮  𝑖     ‖  1  2   ≤      (  1  +    𝑐  1     )  2      2  𝜈        [  2    𝑐  5   𝑀  +      𝑐  6   𝜃   +      𝑐  5     Δ  𝑡          (    ∑    𝑖  =  0   𝑛   ‖    𝑒  𝐮  𝑖     ‖  1  2   )   2   ]     Δ  𝑡  .       


\begin {align}\label {p6:for_induction} \sum _{i=0}^{n+1}\|e_{\bm u}^i\|_1^2\le \frac {(1+c_1)^2}{2\nu }\left [2c_5M+\frac {c_6}{\theta }+\frac {c_5}{\Delta t}\left (\sum _{i=0}^n\|e_{\bm u}^i\|_1^2\right )^2\right ]\Delta t.\end {align}


$\Delta t$


$0\le n\le N$


           ∑    𝑖  =  0   𝑛   ‖    𝑒  𝐮  𝑖     ‖  1  2   ≤      (  1  +    𝑐  1     )  2      2  𝜈        (  2    𝑐  5   𝑀  +      𝑐  6   𝜃   +    𝑐  5   )     Δ  𝑡  =  ∶  𝛼  Δ  𝑡  .       


\begin {align}\label {p6:induction} \sum _{i=0}^n\|e_{\bm u}^i\|_1^2\le \frac {(1+c_1)^2}{2\nu }\left (2c_5M+\frac {c_6}{\theta }+c_5\right )\Delta t=:\alpha \Delta t.\end {align}


   𝑛  =  0 


$n=0$


$e_{\bm u}^0=\bm 0$


   𝑛  <  𝑁 


$n<N$


$\Delta t$


         Δ  𝑡  ≤    1    𝛼  2    =      4    𝜈  2      (  1  +    𝑐  1     )  4       (    𝑐  5   +  2    𝑐  5   𝑀  +        𝑐  6   𝜃    )   2     ,       


\begin {align}\label {p6:CFL_2} \Delta t\le \frac {1}{\alpha ^2}=\frac {4\nu ^2}{(1+c_1)^4\left (c_5+2c_5M+\dfrac {c_6}{\theta }\right )^2},\end {align}


           ∑    𝑖  =  0     𝑛  +  1    ‖    𝑒  𝐮  𝑖     ‖  1  2      ≤      (  1  +    𝑐  1     )  2      2  𝜈        (  2    𝑐  5   𝑀  +      𝑐  6   𝜃   +    𝑐  5     𝛼  2   Δ  𝑡  )     Δ  𝑡  ≤      (  1  +    𝑐  1     )  2      2  𝜈        (  2    𝑐  5   𝑀  +      𝑐  6   𝜃   +    𝑐  5   )     Δ  𝑡  =  𝛼  Δ  𝑡  ,    


\begin {align*}\sum _{i=0}^{n+1}\|e_{\bm u}^i\|_1^2&\le \frac {(1+c_1)^2}{2\nu }\left (2c_5M+\frac {c_6}{\theta }+c_5\alpha ^2\Delta t\right )\Delta t\le \frac {(1+c_1)^2}{2\nu }\left (2c_5M+\frac {c_6}{\theta }+c_5\right )\Delta t=\alpha \Delta t,\end {align*}


   Δ  𝑡  ≤    1    𝛼  2   


$\Delta t\le \frac {1}{\alpha ^2}$


           ∑    𝑖  =  0   𝑁   ‖    𝑒  𝐮  𝑖     ‖  1  4   ≤      (    ∑    𝑖  =  0   𝑁   ‖    𝑒  𝐮  𝑖     ‖  1  2   )   2   ≤    𝛼  2   Δ    𝑡  2   ≤  Δ  𝑡  .       


\begin {align}\label {p6:result_2} \sum _{i=0}^N\|e_{\bm u}^i\|_1^4\le \left (\sum _{i=0}^N\|e_{\bm u}^i\|_1^2\right )^2\le \alpha ^2\Delta t^2\le \Delta t.\end {align}


     


\begin {align}\label {p6:result_3} \begin {aligned} &\|e_{\bm u}^{n+1}\|_0^2+2\sum _{i=0}^n\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_0^2+2\Delta t\nu \sum _{i=0}^n\|\nabla e_{\bm u}^{i+1}\|_0^2+\theta |e_q^{n+1}|^2\le \left (c_5+2c_5M+\frac {c_6}{\theta }\right )\Delta t^2, \end {aligned}\end {align}


$\Delta t$


$\theta \ge 1$


   Δ  𝑡  ≤   min       {    1    2    3     𝑐  2     𝑀  2     ,      4    𝜈  2      (  1  +    𝑐  1     )  4       (    𝑐  5   +  2    𝑐  5   𝑀  +    𝑐  6   )   2     ,  𝑇  }   =  ∶    𝜏  0   . 


\begin {equation*}\Delta t\le \min \left \{\frac {1}{2\sqrt {3}c_2M^2},\frac {4\nu ^2}{(1+c_1)^4\left (c_5+2c_5M+c_6\right )^2},T\right \}=:\tau _0.\end {equation*}


     𝑐  7   =   max   {    𝑐  5   +  2    𝑐  5   𝑀  ,    𝑐  6   } 


$c_7=\max \{c_5+2c_5M,c_6\}$


   0  ≤  𝑛  <  𝑁 


$0\le n<N$


         ‖    𝑒  𝐮    𝑛  +  1      ‖  0  2   +  2    ∑    𝑖  =  0   𝑛   ‖    𝑒  𝐮    𝑖  +  1    −    𝑒  𝐮  𝑖     ‖  0  2   +  2  Δ  𝑡  𝜈    ∑    𝑖  =  0   𝑛   ‖  ∇    𝑒  𝐮    𝑖  +  1      ‖  0  2      ≤    𝑐  7       (  1  +    1  𝜃   )     Δ    𝑡  2   ,    


\begin {align}\|e_{\bm u}^{n+1}\|_0^2+2\sum _{i=0}^n\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_0^2+2\Delta t\nu \sum _{i=0}^n\|\nabla e_{\bm u}^{i+1}\|_0^2&\le c_7\left (1+\frac {1}{\theta }\right )\Delta t^2, \label {p6:result_4} \vspace {-0.2cm}\end {align}


         |    𝑒  𝑞    𝑛  +  1      |  2      ≤    𝑐  7       (    1  𝜃   +    1    𝜃  2    )     Δ    𝑡  2   .    


\begin {align}|e_q^{n+1}|^2&\le c_7\left (\frac {1}{\theta }+\frac {1}{\theta ^2}\right )\Delta t^2.\label {p6:BDT_improve} \vspace {-0.2cm}\end {align}


   |    𝑒  𝑞    𝑛  +  1    | 


$|e_q^{n+1}|$


   𝜃  ≫  1 


$\theta \gg 1$


         𝜃      |    𝑒  𝑞    𝑛  +  1    |     Δ  𝑡       ≤    𝑐  4   +  (   16     𝑐  3   +  𝜈  )  𝑀  Δ  𝑡  +  8    𝑐  3     ∑    𝑖  =  0   𝑛   ‖    𝑒  𝐮  𝑖     ‖  0  2   +  8    𝑐  3     ∑    𝑖  =  0   𝑛   ‖    𝑒  𝐮  𝑖     ‖  1  4   +  2    𝑐  2  2     𝑀  4   Δ  𝑡    ∑    𝑖  =  0   𝑛   |    𝑒  𝑞    𝑖  +  1      |  2            ≤    𝑐  4   +  (   16     𝑐  3   +  𝜈  )  𝑀  Δ  𝑡  +  8    𝑐  3     𝑐  7       (  1  +    1  𝜃   )     𝑇  Δ  𝑡  +  8    𝑐  3   Δ  𝑡  +  2    𝑐  2  2     𝑀  4     𝑐  7       (    1  𝜃   +    1    𝜃  2    )     𝑇  Δ    𝑡  2            ≤    𝑐  4   +    𝑐  8   Δ  𝑡  +    𝑐  9   Δ    𝑡  2   ,    


\begin {align*}\theta \frac {|e_q^{n+1}|}{\Delta t}&\le c_4+(16c_3+\nu )M\Delta t+ 8c_3\sum _{i=0}^n\|e_{\bm u}^i\|_0^2+8c_3\sum _{i=0}^n\|e_{\bm u}^i\|_1^4+2c_2^2M^4\Delta t\sum _{i=0}^n|e_q^{i+1}|^2\\ &\le c_4+(16c_3+\nu )M\Delta t+8c_3c_7\left (1+\frac {1}{\theta }\right )T\Delta t+8c_3\Delta t+2c_2^2M^4c_7\left (\frac {1}{\theta }+\frac {1}{\theta ^2}\right )T\Delta t^2\\ &\le c_4+c_8\Delta t+c_9\Delta t^2,\end {align*}


     𝑐  8   =  (   16     𝑐  3   +  𝜈  )  𝑀  +   16     𝑐  3     𝑐  7   𝑇  +  8    𝑐  3  


$c_8=(16c_3+\nu )M+16c_3c_7T+8c_3$


     𝑐  9   =  4    𝑐  2  2     𝑀  4     𝑐  7   𝑇 


$c_9=4c_2^2M^4c_7T$


   |    𝑒  𝑞    𝑛  +  1    |  ≤        𝑐  4   +    𝑐  8   Δ  𝑡  +    𝑐  9   Δ    𝑡  2    𝜃   Δ  𝑡  , 


\begin {equation*}|e_q^{n+1}|\le \frac {c_4+c_8\Delta t+c_9\Delta t^2}{\theta }\Delta t,\end {equation*}


     𝐶  1   =    𝑐  7  


$C_1=c_7$


     𝐶  2   =    𝑐  4   +    𝑐  8     𝜏  0   +    𝑐  9     𝜏  0  2  


$C_2=c_4+c_8\tau _0+c_9\tau _0^2$


     𝑒  𝑞    𝑛  +  1   


$e_q^{n+1}$


$e_q^{n+1}$


       𝜃      (    𝑞    𝑛  +  1      )  2   −  1     Δ  𝑡     


\begin {align}\label {p6:rm:upper_bound} \begin {aligned} \theta \frac {(q^{n+1})^2-1}{\Delta t}&\le \frac 12c_{\bm f}^2T+\frac {\nu }{2}\|\nabla \bm u^0\|_0^2-\frac {\nu }{2}\|\nabla \bm u^{n+1}\|_0^2-\frac {\nu }{2}\sum _{i=0}^n\|\nabla (\bm u^{i+1}-\bm u^i)\|_0^2\\ &\le \frac 12c_{\bm f}^2T+\frac {\nu }{2}\|\nabla \bm u^0\|_0^2=:\widehat {c}. \end {aligned}\end {align}


     𝑞    𝑛  +  1    −  1  =    𝑒  𝑞    𝑛  +  1   


$q^{n+1}-1=e_q^{n+1}$


     𝑞    𝑛  +  1    +  1  >  1 


$q^{n+1}+1>1$


   𝜃      𝑒  𝑞    𝑛  +  1      Δ  𝑡    ≤    𝑐  ˆ   ,    or equivalently,      𝑒  𝑞    𝑛  +  1    ≤      𝑐  ˆ   𝜃   Δ  𝑡  . 


\begin {equation*}\theta \frac {e_q^{n+1}}{\Delta t}\le \widehat {c},\text { or equivalently, } e_q^{n+1}\le \frac {\widehat {c}}{\theta }\Delta t.\end {equation*}


   {    𝑔  𝑛     }    𝑛  ≥  0   


$\{g^n\}_{n\ge 0}$


     𝐮  𝑡   ∈    𝐿  4   (  0  ,  𝑇  ;    𝐋  2   (  Ω  )  ) 


$\bm u_t\in L^4(0,T;\bm L^2(\Omega ))$


     𝐶  3  


$C_3$


$\Delta t$


$\theta $


   Δ  𝑡  ≤   min   {    𝜏  0   ,    𝜃    2    𝐶  2     } 


$\Delta t\le \min \{\tau _0,\frac {\theta }{2C_2}\}$


           ∑    𝑛  =  0     𝑁  −  1    |    𝑑  𝑡     𝑒  𝑞    𝑛  +  1      |  2   ≤      𝐶  3     𝜃  2    Δ  𝑡  ,       


\begin {align*}\sum _{n=0}^{N-1}|d_te_q^{n+1}|^2\le \frac {C_3}{\theta ^2}\Delta t,\end {align*}


$\tau _0$


$C_2$


     𝑀  ˜  


$\widetilde {M}$


       ∫  0  𝑇   ‖    𝐮  𝑡     ‖  0  4     𝑑  𝑡  ≤    𝑀  ˜   


$\displaystyle \int _{0}^{T}\|\bm u_t\|_0^4\,dt\le \widetilde {M}$


     𝑞    𝑛  +  1    −    𝑞  𝑛   =    𝑒  𝑞    𝑛  +  1    −    𝑒  𝑞  𝑛  


$q^{n+1}-q^n=e_q^{n+1}-e_q^n$


         𝜃  (    𝑞    𝑛  +  1    +    𝑞  𝑛   )    𝑑  𝑡     𝑒  𝑞    𝑛  +  1    =    (  𝐟  (    𝑡    𝑛  +  1    )  ,    𝐮    𝑛  +  1    −    𝐮  𝑛   )   −      ‖    𝐮    𝑛  +  1    −    𝐮  𝑛     ‖  0  2      2  Δ  𝑡    −  𝜈  (  ∇    𝐮    𝑛  +  1    ,  ∇  (    𝐮    𝑛  +  1    −    𝐮  𝑛   )  )  .       


\begin {align}\label {p6:dt:eq} \theta (q^{n+1}+q^n)d_te_q^{n+1}=\left (\bm f(t_{n+1}),\bm u^{n+1}-\bm u^n\right )-\frac {\|\bm u^{n+1}-\bm u^n\|_0^2}{2\Delta t}-\nu (\nabla \bm u^{n+1},\nabla (\bm u^{n+1}-\bm u^n)).\end {align}


$c_{\bm f}=\|\bm f\|_{L^{\infty }(0,T;\bm L^2(\Omega ))}$


       |    (  𝐟  (    𝑡    𝑛  +  1    )  ,    𝐮    𝑛  +  1    −    𝐮  𝑛   )   |   


\begin {align}\label {p6:est:cf} \begin {aligned} \left |\left (\bm f(t_{n+1}),\bm u^{n+1}-\bm u^n\right )\right |&\le \|\bm f(t_{n+1})\|_0\|\bm u^{n+1}-\bm u^n\|_0\\ &\le c_{\bm f}\|\bm u^{n+1}-\bm u^n\|_0\\ &\le \frac 12c_{\bm f}^2\Delta t+\frac {1}{2\Delta t}\|\bm u^{n+1}-\bm u^n\|_0^2. \end {aligned}\end {align}


         𝜃  (    𝑞    𝑛  +  1    +    𝑞  𝑛   )  |    𝑑  𝑡     𝑒  𝑞    𝑛  +  1    |  ≤    1  2     𝑐  𝐟  2   Δ  𝑡  +    1    Δ  𝑡    ‖    𝐮    𝑛  +  1    −    𝐮  𝑛     ‖  0  2   +  𝜈  ‖  ∇    𝐮    𝑛  +  1      ‖  0   ‖  ∇  (    𝐮    𝑛  +  1    −    𝐮  𝑛   )    ‖  0   .       


\begin {align}\label {p6:C3hat:1} \theta (q^{n+1}+q^n)|d_te_q^{n+1}|\le \frac 12c_{\bm f}^2\Delta t+\frac {1}{\Delta t}\|\bm u^{n+1}-\bm u^n\|_0^2+\nu \|\nabla \bm u^{n+1}\|_0\|\nabla (\bm u^{n+1}-\bm u^n)\|_0.\end {align}


       ‖    𝐮    𝑛  +  1    −    𝐮  𝑛     ‖  0  2    


\begin {align}\label {p6:C3hat:2} \begin {aligned} \|\bm u^{n+1}-\bm u^n\|_0^2&\le \left (\|e_{\bm u}^{n+1}-e_{\bm u}^{n}\|_0+\|\bm u(t_{n+1})-\bm u(t_n)\|_0\right )^2\\ &\le \left (\sqrt {2C_1}\,\Delta t+\int _{t_n}^{t_{n+1}}\|\bm u_t\|_0\,dt\right )^2\\ &\le (2C_1+1)\left (\Delta t^2+\Delta t\int _{t_n}^{t_{n+1}}\|\bm u_t\|_0^2\,dt\right ),\\ \|\nabla \bm u^{n+1}\|_0&\le \|\nabla e_{\bm u}^{n+1}\|_0+\|\nabla \bm u(t_{n+1})\|_0\\ &\le \sqrt {\frac {2C_1\Delta t}{\nu }}+M\le \sqrt {\frac {2C_1T}{\nu }}+M,\\ \|\nabla (\bm u^{n+1}-\bm u^n)\|_0&\le \|\nabla (e_{\bm u}^{n+1}-e_{\bm u}^n)\|_0+\|\nabla (\bm u(t_{n+1})-\bm u(t_n))\|_0\\ &\le \|\nabla e_{\bm u}^{n+1}\|_0+\|\nabla e_{\bm u}^n\|_0+\int _{t_n}^{t_{n+1}}\|\bm u_t\|_1\,dt. \end {aligned}\end {align}


   Δ  𝑡  ≤    𝜃    2    𝐶  2    


$\Delta t\le \frac {\theta }{2C_2}$


   |    𝑒  𝑞  𝑛   |  ≤    1  2  


$|e_q^n|\le \frac 12$


$0\le n\le N$


     1  2   ≤    𝑞  𝑛   ≤    3  2  


$\frac 12\le q^n\le \frac 32$


$0\le n\le N$


     𝑞    𝑛  +  1    +    𝑞  𝑛   ≥  1 


$q^{n+1}+q^n\ge 1$


       𝜃  |    𝑑  𝑡     𝑒  𝑞    𝑛  +  1    |   


\begin {align}\label {p6:pre_C3} \begin {aligned} \theta |d_te_q^{n+1}|&\le \theta (q^{n+1}+q^n)|d_te_q^{n+1}|\\ &\le \left (\frac 12c_{\bm f}^2+2C_1+1\right )\Delta t+(2C_1+1)\int _{t_n}^{t_{n+1}}\|\bm u_t\|_0^2\,dt\\ &\quad +\left (\sqrt {2C_1T\nu }+M\nu \right )\left (\|\nabla e_{\bm u}^{n+1}\|_0+\|\nabla e_{\bm u}^n\|_0+\int _{t_n}^{t_{n+1}}\|\bm u_t\|_1\,dt\right ). \end {aligned}\end {align}


         𝜃  2   |    𝑑  𝑡     𝑒  𝑞    𝑛  +  1      |  2    


\begin {align}\label {p6:theta**2} \begin {aligned} \theta ^2|d_te_q^{n+1}|^2&\le \left [\left (\frac 12c_{\bm f}^2+2C_1+1\right )^2+(2C_1+1)^2+3\left (\sqrt {2C_1T\nu }+M\nu \right )^2\right ]\\ &\quad \cdot \left [\Delta t^2+\Delta t\int _{t_n}^{t_{n+1}}\|\bm u_t\|_0^4\,dt+\|\nabla e_{\bm u}^{n+1}\|_0^2+\|\nabla e_{\bm u}^n\|_0^2+\Delta t\int _{t_n}^{t_{n+1}}\|\bm u_t\|_1^2\,dt\right ]. \end {aligned}\end {align}


$\bm u$


           ∫  0  𝑇   ‖    𝐮  𝑡     ‖  0  4     𝑑  𝑡  ≤    𝑀  ˜   ,      ∫  0  𝑇   ‖    𝐮  𝑡     ‖  1  2     𝑑  𝑡  ≤  𝑀  ,      ∑    𝑛  =  0   𝑁   ‖  ∇    𝑒  𝐮  𝑛     ‖  0  2   ≤      2    𝐶  1    𝜈   Δ  𝑡  .       


\begin {align}\label {p6:M_nu} \int _{0}^{T}\|\bm u_t\|_0^4\,dt\le \widetilde {M},\quad \int _0^T\|\bm u_t\|_1^2\,dt\le M,\quad \sum _{n=0}^N\|\nabla e_{\bm u}^n\|_0^2\le \frac {2C_1}{\nu }\Delta t.\end {align}


   𝑛  =  0  ,  1  ,  …  ,  𝑁  −  1 


$n=0,1,\ldots ,N-1$


$C_3$


           𝐶  3   =    [      (    1  2     𝑐  𝐟  2   +  2    𝐶  1   +  1  )   2   +  (  2    𝐶  1   +  1    )  2   +  3        (      2    𝐶  1   𝑇  𝜈    +  𝑀  𝜈  )   2   ]       (  𝑇  +    𝑀  ˜   +  𝑀  +      4    𝐶  1    𝜈   )   ,       


\begin {align*}C_3=\left [\left (\frac 12c_{\bm f}^2+2C_1+1\right )^2+(2C_1+1)^2+3\left (\sqrt {2C_1T\nu }+M\nu \right )^2\right ]\left (T+\widetilde {M}+M+\frac {4C_1}{\nu }\right ),\end {align*}


$\Delta t$


$\theta $


     𝑀  ˆ  


$\widehat {M}$


$\{\bm u^n\}$


$\{p^n\}$


$\{q^n\}$


     𝜏  ˆ  


$\widehat {\tau }_0$


     𝐶  4  


$C_4$


$\Omega $


$T$


$\nu $


$M$


$\widehat {M}$


$\bm u_0$


$\bm f$


$\Delta t$


$\theta $


$n$


   Δ  𝑡  ≤   min   {    𝜏  0   ,    𝜏  ˆ   ,    𝜃    2    𝐶  2     } 


$\Delta t\le \min \{\tau _0,\widehat {\tau }_0,\frac {\theta }{2C_2}\}$


           Δ  𝑡     ∑    𝑖  =  0   𝑛   ‖    𝑒  𝑝    𝑖  +  1      ‖      𝐿  2   /  ℝ   2   ≤    𝐶  4       (  1  +    1  𝜃   )     Δ    𝑡  2   ,    0  ≤  𝑛  ≤  𝑁  −  1  ,       


\begin {align*}{\Delta t} \sum _{i=0}^n\|e_p^{i+1}\|^2_{L^2/\mathbb R}\le C_4\left (1+\frac {1}{\theta }\right )\Delta t^{2}, \quad 0\le n\le N-1,\end {align*}


$\tau _0$


$C_2$


$\bm u$


$\beta >0$


   𝜑  ∈    𝐿  2   (  Ω  )  /  ℝ 


$\varphi \in L^2(\Omega )/\mathbb R$


           1  𝛽   ‖  ∇  𝜑    ‖    −  1    ≤  ‖  𝜑    ‖      𝐿  2   /  ℝ    ≤  𝛽  ‖  ∇  𝜑    ‖    −  1    .       


\begin {align}\label {p6:pr:switch} \frac {1}{\beta }\|\nabla \varphi \|_{-1}\le \|\varphi \|_{L^2/\mathbb R}\le \beta \|\nabla \varphi \|_{-1}.\end {align}


   ‖    𝑒  𝑝  𝑛     ‖      𝐿  2   /  ℝ   


$\|e_p^n\|_{L^2/\mathbb R}$


   1  ≤  𝑛  ≤  𝑁 


$1\le n\le N$


   ‖  ∇    𝑒  𝑝  𝑛     ‖    −  1   


$\|\nabla e_p^n\|_{-1}$


       ∇    𝑒  𝑝    𝑛  +  1    =  −        𝑒  𝐮    𝑛  +  1    −    𝑒  𝐮  𝑛      Δ  𝑡    +  𝜈  Δ    𝑒  𝐮    𝑛  +  1    +    𝐑  𝐮    𝑛  +  1    +  (  𝐮  (    𝑡    𝑛  +  1    )  ⋅  ∇  )  𝐮  (    𝑡    𝑛  +  1    )  −    𝑞    𝑛  +  1    (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   .   


\begin {align}\label {p6:eq:pressure} \begin {aligned} \nabla e_p^{n+1}=-\frac {e_{\bm u}^{n+1}-e_{\bm u}^n}{\Delta t}+\nu \Delta e_{\bm u}^{n+1}+\bm R_{\bm u}^{n+1}+(\bm u(t_{n+1})\cdot \nabla )\bm u(t_{n+1})-q^{n+1}(\bm u^n\cdot \nabla )\bm u^n. \end {aligned}\end {align}


   𝐯  ∈    𝐇  0  1   (  Ω  ) 


$\bm v\in \bm H_0^1(\Omega )$


$\bm L^2$


$\bm v$


       (  ∇    𝑒  𝑝    𝑛  +  1    ,  𝐯  )   


\begin {align}\label {p6:eq:any_v} \begin {aligned} \left (\nabla e_p^{n+1},\bm v\right )&=-\frac {1}{\Delta t}\left (e_{\bm u}^{n+1}-e_{\bm u}^n,\bm v\right )-\nu \left (\nabla e_{\bm u}^{n+1},\nabla \bm v\right )+\left (\bm R_{\bm u}^{n+1},\bm v\right )\\ &\qquad +b\left (\bm u(t_{n+1}),\bm u(t_{n+1}),\bm v\right )-q^{n+1}b\left (\bm u^n,\bm u^n,\bm v\right )\\ &\le \frac {1}{\Delta t}\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_{-1}\|\bm v\|_1+\nu \|\nabla e_{\bm u}^{n+1}\|_0\|\bm v\|_1+\bigg (\int _{t_n}^{t_{n+1}}\|\bm u_{tt}\|_{-1}\,dt\\ &\quad +2c_2M\int _{t_n}^{t_{n+1}}\|\bm u_t\|_0\,dt+2c_0c_2M\|e_{\bm u}^n\|_0+c_0c_2\|e_{\bm u}^n\|_1^2+c_2M^2|e_q^{n+1}|\bigg )\|\bm v\|_1, \end {aligned}\end {align}


$e_{\bm u}^{n+1}$


$\bm v$


     𝐇    −  1   


$\bm H^{-1}$


   ‖  ∇    𝑒  𝑝    𝑛  +  1      ‖    −  1    =   inf       {  𝑐  ≥  0  ∶    (  ∇    𝑒  𝑝    𝑛  +  1    ,  𝐯  )   ≤  𝑐  ‖  𝐯    ‖  1   ,    ∀    𝐯  ∈    𝐇  0  1   (  Ω  )  }   . 


\begin {equation*}\|\nabla e_p^{n+1}\|_{-1}=\inf \left \{c\ge 0:\left (\nabla e_p^{n+1},\bm v\right )\le c\|\bm v\|_1,\;\forall \,\bm v\in \bm H_0^1(\Omega )\right \}.\end {equation*}


       ‖  ∇    𝑒  𝑝    𝑛  +  1      ‖    −  1     


\begin {align}\label {p6:est:-1norm} \begin {aligned} \|\nabla e_p^{n+1}\|_{-1}&\le \frac {1}{\Delta t}\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_{-1}+\nu \|\nabla e_{\bm u}^{n+1}\|_0+\int _{t_n}^{t_{n+1}}\|\bm u_{tt}\|_{-1}\,dt\\ &\quad +2c_2M\int _{t_n}^{t_{n+1}}\|\bm u_t\|_0\,dt+2c_0c_2M\|e_{\bm u}^n\|_0+c_0c_2\|e_{\bm u}^n\|_1^2+c_2M^2|e_q^{n+1}|. \end {aligned}\end {align}


       ‖  ∇    𝑒  𝑝    𝑛  +  1      ‖    −  1   2    


\begin {align}\label {p6:est:x} \begin {aligned} \|\nabla e_p^{n+1}\|_{-1}^2&\le \left (1+\nu +1+4c_2^2M^2+4c_0^2c_2^2M^2+c_0^2c_2^2+c_2^2M^4\right )\\ &\quad \cdot \bigg (\frac {1}{\Delta t^2}\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_{-1}^2+\nu \|\nabla e_{\bm u}^{n+1}\|_0^2+\Delta t\int _{t_n}^{t_{n+1}}\|\bm u_{tt}\|_{-1}^2\,dt\\ &\qquad +\Delta t\int _{t_n}^{t_{n+1}}\|\bm u_t\|_0^2\,dt+\|e_{\bm u}^n\|_0^2+\|e_{\bm u}^n\|_1^4+|e_q^{n+1}|^2\bigg ). \end {aligned}\end {align}


     𝑐   10    =  2  +  𝜈  +  4    𝑐  2  2     𝑀  2   +  4    𝑐  0  2     𝑐  2  2     𝑀  2   +    𝑐  0  2     𝑐  2  2   +    𝑐  2  2     𝑀  4  


$c_{10}=2+\nu +4c_2^2M^2+4c_0^2c_2^2M^2+c_0^2c_2^2+c_2^2M^4$


$i=0,1,\ldots ,n$


         ∑    𝑖  =  0   𝑛   ‖  ∇    𝑒  𝑝    𝑖  +  1      ‖    −  1   2    


\begin {align}\label {p6:est:c9} \begin {aligned} \sum _{i=0}^n\|\nabla e_p^{i+1}\|_{-1}^2&\le c_{10}\bigg (\frac {1}{\Delta t^2}\sum _{i=0}^{n}\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_{-1}^2+\nu \sum _{i=0}^{n}\|\nabla e_{\bm u}^{i+1}\|_0^2+\Delta t\int _0^T\|\bm u_{tt}\|_{-1}^2\,dt\\ &\qquad \quad +\Delta t\int _{0}^{T}\|\bm u_t\|_0^2\,dt+\sum _{i=0}^{n}\|e_{\bm u}^i\|_0^2+\sum _{i=0}^{n}\|e_{\bm u}^i\|_1^4+\sum _{i=0}^{n}|e_q^{i+1}|^2\bigg ). \end {aligned}\end {align}


         ∑    𝑖  =  0   𝑛   ‖  ∇    𝑒  𝑝    𝑖  +  1      ‖    −  1   2    


\begin {align}\label {p6:pr:-1} \begin {aligned} \sum _{i=0}^n\|\nabla e_p^{i+1}\|_{-1}^2&\le c_{10}\bigg [\frac {1}{\Delta t^2}\sum _{i=0}^{n}\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_{-1}^2+C_1\left (1+\frac {1}{\theta }\right )\Delta t+2M\Delta t\\ &\qquad \quad +C_1\left (1+\frac {1}{\theta }\right )T\Delta t+\Delta t+\frac {C_2^2}{\theta ^2}T\Delta t\bigg ]. \end {aligned}\end {align}


   ‖    𝑒  𝐮    𝑛  +  1    −    𝑒  𝐮  𝑛     ‖  0  


$\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_{0}$


   ‖    𝑒  𝐮    𝑛  +  1    −    𝑒  𝐮  𝑛     ‖    −  1   


$\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_{-1}$


$0\le n\le N-1$


   ‖    𝑒  𝐮    𝑛  +  1    −    𝑒  𝐮  𝑛     ‖    −  1    ≤  ‖    𝑒  𝐮    𝑛  +  1    −    𝑒  𝐮  𝑛     ‖  0  


$\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_{-1}\le \|e_{\bm u}^{n+1}-e_{\bm u}^n\|_{0}$


$\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_{0}$


             𝑑  𝑡     𝑒  𝐮    𝑛  +  1    −    𝑑  𝑡     𝑒  𝐮  𝑛      Δ  𝑡    −  𝜈  Δ    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    +  ∇    𝑑  𝑡     𝑒  𝑝    𝑛  +  1     


\begin {align}\label {p6:eq:dt} \begin {aligned} \frac {d_te_{\bm u}^{n+1}-d_te_{\bm u}^n}{\Delta t}-\nu \Delta d_te_{\bm u}^{n+1}+\nabla d_te_p^{n+1}&=d_t\bm R_{\bm u}^{n+1}+\frac {(\bm u(t_{n+1})\cdot \nabla )\bm u(t_{n+1})-(\bm u(t_n)\cdot \nabla )\bm u(t_n)}{\Delta t}\\ &\quad -\frac {q^{n+1}(\bm u^n\cdot \nabla )\bm u^n-q^{n}(\bm u^{n-1}\cdot \nabla )\bm u^{n-1}}{\Delta t}. \end {aligned}\end {align}


$\bm L^2$


     𝑑  𝑡     𝑒  𝐮    𝑛  +  1   


$d_te_{\bm u}^{n+1}$


     


\begin {align}\label {p6:S1S2} \begin {aligned} &\frac {\|d_te_{\bm u}^{n+1}\|_0^2-\|d_te_{\bm u}^n\|_0^2}{2\Delta t}+\frac {\|d_te_{\bm u}^{n+1}-d_te_{\bm u}^n\|_0^2}{2\Delta t}+\nu \|\nabla d_te_{\bm u}^{n+1}\|_0^2\\ &\quad =(d_t\bm R_{\bm u}^{n+1},d_te_{\bm u}^{n+1})+\frac {b(\bm u(t_{n+1}),\bm u(t_{n+1}),d_te_{\bm u}^{n+1})-b(\bm u(t_n),\bm u(t_n),d_te_{\bm u}^{n+1})}{\Delta t}\\ &\qquad -\frac {q^{n+1}b(\bm u^n,\bm u^n,d_te_{\bm u}^{n+1})-q^nb(\bm u^{n-1},\bm u^{n-1},d_te_{\bm u}^{n+1})}{\Delta t}\\ &\quad =(d_t\bm R_{\bm u}^{n+1},d_te_{\bm u}^{n+1})+S_1+S_2, \end {aligned}\end {align}


     𝑆  1  


$S_1$


     𝑆  2  


$S_2$


           𝑆  1      =      𝑏  (  𝐮  (    𝑡    𝑛  +  1    )  ,  𝐮  (    𝑡    𝑛  +  1    )  ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )  −  2  𝑏  (  𝐮  (    𝑡  𝑛   )  ,  𝐮  (    𝑡  𝑛   )  ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )  +  𝑏  (  𝐮  (    𝑡    𝑛  −  1    )  ,  𝐮  (    𝑡    𝑛  −  1    )  ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )     Δ  𝑡            𝑆  2      =  −        𝑞    𝑛  +  1    𝑏  (    𝐮  𝑛   ,    𝐮  𝑛   ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )  −  𝑏  (  𝐮  (    𝑡  𝑛   )  ,  𝐮  (    𝑡  𝑛   )  ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )     Δ  𝑡               +        𝑞  𝑛   𝑏  (    𝐮    𝑛  −  1    ,    𝐮    𝑛  −  1    ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )  −  𝑏  (  𝐮  (    𝑡    𝑛  −  1    )  ,  𝐮  (    𝑡    𝑛  −  1    )  ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )     Δ  𝑡    .    


\begin {align*}S_1&=\frac {b(\bm u(t_{n+1}),\bm u(t_{n+1}),d_te_{\bm u}^{n+1})-2b(\bm u(t_n),\bm u(t_n),d_te_{\bm u}^{n+1})+b(\bm u(t_{n-1}),\bm u(t_{n-1}),d_te_{\bm u}^{n+1})}{\Delta t}\\ S_2&=-\frac {q^{n+1}b(\bm u^n,\bm u^n,d_te_{\bm u}^{n+1})-b(\bm u(t_n),\bm u(t_n),d_te_{\bm u}^{n+1})}{\Delta t}\\ &\hspace {3cm}+\frac {q^nb(\bm u^{n-1},\bm u^{n-1},d_te_{\bm u}^{n+1})-b(\bm u(t_{n-1}),\bm u(t_{n-1}),d_te_{\bm u}^{n+1})}{\Delta t}.\end {align*}


     𝑑  𝑡     𝑒  𝐮    𝑛  +  1    ∈    𝐇  0  1   (  Ω  ) 


$d_te_{\bm u}^{n+1}\in \bm H_0^1(\Omega )$


           𝑑  𝑡     𝐑  𝐮    𝑛  +  1       =    1    Δ    𝑡  2         [    ∫    𝑡  𝑛     𝑡    𝑛  +  1     (  𝑡  −    𝑡  𝑛   )    𝐮    𝑡  𝑡    (  𝑡  )  𝑑  𝑡  −    ∫    𝑡    𝑛  −  1      𝑡  𝑛    (  𝑡  −    𝑡    𝑛  −  1    )    𝐮    𝑡  𝑡    (  𝑡  )  𝑑  𝑡  ]            =    1    Δ    𝑡  2       ∫    𝑡    𝑛  −  1      𝑡  𝑛      ∫  𝑟    𝑟  +  Δ  𝑡      ∫  𝑠    𝑟  +  Δ  𝑡      𝐮    𝑡  𝑡  𝑡    (  𝜉  )    𝑑  𝜉    𝑑  𝑠    𝑑  𝑟  ,    


\begin {align*}d_t\bm R_{\bm u}^{n+1}&=\frac {1}{\Delta t^2}\left [\int _{t_n}^{t_{n+1}}(t-t_n)\bm u_{tt}(t)dt-\int _{t_{n-1}}^{t_n}(t-t_{n-1})\bm u_{tt}(t)dt\right ]\\ &=\frac {1}{\Delta t^2}\int _{t_{n-1}}^{t_n}\int _r^{r+\Delta t}\int _s^{r+\Delta t}\bm u_{ttt}(\xi )\,d\xi \,ds\,dr,\end {align*}


         (    𝑑  𝑡     𝐑  𝐮    𝑛  +  1    ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )  ≤  ‖    𝑑  𝑡     𝐑  𝐮    𝑛  +  1      ‖    −  1    ‖    𝑑  𝑡     𝑒  𝐮    𝑛  +  1      ‖  1   ≤    (    ∫    𝑡    𝑛  −  1      𝑡    𝑛  +  1     ‖    𝐮    𝑡  𝑡  𝑡      ‖    −  1    𝑑  𝑡  )     ‖    𝑑  𝑡     𝑒  𝐮    𝑛  +  1      ‖  1   .       


\begin {align}\label {p6:dtR} (d_t\bm R_{\bm u}^{n+1},d_te_{\bm u}^{n+1})\le \|d_t\bm R_{\bm u}^{n+1}\|_{-1}\|d_te_{\bm u}^{n+1}\|_1\le \left (\int _{t_{n-1}}^{t_{n+1}}\|\bm u_{ttt}\|_{-1}dt\right )\|d_te_{\bm u}^{n+1}\|_1.\end {align}


$b$


$S_1$


           𝑆  1   =         𝑏  (  𝐮  (    𝑡    𝑛  +  1    )  −  2  𝐮  (    𝑡  𝑛   )  +  𝐮  (    𝑡    𝑛  −  1    )  ,  𝐮  (    𝑡    𝑛  −  1    )  ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )     Δ  𝑡               +      𝑏  (  𝐮  (    𝑡  𝑛   )  ,  𝐮  (    𝑡    𝑛  +  1    )  −  2  𝐮  (    𝑡  𝑛   )  +  𝐮  (    𝑡    𝑛  −  1    )  ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )     Δ  𝑡               +      𝑏  (  𝐮  (    𝑡    𝑛  +  1    )  −  𝐮  (    𝑡  𝑛   )  ,  𝐮  (    𝑡    𝑛  +  1    )  −  𝐮  (    𝑡    𝑛  −  1    )  ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )     Δ  𝑡    .    


\begin {align*}S_1=&\frac {b(\bm u(t_{n+1})-2\bm u(t_n)+\bm u(t_{n-1}),\bm u(t_{n-1}),d_te_{\bm u}^{n+1})}{\Delta t}\\ &\qquad +\frac {b(\bm u(t_{n}),\bm u(t_{n+1})-2\bm u(t_n)+\bm u(t_{n-1}),d_te_{\bm u}^{n+1})}{\Delta t}\\ &\qquad +\frac {b(\bm u(t_{n+1})-\bm u(t_n),\bm u(t_{n+1})-\bm u(t_{n-1}),d_te_{\bm u}^{n+1})}{\Delta t}.\end {align*}


$b$


       𝑆  1   


\begin {align}\label {p6:S1} \begin {aligned} S_1&\le \frac {c_2}{\Delta t}\|\bm u(t_{n+1})-2\bm u(t_n)+\bm u(t_{n-1})\|_0\|\bm u(t_{n-1})\|_2\|d_te_{\bm u}^{n+1}\|_1\\ &\quad +\frac {c_2}{\Delta t}\|\bm u(t_{n})\|_2\|\bm u(t_{n+1})-2\bm u(t_n)+\bm u(t_{n-1})\|_0\|d_te_{\bm u}^{n+1}\|_1\\ &\quad +\frac {c_2}{\Delta t}\|\bm u(t_{n+1})-\bm u(t_n)\|_1\|\bm u(t_{n+1})-\bm u(t_{n-1})\|_1\|d_te_{\bm u}^{n+1}\|_1\\ &\le \left (2c_2M\int _{t_{n-1}}^{t_{n+1}}\|\bm u_{tt}\|_0\,dt+2c_2\int _{t_{n-1}}^{t_{n+1}}\|\bm u_t\|_1^2\,dt\right )\|d_te_{\bm u}^{n+1}\|_1. \end {aligned}\end {align}


$S_2$


           𝑆  2      =  −    𝑑  𝑡     𝑒  𝑞    𝑛  +  1    𝑏  (    𝐮  𝑛   ,    𝐮  𝑛   ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )             −    𝑒  𝑞  𝑛       𝑏  (  𝐮  (    𝑡  𝑛   )  ,  𝐮  (    𝑡  𝑛   )  −  𝐮  (    𝑡    𝑛  −  1    )  ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )  +  𝑏  (  𝐮  (    𝑡  𝑛   )  −  𝐮  (    𝑡    𝑛  −  1    )  ,  𝐮  (    𝑡    𝑛  −  1    )  ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )     Δ  𝑡               −    𝑞  𝑛       𝑏  (    𝑒  𝐮    𝑛  −  1    ,  𝐮  (    𝑡  𝑛   )  −  𝐮  (    𝑡    𝑛  −  1    )  ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )  +  𝑏  (  𝐮  (    𝑡  𝑛   )  −  𝐮  (    𝑡    𝑛  −  1    )  ,    𝑒  𝐮  𝑛   ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )     Δ  𝑡               −    𝑞  𝑛       [  𝑏  (    𝑑  𝑡     𝑒  𝐮  𝑛   ,  𝐮  (    𝑡  𝑛   )  ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )  +  𝑏  (  𝐮  (    𝑡    𝑛  −  1    )  ,    𝑑  𝑡     𝑒  𝐮  𝑛   ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )  ]              −    𝑞  𝑛       [  𝑏  (    𝑑  𝑡     𝑒  𝐮  𝑛   ,    𝑒  𝐮    𝑛  −  1    ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )  +  𝑏  (    𝑒  𝐮  𝑛   ,    𝑑  𝑡     𝑒  𝐮  𝑛   ,    𝑑  𝑡     𝑒  𝐮    𝑛  +  1    )  ]   .    


\begin {align*}S_2&=-d_te_q^{n+1}b(\bm u^n,\bm u^n,d_te_{\bm u}^{n+1})\\ &\quad -e_q^{n}\frac {b(\bm u(t_n),\bm u(t_n)-\bm u(t_{n-1}),d_te_{\bm u}^{n+1})+b(\bm u(t_n)-\bm u(t_{n-1}),\bm u(t_{n-1}),d_te_{\bm u}^{n+1})}{\Delta t}\\ &\quad -q^n\frac {b(e_{\bm u}^{n-1},\bm u(t_n)-\bm u(t_{n-1}),d_te_{\bm u}^{n+1})+b(\bm u(t_n)-\bm u(t_{n-1}),e_{\bm u}^{n},d_te_{\bm u}^{n+1})}{\Delta t}\\ &\quad -q^n\left [b(d_te_{\bm u}^{n},\bm u(t_n),d_te_{\bm u}^{n+1})+b(\bm u(t_{n-1}),d_te_{\bm u}^{n},d_te_{\bm u}^{n+1})\right ]\\ &\quad -q^n\left [b(d_te_{\bm u}^{n},e_{\bm u}^{n-1},d_te_{\bm u}^{n+1})+b(e_{\bm u}^n,d_te_{\bm u}^{n},d_te_{\bm u}^{n+1})\right ].\end {align*}


       𝑆  2   


\begin {align}\label {p6:S2} \begin {aligned} S_2&\le c_2|d_te_q^{n+1}|\|\bm u^n\|_1^2\|d_te_{\bm u}^{n+1}\|_1+\frac {2c_2M}{\Delta t}|e_q^n|\left (\int _{t_{n-1}}^{t_n}\|\bm u_t\|_0\,dt\right )\|d_te_{\bm u}^{n+1}\|_1\\ &\quad +\frac {c_0c_2}{\Delta t}(\|e_{\bm u}^{n-1}\|_0+\|e_{\bm u}^{n}\|_0)\left (\int _{t_{n-1}}^{t_n}\|\bm u_t\|_2\,dt\right )\|d_te_{\bm u}^{n+1}\|_1\\ &\quad +2c_0c_2M\|d_te_{\bm u}^{n}\|_0\|d_te_{\bm u}^{n+1}\|_1+c_0c_2(\|e_{\bm u}^{n-1}\|_1+\|e_{\bm u}^{n}\|_1)\|d_te_{\bm u}^{n}\|_1\|d_te_{\bm u}^{n+1}\|_1. \end {aligned}\end {align}


     


\begin {align}\label {p6:before_Cauchy} \begin {aligned} &\frac {\|d_te_{\bm u}^{n+1}\|_0^2-\|d_te_{\bm u}^n\|_0^2}{2\Delta t}+\frac {\|d_te_{\bm u}^{n+1}-d_te_{\bm u}^n\|_0^2}{2\Delta t}+\nu \|\nabla d_te_{\bm u}^{n+1}\|_0^2\\ &\quad \le \bigg [\int _{t_{n-1}}^{t_{n+1}}\|\bm u_{ttt}\|_{-1}dt+2c_2M\int _{t_{n-1}}^{t_{n+1}}\|\bm u_{tt}\|_0\,dt+2c_2\int _{t_{n-1}}^{t_{n+1}}\|\bm u_t\|_1^2\,dt\\ &\qquad \quad +c_2|d_te_q^{n+1}|\|\bm u^n\|_1^2+\frac {2c_2M}{\Delta t}|e_q^n|\int _{t_{n-1}}^{t_n}\|\bm u_t\|_0\,dt+\frac {c_0c_2}{\Delta t}(\|e_{\bm u}^{n-1}\|_0+\|e_{\bm u}^{n}\|_0)\int _{t_{n-1}}^{t_n}\|\bm u_t\|_2\,dt\\ &\qquad \quad +2c_0c_2M\|d_te_{\bm u}^{n}\|_0+c_0c_2(\|e_{\bm u}^{n-1}\|_1+\|e_{\bm u}^{n}\|_1)\|d_te_{\bm u}^{n}\|_1\bigg ]\|d_te_{\bm u}^{n+1}\|_1. \end {aligned}\end {align}


$0\le n\le N$


            |    𝑒  𝑞  𝑛   |  ≤      𝐶  2   𝜃   Δ  𝑡  ,    ‖    𝑒  𝐮  𝑛     ‖  0  2   ≤    𝐶  1       (  1  +    1  𝜃   )     Δ    𝑡  2   ,    ‖    𝑒  𝐮  𝑛     ‖  1  2   ≤      2  (  1  +    𝑐  1     )  2     𝐶  1    𝜈   Δ  𝑡  ,           ‖    𝐮  𝑛     ‖  1  2   ≤  (  ‖  𝐮  (    𝑡  𝑛   )    ‖  1   +  ‖    𝑒  𝐮  𝑛     ‖  1     )  2   ≤  2      (    𝑀  2   +      2  (  1  +    𝑐  1     )  2     𝐶  1   𝑇   𝜈   )   ,    


\begin {align*}&|e_q^n|\le \frac {C_2}{\theta }\Delta t,\quad \|e_{\bm u}^n\|_0^2\le C_1\left (1+\frac {1}{\theta }\right )\Delta t^2,\quad \|e_{\bm u}^n\|_1^2\le \frac {2(1+c_1)^2C_1}{\nu }\Delta t,\\ &\|\bm u^n\|_1^2\le (\|\bm u(t_n)\|_1+\|e_{\bm u}^n\|_1)^2\le 2\left (M^2+\frac {2(1+c_1)^2C_1T}{\nu }\right ),\end {align*}


     


\begin {align}\label {p6:c10} \begin {aligned} &\frac {\|d_te_{\bm u}^{n+1}\|_0^2-\|d_te_{\bm u}^n\|_0^2}{2\Delta t}+\frac {\|d_te_{\bm u}^{n+1}-d_te_{\bm u}^n\|_0^2}{2\Delta t}+\frac {\nu }{2}\|\nabla d_te_{\bm u}^{n+1}\|_0^2\\ &\quad \le c_{11}\bigg [\Delta t\int _{t_{n-1}}^{t_{n+1}}\|\bm u_{ttt}\|_{-1}^2dt+\Delta t\int _{t_{n-1}}^{t_{n+1}}\|\bm u_{tt}\|_0^2\,dt+\Delta t\int _{t_{n-1}}^{t_{n+1}}\|\bm u_t\|_1^4\,dt\\ &\qquad \qquad +|d_te_q^{n+1}|^2+\frac {\Delta t}{\theta ^2}\int _{t_{n-1}}^{t_n}\|\bm u_t\|_0^2\,dt+\left (1+\frac {1}{\theta }\right )\Delta t\int _{t_{n-1}}^{t_n}\|\bm u_t\|_2^2\,dt\\ &\qquad \qquad +\|d_te_{\bm u}^{n}\|_0^2+\Delta t\|d_te_{\bm u}^{n}\|_1^2\bigg ], \end {aligned}\end {align}


           𝑐   11    =         (  1  +    𝑐  1     )  2      2  𝜈    [  2  +  8    𝑐  2  2     𝑀  2   +  8    𝑐  2  2   +  4    𝑐  2  2         (    𝑀  2   +      2  (  1  +    𝑐  1     )  2     𝐶  1   𝑇   𝜈   )   2   +  4    𝐶  2  2     𝑐  2  2     𝑀  2   +  4    𝑐  0  2     𝑐  2  2     𝐶  1                +  4    𝑐  0  2     𝑐  2  2     𝑀  2   +      8    𝑐  0  2     𝑐  2  2   (  1  +    𝑐  1     )  2     𝐶  1    𝜈   ]  .    


\begin {align*}c_{11}=&\frac {(1+c_1)^2}{2\nu }\bigg [2+8c_2^2M^2+8c_2^2+4c_2^2\left (M^2+\frac {2(1+c_1)^2C_1T}{\nu }\right )^2+4C_2^2c_2^2M^2+4c_0^2c_2^2C_1\\ &\qquad \qquad +4c_0^2c_2^2M^2+\frac {8c_0^2c_2^2(1+c_1)^2C_1}{\nu }\bigg ].\end {align*}


   Δ  𝑡  ‖    𝑑  𝑡     𝑒  𝐮  𝑛     ‖  1  2  


$\Delta t\|d_te_{\bm u}^{n}\|_1^2$


   𝑖  =  1  ,  2  ,  …  ,  𝑛 


$i=1,2,\ldots ,n$


$2\Delta t$


     


\begin {align}\label {p6:dte1} \begin {aligned} &\|d_te_{\bm u}^{n+1}\|_0^2+\sum _{i=1}^n\|d_te_{\bm u}^{i+1}-d_te_{\bm u}^i\|_0^2+\Delta t\nu \sum _{i=1}^n\|\nabla d_te_{\bm u}^{i+1}\|_0^2\\ &\quad \le \|d_te_{\bm u}^{1}\|_0^2+2c_{11}\Delta t\bigg [2\Delta t\int _{0}^{T}\|\bm u_{ttt}\|_{-1}^2dt+2\Delta t\int _{0}^{T}\|\bm u_{tt}\|_0^2\,dt+2\Delta t\int _{0}^{T}\|\bm u_t\|_1^4\,dt\\ &\qquad \qquad \qquad \qquad \quad +\sum _{i=1}^n|d_te_q^{i+1}|^2+\frac {\Delta t}{\theta ^2}\int _{0}^{T}\|\bm u_t\|_0^2\,dt+\left (1+\frac {1}{\theta }\right )\Delta t\int _{0}^{T}\|\bm u_t\|_2^2\,dt\\ &\qquad \qquad \qquad \qquad \quad +\sum _{i=1}^n\|d_te_{\bm u}^{i}\|_0^2+\Delta t\sum _{i=1}^n\|d_te_{\bm u}^{i}\|_1^2\bigg ]\\ &\quad \le \|d_te_{\bm u}^{1}\|_0^2+2c_{11}\Delta t^2\|d_te_{\bm u}^{1}\|_1^2+2c_{11}\Delta t\bigg [6\widehat {M}\Delta t+\frac {C_3\Delta t}{\theta ^2}+\frac {M\Delta t}{\theta ^2}+\left (1+\frac {1}{\theta }\right )\widehat {M}\Delta t\\ &\qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad +\sum _{i=1}^n\|d_te_{\bm u}^{i}\|_0^2+\Delta t\sum _{i=2}^n\|d_te_{\bm u}^{i}\|_1^2\bigg ], \end {aligned}\end {align}


$n=1$


   ‖    𝑑  𝑡     𝑒  𝐮  1     ‖  0  2   +  2    𝑐   11    Δ    𝑡  2   ‖    𝑑  𝑡     𝑒  𝐮  1     ‖  1  2  


$\|d_te_{\bm u}^{1}\|_0^2+2c_{11}\Delta t^2\|d_te_{\bm u}^{1}\|_1^2$


$n=0$


           ‖    𝑒  𝐮  1     ‖  0  2      Δ  𝑡    +  𝜈  ‖  ∇    𝑒  𝐮  1     ‖  0  2   =  (    𝐑  𝐮  1   ,    𝑒  𝐮  1   )  +  𝑏  (  𝐮  (    𝑡  1   )  ,  𝐮  (    𝑡  1   )  ,    𝑒  𝐮  1   )  −    𝑞  1   𝑏  (  𝐮  (    𝑡  0   )  ,  𝐮  (    𝑡  0   )  ,    𝑒  𝐮  1   )  .   


\begin {align}\label {p6:e1} \begin {aligned} \frac {\|e_{\bm u}^{1}\|_0^2}{\Delta t}+\nu \|\nabla e_{\bm u}^{1}\|_0^2=(\bm R_{\bm u}^{1},e_{\bm u}^{1})+b(\bm u(t_{1}),\bm u(t_{1}),e_{\bm u}^{1})-q^{1}b(\bm u(t_0),\bm u(t_0),e_{\bm u}^{1}). \end {aligned}\end {align}


$\bm u$


           ‖    𝑒  𝐮  1     ‖  0  2      Δ  𝑡    +  𝜈  ‖  ∇    𝑒  𝐮  1     ‖  0  2    


\begin {align}\label {p6:e1:} \begin {aligned} \frac {\|e_{\bm u}^{1}\|_0^2}{\Delta t}+\nu \|\nabla e_{\bm u}^{1}\|_0^2&\le \left (\int _{0}^{t_{1}}\|\bm u_{tt}\|_{0}\,dt+2c_2M\int _{0}^{t_{1}}\|\bm u_t\|_1\,dt+c_2M^2|e_q^{1}|\right )\|e_{\bm u}^{1}\|_0\\ &\le \Delta t\left (\widehat {M}+2c_2M\widehat {M}+\frac {C_2c_2M^2}{\theta }\right )\|e_{\bm u}^{1}\|_0\le c_{12}\left (1+\frac {1}{\theta }\right )\Delta t\|e_{\bm u}^{1}\|_0, \end {aligned}\end {align}


     𝑐   12    =   max   {    𝑀  ˆ   +  2    𝑐  2   𝑀    𝑀  ˆ   ,    𝐶  2     𝑐  2     𝑀  2   } 


$c_{12}=\max \{\widehat {M}+2c_2M\widehat {M},C_2c_2M^2\}$


   𝜈  ‖  ∇    𝑒  𝐮  1     ‖  0  2  


$\nu \|\nabla e_{\bm u}^{1}\|_0^2$


       ‖    𝑒  𝐮  1     ‖  0    


\begin {align}\label {p6:e1:tau2} \begin {aligned} \|e_{\bm u}^{1}\|_0&\le c_{12}\left (1+\frac {1}{\theta }\right )\Delta t^2\quad \text { and }\quad \|d_te_{\bm u}^{1}\|_0=\frac {1}{\Delta t}\|e_{\bm u}^{1}\|_0\le c_{12}\left (1+\frac {1}{\theta }\right )\Delta t. \end {aligned}\end {align}


         Δ    𝑡  2   ‖    𝑑  𝑡     𝑒  𝐮  1     ‖  1  2   =  ‖    𝑒  𝐮  1     ‖  1  2   ≤  (  1  +    𝑐  1     )  2   ‖  ∇    𝑒  𝐮  1     ‖  0  2   ≤      (  1  +    𝑐  1     )  2    𝜈     𝑐   12   2         (  1  +    1  𝜃   )   2     Δ    𝑡  3   .       


\begin {align}\label {p6:tau3} \Delta t^2\|d_te_{\bm u}^1\|_1^2=\|e_{\bm u}^1\|_1^2\le (1+c_1)^2\|\nabla e_{\bm u}^1\|_0^2\le \frac {(1+c_1)^2}{\nu }c_{12}^2\left (1+\frac {1}{\theta }\right )^2\Delta t^3.\end {align}


     


\begin {align}\label {p6:c10c12} \begin {aligned} &\|d_te_{\bm u}^{n+1}\|_0^2+\sum _{i=1}^n\|d_te_{\bm u}^{i+1}-d_te_{\bm u}^i\|_0^2+\Delta t\nu \sum _{i=1}^n\|\nabla d_te_{\bm u}^{i+1}\|_0^2\\ &\quad \le c_{13}\left (1+\frac {1}{\theta }+\frac {1}{\theta ^2}\right )\Delta t^2+2c_{11}\Delta t \sum _{i=1}^n\|d_te_{\bm u}^{i}\|_0^2+2c_{11}\Delta t^2\sum _{i=2}^n\|d_te_{\bm u}^{i}\|_1^2, \end {aligned}\end {align}


     𝑐   13    =  2    𝑐   12   2   +      4  (  1  +    𝑐  1     )  2     𝑐   11      𝑐   12   2   𝑇   𝜈   +  2    𝑐   11    (    𝐶  3   +  𝑀  +  7    𝑀  ˆ   ) 


$c_{13}=2c_{12}^2+\frac {4(1+c_1)^2c_{11}c_{12}^2T}{\nu }+2c_{11}(C_3+M+7\widehat {M})$


   Δ  𝑡  ≤    𝜈    2    𝑐   11    (  1  +    𝑐  1     )  2     =  ∶    𝜏  ˆ   , 


\begin {equation*}\Delta t\le \frac {\nu }{2c_{11}(1+c_1)^2}=:\widehat {\tau }_0,\end {equation*}


         2    𝑐   11    Δ    𝑡  2     ∑    𝑖  =  2   𝑛   ‖    𝑑  𝑡     𝑒  𝐮  𝑖     ‖  1  2   ≤  2    𝑐   11    (  1  +    𝑐  1     )  2   Δ    𝑡  2     ∑    𝑖  =  2   𝑛   ‖  ∇    𝑑  𝑡     𝑒  𝐮  𝑖     ‖  0  2   ≤  Δ  𝑡  𝜈    ∑    𝑖  =  1   𝑛   ‖  ∇    𝑑  𝑡     𝑒  𝐮    𝑖  +  1      ‖  0  2   .       


\begin {align}\label {p6:cancel} 2c_{11}\Delta t^2\sum _{i=2}^n\|d_te_{\bm u}^{i}\|_1^2\le 2c_{11}(1+c_1)^2\Delta t^2\sum _{i=2}^n\|\nabla d_te_{\bm u}^{i}\|_0^2\le \Delta t\nu \sum _{i=1}^n\|\nabla d_te_{\bm u}^{i+1}\|_0^2.\end {align}


         ‖    𝑑  𝑡     𝑒  𝐮    𝑛  +  1      ‖  0  2   ≤    𝑐   13        (  1  +    1  𝜃   +    1    𝜃  2    )     Δ    𝑡  2   +  2    𝑐   11    Δ  𝑡    ∑    𝑖  =  1   𝑛   ‖    𝑑  𝑡     𝑒  𝐮  𝑖     ‖  0  2   ,    𝑛  ≥  1  .       


\begin {align}\label {p6:gronwall_c12} \|d_te_{\bm u}^{n+1}\|_0^2\le c_{13}\left (1+\frac {1}{\theta }+\frac {1}{\theta ^2}\right )\Delta t^2+2c_{11}\Delta t \sum _{i=1}^n\|d_te_{\bm u}^{i}\|_0^2,\quad n\ge 1.\end {align}


     𝑐   13   


$c_{13}$


   ‖    𝑑  𝑡     𝑒  𝐮  1     ‖  0  2   ≤    𝑐   13        (  1  +    1  𝜃   +    1    𝜃  2    )     Δ    𝑡  2  


$\|d_te_{\bm u}^{1}\|_0^2\le c_{13}\left (1+\frac {1}{\theta }+\frac {1}{\theta ^2}\right )\Delta t^2$


           1    Δ    𝑡  2     ‖    𝑒  𝐮    𝑛  +  1    −    𝑒  𝐮  𝑛     ‖  0  2   =  ‖    𝑑  𝑡     𝑒  𝐮    𝑛  +  1      ‖  0  2   ≤    𝑐   13        (  1  +    1  𝜃   +    1    𝜃  2    )       𝑒    2    𝑐   11    𝑇    Δ    𝑡  2   ,    𝑛  ≥  0  .       


\begin {align}\label {p6:bound:dteu} \frac {1}{\Delta t^2}\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_{0}^2=\|d_te_{\bm u}^{n+1}\|_0^2\le c_{13}\left (1+\frac {1}{\theta }+\frac {1}{\theta ^2}\right )e^{2c_{11}T}\Delta t^2,\quad n\ge 0.\end {align}


   ‖    𝑒  𝐮    𝑖  +  1    −    𝑒  𝐮  𝑖     ‖    −  1    ≤  ‖    𝑒  𝐮    𝑖  +  1    −    𝑒  𝐮  𝑖     ‖  0  


$\|e_{\bm u}^{i+1}-e_{\bm u}^i\|_{-1}\le \|e_{\bm u}^{i+1}-e_{\bm u}^i\|_{0}$


         ∑    𝑖  =  0   𝑛   ‖  ∇    𝑒  𝑝    𝑖  +  1      ‖    −  1   2    


\begin {align}\label {p6:c14} \begin {aligned} \sum _{i=0}^n\|\nabla e_p^{i+1}\|_{-1}^2&\le c_{10}\bigg [c_{13}\left (1+\frac {1}{\theta }+\frac {1}{\theta ^2}\right )Te^{2c_{11}T}+C_1\left (1+\frac {1}{\theta }\right )+2M\\ &\qquad \quad +C_1\left (1+\frac {1}{\theta }\right )T+1+\frac {C_2^2}{\theta ^2}T\bigg ]\Delta t\\ &\le c_{14}\left (1+\frac {1}{\theta }\right )\Delta t, \end {aligned}\end {align}


$\Delta t\le \min \{\tau _0,\widehat {\tau }_0,\frac {\theta }{2C_2}\}$


     𝑐   14    =    𝑐   10        (  2    𝑐   13    𝑇    𝑒    2    𝑐   11    𝑇    +    𝐶  1   +  2  𝑀  +    𝐶  1   𝑇  +  1  +    𝐶  2  2   𝑇  )  


$c_{14}=c_{10}\left (2c_{13}Te^{2c_{11}T}+C_1+2M+C_1T+1+C_2^2T\right )$


     1    𝜃  2    ≤    1  𝜃  


$\frac {1}{\theta ^2}\le \frac {1}{\theta }$


     𝐶  4   =    𝑐   14      𝛽  2  


$C_4=c_{14}\beta ^2$


$\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_{0}$


$\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_{-1}$


   ‖    𝑒  𝐮    𝑛  +  1    −    𝑒  𝐮  𝑛     ‖    −  1    ≤  𝐶  Δ    𝑡  2  


$\|e_{\bm u}^{n+1}-e_{\bm u}^n\|_{-1}\le C\Delta t^2$


   𝐴 


$A$


   𝐷  (  𝐴  )  =  𝐕  ∩    𝐇  2   (  Ω  )  →  𝐇 


$D(A)=\bm V\cap \bm H^2(\Omega )\to \bm H$


         𝛾  ‖  𝐯    ‖    −  1   2   ≤    (    𝐴    −  1    𝐯  ,  𝐯  )   ,    ∀    𝐯  ∈  𝐇  ,       


\begin {align}\label {p6:Stokes_wrong} \gamma \|\bm v\|_{-1}^2\le \left (A^{-1}\bm v,\bm v\right ),\quad \forall \,\bm v\in \bm H,\end {align}


$\gamma >0$


$\theta $


$x$


$y$


$h=h_x=h_y$


$\bm f$


$\Omega =(0,1)^2$


$T=1$


$\nu =0.1$


$\Delta t$


$h$


   Δ  𝑡  =  2  ℎ 


$\Delta t=2h$


$\bm L^2$


     𝐇  1  


$\bm H^1$


$L^2$


$\theta $


$\theta $


$\theta $


$\theta $


   𝜃  =  0  .  1 


$\theta =0.1$


$\theta =1$


$\Omega =(0,1)^2$


   𝜈  =  1  /   5000  


$\nu =1/5000$


$Re=5000$


$\theta =100$


$h=2\Delta t=\frac {1}{256}$


$\|\bm u^n-\bm u^{n-1}\|_{\infty }\le 10^{-6}$


   𝑡  =  4  ,  6 


$t=4, 6$


$10$


$t=4,6,$


$10$


$h=2\Delta t=\frac {1}{256}$


$h=2\Delta t=\frac {1}{256}$


$\Omega \subset \mathbb {R}^d$


$d=2,3$


$T>0$


                𝜕  𝜙     𝜕  𝑡    +  𝐮  ⋅  ∇  𝜙  =  𝑀  Δ  𝜇  ,         in    Ω  ×  (  0  ,  𝑇  ]  ,              𝜇  =  𝜆      (  −  Δ  𝜙  +    𝐹  ′   (  𝜙  )  )   ,         in    Ω  ×  (  0  ,  𝑇  ]  ,                  𝜕  𝐮     𝜕  𝑡    +  𝐮  ⋅  ∇  𝐮  −  𝜈  Δ  𝐮  +  ∇  𝑝  =  𝜇  ∇  𝜙  ,         in    Ω  ×  (  0  ,  𝑇  ]  ,              ∇  ⋅  𝐮  =  0  ,         in    Ω  ×  (  0  ,  𝑇  ]  ,       


\begin {alignat}{2} &\frac {\partial \phi }{\partial t}+\bm u\cdot \nabla \phi =M\Delta \mu ,\quad &\text { in } \Omega \times (0,T],\label {p7:PDE1}\\ &\mu =\lambda \left (-\Delta \phi +F'(\phi )\right ),\quad &\text { in } \Omega \times (0,T],\label {p7:PDE2}\\ &\frac {\partial \bm u}{\partial t}+\bm u\cdot \nabla \bm u-\nu \Delta \bm u+\nabla p=\mu \nabla \phi ,\quad &\text { in } \Omega \times (0,T],\label {p7:PDE3}\\ &\nabla \cdot \bm u=0,\quad &\text { in } \Omega \times (0,T],\label {p7:PDE4}\end {alignat}


         𝜙    |    𝑡  =  0    =    𝜙  0   ,    𝐮    |    𝑡  =  0    =    𝐮  0   ,     in    Ω  ,       


\begin {align}\label {p7:ICs} \phi |_{t=0}=\phi _0,\quad \bm u|_{t=0}=\bm u_0, \quad \text {in } \Omega ,\end {align}


             𝜕  𝜙     𝜕  𝐧    =      𝜕  𝜇     𝜕  𝐧    =  0  ,    𝐮  =  0  ,     on    𝜕  Ω  ×  (  0  ,  𝑇  ]  ,       


\begin {align}\label {p7:BCs} \frac {\partial \phi }{\partial \bm n}=\frac {\partial \mu }{\partial \bm n}=0,\; \bm u=0,\quad \text {on } \partial \Omega \times (0,T],\end {align}


$\bm n$


$\partial \Omega $


   𝜙 


$\phi $


$\mu $


$\bm u$


$p$


$M$


$\lambda $


$\nu $


   𝐹  (  𝜙  )  =    1    4    𝜀  2     (    𝜙  2   −  1    )  2   , 


\begin {equation*}F(\phi )=\frac {1}{4\varepsilon ^2}(\phi ^2-1)^2,\end {equation*}


$\varepsilon $


$\nu $


       𝐸  (  𝜙  ,  𝐮  )   


\begin {align}\label {p7:egy_origin} \begin {aligned} E(\phi ,\bm u)&=E_{CH}(\phi )+E_{NS}(\bm u)\\ &=\lambda \int _{\Omega }\left (\frac 12|\nabla \phi |^2+F(\phi )\right )d\bm x+\frac 12\int _{\Omega }|\bm u|^2\,d\bm x. \end {aligned}\end {align}


$L^2$


$\mu $


       𝜕  𝜙     𝜕  𝑡   


$\frac {\partial \phi }{\partial t}$


$\bm u$


           𝑑    𝑑  𝑡    𝐸  (  𝜙  ,  𝐮  )  =  −  𝑀  ‖  ∇  𝜇    ‖  0  2   −  𝜈  ‖  ∇  𝐮    ‖  0  2   ≤  0  ,       


\begin {align}\label {p7:eq:ergdiss} \frac {d}{dt}E(\phi ,\bm u)=-M\|\nabla \mu \|_0^2-\nu \|\nabla \bm u\|_0^2\le 0,\end {align}


$\|\cdot \|_0$


$L^2$


$\Omega $


$L^2$


           𝑑    𝑑  𝑡      ∫  Ω   𝜙    𝑑  𝐱  =  𝑀    ∫    𝜕  Ω    ∇  𝜇  ⋅  𝐧    𝑑  𝑠  −    ∫    𝜕  Ω    𝜙  𝐮  ⋅  𝐧    𝑑  𝑠  =  0  ,       


\begin {align}\label {p7:massconserv} \frac {d}{dt}\int _{\Omega }\phi \,d\bm x=M\int _{\partial \Omega }\nabla \mu \cdot \bm n\,ds-\int _{\partial \Omega }\phi \bm u\cdot \bm n\,ds=0,\end {align}


   𝐮  ⋅  ∇  𝜙  =  ∇  ⋅  (  𝜙  𝐮  ) 


$\bm u\cdot \nabla \phi =\nabla \cdot (\phi \bm u)$


$\theta _{\eta }$


     𝜃  𝑞  


$\theta _{q}$


$\eta $


$q$


$\theta _{\eta }$


$\theta _q$


$\theta _q$


$q$


   𝜙  ,  𝜇  ,  𝐮 


$\phi ,\mu ,\bm u$


$p$


   𝜂  ≡  1 


$\eta \equiv 1$


   𝑞  ≡  1 


$q\equiv 1$


   𝜙  ,  𝜇  ,  𝐮  ,  𝑝  ,  𝜂 


$\phi ,\mu ,\bm u,p,\eta $


$q$


              ∫  Ω   (  𝐮  ⋅  ∇  𝐮  )  ⋅  𝐮    𝑑  𝐱  =  0  ,             ∫  Ω     [  (  𝐮  ⋅  ∇  𝜙  )  𝜇  −  (  𝜇  ∇  𝜙  )  ⋅  𝐮  ]     𝑑  𝐱  =  0  .    


\begin {align}&\int _{\Omega }(\bm u\cdot \nabla \bm u)\cdot \bm u\,d\bm x=0,\label {p7:!q1}\\ & \int _{\Omega }\left [(\bm u\cdot \nabla \phi )\mu -(\mu \nabla \phi )\cdot \bm u\right ]d\bm x=0.\label {p7:!q2}\end {align}


$q(0)=1$


   𝑞  (  𝑡  )  ≡  1 


$q(t)\equiv 1$


$t>0$


   𝜂      𝑑  𝜂     𝑑  𝑡    =  𝛼  (  𝜂  −  1  )  , 


\begin {equation*}\eta \dfrac {d\eta }{dt}=\alpha (\eta -1),\end {equation*}


   𝛼  =      1    2    𝜃  𝜂          𝑑    𝑑  𝑡         ∫  Ω   𝐹  (  𝜙  )    𝑑  𝐱  


$\alpha =\dfrac {1}{2\theta _{\eta }}\dfrac {d}{dt}\displaystyle \int _{\Omega }F(\phi )\,d\bm x$


     


\begin {align}\label {p7:!eta} \begin {aligned} &\frac {d}{dt}\left [(\eta (t)-1)\text {exp}\left (\eta (t)-\int _0^t\alpha (s)ds\right )\right ]\\ &=\text {exp}\left (\eta (t)-\int _0^t\alpha (s)ds\right )\left [\frac {d\eta (t)}{dt}+(\eta (t)-1)\left (\frac {d\eta (t)}{dt}-\alpha (t)\right )\right ] \\ &=\text {exp}\left (\eta (t)-\int _0^t\alpha (s)ds\right )\left [\eta (t)\frac {d\eta (t)}{dt}-\alpha (t)(\eta (t)-1)\right ]=0. \end {aligned}\end {align}


   𝜂  (  0  )  =  1 


$\eta (0)=1$


   𝜂  (  𝑡  )  ≡  1 


$\eta (t)\equiv 1$


$t>0$


   𝜙  ,  𝜇  ,  𝐮  , 


$\phi ,\mu ,\bm u,$


$p$


     ℰ  𝑖  


$\mathcal {E}_i$


$i=1,2$


   ℎ  =  Δ  𝑡  ∈  {  4  ×     10     −  3    ,  2  ×     10     −  3    } 


$h=\Delta t\in \{\num {4e-3},\num {2e-3}\}$


$t=0.1, 0.2, 0.4, 0.6, 1$


$\varepsilon =0.02$


$\varepsilon =0.01$


$\varepsilon =0.02$


$\varepsilon =0.01$


$t=0.25$


$1$


$2$


$6$


$10$


$15$


$20,$


$25$


$\overline {\phi }_0=0$


$t=0.25$


$1$


$2$


$6$


$10$


$15$


$20,$


$50$


$\overline {\phi }_0=0.5$


$\overline {\phi }_0=0$


$\overline {\phi }_0=0.5$


$Re=1, 10,$


$50$


$Re=50$


   {    𝐚  𝑚     }    𝑚  =  1   𝑁  


$\{\bm a_m\}_{m=1}^N$


$d$


   {    𝑟  𝑚     }    𝑚  =  1   𝑁  


$\{r_m\}_{m=1}^N$


$[0,1]$


   𝜏  ∈  (  0  ,  1  ) 


$\tau \in (0,1)$


   𝐱  ∈    ℝ  𝑑  


$\bm x\in \mathbb R^d$


   ‖  𝐱    ‖    𝑙  2    ≤  1  −  𝜏 


$\|\bm x\|_{l^2}\le 1-\tau $


   Ω  ⊂    𝐵  𝑅   (    𝐱  𝑐   ) 


$\Omega \subset B_R(\bm x_c)$


$m$


$\{\bm a_m\}_{m=1}^N$


$\{r_m\}_{m=1}^N$


   𝒜  =  [    𝐚  1   ,    𝐚  2   ,  …  ,    𝐚  𝑁     ]  𝑇   ∈    ℝ    𝑁  ×  𝑑   


$\bm {\mathcal A}=[\bm a_1,\bm a_2,\ldots ,\bm a_N]^T\in \mathbb R^{N\times d}$


   𝐫  =  (    𝑟  1   ,    𝑟  2   ,  …  ,    𝑟  𝑁     )  𝑇   ∈    ℝ  𝑁  


$\bm r=(r_1,r_2,\ldots ,r_N)^T\in \mathbb R^N$


   𝝍  =  (    𝜓  1   ,    𝜓  2   ,  …  ,    𝜓  𝑁     )  𝑇   ∈    ℝ  𝑁  


$\bm \psi =(\psi _1,\psi _2,\ldots ,\psi _{N})^T\in \mathbb R^{N}$


   𝜶  =  (    𝛼  1   ,    𝛼  2   ,  …  ,    𝛼  𝑁     )  𝑇   ∈    ℝ  𝑁  


$\bm \alpha =(\alpha _1,\alpha _2,\ldots ,\alpha _N)^T\in \mathbb R^N$


$\bm x\in \mathbb R^d$


     𝜓  𝑚    (  1  )    (  𝐱  ) 


$\psi _m^{(1)}(\bm x)$


   = 


$\overset {d}{=}$


   𝔼  [    𝝍  1   (  𝐱  )  ]  =  𝟎 


$\mathbb E[\bm \psi _1(\bm x)]=\bm 0$


     𝝍  1  


$\bm \psi _1$


     𝜎  0  2  


$\sigma _0^2$


   Ω  ⊂    ℝ  𝑑  


$\Omega \subset \mathbb R^d$


$d\le 3$


$T>0$


             𝜕  𝑢     𝜕  𝑡    =  𝐷  Δ  (  −    𝜀  2   Δ  𝑢  +  𝑓  (  𝑢  )  )  ,    (  𝐱  ,  𝑡  )  ∈  Ω  ×  (  0  ,  𝑇  ]  ,       


\begin {align}\label {eq:CH} \frac {\partial u}{\partial t}=D\Delta (-\varepsilon ^2\Delta u+f(u)),\quad (\bm x,t)\in \Omega \times (0,T],\end {align}


   𝑢  (  ⋅  ,  0  )  =    𝑢  0  


$u(\cdot ,0)=u_0$


   𝑢  (  𝐱  ,  𝑡  ) 


$u(\bm x,t)$


$\varepsilon $


$D$


   𝑓  (  𝑢  )  =    𝐹  ′   (  𝑢  ) 


$f(u)=F'(u)$


   𝐹  (  𝑢  ) 


$F(u)$


$\mu $


     𝐻    −  1   


$H^{-1}$


         𝐸  (  𝑢  )  =    ∫  Ω     (      𝜀  2   2   |  ∇  𝑢    |  2   +  𝐹  (  𝑢  )  )     𝑑  𝐱  .       


\begin {align}E(u) = \int _{\Omega } \left ( \frac {\varepsilon ^2}{2} |\nabla u|^2 + F(u) \right ) d\bm x. \label {eq:energy_functional}\end {align}


           𝑑    𝑑  𝑡      ∫  Ω   𝑢  (  𝐱  ,  𝑡  )    𝑑  𝐱  =  0  ,      𝑑    𝑑  𝑡    𝐸  (  𝑢  )  ≤  0  ,    ∀    𝑡  ∈  (  0  ,  𝑇  ]  .       


\begin {align}\label {eq:CH_properties} \frac {d}{dt}\int _\Omega u(\bm x,t)\,d\bm x=0,\qquad \frac {d}{dt}E(u)\le 0,\quad \forall \,t\in (0,T].\end {align}


           ∑    𝑗  =  1     𝑁  𝐿      𝛼  𝑗  𝑛   ∇    𝜙  𝑗   (  𝐱  )  ⋅  𝐧  =    ∑    𝑗  =  1     𝑁  𝐿      𝛽  𝑗  𝑛   ∇    𝜙  𝑗   (  𝐱  )  ⋅  𝐧  =  0  ,    ∀  𝐱  ∈  𝜕  Ω  ,    1  ≤  𝑛  ≤  𝐾  ,       


\begin {align}\label {BC_Neumann} \sum _{j=1}^{N_L}\alpha _j^{n}\nabla \phi _j(\bm x)\cdot \bm n=\sum _{j=1}^{N_L}\beta _j^{n}\nabla \phi _j(\bm x)\cdot \bm n=0,\quad \forall \bm x\in \partial \Omega ,\; 1\le n\le K,\end {align}


$\bm n$


$\partial \Omega $


   Ω  =  (  0  ,  1    )  𝑑  


$\Omega =(0,1)^d$


         ∑    𝑗  =  1     𝑁  𝐿      𝛼  𝑗  𝑛       (    𝜕    𝑥  𝑖   𝑘     𝜙  𝑗     |      𝑥  𝑖   =  0    −    𝜕    𝑥  𝑖   𝑘     𝜙  𝑗     |      𝑥  𝑖   =  1    )    


\begin {align}\label {BC_periodic} \begin {aligned} \sum _{j=1}^{N_L}\alpha _j^{n} \left (\partial _{x_i}^k\phi _j|_{x_i=0} -\partial _{x_i}^k\phi _j|_{x_i=1}\right ) &= 0,\quad 1\le n\le K, \\ \sum _{j=1}^{N_L}\beta _j^{n} \left (\partial _{x_i}^k\phi _j|_{x_i=0} -\partial _{x_i}^k\phi _j|_{x_i=1}\right ) &= 0,\quad 1\le n\le K, \end {aligned}\end {align}


   𝑖  ∈  {  1  ,  2  ,  …  ,  𝑑  } 


$i\in \{1,2,\ldots ,d\}$


   𝑘  ∈  {  0  ,  1  } 


$k\in \{0,1\}$


   𝐱  =  (    𝑥  1   ,    𝑥  2   ,  …  ,    𝑥  𝑑     )  𝑇   ∈  𝜕  Ω 


$\bm x=(x_1,x_2,\ldots ,x_d)^T\in \partial \Omega $


$\{\bm x_i\}_{i=1}^{K_{\mathrm {int}}}$


$\{\bm x_i^{\mathrm {bd}}\}_{i=1}^{K_{\mathrm {bd}}}$


         𝚽     =  (    𝜙  𝑗   (    𝐱  𝑖   )  )  ∈    ℝ      𝐾   int    ×    𝑁  𝐿     ,      𝚽  Δ   =  (  Δ    𝜙  𝑗   (    𝐱  𝑖   )  )  ∈    ℝ      𝐾   int    ×    𝑁  𝐿     ,          𝚽   bd       =  (    𝜕  𝐧     𝜙  𝑗   (    𝐱  𝑖   bd    )  )  ∈    ℝ      𝐾   bd    ×    𝑁  𝐿     ,    where      𝜕  𝐧     𝜙  𝑗   ∶  =  ∇    𝜙  𝑗   ⋅  𝐧  ,    


\begin {align*}\bm \Phi &=\bigl (\phi _j(\bm x_i)\bigr )\in \mathbb R^{K_{\mathrm {int}}\times N_L},\quad \bm \Phi _{\Delta }=\bigl (\Delta \phi _j(\bm x_i)\bigr )\in \mathbb R^{K_{\mathrm {int}}\times N_L},\\ \bm \Phi _{\mathrm {bd}}&=\bigl (\partial _{\bm n}\phi _j(\bm x_i^{\mathrm {bd}})\bigr )\in \mathbb R^{K_{\mathrm {bd}}\times N_L},\text { where }\partial _{\bm n}\phi _j:=\nabla \phi _j\cdot \bm n,\end {align*}


     𝚽   bd   


$\bm \Phi _{\mathrm {bd}}$


     𝜶  𝑛   =  (    𝛼  1  𝑛   ,  …  ,    𝛼    𝑁  𝐿   𝑛     )  𝑇  


$\bm \alpha ^n=(\alpha _1^n,\ldots ,\alpha _{N_L}^n)^T$


     𝜷  𝑛   =  (    𝛽  1  𝑛   ,  …  ,    𝛽    𝑁  𝐿   𝑛     )  𝑇  


$\bm \beta ^n=(\beta _1^n,\ldots ,\beta _{N_L}^n)^T$


     𝑢   NN   𝑛  


$u_{\mathrm {NN}}^n$


     𝜇   NN   𝑛  


$\mu _{\mathrm {NN}}^n$


     𝐜    𝑛  +  1    =  (  (    𝜶    𝑛  +  1      )  𝑇   ,  (    𝜷    𝑛  +  1      )  𝑇     )  𝑇   ∈    ℝ    2    𝑁  𝐿    


$\bm c^{n+1}=((\bm \alpha ^{n+1})^T,(\bm \beta ^{n+1})^T)^T\in \mathbb R^{2N_L}$


         𝐀  =    𝐀     BDF   1    ∶  =    (            𝚽     −  𝐷  Δ  𝑡      𝚽  Δ           𝜀  2     𝚽  Δ   −  𝜅  𝚽     𝚽          𝚽   bd       𝟎        𝟎       𝚽   bd          )   ,      𝐛    𝑛  +  1    =    𝐛     BDF   1     𝑛  +  1    ∶  =    (            𝚽    𝜶  𝑛           𝑓  𝜅   (  𝚽    𝜶  𝑛   )        𝟎        𝟎        )   .       


\begin {align*}\bm A=\bm A_{\mathrm {BDF1}}:=\begin {pmatrix} \bm \Phi & -D\Delta t\,\bm \Phi _\Delta \\ \varepsilon ^2\bm \Phi _\Delta -\kappa \bm \Phi & \bm \Phi \\ \bm \Phi _{\mathrm {bd}} & \bm 0\\ \bm 0 & \bm \Phi _{\mathrm {bd}}\end {pmatrix},\qquad \bm b^{n+1}=\bm b_{\mathrm {BDF1}}^{n+1}:=\begin {pmatrix} \bm \Phi \bm \alpha ^n\\ f_\kappa (\bm \Phi \bm \alpha ^n)\\ \bm 0\\ \bm 0\end {pmatrix}.\end {align*}


         𝐀  =    𝐀     BDF   2    ∶  =    (              3  2   𝚽     −  𝐷  Δ  𝑡      𝚽  Δ           𝜀  2     𝚽  Δ   −  𝜅  𝚽     𝚽          𝚽   bd       𝟎        𝟎       𝚽   bd          )   ,      𝐛    𝑛  +  1    =    𝐛     BDF   2     𝑛  +  1    ∶  =    (            2  𝚽    𝜶  𝑛   −    1  2   𝚽    𝜶    𝑛  −  1            𝑓  𝜅   (  2  𝚽    𝜶  𝑛   −  𝚽    𝜶    𝑛  −  1    )        𝟎        𝟎        )   .       


\begin {align*}\bm A=\bm A_{\mathrm {BDF2}}:=\begin {pmatrix} \tfrac 32\bm \Phi & -D\Delta t\,\bm \Phi _\Delta \\ \varepsilon ^2\bm \Phi _\Delta -\kappa \bm \Phi & \bm \Phi \\ \bm \Phi _{\mathrm {bd}} & \bm 0\\ \bm 0 & \bm \Phi _{\mathrm {bd}}\end {pmatrix},\qquad \bm b^{n+1}=\bm b_{\mathrm {BDF2}}^{n+1}:=\begin {pmatrix} 2\bm \Phi \bm \alpha ^n-\tfrac 12\bm \Phi \bm \alpha ^{n-1}\\ f_\kappa (2\bm \Phi \bm \alpha ^n-\bm \Phi \bm \alpha ^{n-1})\\ \bm 0\\ \bm 0\end {pmatrix}.\end {align*}


$\bm A$


     𝜶    𝑛  +  1   


$\bm \alpha ^{n+1}$


     𝜷    𝑛  +  1   


$\bm \beta ^{n+1}$


$\bm A$


     𝐀     BDF   1   


$\bm A_{\mathrm {BDF1}}$


     𝐀     BDF   2   


$\bm A_{\mathrm {BDF2}}$


$n$


   𝐀  =  𝐐  𝐑 


$\bm A=\bm Q\bm R$


         𝐑    𝐜    𝑛  +  1    =    𝐐  𝑇     𝐛    𝑛  +  1         


\begin {align}\label {eq:normal} \bm R\bm c^{n+1}=\bm Q^T\bm b^{n+1}\end {align}


     𝐐  𝑇     𝐛    𝑛  +  1   


$\bm Q^T\bm b^{n+1}$


   𝑡  =  0 


$t=0$


     𝑢  0   (  𝐱  ) 


$u_0(\bm x)$


           𝜶  0   =   arg        min     𝜶  ∈    ℝ    𝑁  𝐿            ‖    𝚽   init    𝜶  −    𝐮  0   ‖     𝑙  2   2   ,       


\begin {align*}\bm \alpha ^0=\arg \min _{\bm \alpha \in \mathbb R^{N_L}}\left \|\bm \Phi _{\mathrm {init}}\bm \alpha -\bm u_0\right \|_{l^2}^2,\end {align*}


     𝚽   init    =  (    𝜙  𝑗   (    𝐱  𝑖   init    )    )    𝑖  ,  𝑗   


$\bm \Phi _{\mathrm {init}}=(\phi _j(\bm x_i^{\mathrm {init}}))_{i,j}$


   {    𝐱  𝑖   init    } 


$\{\bm x_i^{\mathrm {init}}\}$


     𝐮  0   =  (    𝑢  0   (    𝐱  𝑖   init    )    )  𝑖  


$\bm u_0=(u_0(\bm x_i^{\mathrm {init}}))_i$


$(\cdot ,\cdot )$


$\|\cdot \|_0$


$L^2(\Omega )$


$F(u)$


$f(u)=F'(u)$


$F$


$f$


   (  −  Δ    )    −  1   


$(-\Delta )^{-1}$


   𝑣  ∈    𝐿  0  2   (  Ω  ) 


$v\in L_0^2(\Omega )$


   (  −  Δ    )    −  1    𝑣  =  𝜑 


$(-\Delta )^{-1}v=\varphi $


   𝜑  ∈    𝐻  1   (  Ω  )  ∩    𝐿  0  2   (  Ω  ) 


$\varphi \in H^1(\Omega )\cap L_0^2(\Omega )$


   −  Δ  𝜑  =  𝑣 


$-\Delta \varphi =v$


$H^{-1}$


   ‖  𝑣    ‖    −  1    ∶  =      (  𝑣  ,  (  −  Δ    )    −  1    𝑣  )   


$\|v\|_{-1}:=\sqrt {(v,(-\Delta )^{-1}v)}$


     𝛿  𝑡     𝑣    𝑛  +  1    ∶  =    𝑣    𝑛  +  1    −    𝑣  𝑛  


$\delta _tv^{n+1}:=v^{n+1}-v^n$


     𝛿    𝑡  𝑡      𝑣    𝑛  +  1    ∶  =    𝑣    𝑛  +  1    −  2    𝑣  𝑛   +    𝑣    𝑛  −  1   


$\delta _{tt}v^{n+1}:=v^{n+1}-2v^n+v^{n-1}$


   {    𝑣  𝑛   } 


$\{v^n\}$


$\Delta t>0$


         ℳ  (    𝑢   NN     𝑛  +  1    )  =  ℳ  (    𝑢   NN   𝑛   )  ,    0  ≤  𝑛  ≤  𝐾  −  1  .       


\begin {align*}\mathcal M(u_{\mathrm {NN}}^{n+1})=\mathcal M(u_{\mathrm {NN}}^n),\quad 0\le n\le K-1.\end {align*}


   𝜅  ≥    𝐿  𝑓   /  2 


$\kappa \ge L_f/2$


         𝐸  (    𝑢   NN     𝑛  +  1    )  ≤  𝐸  (    𝑢   NN   𝑛   )  ,    0  ≤  𝑛  ≤  𝐾  −  1  .       


\begin {align*}E(u_{\mathrm {NN}}^{n+1})\le E(u_{\mathrm {NN}}^n),\quad 0\le n\le K-1.\end {align*}


         𝜅  ≥    𝐿  𝑓   ,    Δ  𝑡  ≤      8    𝜀  2      𝐷    𝐿  𝑓  2     ,       


\begin {align}\label {Dt_constraint} \kappa \ge L_f,\quad \Delta t\le \frac {8\varepsilon ^2}{D L_f^2},\end {align}


           𝐸  ˜   (    𝑢   NN     𝑛  +  1    )  ≤    𝐸  ˜   (    𝑢   NN   𝑛   )  ,    1  ≤  𝑛  ≤  𝐾  −  1  ,       


\begin {align}\label {egy_BDF2} \widetilde E(u_{\mathrm {NN}}^{n+1})\le \widetilde E(u_{\mathrm {NN}}^n),\quad 1\le n\le K-1,\end {align}


     𝐸  ˜   (    𝑢   NN   𝑛   )  ∶  =  𝐸  (    𝑢   NN   𝑛   )  +    1    4  𝐷  Δ  𝑡    ‖    𝛿  𝑡     𝑢   NN   𝑛     ‖    −  1   2   +      𝜅  +    𝐿  𝑓    2   ‖    𝛿  𝑡     𝑢   NN   𝑛     ‖  0  2   . 


\begin {equation*}\widetilde E(u_{\mathrm {NN}}^n):=E(u_{\mathrm {NN}}^n)+\frac {1}{4D\Delta t}\|\delta _tu_{\mathrm {NN}}^{n}\|_{-1}^2+\frac {\kappa +L_f}{2}\|\delta _tu_{\mathrm {NN}}^{n}\|_0^2.\end {equation*}


     𝛿  𝑡     𝑢   NN     𝑛  +  1    ∈    𝐿  0  2   (  Ω  ) 


$\delta _tu_{\mathrm {NN}}^{n+1}\in L_0^2(\Omega )$


   (  −  Δ    )    −  1      𝛿  𝑡     𝑢   NN     𝑛  +  1   


$(-\Delta )^{-1}\delta _tu_{\mathrm {NN}}^{n+1}$


$L^2$


$(-\Delta )^{-1}\delta _tu_{\mathrm {NN}}^{n+1}$


$D$


           1    2  𝐷  Δ  𝑡    (  3    𝑢   NN     𝑛  +  1    −  4    𝑢   NN   𝑛   +    𝑢   NN     𝑛  −  1    ,  (  −  Δ    )    −  1      𝛿  𝑡     𝑢   NN     𝑛  +  1    )  =  −  (    𝜇   NN     𝑛  +  1    ,    𝛿  𝑡     𝑢   NN     𝑛  +  1    )  .       


\begin {align}\label {egy_bdf2_bdt1} \frac {1}{2D\Delta t}\bigl (3u_{\mathrm {NN}}^{n+1}-4u_{\mathrm {NN}}^n+u_{\mathrm {NN}}^{n-1},(-\Delta )^{-1}\delta _tu_{\mathrm {NN}}^{n+1}\bigr )=-\bigl (\mu _{\mathrm {NN}}^{n+1},\delta _tu_{\mathrm {NN}}^{n+1}\bigr ).\end {align}


$f_\kappa (u)=f(u)-\kappa u$


           𝜇   NN     𝑛  +  1    =  −    𝜀  2   Δ    𝑢   NN     𝑛  +  1    +  𝑓  (  2    𝑢   NN   𝑛   −    𝑢   NN     𝑛  −  1    )  +  𝜅    𝛿    𝑡  𝑡      𝑢   NN     𝑛  +  1    .       


\begin {align}\label {GBDF2b_rewrite} \mu _{\mathrm {NN}}^{n+1}=-\varepsilon ^2\Delta u_{\mathrm {NN}}^{n+1}+f(2u_{\mathrm {NN}}^n-u_{\mathrm {NN}}^{n-1})+\kappa \delta _{tt}u_{\mathrm {NN}}^{n+1}.\end {align}


$L^2$


     𝛿  𝑡     𝑢   NN     𝑛  +  1   


$\delta _tu_{\mathrm {NN}}^{n+1}$


         (    𝜇   NN     𝑛  +  1    ,    𝛿  𝑡     𝑢   NN     𝑛  +  1    )  =    𝜀  2   (  ∇    𝑢   NN     𝑛  +  1    ,  ∇    𝛿  𝑡     𝑢   NN     𝑛  +  1    )  +  (  𝑓  (  2    𝑢   NN   𝑛   −    𝑢   NN     𝑛  −  1    )  ,    𝛿  𝑡     𝑢   NN     𝑛  +  1    )  +  𝜅  (    𝛿    𝑡  𝑡      𝑢   NN     𝑛  +  1    ,    𝛿  𝑡     𝑢   NN     𝑛  +  1    )  .       


\begin {align}\label {egy_bdf2_bdf2} \bigl (\mu _{\mathrm {NN}}^{n+1},\delta _tu_{\mathrm {NN}}^{n+1}\bigr )=\varepsilon ^2\bigl (\nabla u_{\mathrm {NN}}^{n+1},\nabla \delta _tu_{\mathrm {NN}}^{n+1}\bigr )+\bigl (f(2u_{\mathrm {NN}}^n-u_{\mathrm {NN}}^{n-1}),\delta _tu_{\mathrm {NN}}^{n+1}\bigr )+\kappa \bigl (\delta _{tt}u_{\mathrm {NN}}^{n+1},\delta _tu_{\mathrm {NN}}^{n+1}\bigr ).\end {align}


     


\begin {align}\label {egy_BDF2_master} \begin {aligned} &\frac {1}{2D\Delta t}\bigl (3u_{\mathrm {NN}}^{n+1}-4u_{\mathrm {NN}}^n+u_{\mathrm {NN}}^{n-1},(-\Delta )^{-1}\delta _tu_{\mathrm {NN}}^{n+1}\bigr )+\varepsilon ^2\bigl (\nabla u_{\mathrm {NN}}^{n+1},\nabla \delta _tu_{\mathrm {NN}}^{n+1}\bigr )\\ &\qquad +\kappa \bigl (\delta _{tt}u_{\mathrm {NN}}^{n+1},\delta _tu_{\mathrm {NN}}^{n+1}\bigr )=-\bigl (f(2u_{\mathrm {NN}}^n-u_{\mathrm {NN}}^{n-1}),\delta _tu_{\mathrm {NN}}^{n+1}\bigr ). \end {aligned}\end {align}


   3    𝑢   NN     𝑛  +  1    −  4    𝑢   NN   𝑛   +    𝑢   NN     𝑛  −  1    =  2    𝛿  𝑡     𝑢   NN     𝑛  +  1    +    𝛿    𝑡  𝑡      𝑢   NN     𝑛  +  1   


$3u_{\mathrm {NN}}^{n+1}-4u_{\mathrm {NN}}^n+u_{\mathrm {NN}}^{n-1}=2\delta _tu_{\mathrm {NN}}^{n+1}+\delta _{tt}u_{\mathrm {NN}}^{n+1}$


   𝑎  (  𝑎  −  𝑏  )  =    1  2   [    𝑎  2   −    𝑏  2   +  (  𝑎  −  𝑏    )  2   ] 


$a(a-b)=\frac 12[a^2-b^2+(a-b)^2]$


$H^{-1}$


     


\begin {align}\label {LHS_BDF2_first} \begin {aligned} &\frac {1}{2D\Delta t}\bigl (3u_{\mathrm {NN}}^{n+1}-4u_{\mathrm {NN}}^n+u_{\mathrm {NN}}^{n-1},(-\Delta )^{-1}\delta _tu_{\mathrm {NN}}^{n+1}\bigr )\\ &\quad =\frac {1}{D\Delta t}\|\delta _tu_{\mathrm {NN}}^{n+1}\|_{-1}^2+\frac {1}{4D\Delta t}\bigl (\|\delta _tu_{\mathrm {NN}}^{n+1}\|_{-1}^2-\|\delta _tu_{\mathrm {NN}}^n\|_{-1}^2+\|\delta _{tt}u_{\mathrm {NN}}^{n+1}\|_{-1}^2\bigr ). \end {aligned}\end {align}


$a(a-b)=\frac 12[a^2-b^2+(a-b)^2]$


     𝛿    𝑡  𝑡      𝑢   NN     𝑛  +  1    =    𝛿  𝑡     𝑢   NN     𝑛  +  1    −    𝛿  𝑡     𝑢   NN   𝑛  


$\delta _{tt}u_{\mathrm {NN}}^{n+1}=\delta _tu_{\mathrm {NN}}^{n+1}-\delta _tu_{\mathrm {NN}}^n$


         𝜀  2   (  ∇    𝑢   NN     𝑛  +  1    ,  ∇    𝛿  𝑡     𝑢   NN     𝑛  +  1    )   


\begin {align}\label {LHS_BDF2_rest} \begin {aligned} \varepsilon ^2\bigl (\nabla u_{\mathrm {NN}}^{n+1},\nabla \delta _tu_{\mathrm {NN}}^{n+1}\bigr )&=\frac {\varepsilon ^2}{2}\bigl (\|\nabla u_{\mathrm {NN}}^{n+1}\|_0^2-\|\nabla u_{\mathrm {NN}}^n\|_0^2+\|\nabla \delta _tu_{\mathrm {NN}}^{n+1}\|_0^2\bigr ),\\ \kappa \bigl (\delta _{tt}u_{\mathrm {NN}}^{n+1},\delta _tu_{\mathrm {NN}}^{n+1}\bigr )&=\frac {\kappa }{2}\bigl (\|\delta _tu_{\mathrm {NN}}^{n+1}\|_0^2-\|\delta _tu_{\mathrm {NN}}^n\|_0^2+\|\delta _{tt}u_{\mathrm {NN}}^{n+1}\|_0^2\bigr ). \end {aligned}\end {align}


$F$


   2    𝑢   NN   𝑛   −    𝑢   NN     𝑛  −  1   


$2u_{\mathrm {NN}}^n-u_{\mathrm {NN}}^{n-1}$


     𝑢   NN     𝑛  +  1    −  (  2    𝑢   NN   𝑛   −    𝑢   NN     𝑛  −  1    )  =    𝛿    𝑡  𝑡      𝑢   NN     𝑛  +  1   


$u_{\mathrm {NN}}^{n+1}-(2u_{\mathrm {NN}}^n-u_{\mathrm {NN}}^{n-1})=\delta _{tt}u_{\mathrm {NN}}^{n+1}$


     𝑢   NN   𝑛   −  (  2    𝑢   NN   𝑛   −    𝑢   NN     𝑛  −  1    )  =  −    𝛿  𝑡     𝑢   NN   𝑛  


$u_{\mathrm {NN}}^n-(2u_{\mathrm {NN}}^n-u_{\mathrm {NN}}^{n-1})=-\delta _tu_{\mathrm {NN}}^n$


     𝐹  ″   =    𝑓  ′  


$F''=f'$


       𝐹  (    𝑢   NN     𝑛  +  1    )   


\begin {align}\label {taylor_F} \begin {aligned} F(u_{\mathrm {NN}}^{n+1})&\le F(2u_{\mathrm {NN}}^n-u_{\mathrm {NN}}^{n-1})+f(2u_{\mathrm {NN}}^n-u_{\mathrm {NN}}^{n-1})\,\delta _{tt}u_{\mathrm {NN}}^{n+1}+\frac {L_f}{2}|\delta _{tt}u_{\mathrm {NN}}^{n+1}|^2,\\ F(u_{\mathrm {NN}}^{n})&\ge F(2u_{\mathrm {NN}}^n-u_{\mathrm {NN}}^{n-1})-f(2u_{\mathrm {NN}}^n-u_{\mathrm {NN}}^{n-1})\,\delta _tu_{\mathrm {NN}}^n-\frac {L_f}{2}|\delta _tu_{\mathrm {NN}}^n|^2. \end {aligned}\end {align}


     𝛿    𝑡  𝑡      𝑢   NN     𝑛  +  1    +    𝛿  𝑡     𝑢   NN   𝑛   =    𝛿  𝑡     𝑢   NN     𝑛  +  1   


$\delta _{tt}u_{\mathrm {NN}}^{n+1}+\delta _tu_{\mathrm {NN}}^n=\delta _tu_{\mathrm {NN}}^{n+1}$


         𝐹  (    𝑢   NN     𝑛  +  1    )  −  𝐹  (    𝑢   NN   𝑛   )  ≤  𝑓  (  2    𝑢   NN   𝑛   −    𝑢   NN     𝑛  −  1    )      𝛿  𝑡     𝑢   NN     𝑛  +  1    +      𝐿  𝑓   2   (  |    𝛿    𝑡  𝑡      𝑢   NN     𝑛  +  1      |  2   +  |    𝛿  𝑡     𝑢   NN   𝑛     |  2   )  .       


\begin {align}\label {F_diff_pointwise} F(u_{\mathrm {NN}}^{n+1})-F(u_{\mathrm {NN}}^n)\le f(2u_{\mathrm {NN}}^n-u_{\mathrm {NN}}^{n-1})\,\delta _tu_{\mathrm {NN}}^{n+1}+\frac {L_f}{2}\bigl (|\delta _{tt}u_{\mathrm {NN}}^{n+1}|^2+|\delta _tu_{\mathrm {NN}}^n|^2\bigr ).\end {align}


$\Omega $


         −  (  𝑓  (  2    𝑢   NN   𝑛   −    𝑢   NN     𝑛  −  1    )  ,    𝛿  𝑡     𝑢   NN     𝑛  +  1    )  ≤  −  (  𝐹  (    𝑢   NN     𝑛  +  1    )  −  𝐹  (    𝑢   NN   𝑛   )  ,  1  )  +      𝐿  𝑓   2   (  ‖    𝛿    𝑡  𝑡      𝑢   NN     𝑛  +  1      ‖  0  2   +  ‖    𝛿  𝑡     𝑢   NN   𝑛     ‖  0  2   )  .       


\begin {align}\label {nonlinear_est} -\bigl (f(2u_{\mathrm {NN}}^n-u_{\mathrm {NN}}^{n-1}),\delta _tu_{\mathrm {NN}}^{n+1}\bigr )\le -\bigl (F(u_{\mathrm {NN}}^{n+1})-F(u_{\mathrm {NN}}^n),1\bigr )+\frac {L_f}{2}\bigl (\|\delta _{tt}u_{\mathrm {NN}}^{n+1}\|_0^2+\|\delta _tu_{\mathrm {NN}}^n\|_0^2\bigr ).\end {align}


     


\begin {align}\label {egy_BDF2_combined} \begin {aligned} &E(u_{\mathrm {NN}}^{n+1})-E(u_{\mathrm {NN}}^n)+\frac {\varepsilon ^2}{2}\|\nabla \delta _tu_{\mathrm {NN}}^{n+1}\|_0^2+\frac {1}{D\Delta t}\|\delta _tu_{\mathrm {NN}}^{n+1}\|_{-1}^2\\ &\quad +\frac {1}{4D\Delta t}\bigl (\|\delta _tu_{\mathrm {NN}}^{n+1}\|_{-1}^2-\|\delta _tu_{\mathrm {NN}}^n\|_{-1}^2+\|\delta _{tt}u_{\mathrm {NN}}^{n+1}\|_{-1}^2\bigr )\\ &\quad +\frac {\kappa }{2}\bigl (\|\delta _tu_{\mathrm {NN}}^{n+1}\|_0^2-\|\delta _tu_{\mathrm {NN}}^n\|_0^2+\|\delta _{tt}u_{\mathrm {NN}}^{n+1}\|_0^2\bigr )\le \frac {L_f}{2}\bigl (\|\delta _{tt}u_{\mathrm {NN}}^{n+1}\|_0^2+\|\delta _tu_{\mathrm {NN}}^n\|_0^2\bigr ). \end {aligned}\end {align}


   𝑎  =  1  /  (  𝐷  Δ  𝑡  ) 


$a=1/(D\Delta t)$


   𝑏  =    𝜀  2   /  2 


$b=\varepsilon ^2/2$


             𝜀  2   2   ‖  ∇    𝛿  𝑡     𝑢   NN     𝑛  +  1      ‖  0  2   +    1    𝐷  Δ  𝑡    ‖    𝛿  𝑡     𝑢   NN     𝑛  +  1      ‖    −  1   2   ≥  𝜀      2    𝐷  Δ  𝑡       ‖    𝛿  𝑡     𝑢   NN     𝑛  +  1      ‖  0  2   ≥      𝐿  𝑓   2   ‖    𝛿  𝑡     𝑢   NN     𝑛  +  1      ‖  0  2   .       


\begin {align}\label {egy_BDF2_young} \frac {\varepsilon ^2}{2}\|\nabla \delta _tu_{\mathrm {NN}}^{n+1}\|_0^2+\frac {1}{D\Delta t}\|\delta _tu_{\mathrm {NN}}^{n+1}\|_{-1}^2\ge \varepsilon \sqrt {\frac {2}{D\Delta t}}\,\|\delta _tu_{\mathrm {NN}}^{n+1}\|_0^2\ge \frac {L_f}{2}\|\delta _tu_{\mathrm {NN}}^{n+1}\|_0^2.\end {align}


   𝜅  ≥    𝐿  𝑓  


$\kappa \ge L_f$


   𝜅  (    𝑢   NN     𝑛  +  1    −  2    𝑢   NN   𝑛   +    𝑢   NN     𝑛  −  1    ) 


$\kappa (u_{\mathrm {NN}}^{n+1}-2u_{\mathrm {NN}}^{n}+u_{\mathrm {NN}}^{n-1})$


   −    𝜅  ˆ   Δ  𝑡  Δ  (    𝑢   NN     𝑛  +  1    −    𝑢   NN   𝑛   ) 


$-\hat {\kappa }\Delta t\Delta (u_{\mathrm {NN}}^{n+1}-u_{\mathrm {NN}}^{n})$


     𝜅  ˆ   >  0 


$\hat {\kappa }>0$


     𝜅  ˆ   Δ  𝑡  ‖  ∇    𝛿  𝑡     𝑢   NN     𝑛  +  1      ‖  0  2  


$\hat {\kappa }\Delta t\|\nabla \delta _tu_{\mathrm {NN}}^{n+1}\|_0^2$


     𝜅  ˆ  


$\hat {\kappa }$


   𝑓  (  2    𝑢   NN   𝑛   −    𝑢   NN     𝑛  −  1    ) 


$f(2u_{\mathrm {NN}}^n-u_{\mathrm {NN}}^{n-1})$


   2  𝑓  (    𝑢   NN   𝑛   )  −  𝑓  (    𝑢   NN     𝑛  −  1    ) 


$2f(u_{\mathrm {NN}}^n)-f(u_{\mathrm {NN}}^{n-1})$


   Δ  𝑡  ≤  8    𝜀  2   /  (  9  𝐷    𝐿  𝑓  2   ) 


$\Delta t\le 8\varepsilon ^2/(9DL_f^2)$


$\kappa $


$f(2u_{\mathrm {NN}}^n-u_{\mathrm {NN}}^{n-1})$


   ‖    𝛿    𝑡  𝑡      𝑢   NN     𝑛  +  1      ‖  0  2  


$\|\delta _{tt}u_{\mathrm {NN}}^{n+1}\|_0^2$


$\kappa \ge L_f$


   9 


$9$


     ℳ  𝑛  


$\mathcal M^n$


   ℳ  (    𝑢   NN   𝑛   ) 


$\mathcal M(u_{\mathrm {NN}}^n)$


   {    𝐱  𝑞   ,    𝜔  𝑞   } 


$\{\bm x_q,\omega _q\}$


     𝑢   NN   𝑛   (  𝐱  )  =    ∑    𝑗  =  1     𝑁  𝐿      𝛼  𝑗  𝑛     𝜙  𝑗   (  𝐱  ) 


$u_{\mathrm {NN}}^n(\bm x)=\sum _{j=1}^{N_L}\alpha _j^n\phi _j(\bm x)$


$\mathcal M^n$


     ℳ  𝑛   =    𝐠  𝑇     𝜶  𝑛  


$\mathcal M^n=\bm g^T\bm \alpha ^n$


   𝐠  =  (    𝑔  1   ,  …  ,    𝑔    𝑁  𝐿      )  𝑇   ∈    ℝ    𝑁  𝐿   


$\bm g=(g_1,\ldots ,g_{N_L})^T\in \mathbb R^{N_L}$


     𝑔  𝑗   =      ∑  𝑞     𝜔  𝑞     𝜙  𝑗   (    𝐱  𝑞   )  ,    1  ≤  𝑗  ≤    𝑁  𝐿   


$g_j=\displaystyle \sum _q\omega _q\phi _j(\bm x_q),\;1\le j\le N_L$


     𝐠  ˆ   ∶  =  (    𝐠  𝑇   ,    𝟎  𝑇     )  𝑇   ∈    ℝ    2    𝑁  𝐿    


$\hat {\bm g}:=(\bm g^T,\bm 0^T)^T\in \mathbb R^{2N_L}$


     ℳ    𝑛  +  1    =    ℳ  0  


$\mathcal M^{n+1}=\mathcal M^0$


     𝐜   unc     𝑛  +  1   


$\bm c_{\mathrm {unc}}^{n+1}$


$\bm c_{\mathrm {unc}}^{n+1}$


     𝐑  𝑇   𝐑 


$\bm R^T\bm R$


           𝐜    𝑛  +  1    =   arg        min     𝐜  ∈    ℝ    2    𝑁  𝐿         ‖  𝐜  −    𝐜   unc     𝑛  +  1      ‖      𝐑  𝑇   𝐑   2      subject to       𝐠  ˆ   𝐜  =    ℳ  0   ,       


\begin {align}\label {mass_minimization} \bm c^{n+1}=\arg \min _{\bm c\in \mathbb R^{2N_L}}\|\bm c-\bm c_{\mathrm {unc}}^{n+1}\|_{\bm R^T\bm R}^2\quad \text {subject to}\quad \hat {\bm g}^T\bm c=\mathcal M^0,\end {align}


   ‖  𝐯    ‖      𝐑  𝑇   𝐑   2   =    𝐯  𝑇     𝐑  𝑇   𝐑  𝐯  =  ‖  𝐑  𝐯    ‖    𝑙  2   2  


$\|\bm v\|_{\bm R^T\bm R}^2=\bm v^T\bm R^T\bm R\bm v=\|\bm R\bm v\|_{l^2}^2$


   𝐯  ∈    ℝ    2    𝑁  𝐿    


$\bm v\in \mathbb R^{2N_L}$


$\bm R^T\bm R$


   ‖  𝐑  (  𝐜  −    𝐜   unc     𝑛  +  1    )    ‖    𝑙  2   


$\|\bm R(\bm c-\bm c_{\mathrm {unc}}^{n+1})\|_{l^2}$


     𝐜    𝑛  +  1   


$\bm c^{n+1}$


         ℒ  (  𝐜  ,  𝜆  )  =    1  2   ‖  𝐜  −    𝐜   unc     𝑛  +  1      ‖      𝐑  𝑇   𝐑   2   +  𝜆  (    𝐠  ˆ   𝐜  −    ℳ  0   )       


\begin {align*}\mathcal L(\bm c,\lambda )=\frac {1}{2}\|\bm c-\bm c_{\mathrm {unc}}^{n+1}\|_{\bm R^T\bm R}^2+\lambda \bigl (\hat {\bm g}^T\bm c-\mathcal M^0\bigr )\end {align*}


     𝐑  𝑇   𝐑  (  𝐜  −    𝐜   unc     𝑛  +  1    )  +  𝜆    𝐠  ˆ   =  𝟎 


$\bm R^T\bm R(\bm c-\bm c_{\mathrm {unc}}^{n+1})+\lambda \hat {\bm g}=\bm 0$


     𝐠  ˆ   𝐜  =    ℳ  0  


$\hat {\bm g}^T\bm c=\mathcal M^0$


           𝐜    𝑛  +  1    =    𝐜   unc     𝑛  +  1    −        𝐠  ˆ     𝐜   unc     𝑛  +  1    −    ℳ  0        𝐠  ˆ   𝐳      𝐳  ,    𝐳  ∶  =  (    𝐑  𝑇   𝐑    )    −  1      𝐠  ˆ   ,       


\begin {align}\label {mass_proj} \bm c^{n+1}=\bm c_{\mathrm {unc}}^{n+1}-\frac {\hat {\bm g}^T\bm c_{\mathrm {unc}}^{n+1}-\mathcal M^0}{\hat {\bm g}^T\bm z}\,\bm z,\qquad \bm z:=(\bm R^T\bm R)^{-1}\hat {\bm g},\end {align}


   𝐳  ∈    ℝ    2    𝑁  𝐿    


$\bm z\in \mathbb R^{2N_L}$


     𝐑  𝑇  


$\bm R^T$


   𝐑 


$\bm R$


   𝐳 


$\bm z$


   𝒪  (    𝑁  𝐿   ) 


$\mathcal O(N_L)$


$\bm Q^T\bm b^{n+1}$


$\bm c_{\mathrm {unc}}^{n+1}$


     𝐻    ℳ  0    ∶  =  {  𝐜  ∈    ℝ    2    𝑁  𝐿     ∶    𝐠  ˆ   𝐜  =    ℳ  0   } 


$H_{\mathcal M^0}:=\bigl \{\bm c\in \mathbb R^{2N_L}:\hat {\bm g}^T\bm c=\mathcal M^0\bigr \}$


   𝒫  ∶    ℝ    2    𝑁  𝐿     →    𝐻    ℳ  0   


$\mathcal P:\mathbb R^{2N_L}\to H_{\mathcal M^0}$


         𝒫  (  𝐜  )  ∶  =  𝐜  −        𝐠  ˆ   𝐜  −    ℳ  0        𝐠  ˆ   𝐳      𝐳  ,    ∀    𝐜  ∈    ℝ    2    𝑁  𝐿     ,       


\begin {align}\label {proj_op} \mathcal P(\bm c):=\bm c-\frac {\hat {\bm g}^T\bm c-\mathcal M^0}{\hat {\bm g}^T\bm z}\,\bm z,\quad \forall \,\bm c\in \mathbb R^{2N_L},\end {align}


     𝐜    𝑛  +  1    =  𝒫  (    𝐜   unc     𝑛  +  1    ) 


$\bm c^{n+1}=\mathcal P(\bm c_{\mathrm {unc}}^{n+1})$


     𝐠  ˆ   𝐳  =    𝐠  ˆ   (    𝐑  𝑇   𝐑    )    −  1      𝐠  ˆ   >  0 


$\hat {\bm g}^T\bm z=\hat {\bm g}^T(\bm R^T\bm R)^{-1}\hat {\bm g}>0$


$\bm R^T\bm R$


     𝐠  ˆ   ≠  𝟎 


$\hat {\bm g}\ne \bm 0$


   𝒫 


$\mathcal P$


$\mathcal P$


           𝐠  ˆ   𝒫  (  𝐜  )  =    𝐠  ˆ   𝐜  −  (    𝐠  ˆ   𝐜  −    ℳ  0   )  =    ℳ  0   ,    ∀    𝐜  ∈    ℝ    2    𝑁  𝐿     .       


\begin {align*}\hat {\bm g}^T\mathcal P(\bm c)=\hat {\bm g}^T\bm c-(\hat {\bm g}^T\bm c-\mathcal M^0)=\mathcal M^0,\quad \forall \,\bm c\in \mathbb R^{2N_L}.\end {align*}


$\bm c^{n+1}$


     ℳ    𝑛  +  1    =    𝐠  ˆ     𝐜    𝑛  +  1    =    𝐠  ˆ   𝒫  (    𝐜   unc     𝑛  +  1    )  =    ℳ  0  


$\mathcal M^{n+1}=\hat {\bm g}^T\bm c^{n+1}=\hat {\bm g}^T\mathcal P(\bm c_{\mathrm {unc}}^{n+1})=\mathcal M^0$


   𝐜  ∈    𝐻    ℳ  0   


$\bm c\in H_{\mathcal M^0}$


$\hat {\bm g}^T\bm c=\mathcal M^0$


   𝒫  (  𝐜  )  =  𝐜 


$\mathcal P(\bm c)=\bm c$


   𝒫  (  𝐜  )  ∈    𝐻    ℳ  0   


$\mathcal P(\bm c)\in H_{\mathcal M^0}$


   𝐜  ∈    ℝ    2    𝑁  𝐿    


$\bm c\in \mathbb R^{2N_L}$


   𝒫  ∘  𝒫  =  𝒫 


$\mathcal P\circ \mathcal P=\mathcal P$


$\bm R^T\bm R$


   𝐜  ,    𝐜  ′   ∈    ℝ    2    𝑁  𝐿    


$\bm c,\bm c'\in \mathbb R^{2N_L}$


         ‖  𝒫  (  𝐜  )  −  𝒫  (    𝐜  ′   )    ‖      𝐑  𝑇   𝐑    ≤  ‖  𝐜  −    𝐜  ′     ‖      𝐑  𝑇   𝐑    .       


\begin {align}\label {P_nonexp} \|\mathcal P(\bm c)-\mathcal P(\bm c')\|_{\bm R^T\bm R}\le \|\bm c-\bm c'\|_{\bm R^T\bm R}.\end {align}


   𝒫  (  𝐜  )  −  𝒫  (    𝐜  ′   ) 


$\mathcal P(\bm c)-\mathcal P(\bm c')$


$\bm R^T\bm R$


   𝐜  −    𝐜  ′  


$\bm c-\bm c'$


     𝐠  ˆ   =  {  𝐯  ∈    ℝ    2    𝑁  𝐿     ∶    𝐠  ˆ   𝐯  =  0  } 


$\hat {\bm g}^\perp =\{\bm v\in \mathbb R^{2N_L}:\hat {\bm g}^T\bm v=0\}$


         ‖  𝐜  −    𝐜  ′     ‖      𝐑  𝑇   𝐑   2   =  ‖  𝒫  (  𝐜  )  −  𝒫  (    𝐜  ′   )    ‖      𝐑  𝑇   𝐑   2   +      (    𝐠  ˆ   (  𝐜  −    𝐜  ′   )    )  2        𝐠  ˆ   𝐳    .       


\begin {align*}\|\bm c-\bm c'\|_{\bm R^T\bm R}^2=\|\mathcal P(\bm c)-\mathcal P(\bm c')\|_{\bm R^T\bm R}^2+\frac {\bigl (\hat {\bm g}^T(\bm c-\bm c')\bigr )^2}{\hat {\bm g}^T\bm z}.\end {align*}


   𝐜  =    𝐜   unc     𝑛  +  1   


$\bm c=\bm c_{\mathrm {unc}}^{n+1}$


     𝐜  ′   =    𝐜  𝑛  


$\bm c'=\bm c^n$


     𝐜  𝑛   =  𝒫  (    𝐜   unc   𝑛   )  ∈    𝐻    ℳ  0   


$\bm c^n=\mathcal P(\bm c_{\mathrm {unc}}^{n})\in H_{\mathcal M^0}$


   𝒫  (    𝐜  𝑛   )  =    𝐜  𝑛  


$\mathcal P(\bm c^n)=\bm c^n$


   ‖    𝐜    𝑛  +  1    −    𝐜  𝑛     ‖      𝐑  𝑇   𝐑    ≤  ‖    𝐜   unc     𝑛  +  1    −    𝐜  𝑛     ‖      𝐑  𝑇   𝐑    . 


\begin {equation*}\|\bm c^{n+1}-\bm c^n\|_{\bm R^T\bm R}\le \|\bm c_{\mathrm {unc}}^{n+1}-\bm c^n\|_{\bm R^T\bm R}.\end {equation*}


     𝐳  𝑇     𝐑  𝑇   𝐑  𝐳  =    𝐠  ˆ   𝐳 


$\bm z^T\bm R^T\bm R\bm z=\hat {\bm g}^T\bm z$


   𝐳  =  (    𝐑  𝑇   𝐑    )    −  1      𝐠  ˆ  


$\bm z=(\bm R^T\bm R)^{-1}\hat {\bm g}$


         ‖    𝐜    𝑛  +  1    −    𝐜   unc     𝑛  +  1      ‖      𝐑  𝑇   𝐑   2   =      (    𝐠  ˆ     𝐜   unc     𝑛  +  1    −    ℳ  0     )  2        𝐠  ˆ   𝐳    ,       


\begin {align*}\|\bm c^{n+1}-\bm c_{\mathrm {unc}}^{n+1}\|_{\bm R^T\bm R}^2=\frac {\bigl (\hat {\bm g}^T\bm c_{\mathrm {unc}}^{n+1}-\mathcal M^0\bigr )^2}{\hat {\bm g}^T\bm z},\end {align*}


   ‖    𝐜    𝑛  +  1    −    𝐜   unc     𝑛  +  1      ‖      𝐑  𝑇   𝐑   


$\|\bm c^{n+1}-\bm c_{\mathrm {unc}}^{n+1}\|_{\bm R^T\bm R}$


   |    𝐠  ˆ     𝐜   unc     𝑛  +  1    −    ℳ  0   | 


$|\hat {\bm g}^T\bm c_{\mathrm {unc}}^{n+1}-\mathcal M^0|$


$\bm c_{\mathrm {unc}}^{n+1}$


$\bm R^T\bm R$


$\bm c_{\mathrm {unc}}^{n+1}$


$\bm z$


$\varepsilon =0.02$


$t=0.1, 0.5$


$1.5$


$\varepsilon =0.01$


$t=0.5, 1.5$


$3$


$\varepsilon =0.02$


$\varepsilon =0.01$


$\overline {u}=0$


$\overline {u}=0.5$


$t=5,20$


$40$


$\overline {u}=0$


$\overline {u}=0.5$


$t=0.3,0.7$


$1.5$


$t=2,5,10$


$20$


$\overline {u}=0.5$


$M(u)=|1-u^2|$


$t=0.2, 0.5, 1, 2.5$


$5$


$\overline {u}=0.5$


$M(u)=|1-u^2|$


$L^2$


$\varphi $


           𝐮  𝑡   −  𝜈  Δ  𝐮  +  (  𝐮  ⋅  ∇  )  𝐮  +  ∇  𝑝     =  𝐟  ,     in    Ω  ×  (  0  ,  𝑇  ]  ,        ∇  ⋅  𝐮     =  0  ,       in    Ω  ×  (  0  ,  𝑇  ]  ,    


\begin {align}\bm u_t-\nu \Delta \bm u+(\bm u\cdot \nabla )\bm u+\nabla p&=\bm f, \quad \text {in } \Omega \times (0,T], \label {p6:PDE_1}\\ \nabla \cdot \bm u&=0, \,\quad \text {in } \Omega \times (0,T], \label {p6:PDE_2}\end {align}


         𝐇     =  {  𝐮  ∈    𝐋  2   (  Ω  )  ∶  ∇  ⋅  𝐮  =  0  ,    𝐮  ⋅  𝐧    |    𝜕  Ω    =  0  }  ,    𝐕  =  {  𝐯  ∈    𝐇  0  1   (  Ω  )  ∶  ∇  ⋅  𝐯  =  0  }  .    


\begin {align*}\bm H&=\{\bm u\in \bm L^2(\Omega ):\nabla \cdot \bm u=0,\;\bm u\cdot \bm n|_{\partial \Omega }=0\}, \quad \bm V=\{\bm v\in \bm H_0^1(\Omega ):\nabla \cdot \bm v=0\}. \vspace {-0.2cm}\end {align*}


          𝐮  0   ∈  𝐕  ∩    𝐇  2   (  Ω  )  ,     and       𝐟  ∈    𝐿  ∞   (  0  ,  𝑇  ;    𝐋  2   (  Ω  )  )  . 


\begin {equation}\label {p6:Assump:1} \bm u_0\in \bm V\cap \bm H^2(\Omega ), \; \text {and} \; \, \bm f\in L^{\infty }(0,T;\bm L^2(\Omega )).\end {equation}


$\varepsilon $


   𝜂  (  𝑡  ) 


$\eta (t)$


$q(t)$


   𝜂  (  0  )  =  𝑞  (  0  )  =  1 


$\eta (0)=q(0)=1$


                𝜕  𝜙     𝜕  𝑡    +  𝜂    𝐮  ⋅  ∇  𝜙  =  𝑀  Δ  𝜇  ,         in    Ω  ×  (  0  ,  𝑇  ]  ,           𝜇  =  𝜆      (  −  Δ  𝜙  +  𝜂    𝐹  ′   (  𝜙  )  )   ,         in    Ω  ×  (  0  ,  𝑇  ]  ,               𝜕  𝐮     𝜕  𝑡    +  𝑞    𝐮  ⋅  ∇  𝐮  −  𝜈  Δ  𝐮  +  ∇  𝑝  =  𝜂    𝜇  ∇  𝜙  ,         in    Ω  ×  (  0  ,  𝑇  ]  ,           ∇  ⋅  𝐮  =  0  ,         in    Ω  ×  (  0  ,  𝑇  ]  ,             𝑑    𝑑  𝑡      ∫  Ω   𝐹  (  𝜙  )    𝑑  𝐱  +    𝜃  𝜂       𝑑    𝜂  2      𝑑  𝑡    =  𝜂    ∫  Ω     𝐹  ′   (  𝜙  )      𝜕  𝜙     𝜕  𝑡      𝑑  𝐱  ,         in    (  0  ,  𝑇  ]  ,             𝑑    𝑑  𝑡      ∫  Ω     1  2   |  𝐮    |  2     𝑑  𝐱  +    𝜃  𝑞       𝑑    𝑞  2      𝑑  𝑡                     =    ∫  Ω   [    𝐮  𝑡   +  𝑞  (  𝐮  ⋅  ∇  𝐮  )  ]  ⋅  𝐮    𝑑  𝐱  +  𝜂    ∫  Ω     [  (  𝐮  ⋅  ∇  𝜙  )  𝜇  −  (  𝜇  ∇  𝜙  )  ⋅  𝐮  ]     𝑑  𝐱  ,         in    (  0  ,  𝑇  ]  .    


\begin {align}&\frac {\partial \phi }{\partial t}+\eta \,\bm {u}\cdot \nabla \phi =M\Delta \mu , &&\text {in } \Omega \times (0,T], \label {p7:PDE_1}\\ &\mu =\lambda \left (-\Delta \phi +\eta F'(\phi )\right ), &&\text {in } \Omega \times (0,T], \label {p7:PDE_2}\\ &\frac {\partial \bm {u}}{\partial t}+q\,\bm {u}\cdot \nabla \bm {u}-\nu \Delta \bm {u}+\nabla p=\eta \,\mu \nabla \phi , &&\text {in } \Omega \times (0,T], \label {p7:PDE_3}\\ &\nabla \cdot \bm {u}=0, &&\text {in } \Omega \times (0,T], \label {p7:PDE_4}\\ &\frac {d}{dt}\int _{\Omega }F(\phi )\,d\bm {x}+\theta _{\eta }\frac {d\eta ^2}{dt}=\eta \int _{\Omega }F'(\phi )\frac {\partial \phi }{\partial t}\,d\bm {x}, &&\text {in } (0,T], \label {p7:PDE_5}\\ &\frac {d}{dt}\int _{\Omega }\frac {1}{2}|\bm {u}|^2\,d\bm {x}+\theta _q\frac {dq^2}{dt} \notag \\ &\quad =\int _{\Omega }[\bm {u}_t+q(\bm {u}\cdot \nabla \bm {u})]\cdot \bm {u}\,d\bm {x} +\eta \int _{\Omega }\left [(\bm {u}\cdot \nabla \phi )\mu -(\mu \nabla \phi )\cdot \bm {u}\right ]d\bm {x}, &&\text {in } (0,T]. \label {p7:PDE_6}\end {align}


$t=$


$\Delta t = 0.1$


   𝜀  =  0  .   02  


   𝜀  =  0  .   01  


     𝜙  ‾   =  0 


     𝜙  ‾   =  0  .  5 


   𝑅  𝑒  =   50  


   𝑓 


   𝐠 


   −  1 


$s,t\in [0,T]$


$C$


$C$


$\varepsilon $


$T$


$u$


$u$


$\mathcal {C}^p$


$p$


   Ω  =  (  0  ,  1    )  2  


   𝜑  − 


$\varphi -$


           𝑑    𝑑  𝑡      𝐔  ℎ   =    𝐋  ℎ  𝑚     𝐔  ℎ   +    𝐑  ℎ  𝑚   (    𝐔  ℎ   ,    𝛾  ℎ   )  ,       


\begin {align}\label {p4:ode} \frac {d}{dt}\pmb U_h=\bL _{h}^{m}\bU _h + \bR _{h}^{m}(\pmb U_h,\gamma _{h}),\end {align}


          𝐋  ℎ  𝑚   ∶  =    𝐉  ℎ  𝑚   =      𝜕    𝐆  ℎ      𝜕    𝐔  ℎ     (    𝐔  ℎ  𝑚   )  . 


\begin {equation}\label {p4:Jacobian} \bL _{h}^{m}:=\bJ _{h}^{m}=\frac {\partial \bG _{h}}{\partial \bU _{h}}(\bU _{h}^{m}).\end {equation}


           𝐋  ℎ  𝑚   =      𝜕    𝐆  ℎ      𝜕    𝐔  ℎ     (    𝐔  ℎ  𝑚   )  =    (              𝐀    1  ,  1   𝑚        𝐀    1  ,  2   𝑚      𝐎     …     𝐎          𝐀    2  ,  1   𝑚        𝐀    2  ,  2   𝑚        𝐀    2  ,  3   𝑚      …     𝐎        ⋮     ⋱     ⋱     ⋱     ⋮        𝐎     …       𝐀      𝑁  𝑥   −  1  ,    𝑁  𝑥   −  2   𝑚        𝐀      𝑁  𝑥   −  1  ,    𝑁  𝑥   −  1   𝑚        𝐀      𝑁  𝑥   −  1  ,    𝑁  𝑥    𝑚         𝐎     …     𝐎       𝐀      𝑁  𝑥   ,    𝑁  𝑥   −  1   𝑚        𝐀      𝑁  𝑥   ,    𝑁  𝑥    𝑚         )   ,       


\begin {align}\label {p4:J-mono} \bL _h^m=\frac {\partial \bG _{h}}{\partial \bU _{h}}(\bU _{h}^{m})=\begin {pmatrix} \bA ^m_{1,1}& \bA ^m_{1,2}&\pmb O&\ldots & \pmb O\\ \bA ^m_{2,1}& \bA ^m_{2,2}& \bA ^m_{2,3}&\ldots & \pmb O\\ \vdots &\ddots &\ddots &\ddots &\vdots \\ \pmb O&\ldots & \bA ^m_{N_x-1,N_x-2}& \bA ^m_{N_x-1,N_x-1}& \bA ^m_{N_x-1,N_x}\\ \pmb O&\ldots & \pmb O& \bA ^m_{N_x,N_x-1}& \bA ^m_{N_x,N_x} \end {pmatrix},\end {align}


          𝐀    𝑖  ,    𝑖  ′    𝑚   ∶  =      𝜕    𝐆  𝑖      𝜕    𝐔    𝑖  ′      (    𝐔    𝑖  ′   𝑚   )  ,    1  ≤  𝑖  ≤    𝑁  𝑥   ,      𝑖  ′   =  𝑖  −  1  ,  𝑖  ,     or     𝑖  +  1  . 


\begin {equation}\label {p4:blockA} \bA ^m_{i,i^{\prime }}:=\frac {\partial \bG _{i}}{\partial \bU _{i^{\prime }}}(\bU _{i^{\prime }}^{m}), \quad 1\leq i \leq N_{x}, \quad i^{\prime }=i-1 , i, \; \text {or} \; i+1.\end {equation}


           𝐔  ℎ   (    𝑡    𝑚  +  1    )  =    𝑒    Δ  𝑡    𝐋  ℎ  𝑚       𝐔  ℎ   (    𝑡  𝑚   )  +    ∫  0    Δ  𝑡      𝑒    (  Δ  𝑡  −  𝑠  )    𝐋  ℎ  𝑚       𝐑  ℎ  𝑚   (    𝐔  ℎ   (    𝑡  𝑚   +  𝑠  )  ,    𝛾  ℎ   (    𝑡  𝑚   +  𝑠  )  )  𝑑  𝑠  .       


\begin {align}\label {p4:duha} \bU _h(t_{m+1})=e^{\Delta t \bL _{h}^m} \bU _h(t_m)+\int _0^{\Delta t}e^{(\Delta t-s) \bL _{h}^m} \bR _h^m( \bU _h(t_m+s), \gamma _{h}(t_m+s))ds.\end {align}


              𝐔  ˜   =    𝐔  ℎ  𝑚   +  Δ  𝑡    𝜑  1   (  Δ  𝑡    𝐋  ℎ  𝑚   )    𝐆  ℎ   (    𝐔  ℎ  𝑚   ,    𝛾  ℎ  𝑚   )  ,             𝐔  ℎ    𝑚  +  1    =    𝐔  ˜   +  Δ  𝑡    𝜑  2   (  Δ  𝑡    𝐋  ℎ  𝑚   )    [    𝐆  ℎ       (    𝐔  ˜   ,    𝛾  ℎ    𝑚  +  1    )   −    𝐆  ℎ   (    𝐔  ℎ  𝑚   ,    𝛾  ℎ  𝑚   )  −    𝐋  ℎ  𝑚       (    𝐔  ˜   −    𝐔  ℎ  𝑚   )   ]   ,    


\begin {align}&\widetilde { \bU }_h^{m+1}= \bU _h^m+\Delta t\varphi _1(\Delta t \bL _h^m) \pmb {G}_h( \bU _h^m,\gamma _{h}^{m}) \label {p4:ETD2-s1},\vspace {5pt}\\ &\bU _h^{m+1} = \widetilde { \bU }_h^{m+1} + \Delta t \varphi _2(\Delta t \bL _h^m)\left [ \pmb {G}_h\left (\widetilde { \bU }_h^{m+1},\gamma _{h}^{m+1}\right )- \pmb {G}_h( \bU _h^m,\gamma _{h}^{m})- \bL _h^m\left (\widetilde { \bU }_h^{m+1}- \bU _h^m\right )\right ], \label {p4:ETD2-s2}\end {align}


           m  ˜   (    𝑎  1   ,    𝑎  2   ,  …  ,    𝑎  𝑛   )  =    {            𝑎  1   ,       if    |    𝑎  1   |  ≤    𝐶  𝑀     ℎ  2   ,        m  (    𝑎  1   ,  …  ,    𝑎  𝑛   )  ,       otherwise,               


\begin {align*}\widetilde {\sm }(a_1,a_2,\ldots ,a_n)= \left \{\begin {array}{ll} a_1, & \text { if } |a_1|\le C_Mh^2, \\ \sm (a_1,\ldots ,a_n), &\text { otherwise,} \end {array}\right .\end {align*}


         m  (    𝑎  1   ,  …  ,    𝑎  𝑛   )  =  𝑠       min     1  ≤  𝑖  ≤  𝑛    |    𝑎  𝑖   |  ,    with    𝑠  =    {           sign   (    𝑎  1   )  ,       if     sign   (    𝑎  1   )  =   sign   (    𝑎  2   )  =  …  =   sign   (    𝑎  𝑛   )  ,        0  ,       otherwise.               


\begin {align*}\sm (a_1,\ldots ,a_n)=s\min _{1\le i\le n}|a_i|,\text { with } s=\left \{\begin {array}{ll} \text {sign}(a_1), &\text { if } \text {sign}(a_1)=\text {sign}(a_2)=\ldots =\text {sign}(a_n), \\ 0,& \text { otherwise.} \end {array}\right .\end {align*}


          𝐔  ℎ    (   mod   )    =    Λ  ℎ  1     𝐔  ℎ   , 


\begin {equation}\label {p4:eq:limiter} \pmb U_h^{(\text {mod})}=\Lambda _h^1\pmb U_h,\end {equation}


                  𝑢    𝑖  ,  𝑗      10   (   mod   )       =    m  ˜       (    𝑢    𝑖  ,  𝑗    10    ,    𝑢    𝑖  +  1  ,  𝑗    00    −    𝑢    𝑖  ,  𝑗    00    ,    𝑢    𝑖  ,  𝑗    00    −    𝑢    𝑖  −  1  ,  𝑗    00    )   ,    2  ≤  𝑖  ≤    𝑁  𝑥   −  1  ,    1  ≤  𝑗  ≤    𝑁  𝑦   ,          𝑢    𝑖  ,  𝑗      01   (   mod   )       =    m  ˜       (    𝑢    𝑖  ,  𝑗    01    ,    𝑢    𝑖  ,  𝑗  +  1    00    −    𝑢    𝑖  ,  𝑗    00    ,    𝑢    𝑖  ,  𝑗    00    −    𝑢    𝑖  ,  𝑗  −  1    00    )   ,    1  ≤  𝑖  ≤    𝑁  𝑥   ,    2  ≤  𝑗  ≤    𝑁  𝑦   −  1  .     


\begin {equation}\label {p4:eq:limiterbis} \begin {array}{rl} u_{i,j}^{10(\text {mod})}&=\widetilde {\sm }\left (u_{i,j}^{10},u_{i+1,j}^{00}-u_{i,j}^{00},u_{i,j}^{00}-u_{i-1,j}^{00}\right ), \; 2 \leq i \leq N_{x}-1, \; 1 \leq j \leq N_{y}, \vspace {4pt}\\ u_{i,j}^{01(\text {mod})}&=\widetilde {\sm }\left (u_{i,j}^{01},u_{i,j+1}^{00}-u_{i,j}^{00},u_{i,j}^{00}-u_{i,j-1}^{00}\right ), \; 1 \leq i \leq N_{x}, \; 2 \leq j \leq N_{y}-1. \end {array}\end {equation}


     𝑢    1  ,  𝑗      10   (   mod   )    =    {            m  ˜       (    𝑢    1  ,  𝑗    10    ,    𝑢    2  ,  𝑗    00    −    𝑢    1  ,  𝑗    00    ,  2  (    𝑢    1  ,  𝑗    00    −  𝛾  (  0  ,    𝑦  𝑗   ,  ⋅  )  )  )   ,        if    𝑥  =  0    is an inflow boundary   ,          m  ˜       (    𝑢    1  ,  𝑗    10    ,    𝑢    2  ,  𝑗    00    −    𝑢    1  ,  𝑗    00    )   ,        if    𝑥  =  0    is an outflow boundary   .        


\begin {equation*}u_{1,j}^{10(\text {mod})}=\left \{ \begin {array}{ll} \widetilde {\sm }\left (u_{1,j}^{10},u_{2,j}^{00}-u_{1,j}^{00},2(u_{1,j}^{00}-\gamma (0,y_{j}, \cdot ))\right ), \; & \text {if } x=0 \text { is an inflow boundary}, \vspace {5pt}\\ \widetilde {\sm }\left (u_{1,j}^{10},u_{2,j}^{00}-u_{1,j}^{00}\right ), \; & \text {if } x=0 \text { is an outflow boundary}. \end {array} \right .\end {equation*}


$\varphi -$


     𝐋  ℎ  


$\bL _{h}$


$\varphi -$


           𝒦    ℎ  ,  1       =    {    𝐾    𝑖  ,  𝑗    ∈    𝒦  ℎ   ,    1  ≤  𝑖  ≤    𝑁  Γ   ,    1  ≤  𝑗  ≤    𝑁  𝑦   }   ,          𝒦    ℎ  ,  2       =    {    𝐾    𝑖  ,  𝑗    ∈    𝒦  ℎ   ,      𝑁  Γ   +  1  ≤  𝑖  ≤    𝑁  𝑥   ,    1  ≤  𝑗  ≤    𝑁  𝑦   }   .    


\begin {align*}\iK _{h,1}&=\left \{ K_{i,j} \in \iK _{h}, \; 1 \leq i \leq N_{\Gamma }, \; 1 \leq j \leq N_{y}\right \},\\ \iK _{h,2}&=\left \{ K_{i,j} \in \iK _{h}, \; N_{\Gamma }+1 \leq i \leq N_{x}, \; 1 \leq j \leq N_{y}\right \}.\end {align*}


     ℰ  ℎ  Γ   =    {  𝑒  =  𝜕    𝐾      𝑁  Γ   ,  𝑗    ∩  𝜕    𝐾      𝑁  Γ   +  1  ,  𝑗    ,    1  ≤  𝑗  ≤    𝑁  𝑦   }   . 


\begin {equation*}\iE _{h}^{\Gamma }= \left \{ e = \partial K_{N_{\Gamma },j} \cap \partial K_{N_{\Gamma }+1,j}, \; 1 \leq j \leq N_{y} \right \}.\end {equation*}


          𝝀  ℎ   =      (    𝝀  1   ,    𝝀  2   ,  …  ,    𝝀    𝑁  𝑦    )   𝑇   ,     with       𝝀  𝑗   =      (    𝜆  𝑗   00    ,    𝜆  𝑗   10    ,    𝜆  𝑗   01    )   𝑇   . 


\begin {equation}\blambda _{h}=\left (\blambda _{1}, \blambda _{2}, \hdots , \blambda _{N_{y}}\right )^{T}, \quad \text {with} \; \blambda _{j}=\left (\lambda _{j}^{00}, \lambda _{j}^{10}, \lambda _{j}^{01}\right )^{T}.\end {equation}


     𝐖    ℎ  ,  1    (  𝑡  )  =      (    𝐖  1   (  𝑡  )  ,    𝐖  2   (  𝑡  )  ,  …  ,    𝐖    𝑁  Γ    (  𝑡  )  )   𝑇   ,      𝐖    ℎ  ,  2    (  𝑡  )  =      (    𝐖      𝑁  Γ   +  1    (  𝑡  )  ,    𝐖      𝑁  Γ   +  2    (  𝑡  )  ,  …  ,    𝐖    𝑁  𝑥    (  𝑡  )  )   𝑇   , 


\begin {equation*}\bW _{h,1}(t)=\left (\bW _{1}(t), \bW _{2}(t), \hdots , \bW _{N_{\Gamma }}(t)\right )^{T}, \quad \bW _{h,2}(t)=\left (\bW _{N_{\Gamma }+1}(t), \bW _{N_{\Gamma }+2}(t), \hdots , \bW _{N_{x}}(t)\right )^{T},\end {equation*}


     𝐖  𝑖   =      (    𝐰    𝑖  ,  1    ,    𝐰    𝑖  ,  2    ,  …  ,    𝐰    𝑖  ,    𝑁  𝑦     )   𝑇   ,      𝐰    𝑖  ,  𝑗    =      (    𝑤    𝑖  ,  𝑗    00    ,    𝑤    𝑖  ,  𝑗    10    ,    𝑤    𝑖  ,  𝑗    01    )   𝑇   ,    1  ≤  𝑖  ≤    𝑁  𝑥   ,    1  ≤  𝑗  ≤    𝑁  𝑦   . 


\begin {equation*}\bW _{i}=\left (\bw _{i,1}, \bw _{i,2}, \hdots , \bw _{i,N_{y}}\right )^{T}, \; \bw _{i,j} = \left (w_{i,j}^{00}, w_{i,j}^{10}, w_{i,j}^{01}\right )^{T}, \quad 1 \leq i \leq N_{x}, \; 1 \leq j \leq N_{y}.\end {equation*}


           𝑑    𝑑  𝑡      𝑤    𝑖  ,  𝑗     𝑙  𝑘       =      3    𝑙  +  𝑘      |    𝐾    𝑖  ,  𝑗    |    [      2  𝑙     Δ    𝑥  𝑖       ∫    𝐾    𝑖  ,  𝑗       𝑓  1   (    𝑤    ℎ  ,  1    )  𝑑  𝑥  𝑑  𝑦  +      2  𝑘     Δ    𝑦  𝑗       ∫    𝐾    𝑖  ,  𝑗       𝑓  2   (    𝑤    ℎ  ,  1    )  𝑑  𝑥  𝑑  𝑦             −    ∑    𝑒  ⊂  𝜕    𝐾    𝑖  ,  𝑗    ∖    ℰ  ℎ  Γ       ∫  𝑒     𝔥    𝑒  ,    𝐾    𝑖  ,  𝑗          (    𝑤    ℎ  ,  1      int   (    𝐾    𝑖  ,  𝑗    )    ,    𝑤    ℎ  ,  1      ext   (    𝐾    𝑖  ,  𝑗    )    )       𝜙    𝑖  ,  𝑗     𝑙  𝑘    𝑑  𝑠  −    ∑    𝑒  ⊂  𝜕    𝐾    𝑖  ,  𝑗    ∩    ℰ  ℎ  Γ       𝜆  𝑗    𝑙  𝑘    ]  ,    1  ≤  𝑖  ≤    𝑁  Γ   ,    


\begin {align}\label {p4:eq:DDform1} \frac {d}{dt}w_{i,j}^{lk}&=\frac {3^{l+k}}{|K_{i,j}|}\bigg [\frac {2l}{\Delta x_i}\int _{K_{i,j}}f_1(w_{h,1})dxdy+\frac {2k}{\Delta y_j}\int _{K_{i,j}}f_2(w_{h,1})dxdy \notag \\ &\hspace {-1cm}-\sum _{e \subset \partial K_{i,j}\setminus \iE _{h}^{\Gamma }}\int _{e}\fh _{e,K_{i,j}}\left (w_{h,1}^{\text {int}(K_{i,j})},w_{h,1}^{\text {ext}(K_{i,j})}\right )\phi _{i,j}^{lk}ds- \sum _{e \subset \partial K_{i,j} \cap \iE _{h}^{\Gamma }} \lambda _{j}^{lk}\bigg ] , \quad 1 \leq i \leq N_{\Gamma },\end {align}


           𝑑    𝑑  𝑡      𝑤    𝑖  ,  𝑗     𝑙  𝑘       =      3    𝑙  +  𝑘      |    𝐾    𝑖  ,  𝑗    |    [      2  𝑙     Δ    𝑥  𝑖       ∫    𝐾    𝑖  ,  𝑗       𝑓  1   (    𝑤    ℎ  ,  2    )  𝑑  𝑥  𝑑  𝑦  +      2  𝑘     Δ    𝑦  𝑗       ∫    𝐾    𝑖  ,  𝑗       𝑓  2   (    𝑤    ℎ  ,  2    )  𝑑  𝑥  𝑑  𝑦             −    ∑    𝑒  ⊂  𝜕    𝐾    𝑖  ,  𝑗    ∖    ℰ  ℎ  Γ       ∫  𝑒     𝔥    𝑒  ,    𝐾    𝑖  ,  𝑗          (    𝑤    ℎ  ,  2      int   (    𝐾    𝑖  ,  𝑗    )    ,    𝑤    ℎ  ,  2      ext   (    𝐾    𝑖  ,  𝑗    )    )       𝜙    𝑖  ,  𝑗     𝑙  𝑘    𝑑  𝑠  +    ∑    𝑒  ⊂  𝜕    𝐾    𝑖  ,  𝑗    ∩    ℰ  ℎ  Γ       𝜆  𝑗    𝑙  𝑘    ]  ,      𝑁  Γ   +  1  ≤  𝑖  ≤    𝑁  𝑥   ,    


\begin {align}\label {p4:eq:DDform2} \frac {d}{dt}w_{i,j}^{lk}&=\frac {3^{l+k}}{|K_{i,j}|}\bigg [\frac {2l}{\Delta x_i}\int _{K_{i,j}}f_1(w_{h,2})dxdy+\frac {2k}{\Delta y_j}\int _{K_{i,j}}f_2(w_{h,2})dxdy \notag \\ &\hspace {-1cm}-\sum _{e \subset \partial K_{i,j}\setminus \iE _{h}^{\Gamma }}\int _{e}\fh _{e,K_{i,j}}\left (w_{h,2}^{\text {int}(K_{i,j})},w_{h,2}^{\text {ext}(K_{i,j})}\right )\phi _{i,j}^{lk}ds + \sum _{e \subset \partial K_{i,j} \cap \iE _{h}^{\Gamma }} \lambda _{j}^{lk}\bigg ], \quad N_{\Gamma }+1 \leq i \leq N_{x},\end {align}


          𝜆  𝑗    𝑙  𝑘    =    ∫  𝑒     𝔥    𝑒  ,    𝐾      𝑁  Γ   ,  𝑗          (    𝑤    ℎ  ,  1      int   (    𝐾      𝑁  Γ   ,  𝑗    )    ,    𝑤    ℎ  ,  2      int   (    𝐾      𝑁  Γ   +  1  ,  𝑗    )    )       𝜙      𝑁  Γ   ,  𝑗     𝑙  𝑘    𝑑  𝑠  ,    𝑒  =  𝜕    𝐾      𝑁  Γ   ,  𝑗    ∩  𝜕    𝐾      𝑁  Γ   +  1  ,  𝑗    ∈    ℰ  ℎ  Γ   , 


\begin {equation}\label {p4:eq:interface} \lambda _{j}^{lk}=\int _{e}\fh _{e,K_{N_{\Gamma },j}}\left (w_{h,1}^{\text {int}(K_{N_{\Gamma },j})},w_{h,2}^{\text {int}(K_{N_{\Gamma }+1,j})}\right )\phi _{N_{\Gamma },j}^{lk}ds, \quad e=\partial K_{N_{\Gamma }, j} \cap \partial K_{N_{\Gamma }+1,j} \in \iE _{h}^{\Gamma },\end {equation}


          𝜆  𝑗    𝑙  𝑘    =    ℐ  𝑒       (    𝔥    𝑒  ,    𝐾      𝑁  Γ   ,  𝑗          (    𝑤    ℎ  ,  1      int   (    𝐾      𝑁  Γ   ,  𝑗    )    ,    𝑤    ℎ  ,  2      int   (    𝐾      𝑁  Γ   +  1  ,  𝑗    )    )       𝜙      𝑁  Γ   ,  𝑗     𝑙  𝑘    )   ,    𝑒  =  𝜕    𝐾      𝑁  Γ   ,  𝑗    ∩  𝜕    𝐾      𝑁  Γ   +  1  ,  𝑗    ∈    ℰ  ℎ  Γ   . 


\begin {equation}\label {p4:eq:lambda_quad} \lambda _{j}^{lk}=\mathcal {I}_{e} \left (\fh _{e,K_{N_{\Gamma },j}}\left (w_{h,1}^{\text {int}(K_{N_{\Gamma },j})},w_{h,2}^{\text {int}(K_{N_{\Gamma }+1,j})}\right )\phi _{N_{\Gamma },j}^{lk}\right ), \quad e=\partial K_{N_{\Gamma }, j} \cap \partial K_{N_{\Gamma }+1,j} \in \iE _{h}^{\Gamma }.\end {equation}


           𝑑    𝑑  𝑡      𝑤    𝑖  ,  𝑗     𝑙  𝑘       =    g    𝑖  ,  𝑗     𝑙  𝑘    (    𝐖    ℎ  ,  1    ,    𝝀  ℎ   ,    𝛾  ℎ   )  ∶  =      3    𝑙  +  𝑘      |    𝐾    𝑖  ,  𝑗    |    [      2  𝑙     Δ    𝑥  𝑖       ℐ    𝐾    𝑖  ,  𝑗     (    𝑓  1   (    𝑤    ℎ  ,  1    )  )  +      2  𝑘     Δ    𝑦  𝑗       ℐ    𝐾    𝑖  ,  𝑗     (    𝑓  2   (    𝑤    ℎ  ,  1    )  )             −    ∑    𝑒  ⊂  𝜕    𝐾    𝑖  ,  𝑗    ∖    ℰ  ℎ  Γ       ℐ  𝑒       (    𝔥    𝑒  ,    𝐾    𝑖  ,  𝑗        𝜙    𝑖  ,  𝑗     𝑙  𝑘    )   −    ∑    𝑒  ⊂  𝜕    𝐾    𝑖  ,  𝑗    ∩    ℰ  ℎ  Γ       𝜆  𝑗    𝑙  𝑘    ]  ,    1  ≤  𝑖  ≤    𝑁  Γ   ,          𝑑    𝑑  𝑡      𝑤    𝑖  ,  𝑗     𝑙  𝑘       =    g    𝑖  ,  𝑗     𝑙  𝑘    (    𝐖    ℎ  ,  2    ,    𝝀  ℎ   ,    𝛾  ℎ   )  ∶  =      3    𝑙  +  𝑘      |    𝐾    𝑖  ,  𝑗    |    [      2  𝑙     Δ    𝑥  𝑖       ℐ    𝐾    𝑖  ,  𝑗     (    𝑓  1   (    𝑤    ℎ  ,  2    )  )  +      2  𝑘     Δ    𝑦  𝑗       ℐ    𝐾    𝑖  ,  𝑗     (    𝑓  2   (    𝑤    ℎ  ,  2    )  )             −    ∑    𝑒  ⊂  𝜕    𝐾    𝑖  ,  𝑗    ∖    ℰ  ℎ  Γ       ℐ  𝑒       (    𝔥    𝑒  ,    𝐾    𝑖  ,  𝑗        𝜙    𝑖  ,  𝑗     𝑙  𝑘    )   +    ∑    𝑒  ⊂  𝜕    𝐾    𝑖  ,  𝑗    ∩    ℰ  ℎ  Γ       𝜆  𝑗    𝑙  𝑘    ]  ,      𝑁  Γ   +  1  ≤  𝑖  ≤    𝑁  𝑥   .    


\begin {align}\frac {d}{dt}w_{i,j}^{lk}&=\subg _{i,j}^{lk}(\bW _{h,1},\blambda _{h},\gamma _{h}):= \frac {3^{l+k}}{|K_{i,j}|}\bigg [\frac {2l}{\Delta x_i} \mathcal {I}_{K_{i,j}}(f_1(w_{h,1}))+\frac {2k}{\Delta y_j} \mathcal {I}_{K_{i,j}}(f_2(w_{h,1})) \notag \\ &\hspace {2cm}-\sum _{e \subset \partial K_{i,j}\setminus \iE _{h}^{\Gamma }}\mathcal {I}_{e}\left (\fh _{e,K_{i,j}}\phi _{i,j}^{lk}\right ) - \sum _{e \subset \partial K_{i,j} \cap \iE _{h}^{\Gamma }} \lambda _{j}^{lk}\bigg ], \quad 1 \leq i \leq N_{\Gamma }, \label {p4:eq:DDform1-quad} \vspace {5pt}\\ \frac {d}{dt}w_{i,j}^{lk}&=\subg _{i,j}^{lk}(\bW _{h,2},\blambda _{h},\gamma _{h}):= \frac {3^{l+k}}{|K_{i,j}|}\bigg [\frac {2l}{\Delta x_i} \mathcal {I}_{K_{i,j}}(f_1(w_{h,2}))+\frac {2k}{\Delta y_j} \mathcal {I}_{K_{i,j}}(f_2(w_{h,2})) \notag \\ &\hspace {2cm}-\sum _{e \subset \partial K_{i,j}\setminus \iE _{h}^{\Gamma }}\mathcal {I}_{e}\left (\fh _{e,K_{i,j}}\phi _{i,j}^{lk}\right )+ \sum _{e \subset \partial K_{i,j} \cap \iE _{h}^{\Gamma }} \lambda _{j}^{lk}\bigg ], \quad N_{\Gamma }+1 \leq i \leq N_{x}. \label {p4:eq:DDform2-quad}\end {align}


     g  


\begin {equation*}\subG _{i}=\left (\bsubg _{i,1}, \bsubg _{i,2}, \hdots , \bsubg _{i,N_{y}}\right )^{T}, \; \bsubg _{i,j} = \left (\subg _{i,j}^{00}, \subg _{i,j}^{10}, \subg _{i,j}^{01}\right )^{T}, \quad 1 \leq i \leq N_{x}, \; 1 \leq j \leq N_{y}.\end {equation*}


          𝑑    𝑑  𝑡      𝐖    ℎ  ,  1    =    𝓖    ℎ  ,  1    (    𝐖    ℎ  ,  1    ,    𝝀  ℎ   ,    𝛾  ℎ   )  ,      𝑑    𝑑  𝑡      𝐖    ℎ  ,  2    =    𝓖    ℎ  ,  2    (    𝐖    ℎ  ,  2    ,    𝝀  ℎ   ,    𝛾  ℎ   )  , 


\begin {equation}\label {p4:ODE_sd_DD} \frac {d}{dt} \bW _{h,1}=\subG _{h,1}(\bW _{h,1}, \blambda _{h}, \gamma _{h}), \quad \frac {d}{dt} \bW _{h,2}=\subG _{h,2}(\bW _{h,2}, \blambda _{h},\gamma _{h}),\end {equation}


              𝝀  ℎ  𝑚   =    ℱ  ℎ  Γ       (    𝐖    ℎ  ,  1   𝑚   ,    𝐖    ℎ  ,  2   𝑚   )   ,             𝐖  ˜   =    𝐖    ℎ  ,  𝐼   𝑚   +  Δ  𝑡    𝜑  1       (  Δ  𝑡    𝐋    ℎ  ,  𝐼   𝑚   )       𝓖    ℎ  ,  𝐼        (    𝐖    ℎ  ,  𝐼   𝑚   ,    𝝀  ℎ  𝑚   ,    𝛾  ℎ  𝑚   )   ,    𝐼  =  1  ,  2  ,             𝝀  ˜   =    ℱ  ℎ  Γ       (    𝐖  ˜   ,    𝐖  ˜   )   ,                       𝐖    ℎ  ,  𝐼     𝑚  +  1    =    𝐖  ˜   +  Δ  𝑡    𝜑  2       (  Δ  𝑡    𝐋    ℎ  ,  𝐼   𝑚   )       [    𝓖    ℎ  ,  𝐼        (    𝐖  ˜   ,    𝝀  ˜   ,    𝛾  ℎ    𝑚  +  1    )   −    𝓖    ℎ  ,  𝐼        (    𝐖    ℎ  ,  𝐼   𝑚   ,    𝝀  ℎ  𝑚   ,    𝛾  ℎ  𝑚   )                  −    𝐋    ℎ  ,  𝐼   𝑚       (    𝐖  ˜   −    𝐖    ℎ  ,  𝐼   𝑚   )   ]   ,    𝐼  =  1  ,  2  ,        


\begin {align}& \blambda _{h}^{m}=\iF _{h}^{\Gamma }\left (\bW _{h,1}^{m}, \bW _{h,2}^{m}\right ), \vspace {5pt}\\ & \widetilde {\bW }^{m+1}_{h, I} = \bW ^m_{h, I} + \Delta {t}\varphi _1\left (\Delta {t}\bL ^{m}_{h,I}\right )\subG _{h,I}\left (\bW ^m_{h, I}, \blambda _{h}^m,\gamma _{h}^m\right ), \quad I=1,2,\vspace {5pt}\\ & \widetilde {\blambda }_{h}^{m+1}=\iF _{h}^{\Gamma }\left (\widetilde {\bW }^{m+1}_{h, 1}, \widetilde {\bW }^{m+1}_{h, 2}\right ), \vspace {5pt}\\ &\hspace {-0.2cm}\begin {array}{l} \bW ^{m+1}_{h, I} = \widetilde {\bW }^{m+1}_{h, I}+ \Delta {t}\varphi _2\left (\Delta {t}\bL ^{m}_{h,I}\right )\left [\subG _{h,I}\left (\widetilde {\bW }^{m+1}_{h, I}, \widetilde {\blambda }_{h}^{m+1}, \gamma _{h}^{m+1}\right ) - \subG _{h,I}\left (\bW ^m_{h, I}, \blambda _{h}^m, \gamma _{h}^m\right ) \right . \vspace {5pt}\\ \hspace {6cm}\left .-\bL ^{m}_{h,I}\left (\widetilde {\bW }^{m+1}_{h, I} - \bW ^m_{h, I}\right )\right ], \quad I=1,2, \end {array}\end {align}


     𝐋    ℎ  ,  1   𝑚   =    𝐋    ℎ  ,  1    (    𝐖    ℎ  ,  1   𝑚   )  ∶  =    (              𝐀    1  ,  1   𝑚        𝐀    1  ,  2   𝑚      𝐎     ⋯     𝐎          𝐀    2  ,  1   𝑚        𝐀    2  ,  2   𝑚        𝐀    2  ,  3   𝑚      ⋯     𝐎        ⋮     ⋱     ⋱     ⋱     ⋮        𝐎     ⋯       𝐀      𝑁  Γ   −  1  ,    𝑁  Γ   −  2   𝑚        𝐀      𝑁  Γ   −  1  ,    𝑁  Γ   −  1   𝑚        𝐀      𝑁  Γ   −  1  ,    𝑁  Γ    𝑚         𝐎     ⋯     𝐎       𝐀      𝑁  Γ   ,    𝑁  Γ   −  1   𝑚        𝐀      𝑁  Γ   ,    𝑁  Γ    𝑚         )   , 


\begin {equation*}\label {p4:tildeJ1} \bL _{h,1}^m=\bL _{h,1}(\bW _{h,1}^{m}):=\begin {pmatrix} \bA ^m_{1,1}& \bA ^m_{1,2}& \pmb O& \cdots & \pmb O\\ \bA ^m_{2,1}& \bA ^m_{2,2}& \bA ^m_{2,3}&\cdots & \pmb O\\ \vdots &\ddots &\ddots &\ddots &\vdots \\ \pmb O&\cdots & \bA ^m_{N_{\Gamma }-1,N_{\Gamma }-2}& \bA ^m_{N_{\Gamma }-1,N_{\Gamma }-1}& \bA ^m_{N_{\Gamma }-1,N_{\Gamma }}\\ \pmb O&\cdots & \pmb O& \bA ^m_{N_{\Gamma },N_{\Gamma }-1}& \bA ^m_{N_{\Gamma },N_{\Gamma }} \end {pmatrix},\end {equation*}


     𝐋    ℎ  ,  2   𝑚   =    𝐋    ℎ  ,  2    (    𝐖    ℎ  ,  2   𝑚   )  ∶  =    (              𝐀      𝑁  Γ   +  1  ,    𝑁  Γ   +  1   𝑚        𝐀      𝑁  Γ   +  1  ,    𝑁  Γ   +  2   𝑚      𝐎     ⋯     𝐎          𝐀      𝑁  Γ   +  2  ,    𝑁  Γ   +  1   𝑚        𝐀      𝑁  Γ   +  2  ,    𝑁  Γ   +  2   𝑚        𝐀      𝑁  Γ   +  2  ,    𝑁  Γ   +  3   𝑚      ⋯     𝐎        ⋮     ⋱     ⋱     ⋱     ⋮        𝐎     ⋯       𝐀      𝑁  𝑥   −  1  ,    𝑁  𝑥   −  2   𝑚        𝐀      𝑁  𝑥   −  1  ,    𝑁  𝑥   −  1   𝑚        𝐀      𝑁  𝑥   −  1  ,    𝑁  𝑥    𝑚         𝐎     ⋯     𝐎       𝐀      𝑁  𝑥   ,    𝑁  𝑥   −  1   𝑚        𝐀      𝑁  𝑥   ,    𝑁  𝑥    𝑚         )   , 


\begin {equation*}\label {p4:tildeJ2} \bL _{h,2}^m=\bL _{h,2}(\bW _{h,2}^{m}):=\begin {pmatrix} \bA ^m_{N_{\Gamma }+1,N_{\Gamma }+1}& \bA ^m_{N_{\Gamma }+1,N_{\Gamma }+2}& \pmb O&\cdots & \pmb O\\ \bA ^m_{N_{\Gamma }+2,N_{\Gamma }+1}& \bA ^m_{N_{\Gamma }+2,N_{\Gamma }+2}& \bA ^m_{N_{\Gamma }+2,N_{\Gamma }+3}&\cdots & \pmb O\\ \vdots &\ddots &\ddots &\ddots &\vdots \\ \pmb O&\cdots & \bA ^m_{N_x-1,N_x-2}& \bA ^m_{N_x-1,N_x-1}& \bA ^m_{N_x-1,N_x}\\ \pmb O &\cdots & \pmb O& \bA ^m_{N_x,N_x-1}& \bA ^m_{N_x,N_x} \end {pmatrix},\end {equation*}


   𝐅  =  (    𝑓  1   ,    𝑓  2   )  ∈      (    𝒞  2   (  ℝ  )  )   2  


$\pmb F=(f_1,f_2) \in \left (\mathcal {C}^2(\mR )\right )^{2}$


   𝛾  (  𝐱  ,  𝑡  ) 


$\gamma (\bx ,t)$


$\Delta x$


$\Delta y$


$x$


$y$


           𝐿  𝑓   ∶  =     max     𝑢  ∈  ℝ        {  |    𝑓  1  ′   (  𝑢  )  |  ,  |    𝑓  2  ′   (  𝑢  )  |  }   ,    and      𝐿    𝑓  𝑓    ∶  =     max     𝑢  ∈  ℝ        {  |    𝑓  1  ″   (  𝑢  )  |  ,  |    𝑓  2  ″   (  𝑢  )  |  }   .       


\begin {align}\label {p4:L_ff} L_f:=\max _{u\in \mR }\left \{|f_1'(u)|,|f_2'(u)|\right \},\text { and } L_{ff}:=\max _{u\in \mR }\left \{|f_1''(u)|,|f_2''(u)|\right \}.\end {align}


$\fh _{e,K}\left (u_h^{\text {int}(K)}(\bx ,t),u_h^{\text {ext}(K)}(\bx ,t)\right )$


     𝑢  ℎ     ext   (    𝐾    𝑖  ,  𝑗    )    (  𝐱  ,  𝑡  ) 


$u_h^{\text {ext}(K_{i,j})}(\bx , t)$


   𝐱  ∈  𝜕  Ω 


$\bx \in \partial \Omega $


$u_h$


     𝑢  ℎ   (  𝐲  ,  ⋅  ) 


$u_h(\pmb y,\cdot )$


   𝐲  ∉  Ω 


$\by \notin \Omega $


$\bG _{h}^{\perBC }$


$\bL _{h}$


     𝐋    ℎ  ,  𝑖   


$\bL _{h,i}$


$I=1,2$


$\Delta x$


$\Delta y$


                   𝐔  ˜   =    𝐔  ℎ  𝑚   +  Δ  𝑡    𝜑  1       (  Δ  𝑡    𝐋  ℎ     per   ,  𝑚    )       𝐆  ℎ   per    (    𝐔  ℎ  𝑚   )  ,          𝐔  ℎ    𝑚  +  1    =    𝐔  ˜   +  Δ  𝑡    𝜑  2       (  Δ  𝑡    𝐋  ℎ     per   ,  𝑚    )       [    𝐆  ℎ   per        (    𝐔  ˜   )   −    𝐆  ℎ   per    (    𝐔  ℎ  𝑚   )  −    𝐋  ℎ     per   ,  𝑚        (    𝐔  ˜   −    𝐔  ℎ  𝑚   )   ]   ,           


\begin {align}\label {p4:ETD2-per} \begin {array}{l} \widetilde { \bU }_h^{m+1}= \bU _h^m+\Delta t\varphi _1\left (\Delta t \bL _h^{\perBC ,m}\right ) \pmb {G}_h^{\perBC }( \bU _h^m),\vspace {5pt}\\ \bU _h^{m+1} = \widetilde { \bU }_h^{m+1} + \Delta t \varphi _2\left (\Delta t \bL _h^{\perBC ,m}\right )\left [ \pmb {G}_h^{\perBC }\left (\widetilde { \bU }_h^{m+1}\right )- \pmb {G}_h^{\perBC }( \bU _h^m)- \bL _h^{\perBC ,m}\left (\widetilde { \bU }_h^{m+1}- \bU _h^m\right )\right ], \end {array}\end {align}


           𝐋  ℎ     per   ,  𝑚    =      𝜕    𝐆  ℎ   per       𝜕    𝐔  ℎ     (    𝐔  ℎ  𝑚   )  =    (              𝐀    1  ,  1   𝑚        𝐀    1  ,  2   𝑚      𝐎     …       𝐀    1  ,    𝑁  𝑥    𝑚           𝐀    2  ,  1   𝑚        𝐀    2  ,  2   𝑚        𝐀    2  ,  3   𝑚      …     𝐎        ⋮     ⋱     ⋱     ⋱     ⋮        𝐎     …       𝐀      𝑁  𝑥   −  1  ,    𝑁  𝑥   −  2   𝑚        𝐀      𝑁  𝑥   −  1  ,    𝑁  𝑥   −  1   𝑚        𝐀      𝑁  𝑥   −  1  ,    𝑁  𝑥    𝑚           𝐀      𝑁  𝑥   ,  1   𝑚      …     𝐎       𝐀      𝑁  𝑥   ,    𝑁  𝑥   −  1   𝑚        𝐀      𝑁  𝑥   ,    𝑁  𝑥    𝑚         )   .       


\begin {align}\label {p4:J-mono-peri} \pmb L_h^{\perBC ,m}= \dfrac {\partial \pmb G_h^{\perBC }}{\partial \bU _h}(\pmb U_h^m)=\begin {pmatrix} \bA ^m_{1,1}& \bA ^m_{1,2}&\pmb O&\ldots & \bA _{1,N_x}^m\\ \bA ^m_{2,1}& \bA ^m_{2,2}& \bA ^m_{2,3}&\ldots & \pmb O\\ \vdots &\ddots &\ddots &\ddots &\vdots \\ \pmb O&\ldots & \bA ^m_{N_x-1,N_x-2}& \bA ^m_{N_x-1,N_x-1}& \bA ^m_{N_x-1,N_x}\\ \bA _{N_x,1}^m&\ldots & \pmb O& \bA ^m_{N_x,N_x-1}& \bA ^m_{N_x,N_x} \end {pmatrix}.\end {align}


          𝑑    𝑑  𝑡      𝐖    ℎ  ,  1    =    𝓖    ℎ  ,  1    per    (    𝐖    ℎ  ,  1    ,    𝝀  ℎ   ,      𝝀  ℎ   _   )  ,      𝑑    𝑑  𝑡      𝐖    ℎ  ,  2    =    𝓖    ℎ  ,  2    per    (    𝐖    ℎ  ,  2    ,    𝝀  ℎ   ,      𝝀  ℎ   _   )  , 


\begin {equation}\label {p4:ODE_sd_DD_per} \frac {d}{dt} \bW _{h,1}=\subG _{h,1}^{\perBC }(\bW _{h,1}, \blambda _{h}, \underline {\blambda _{h}}), \quad \frac {d}{dt} \bW _{h,2}=\subG _{h,2}^{\perBC }(\bW _{h,2}, \blambda _{h}, \underline {\blambda _{h}}),\end {equation}


           𝜆  𝑗    𝑙  𝑘       =    ℐ  𝑒       (    𝔥    𝑒  ,    𝐾      𝑁  Γ   ,  𝑗          (    𝑤    ℎ  ,  1      int   (    𝐾      𝑁  Γ   ,  𝑗    )    ,    𝑤    ℎ  ,  2      int   (    𝐾      𝑁  Γ   +  1  ,  𝑗    )    )       𝜙      𝑁  Γ   ,  𝑗     𝑙  𝑘    )   ,    𝑒  =  𝜕    𝐾      𝑁  Γ   ,  𝑗    ∩  𝜕    𝐾      𝑁  Γ   +  1  ,  𝑗    ∈    ℰ  ℎ  Γ   ,          𝜆  _      =    ℐ  𝑒       (    𝔥    𝑒  ,    𝐾      𝑁  𝑥   ,  𝑗          (    𝑤    ℎ  ,  2      int   (    𝐾      𝑁  𝑥   ,  𝑗    )    ,    𝑤    ℎ  ,  1      int   (    𝐾    1  ,  𝑗    )    )       𝜙      𝑁  𝑥   ,  𝑗     𝑙  𝑘    )   ,    𝑒  =  𝜕    𝐾      𝑁  𝑥   ,  𝑗    ∩    Γ  _   .    


\begin {align}\lambda _{j}^{lk}&=\mathcal {I}_{e} \left (\fh _{e,K_{N_{\Gamma },j}}\left (w_{h,1}^{\text {int}(K_{N_{\Gamma },j})},w_{h,2}^{\text {int}(K_{N_{\Gamma }+1,j})}\right )\phi _{N_{\Gamma },j}^{lk}\right ), \quad e=\partial K_{N_{\Gamma }, j} \cap \partial K_{N_{\Gamma }+1,j} \in \iE _{h}^{\Gamma }, \vspace {4pt}\\ \underline {\lambda }_{j}^{lk}&=\mathcal {I}_{e} \left (\fh _{e,K_{N_{x},j}}\left (w_{h,2}^{\text {int}(K_{N_{x},j})},w_{h,1}^{\text {int}(K_{1,j})}\right )\phi _{N_{x},j}^{lk}\right ), \quad e=\partial K_{N_{x}, j} \cap \underline {\Gamma }.\end {align}


                𝐙  1  𝑇     𝐋    ℎ  ,  1      per   ,  𝑚       =    (    𝜻    1  ,  𝑚   𝑇       𝜻    2  ,  𝑚   𝑇     …      𝜻      𝑁  Γ   ,  𝑚   𝑇   )   =  𝟎  ,               𝐙  2  𝑇     𝐋    ℎ  ,  2      per   ,  𝑚       =    (    𝜻      𝑁  Γ   +  1  ,  𝑚   𝑇       𝜻      𝑁  Γ   +  2  ,  𝑚   𝑇     …      𝜻      𝑁  𝑥   ,  𝑚   𝑇   )   =  𝟎  ,    


\begin {equation}\label {p4:vL-DD} \begin {aligned} \bZ _{1}^{T} \bL _{h,1}^{\perBC ,m} &= \left (\bzeta _{1,m}^{T} \quad \bzeta _{2,m}^{T} \quad \hdots \quad \bzeta _{N_{\Gamma },m}^{T}\right )= \pmb {0}, \\ \bZ _{2}^{T} \bL _{h,2}^{\perBC ,m} &= \left (\bzeta _{N_{\Gamma }+1,m}^{T} \quad \bzeta _{N_{\Gamma }+2,m}^{T} \quad \hdots \quad \bzeta _{N_{x},m}^{T}\right )= \pmb {0}, \end {aligned}\end {equation}


     𝐋    ℎ  ,  1      per   ,  𝑚    =    (              𝐀    1  ,  1   𝑚        𝐀    1  ,  2   𝑚      𝐎     ⋯     𝐎          𝐀    2  ,  1   𝑚        𝐀    2  ,  2   𝑚        𝐀    2  ,  3   𝑚      ⋯     𝐎        ⋮     ⋱     ⋱     ⋱     ⋮        𝐎     ⋯       𝐀      𝑁  Γ   −  1  ,    𝑁  Γ   −  2   𝑚        𝐀      𝑁  Γ   −  1  ,    𝑁  Γ   −  1   𝑚        𝐀      𝑁  Γ   −  1  ,    𝑁  Γ    𝑚         𝐎     ⋯     𝐎       𝐀      𝑁  Γ   ,    𝑁  Γ   −  1   𝑚        𝐀      𝑁  Γ   ,    𝑁  Γ    𝑚         )   +    𝐌    ℎ  ,  1   𝑚   , 


\begin {equation*}\label {p4:tildeJ1-per} \bL _{h,1}^{\perBC ,m}=\begin {pmatrix} \bA ^m_{1,1} & \bA ^m_{1,2}& \pmb O& \cdots & \pmb O\\ \bA ^m_{2,1}& \bA ^m_{2,2}& \bA ^m_{2,3}&\cdots & \pmb O\\ \vdots &\ddots &\ddots &\ddots &\vdots \\ \pmb O&\cdots & \bA ^m_{N_{\Gamma }-1,N_{\Gamma }-2}& \bA ^m_{N_{\Gamma }-1,N_{\Gamma }-1}& \bA ^m_{N_{\Gamma }-1,N_{\Gamma }}\\ \pmb O&\cdots & \pmb O& \bA ^m_{N_{\Gamma },N_{\Gamma }-1}& \bA ^m_{N_{\Gamma },N_{\Gamma }} \end {pmatrix} + \bM _{h,1}^{m},\end {equation*}


     𝐋    ℎ  ,  2      per   ,  𝑚    =    (              𝐀      𝑁  Γ   +  1  ,    𝑁  Γ   +  1   𝑚        𝐀      𝑁  Γ   +  1  ,    𝑁  Γ   +  2   𝑚      𝐎     ⋯     𝐎          𝐀      𝑁  Γ   +  2  ,    𝑁  Γ   +  1   𝑚        𝐀      𝑁  Γ   +  2  ,    𝑁  Γ   +  2   𝑚        𝐀      𝑁  Γ   +  2  ,    𝑁  Γ   +  3   𝑚      ⋯     𝐎        ⋮     ⋱     ⋱     ⋱     ⋮        𝐎     ⋯       𝐀      𝑁  𝑥   −  1  ,    𝑁  𝑥   −  2   𝑚        𝐀      𝑁  𝑥   −  1  ,    𝑁  𝑥   −  1   𝑚        𝐀      𝑁  𝑥   −  1  ,    𝑁  𝑥    𝑚         𝐎     ⋯     𝐎       𝐀      𝑁  𝑥   ,    𝑁  𝑥   −  1   𝑚        𝐀      𝑁  𝑥   ,    𝑁  𝑥    𝑚         )   +    𝐌    ℎ  ,  2   𝑚   , 


\begin {equation*}\label {p4:tildeJ2-per} \bL _{h,2}^{\perBC ,m}=\begin {pmatrix} \bA ^m_{N_{\Gamma }+1,N_{\Gamma }+1}& \bA ^m_{N_{\Gamma }+1,N_{\Gamma }+2}& \pmb O&\cdots & \pmb O\\ \bA ^m_{N_{\Gamma }+2,N_{\Gamma }+1}& \bA ^m_{N_{\Gamma }+2,N_{\Gamma }+2}& \bA ^m_{N_{\Gamma }+2,N_{\Gamma }+3}&\cdots & \pmb O\\ \vdots &\ddots &\ddots &\ddots &\vdots \\ \pmb O&\cdots & \bA ^m_{N_x-1,N_x-2}& \bA ^m_{N_x-1,N_x-1}& \bA ^m_{N_x-1,N_x}\\ \pmb O &\cdots & \pmb O& \bA ^m_{N_x,N_x-1}& \bA ^m_{N_x,N_x} \end {pmatrix} + \bM _{h,2}^{m},\end {equation*}


            𝐌    ℎ  ,  1   𝑚   =    (              1    𝑛  1      𝐀      𝑁  𝑥   ,  1   𝑚      𝐎     ⋯     𝐎          1    𝑛  1      𝐀      𝑁  𝑥   ,  1   𝑚      𝐎     ⋯     𝐎        ⋮     ⋮     ⋯     ⋮        𝐎     𝐎     ⋯       1    𝑛  1      𝐀      𝑁  Γ   +  1  ,    𝑁  Γ    𝑚         𝐎     𝐎     ⋯       1    𝑛  1      𝐀      𝑁  Γ   +  1  ,    𝑁  Γ    𝑚         )   ,        𝐌    ℎ  ,  2   𝑚   =    (              1    𝑛  2      𝐀      𝑁  Γ   ,    𝑁  Γ   +  1   𝑚      𝐎     ⋯     𝐎          1    𝑛  2      𝐀      𝑁  Γ   ,    𝑁  Γ   +  1   𝑚      𝐎     ⋯     𝐎        ⋮     ⋮     ⋯     ⋮        𝐎     𝐎     ⋯       1    𝑛  2      𝐀    1  ,    𝑁  𝑥    𝑚         𝐎     𝐎     ⋯       1    𝑛  2      𝐀    1  ,    𝑁  𝑥    𝑚         )   ,   


\begin {equation}\label {p4:M-per} \hspace {-0.5cm}\bM _{h,1}^{m}=\begin {pmatrix} \frac {1}{n_1}\pmb A_{N_x,1}^m & \pmb O& \cdots & \pmb O \vspace {4pt}\\ \frac {1}{n_1}\pmb A_{N_x,1}^m& \pmb O& \cdots & \pmb O\\ \vdots &\vdots &\cdots &\vdots \\ \pmb O&\pmb O & \cdots & \frac {1}{n_1}\pmb A_{N_{\Gamma }+1,N_{\Gamma }}^m \vspace {4pt}\\ \pmb O&\pmb O& \cdots & \frac {1}{n_1}\pmb A_{N_{\Gamma }+1,N_{\Gamma }}^m \end {pmatrix}, \; \; \bM _{h,2}^{m}=\begin {pmatrix} \frac {1}{n_2}\pmb A_{N_{\Gamma },N_{\Gamma }+1}^m & \pmb O& \cdots & \pmb O\vspace {4pt} \\ \frac {1}{n_2}\pmb A_{N_{\Gamma },N_{\Gamma }+1}^m& \pmb O& \cdots & \pmb O\\ \vdots &\vdots &\cdots &\vdots \\ \pmb O&\pmb O & \cdots & \frac {1}{n_2}\pmb A_{1,N_{x}}^m \vspace {4pt}\\ \pmb O&\pmb O& \cdots & \frac {1}{n_2}\pmb A_{1,N_{x}}^m \end {pmatrix}, \quad \end {equation}


          𝑛  1   ∶  =   floor   (    𝑁  Γ   /  2  )  ,     and       𝑛  2   ∶  =   floor   (  (    𝑁  𝑥   −    𝑁  Γ   )  /  2  )  . 


\begin {equation}\label {p4:eq:choice_n1n2} n_1:=\text {floor}(N_{\Gamma }/2), \quad \text {and} \quad n_2:=\text {floor}((N_x-N_{\Gamma })/2).\end {equation}


              𝝀  ℎ  𝑚   =    ℱ  ℎ  Γ       (    𝐖    ℎ  ,  1   𝑚   ,    𝐖    ℎ  ,  2   𝑚   )   ,      𝝀  _   =    ℱ  _       (    𝐖    ℎ  ,  1   𝑚   ,    𝐖    ℎ  ,  2   𝑚   )   ,             𝐖  ˜   =    𝐖    ℎ  ,  𝐼   𝑚   +  Δ  𝑡    𝜑  1       (  Δ  𝑡    𝐋    ℎ  ,  𝐼      per   ,  𝑚    )       𝓖    ℎ  ,  𝐼    per        (    𝐖    ℎ  ,  𝐼   𝑚   ,    𝝀  ℎ  𝑚   ,    𝝀  _   )   ,    𝐼  =  1  ,  2  ,             𝝀  ˜   =    ℱ  ℎ  Γ       (    𝐖  ˜   ,    𝐖  ˜   )   ,        𝝀  _   ˜   =    ℱ  _       (    𝐖  ˜   ,    𝐖  ˜   )   ,                       𝐖    ℎ  ,  𝐼     𝑚  +  1       =    𝐖  ˜   +  Δ  𝑡    𝜑  2       (  Δ  𝑡    𝐋    ℎ  ,  𝐼      per   ,  𝑚    )       [    𝓖    ℎ  ,  𝐼    per        (    𝐖  ˜   ,    𝝀  ˜   ,      𝝀  _   ˜   )   −    𝓖    ℎ  ,  𝐼    per        (    𝐖    ℎ  ,  𝐼   𝑚   ,    𝝀  ℎ  𝑚   ,    𝝀  _   )                  −    𝐋    ℎ  ,  𝐼      per   ,  𝑚        (    𝐖  ˜   −    𝐖    ℎ  ,  𝐼   𝑚   )   ]   ,    𝐼  =  1  ,  2  .        


\begin {align}& \blambda _{h}^{m}=\iF _{h}^{\Gamma }\left (\bW _{h,1}^{m}, \bW _{h,2}^{m}\right ), \; \underline {\blambda }_{h}^{m}=\underline {\iF }_{h}^{\underline {\Gamma }}\left (\bW _{h,1}^{m}, \bW _{h,2}^{m}\right ), \vspace {5pt}\\ & \widetilde {\bW }^{m+1}_{h, I} = \bW ^m_{h, I} + \Delta {t}\varphi _1\left (\Delta {t}\bL ^{\perBC ,m}_{h,I}\right )\subG _{h,I}^{\perBC }\left (\bW ^m_{h, I}, \blambda _{h}^m,\underline {\blambda }_{h}^m\right ), \quad I=1,2,\label {p4:eq:LETDRK2-per-Wtilde}\vspace {5pt}\\ & \widetilde {\blambda }_{h}^{m+1}=\iF _{h}^{\Gamma }\left (\widetilde {\bW }^{m+1}_{h, 1}, \widetilde {\bW }^{m+1}_{h, 2}\right ), \; \widetilde {\underline {\blambda }}_{h}^{m+1}=\underline {\iF }_{h}^{\underline {\Gamma }}\left (\widetilde {\bW }^{m+1}_{h, 1}, \widetilde {\bW }^{m+1}_{h, 2}\right ), \vspace {5pt}\\ &\hspace {-0.2cm}\begin {array}{ll} \bW ^{m+1}_{h, I}&= \widetilde {\bW }^{m+1}_{h, I}+ \Delta {t}\varphi _2\left (\Delta {t}\bL ^{\perBC , m}_{h,I}\right )\left [\subG _{h,I}^{\perBC }\left (\widetilde {\bW }^{m+1}_{h, I}, \widetilde {\blambda }_{h}^{m+1}, \widetilde {\underline {\blambda }}_{h}^{m+1}\right ) - \subG _{h,I}^{\perBC }\left (\bW ^m_{h, I}, \blambda _{h}^m, \underline {\blambda }_{h}^m\right ) \right . \vspace {5pt}\\ &\hspace {6cm}\left .-\bL ^{\perBC ,m}_{h,I}\left (\widetilde {\bW }^{m+1}_{h, I} - \bW ^m_{h, I}\right )\right ], \quad I=1,2. \end {array} \label {p4:eq:LETDRK2-per-W}\end {align}


   ℎ  =  Δ  𝑥  =  Δ  𝑦 


$h=\Delta {x}=\Delta {y}$


   𝑥  − 


$x-$


   𝑦  − 


$y-$


$\varphi -$


                   𝑢  𝑡   +      (        𝑢  2   2    )   𝑥   =  0  ,       (  𝑥  ,  𝑡  )  ∈  (  −  1  ,  1  )  ×  (  0  ,  𝑇  )  ,        𝑢  (  𝑥  ,  0  )  =      1  4    +      1  2       sin   (  𝜋  𝑥  )  ,       𝑥  ∈  (  −  1  ,  1  )  ,           


\begin {align}\label {p4:1D-Burgers} \begin {array}{ll} \vspace {0.1cm} u_t+\left (\dfrac {u^2}{2}\right )_x=0,&\quad (x,t)\in (-1,1)\times (0,T),\\ u(x,0)=\dfrac 14+\dfrac 12 \sin (\pi x),&\quad x\in (-1,1), \end {array}\end {align}


   𝑢  (  −  1  ,  𝑡  )  =  𝛾  (  𝑡  )  =  𝑣  (  −  1  ,  𝑡  )  ,    𝑡  ∈  (  0  ,  𝑇  )  , 


\begin {equation*}u(-1,t)=\gamma (t)=v(-1,t), \quad t \in (0,T),\end {equation*}


   𝐮  (  𝐱  ,  0  )  =    𝐮  0   (  𝐱  ) 


$\bm u(\bm x,0)=\bm u_0(\bm x)$


$\Omega $


$\mathbb {R}^d$


$d=2,3$


   𝐮  =  (    𝑢  1   ,  …  ,    𝑢  𝑑     )  𝑇  


$\bm u=(u_1,\ldots ,u_d)^T$


$p$


   (  𝐮  ⋅  ∇  )  𝐮 


$(\bm u\cdot \nabla )\bm u$


$\bm f$


$\nu $


$Re$


             𝑑  𝒦  (  𝐮  )     𝑑  𝑡    =  (    𝐮  𝑡   ,  𝐮  )      and      (  (  𝐮  ⋅  ∇  )  𝐮  ,  𝐮  )  =  0  .       


\begin {align}\label {p5:dK} \frac {d\mathcal {K}(\bm u)}{dt}=(\bm u_t,\bm u)\quad \text { and }\quad ((\bm u\cdot \nabla )\bm u,\bm u)=0.\end {align}


              𝐮  𝑡   −  𝜈  Δ  𝐮  +  𝑞  (  𝐮  ⋅  ∇  )  𝐮  +  ∇  𝑝  =  𝐟  ,           ∇  ⋅  𝐮  =  0  ,               𝑑  𝒦  (  𝐮  )     𝑑  𝑡    =  (    𝐮  𝑡   +  𝑞  (  𝐮  ⋅  ∇  )  𝐮  ,  𝐮  )  .    


\begin {align}&\bm u_t-\nu \Delta \bm u+q(\bm u\cdot \nabla )\bm u+\nabla p = \bm f, \label {p5:K_eq1}\\ &\nabla \cdot \bm u=0,\label {p5:K_eq2}\\ &\frac {d\mathcal {K}(\bm u)}{dt}=(\bm u_t+q(\bm u\cdot \nabla )\bm u,\bm u).\label {p5:K_eq3}\end {align}


              𝐮  𝑡   −  𝜈  Δ  𝐮  +  𝑞  (  𝐮  ⋅  ∇  )  𝐮  +  ∇  𝑝  =  𝐟  ,           ∇  ⋅  𝐮  =  0  ,               𝑑  𝒦  (  𝐮  )     𝑑  𝑡    +  𝜃      𝑑    𝑞  2      𝑑  𝑡    =  (    𝐮  𝑡   +  𝑞  (  𝐮  ⋅  ∇  )  𝐮  ,  𝐮  )  ,    


\begin {align}&\bm u_t-\nu \Delta \bm u+q(\bm u\cdot \nabla )\bm u+\nabla p = \bm f, \label {p5:eq1}\\ &\nabla \cdot \bm u=0,\label {p5:eq2}\\ &\frac {d\mathcal {K}(\bm u)}{dt}+\theta \frac {dq^2}{dt}=(\bm u_t+q(\bm u\cdot \nabla )\bm u,\bm u),\label {p5:eq3}\end {align}


                  𝐮    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    −  𝜈  Δ    𝐮    𝑛  +  1    +    𝑞    𝑛  +  1    (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   +  ∇    𝑝    𝑛  +  1    =    𝐟    𝑛  +  1    ,           ∇  ⋅    𝐮    𝑛  +  1    =  0  ,               𝒦  (    𝐮    𝑛  +  1    )  −  𝒦  (    𝐮  𝑛   )     Δ  𝑡    +  𝜃      (    𝑞    𝑛  +  1      )  2   −  (    𝑞  𝑛     )  2      Δ  𝑡    =    (        𝐮    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    +    𝑞    𝑛  +  1    (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   ,    𝐮    𝑛  +  1    )   ,    


\begin {align}&\frac {\bm u^{n+1}-\bm u^n}{\Delta t}-\nu \Delta \bm u^{n+1}+q^{n+1}(\bm u^n\cdot \nabla )\bm u^n+\nabla p^{n+1}=\bm f^{n+1},\label {p5:bE1}\\ &\nabla \cdot \bm u^{n+1}=0,\label {p5:bE2}\\ &\frac {\mathcal {K}(\bm u^{n+1})-\mathcal {K}(\bm u^n)}{\Delta t}+\theta \frac {(q^{n+1})^2-(q^n)^2}{\Delta t}=\left (\frac {\bm u^{n+1}-\bm u^n}{\Delta t}+q^{n+1}(\bm u^n\cdot \nabla )\bm u^n,\bm u^{n+1}\right ),\label {p5:bE3}\end {align}


           𝐮    𝑛  +  1       =    𝐮  1    𝑛  +  1    +    𝑞    𝑛  +  1      𝐮  2    𝑛  +  1    ,          𝑝    𝑛  +  1       =    𝑝  1    𝑛  +  1    +    𝑞    𝑛  +  1      𝑝  2    𝑛  +  1    .    


\begin {align}\bm u^{n+1}&=\bm u_1^{n+1}+q^{n+1}\bm u_2^{n+1},\label {p5:u1u2}\\ p^{n+1}&=p_1^{n+1}+q^{n+1}p_2^{n+1}.\label {p5:p1p2}\end {align}


                  𝐮  1    𝑛  +  1    +    𝑞    𝑛  +  1      𝐮  2    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    −  𝜈  Δ  (    𝐮  1    𝑛  +  1    +    𝑞    𝑛  +  1      𝐮  2    𝑛  +  1    )  +    𝑞    𝑛  +  1    (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   +  ∇  (    𝑝  1    𝑛  +  1    +    𝑞    𝑛  +  1      𝑝  2    𝑛  +  1    )  =    𝐟    𝑛  +  1    ,           ∇  ⋅  (    𝐮  1    𝑛  +  1    +    𝑞    𝑛  +  1      𝐮  2    𝑛  +  1    )  =  0  ,               𝒦  (    𝐮  1    𝑛  +  1    +    𝑞    𝑛  +  1      𝐮  2    𝑛  +  1    )  −  𝒦  (    𝐮  𝑛   )     Δ  𝑡    +  𝜃      (    𝑞    𝑛  +  1      )  2   −  (    𝑞  𝑛     )  2      Δ  𝑡               =    (        𝐮  1    𝑛  +  1    +    𝑞    𝑛  +  1      𝐮  2    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    +    𝑞    𝑛  +  1    (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   ,    𝐮  1    𝑛  +  1    +    𝑞    𝑛  +  1      𝐮  2    𝑛  +  1    )   .    


\begin {align}&\frac {\bm u_1^{n+1}+q^{n+1}\bm u_2^{n+1}-\bm u^n}{\Delta t}-\nu \Delta (\bm u_1^{n+1}+q^{n+1}\bm u_2^{n+1})+q^{n+1}(\bm u^n\cdot \nabla )\bm u^n+\nabla (p_1^{n+1}+q^{n+1}p_2^{n+1})=\bm f^{n+1},\label {p5:bE11}\\ &\nabla \cdot (\bm u_1^{n+1}+q^{n+1}\bm u_2^{n+1})=0,\label {p5:bE22}\\ &\frac {\mathcal {K}(\bm u_1^{n+1}+q^{n+1}\bm u_2^{n+1})-\mathcal {K}(\bm u^n)}{\Delta t}+\theta \frac {(q^{n+1})^2-(q^n)^2}{\Delta t}\notag \\ &\hspace {3cm}=\left (\frac {\bm u_1^{n+1}+q^{n+1}\bm u_2^{n+1}-\bm u^n}{\Delta t}+q^{n+1}(\bm u^n\cdot \nabla )\bm u^n,\bm u_1^{n+1}+q^{n+1}\bm u_2^{n+1}\right ).\label {p5:bE33}\end {align}


                  𝐮  1    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    −  𝜈  Δ    𝐮  1    𝑛  +  1    +  ∇    𝑝  1    𝑛  +  1    =    𝐟    𝑛  +  1    ,           ∇  ⋅    𝐮  1    𝑛  +  1    =  0  ,    


\begin {align}&\frac {\bm u_1^{n+1}-\bm u^n}{\Delta t}-\nu \Delta \bm u_1^{n+1}+\nabla p_1^{n+1}=\bm f^{n+1},\label {p5:st1a}\\ &\nabla \cdot \bm u_1^{n+1}=0,\label {p5:st1b}\end {align}


                𝐮  2    𝑛  +  1      Δ  𝑡    −  𝜈  Δ    𝐮  2    𝑛  +  1    +  (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   +  ∇    𝑝  2    𝑛  +  1    =  0  ,           ∇  ⋅    𝐮  2    𝑛  +  1    =  0  ,    


\begin {align}&\frac {\bm u_2^{n+1}}{\Delta t}-\nu \Delta \bm u_2^{n+1}+(\bm u^n\cdot \nabla )\bm u^n+\nabla p_2^{n+1}=0,\label {p5:st2a}\\ &\nabla \cdot \bm u_2^{n+1}=0,\label {p5:st2b}\end {align}


          𝐴    1  ,  𝑛  +  1    (    𝑞    𝑛  +  1      )  2   +    𝐵    1  ,  𝑛  +  1      𝑞    𝑛  +  1    +    𝐶    1  ,  𝑛  +  1    =  0  , 


\begin {equation}\label {p5:eq:quad1st} A_{1,n+1}(q^{n+1})^2+B_{1,n+1}q^{n+1}+C_{1,n+1}=0,\end {equation}


             𝐴    1  ,  𝑛  +  1       =      1  2   ‖    𝐮  2    𝑛  +  1      ‖  0  2   +  𝜃  +  Δ  𝑡  𝜈  ‖  ∇    𝐮  2    𝑛  +  1      ‖  0  2   ,           𝐵    1  ,  𝑛  +  1       =  −  (    𝐮  1    𝑛  +  1    −    𝐮  𝑛   ,    𝐮  2    𝑛  +  1    )  −  Δ  𝑡  (  (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   ,    𝐮  1    𝑛  +  1    )  ,          𝐶    1  ,  𝑛  +  1       =    −    1  2   ‖    𝐮  1    𝑛  +  1    −    𝐮  𝑛     ‖  0  2   −  𝜃  (    𝑞  𝑛     )  2   .      


\begin {equation*}\label {p5:eq:ABC1st} \begin {array}{rl} A_{1,n+1}&=\displaystyle \frac 12\|\bm u_2^{n+1}\|_0^2+\theta +\Delta t\nu \|\nabla \bm u_2^{n+1}\|_0^2,\vspace {3pt}\\ B_{1,n+1}&=-(\bm u_1^{n+1}-\bm u^n,\bm u_2^{n+1})-\Delta t((\bm u^n\cdot \nabla )\bm u^n,\bm u_1^{n+1}),\vspace {3pt}\\ C_{1,n+1}&=\displaystyle -\frac 12\|\bm u_1^{n+1}-\bm u^n\|_0^2-\theta (q^n)^2. \end {array}\end {equation*}


                3    𝐮    𝑛  +  1    −  4    𝐮  𝑛   +    𝐮    𝑛  −  1       2  Δ  𝑡    −  𝜈  Δ    𝐮    𝑛  +  1    +    𝑞    𝑛  +  1    (    𝐮  ˜   ⋅  ∇  )    𝐮  ˜   +  ∇    𝑝    𝑛  +  1    =    𝐟    𝑛  +  1    ,           ∇  ⋅    𝐮    𝑛  +  1    =  0  ,               3  𝒦  (    𝐮    𝑛  +  1    )  −  4  𝒦  (    𝐮  𝑛   )  +  𝒦  (    𝐮    𝑛  −  1    )     2  Δ  𝑡    +  𝜃      3  (    𝑞    𝑛  +  1      )  2   −  4  (    𝑞  𝑛     )  2   +  (    𝑞    𝑛  −  1      )  2      2  Δ  𝑡               =    (      3    𝐮    𝑛  +  1    −  4    𝐮  𝑛   +    𝐮    𝑛  −  1       2  Δ  𝑡    +    𝑞    𝑛  +  1    (    𝐮  ˜   ⋅  ∇  )    𝐮  ˜   ,    𝐮    𝑛  +  1    )   ,    


\begin {align}&\frac {3\bm u^{n+1}-4\bm u^n+\bm u^{n-1}}{2\Delta t}-\nu \Delta \bm u^{n+1}+q^{n+1}(\tilde {\bm u}^{n+1}\cdot \nabla )\tilde {\bm u}^{n+1}+\nabla p^{n+1}=\bm f^{n+1}, \label {p5:BDFa}\\ &\nabla \cdot \bm u^{n+1}=0,\label {p5:BDFb}\\ &\frac {3\mathcal {K}(\bm u^{n+1})-4\mathcal {K}(\bm u^n)+\mathcal {K}(\bm u^{n-1})}{2\Delta t}+\theta \frac {3(q^{n+1})^2-4(q^n)^2+(q^{n-1})^2}{2\Delta t} \notag \\ &\hspace {4cm}=\left (\frac {3\bm u^{n+1}-4\bm u^n+\bm u^{n-1}}{2\Delta t}+q^{n+1}(\tilde {\bm u}^{n+1}\cdot \nabla )\tilde {\bm u}^{n+1},\bm u^{n+1}\right ),\label {p5:BDFc}\end {align}


                3    𝐮  1    𝑛  +  1    −  4    𝐮  𝑛   +    𝐮    𝑛  −  1       2  Δ  𝑡    −  𝜈  Δ    𝐮  1    𝑛  +  1    +  ∇    𝑝  1    𝑛  +  1    =    𝐟    𝑛  +  1    ,           ∇  ⋅    𝐮  1    𝑛  +  1    =  0  ,    


\begin {align}&\frac {3\bm u_1^{n+1}-4\bm u^n+\bm u^{n-1}}{2\Delta t}-\nu \Delta \bm u_1^{n+1}+\nabla p_1^{n+1}=\bm f^{n+1}, \label {p5:cn1a}\\ &\nabla \cdot \bm u_1^{n+1}=0, \label {p5:cn1b}\end {align}


                3    𝐮  2    𝑛  +  1       2  Δ  𝑡    −  𝜈  Δ    𝐮  2    𝑛  +  1    +  (    𝐮  ˜   ⋅  ∇  )    𝐮  ˜   +  ∇    𝑝  2    𝑛  +  1    =  0  ,           ∇  ⋅    𝐮  2    𝑛  +  1    =  0  .    


\begin {align}&\frac {3\bm u_2^{n+1}}{2\Delta t}-\nu \Delta \bm u_2^{n+1}+(\tilde {\bm u}^{n+1}\cdot \nabla )\tilde {\bm u}^{n+1}+\nabla p_2^{n+1}=0,\label {p5:cn2a}\\ &\nabla \cdot \bm u_2^{n+1}=0.\label {p5:cn2b}\end {align}


          𝐴    2  ,  𝑛  +  1    (    𝑞    𝑛  +  1      )  2   +    𝐵    2  ,  𝑛  +  1      𝑞    𝑛  +  1    +    𝐶    2  ,  𝑛  +  1    =  0  , 


\begin {equation}\label {p5:eq:quad2nd} A_{2,n+1}(q^{n+1})^2+B_{2,n+1}q^{n+1}+C_{2,n+1}=0,\end {equation}


             𝐴    2  ,  𝑛  +  1       =      3  2   ‖    𝐮  2    𝑛  +  1      ‖  0  2   +  3  𝜃  +  2  Δ  𝑡  𝜈  ‖  ∇    𝐮  2    𝑛  +  1      ‖  0  2   ,           𝐵    2  ,  𝑛  +  1       =  −  (  3    𝐮  1    𝑛  +  1    −  4    𝐮  𝑛   +    𝐮    𝑛  −  1    ,    𝐮  2    𝑛  +  1    )  −  2  Δ  𝑡  (  (    𝐮  ˜   ⋅  ∇  )    𝐮  ˜   ,    𝐮  1    𝑛  +  1    )  ,          𝐶    2  ,  𝑛  +  1       =    −  2  ‖    𝐮  1    𝑛  +  1    −    𝐮  𝑛     ‖  0  2   +    1  2   ‖    𝐮  1    𝑛  +  1    −    𝐮    𝑛  −  1      ‖  0  2   −  𝜃      [  4  (    𝑞  𝑛     )  2   −  (    𝑞    𝑛  −  1      )  2   ]   .      


\begin {equation*}\label {p5:eq:ABC2nd} \begin {array}{rl} A_{2,n+1}&=\displaystyle \frac 32 \|\bm u_2^{n+1}\|_0^2+3\theta +2\Delta t\nu \|\nabla \bm u_2^{n+1}\|_0^2,\vspace {3pt}\\ B_{2,n+1}&=-(3\bm u_1^{n+1}-4\bm u^n+\bm u^{n-1},\bm u_2^{n+1})-2\Delta t((\tilde {\bm u}^{n+1}\cdot \nabla )\tilde {\bm u}^{n+1},\bm u_1^{n+1}),\vspace {3pt}\\ C_{2,n+1}&=\displaystyle -2\|\bm u_1^{n+1}-\bm u^n\|_0^2+\frac 12\|\bm u_1^{n+1}-\bm u^{n-1}\|_0^2-\theta \left [4(q^n)^2-(q^{n-1})^2\right ]. \end {array}\end {equation*}


     𝑞  ±    𝑛  +  1    =      −    𝐵    2  ,  𝑛  +  1    ±        𝐵    2  ,  𝑛  +  1   2   −  4    𝐴    2  ,  𝑛  +  1      𝐶    2  ,  𝑛  +  1         2    𝐴    2  ,  𝑛  +  1      . 


\begin {equation*}q^{n+1}_{\pm }=\frac {-B_{2,n+1}\pm \sqrt {B_{2,n+1}^2-4A_{2,n+1}C_{2,n+1}}}{2A_{2,n+1}}.\end {equation*}


         0  =    𝑥  0   <    𝑥  1   <  …  <    𝑥    𝑁  𝑥    =  1  ,     and     0  =    𝑦  0   <    𝑦  1   <  …  <    𝑦    𝑁  𝑦    =  1  .       


\begin {align*}0=x_0<x_1<\ldots <x_{N_{x}}=1, \quad \text {and} \quad 0=y_0<y_1<\ldots <y_{N_{y}}=1.\end {align*}


   (  𝐀  ,  𝐁    )    𝑙  2    ∶  =    ℎ  𝑥     ℎ  𝑦    Tr   (    𝐀  𝑇   𝐁  )  ,    ‖  𝐀    ‖    𝑙  2    ∶  =      (  𝐀  ,  𝐀    )    𝑙  2      , 


\begin {equation*}(\bm A,\bm B)_{l^2}:=h_xh_y\text {Tr}(\bm A^T\bm B), \qquad \|\bm A\|_{l^2}:=\sqrt {(\bm A,\bm A)_{l^2}},\end {equation*}


           𝐊    𝑁  ,  ℎ  ,  𝑎    Dir       =    1    ℎ  2          [            −  𝑎     1     0     …     0        1     −  2     1     …     0        ⋮     ⋱     ⋱     ⋱     ⋮        0     …     1     −  2     1        0     …     0     1     −  𝑎        ]     𝑁  ×  𝑁          𝐌    𝑁  ,  ℎ    Dir    =    1  ℎ         [            −  1     1     0     …     0        0     −  1     1     …     0        ⋮     ⋱     ⋱     ⋱     ⋮        0     …     0     −  1     1        ]     (  𝑁  −  1  )  ×  𝑁    ,          𝐊    𝑁  ,  ℎ    per       =    1    ℎ  2          [            −  2     1     0     …     1        1     −  2     1     …     0        ⋮     ⋱     ⋱     ⋱     ⋮        0     …     1     −  2     1        1     …     0     1     −  2        ]     𝑁  ×  𝑁          𝐌    𝑁  ,  ℎ    per    =    1  ℎ         [            1     0     0     …     −  1        −  1     1     0     …     0        ⋮     ⋱     ⋱     ⋱     ⋮        0     …     −  1     1     0        0     …     0     −  1     1        ]     𝑁  ×  𝑁    .    


\begin {align*}\bm K^{\text {Dir}}_{N,h,a}&=\frac {1}{h^2}\begin {bmatrix} -a&1&0&\ldots &0\\ 1&-2&1&\ldots &0\\ \vdots &\ddots &\ddots &\ddots &\vdots \\ 0&\ldots &1&-2&1\\ 0&\ldots &0&1&-a \end {bmatrix}_{N\times N}\; \bm M^{\text {Dir}}_{N,h}=\frac 1h\begin {bmatrix} -1&1&0&\ldots &0\\ 0&-1&1&\ldots &0\\ \vdots &\ddots &\ddots &\ddots &\vdots \\ 0&\ldots &0&-1&1 \end {bmatrix}_{(N-1)\times N},\\ \bm K^{\text {per}}_{N,h}&=\frac {1}{h^2}\begin {bmatrix} -2&1&0&\ldots &1\\ 1&-2&1&\ldots &0\\ \vdots &\ddots &\ddots &\ddots &\vdots \\ 0&\ldots &1&-2&1\\ 1&\ldots &0&1&-2 \end {bmatrix}_{N\times N}\; \bm M^{\text {per}}_{N,h}=\frac 1h\begin {bmatrix} 1&0&0&\ldots &-1\\ -1&1&0&\ldots &0\\ \vdots &\ddots &\ddots &\ddots &\vdots \\ 0&\ldots &-1&1&0\\ 0&\ldots &0&-1&1 \end {bmatrix}_{N\times N}.\end {align*}


           𝐀  𝑢      =    𝐊      𝑁  𝑥   −  1  ,    ℎ  𝑥   ,  2    Dir    ,          𝐀  𝑣   =    𝐊      𝑁  𝑥   ,    ℎ  𝑥   ,  3    Dir    ,          𝐀  𝑝   =    𝐌      𝑁  𝑥   ,    ℎ  𝑥     Dir    ,          𝐁  𝑢      =    𝐊      𝑁  𝑦   ,    ℎ  𝑦   ,  3    Dir    ,          𝐁  𝑣   =    𝐊      𝑁  𝑦   −  1  ,    ℎ  𝑦   ,  2    Dir    ,          𝐁  𝑝   =    𝐌      𝑁  𝑦   ,    ℎ  𝑦     Dir    .    


\begin {align}\bm A_u&=\bm K^{\text {Dir}}_{N_x-1,h_x,2},&& \bm A_v=\bm K^{\text {Dir}}_{N_x,h_x,3},&& \bm A_p=\bm M^{\text {Dir}}_{N_x,h_x},\label {p5:Dir1}\\ \bm B_u&=\bm K^{\text {Dir}}_{N_y,h_y,3},&&\bm B_v=\bm K^{\text {Dir}}_{N_y-1,h_y,2},&& \bm B_p=\bm M^{\text {Dir}}_{N_y,h_y}.\label {p5:Dir2}\end {align}


           𝐀  𝑢      =    𝐀  𝑣   =    𝐊      𝑁  𝑥   ,    ℎ  𝑥     per    ,          𝐀  𝑝   =    𝐌      𝑁  𝑥   ,    ℎ  𝑥     per    ,          𝐁  𝑢      =    𝐁  𝑣   =    𝐊      𝑁  𝑦   ,    ℎ  𝑦     per    ,          𝐁  𝑝   =    𝐌      𝑁  𝑦   ,    ℎ  𝑦     per    .    


\begin {align}\bm A_u&=\bm A_v=\bm K^{\text {per}}_{N_x,h_x},&&\bm A_p=\bm M^{\text {per}}_{N_x,h_x},\label {p5:per1}\\ \bm B_u&=\bm B_v=\bm K^{\text {per}}_{N_y,h_y},&&\bm B_p=\bm M^{\text {per}}_{N_y,h_y}.\label {p5:per2}\end {align}


                  𝐔    𝑛  +  1    −    𝐔  𝑛      Δ  𝑡    −  𝜈      (    𝐀  𝑢     𝐔    𝑛  +  1    +    𝐔    𝑛  +  1      𝐁  𝑢  𝑇   )   +    𝑞    𝑛  +  1      𝐅  1   (    𝐔  𝑛   ,    𝐕  𝑛   )  +    𝐀  𝑝     𝐏    𝑛  +  1    =    ℱ  1    𝑛  +  1    ,                 𝐕    𝑛  +  1    −    𝐕  𝑛      Δ  𝑡    −  𝜈      (    𝐀  𝑣     𝐕    𝑛  +  1    +    𝐕    𝑛  +  1      𝐁  𝑣  𝑇   )   +    𝑞    𝑛  +  1      𝐅  2   (    𝐔  𝑛   ,    𝐕  𝑛   )  +    𝐏    𝑛  +  1      𝐁  𝑝  𝑇   =    ℱ  2    𝑛  +  1    ,           (  −    𝐀  𝑝  𝑇   )    𝐔    𝑛  +  1    +    𝐕    𝑛  +  1    (  −    𝐁  𝑝   )  =  𝐎  ,             1    2  Δ  𝑡        (  ‖    𝐔    𝑛  +  1      ‖    𝑙  2   2   +  ‖    𝐕    𝑛  +  1      ‖    𝑙  2   2   −  ‖    𝐔  𝑛     ‖    𝑙  2   2   −  ‖    𝐕  𝑛     ‖    𝑙  2   2   )   +  𝜃      (    𝑞    𝑛  +  1      )  2   −  (    𝑞  𝑛     )  2      Δ  𝑡             =      (        𝐔    𝑛  +  1    −    𝐔  𝑛      Δ  𝑡    +    𝑞    𝑛  +  1      𝐅  1   (    𝐔  𝑛   ,    𝐕  𝑛   )  ,    𝐔    𝑛  +  1    )     𝑙  2    +      (        𝐕    𝑛  +  1    −    𝐕  𝑛      Δ  𝑡    +    𝑞    𝑛  +  1      𝐅  2   (    𝐔  𝑛   ,    𝐕  𝑛   )  ,    𝐕    𝑛  +  1    )     𝑙  2    .    


\begin {align}&\frac {\bm U^{n+1}-\bm U^n}{\Delta t}-\nu \left (\bm A_u\bm U^{n+1}+\bm U^{n+1}\bm B_u^T\right )+q^{n+1}\bm F_1(\bm U^n,\bm V^n)+\bm A_p\bm P^{n+1}=\mathcal {F}_1^{n+1}, \label {p5:bE1'}\\ &\frac {\bm V^{n+1}-\bm V^n}{\Delta t}-\nu \left (\bm A_v\bm V^{n+1}+\bm V^{n+1}\bm B_v^T\right )+q^{n+1}\bm F_2(\bm U^n,\bm V^n)+\bm P^{n+1}\bm B_p^T=\mathcal {F}_2^{n+1}, \label {p5:bE2'}\\ &(-\bm A_p^T)\bm U^{n+1}+\bm V^{n+1}(-\bm B_p)=\bm O, \label {p5:bE3'}\\ &\frac {1}{2\Delta t}\left (\|\bm U^{n+1}\|^2_{l^2}+\|\bm V^{n+1}\|^2_{l^2}-\|\bm U^{n}\|^2_{l^2}-\|\bm V^{n}\|^2_{l^2}\right )+\theta \frac {(q^{n+1})^2-(q^n)^2}{\Delta t} \notag \\ &\hspace {0.0cm} = \left (\frac {\bm U^{n+1}-\bm U^n}{\Delta t}+q^{n+1}\bm F_1(\bm U^n,\bm V^n),\bm U^{n+1}\right )_{l^2} +\left (\frac {\bm V^{n+1}-\bm V^n}{\Delta t}+q^{n+1}\bm F_2(\bm U^n,\bm V^n),\bm V^{n+1}\right )_{l^2}. \label {p5:bE4'}\end {align}


                3    𝐔    𝑛  +  1    −  4    𝐔  𝑛   +    𝐔    𝑛  −  1       2  Δ  𝑡    −  𝜈      (    𝐀  𝑢     𝐔    𝑛  +  1    +    𝐔    𝑛  +  1      𝐁  𝑢  𝑇   )   +    𝑞    𝑛  +  1      𝐅  1   (    𝐔  ˜   ,    𝐕  ˜   )  +    𝐀  𝑝     𝐏    𝑛  +  1    =    ℱ  1    𝑛  +  1    ,               3    𝐕    𝑛  +  1    −  4    𝐕  𝑛   +    𝐕    𝑛  −  1       2  Δ  𝑡    −  𝜈      (    𝐀  𝑣     𝐕    𝑛  +  1    +    𝐕    𝑛  +  1      𝐁  𝑣  𝑇   )   +    𝑞    𝑛  +  1      𝐅  2   (    𝐔  ˜   ,    𝐕  ˜   )  +    𝐏    𝑛  +  1      𝐁  𝑝  𝑇   =    ℱ  2    𝑛  +  1    ,           (  −    𝐀  𝑝  𝑇   )    𝐔    𝑛  +  1    +    𝐕    𝑛  +  1    (  −    𝐁  𝑝   )  =  𝐎  ,             1    4  Δ  𝑡        (  3  ‖    𝐔    𝑛  +  1      ‖    𝑙  2   2   +  3  ‖    𝐕    𝑛  +  1      ‖    𝑙  2   2   −  4  ‖    𝐔  𝑛     ‖    𝑙  2   2   −  4  ‖    𝐕  𝑛     ‖    𝑙  2   2   +  ‖    𝐔    𝑛  −  1      ‖    𝑙  2   2   +  ‖    𝐕    𝑛  −  1      ‖    𝑙  2   2   )            +  𝜃      3  (    𝑞    𝑛  +  1      )  2   −  4  (    𝑞  𝑛     )  2   +  (    𝑞    𝑛  −  1      )  2      2  Δ  𝑡    =      (      3    𝐔    𝑛  +  1    −  4    𝐔  𝑛   +    𝐔    𝑛  −  1       2  Δ  𝑡    +    𝑞    𝑛  +  1      𝐅  1   (    𝐔  ˜   ,    𝐕  ˜   )  ,    𝐔    𝑛  +  1    )     𝑙  2               +      (      3    𝐕    𝑛  +  1    −  4    𝐕  𝑛   +    𝐕    𝑛  −  1       2  Δ  𝑡    +    𝑞    𝑛  +  1      𝐅  2   (    𝐔  ˜   ,    𝐕  ˜   )  ,    𝐕    𝑛  +  1    )     𝑙  2    .    


\begin {align}&\frac {3\bm U^{n+1}-4\bm U^n+\bm U^{n-1}}{2\Delta t}-\nu \left (\bm A_u\bm U^{n+1}+\bm U^{n+1}\bm B_u^T\right )+q^{n+1}\bm F_1(\tilde {\bm U}^{n+1},\tilde {\bm V}^{n+1})+\bm A_p\bm P^{n+1}=\mathcal {F}_1^{n+1},\label {p5:BDFa'}\\ &\frac {3\bm V^{n+1}-4\bm V^n+\bm V^{n-1}}{2\Delta t}-\nu \left (\bm A_v\bm V^{n+1}+\bm V^{n+1}\bm B_v^T\right )+q^{n+1}\bm F_2(\tilde {\bm U}^{n+1},\tilde {\bm V}^{n+1})+\bm P^{n+1}\bm B_p^T=\mathcal {F}_2^{n+1},\label {p5:BDFb'}\\ &(-\bm A_p^T)\bm U^{n+1}+\bm V^{n+1}(-\bm B_p)=\bm O,\label {p5:BDFc'}\\ &\frac {1}{4\Delta t}\left (3\|\bm U^{n+1}\|^2_{l^2}+3\|\bm V^{n+1}\|^2_{l^2}-4\|\bm U^{n}\|^2_{l^2}-4\|\bm V^{n}\|^2_{l^2}+\|\bm U^{n-1}\|^2_{l^2}+\|\bm V^{n-1}\|^2_{l^2}\right )\notag \\ &+\theta \frac {3(q^{n+1})^2-4(q^n)^2+(q^{n-1})^2}{2\Delta t}=\left (\frac {3\bm U^{n+1}-4\bm U^n+\bm U^{n-1}}{2\Delta t}+q^{n+1}\bm F_1(\tilde {\bm U}^{n+1},\tilde {\bm V}^{n+1}),\bm U^{n+1}\right )_{l^2}\notag \\ &\hspace {5cm}+\left (\frac {3\bm V^{n+1}-4\bm V^n+\bm V^{n-1}}{2\Delta t}+q^{n+1}\bm F_2(\tilde {\bm U}^{n+1},\tilde {\bm V}^{n+1}),\bm V^{n+1}\right )_{l^2}. \label {p5:BDFd'}\end {align}


         𝛼  𝐮  −  𝜈  Δ  𝐮  +  ∇  𝑝     =  𝐠  ,        ∇  ⋅  𝐮     =  0  ,    


\begin {align}\alpha \bm u-\nu \Delta \bm u+\nabla p&=\bm g,\label {p5:gen_Stokes1}\\ \nabla \cdot \bm u&=0,\label {p5:gen_Stokes2}\end {align}


   𝛼  =    1    Δ  𝑡   


   𝛼  =    3    2  Δ  𝑡   


         𝛼  𝐔  −  𝜈  (    𝐀  𝑢   𝐔  +  𝐔    𝐁  𝑢  𝑇   )  +    𝐀  𝑝   𝐏     =    𝒢  1   ,        𝛼  𝐕  −  𝜈  (    𝐀  𝑣   𝐕  +  𝐕    𝐁  𝑣  𝑇   )  +  𝐏    𝐁  𝑝  𝑇      =    𝒢  2   ,        (  −    𝐀  𝑝  𝑇   )  𝐔  +  𝐕  (  −    𝐁  𝑝   )     =  𝐎  ,    


\begin {align}\alpha \bm U-\nu (\bm A_u\bm U+\bm U\bm B_u^T)+\bm A_p\bm P&=\mathcal {G}_1, \label {p5:gS1}\\ \alpha \bm V-\nu (\bm A_v\bm V+\bm V\bm B_v^T)+\bm P\bm B_p^T&=\mathcal {G}_2, \label {p5:gS2}\\ (-\bm A_p^T)\bm U+\bm V(-\bm B_p)&=\bm O, \label {p5:gS3}\end {align}


           [            𝐀       𝐁  𝑇         𝐁     𝐎        ]       [            𝐱        𝐲        ]   =    [            𝒢        𝐎        ]   ,       


\begin {align}\label {p5:pre1} \begin {bmatrix} \bm A&\bm B^T\\ \bm B&\bm O \end {bmatrix}\begin {bmatrix} \bm x\\ \bm y \end {bmatrix}=\begin {bmatrix} \mathcal {G}\\ \bm O \end {bmatrix},\end {align}


         𝐀     =    [            𝛼    𝐈    (    𝑁  𝑥   −  1  )    𝑁  𝑦     −  𝜈  (    𝐈    𝑁  𝑦    ⊗    𝐀  𝑢   +    𝐁  𝑢   ⊗    𝐈      𝑁  𝑥   −  1    )     𝐎        𝐎     𝛼    𝐈      𝑁  𝑥   (    𝑁  𝑦   −  1  )    −  𝜈  (    𝐈      𝑁  𝑦   −  1    ⊗    𝐀  𝑣   +    𝐁  𝑣   ⊗    𝐈    𝑁  𝑥    )        ]   ,    


\begin {align*}\bm A&=\begin {bmatrix} \alpha \bm I_{(N_x-1)N_y}-\nu (\bm I_{N_y}\otimes \bm A_u+\bm B_u\otimes \bm I_{N_x-1}) & \bm O\\ \bm O & \alpha \bm I_{N_x(N_y-1)}-\nu (\bm I_{N_y-1}\otimes \bm A_v+\bm B_v\otimes \bm I_{N_x}) \end {bmatrix},\end {align*}


         𝐀     =    [            𝛼    𝐈      𝑁  𝑥     𝑁  𝑦     −  𝜈  (    𝐈    𝑁  𝑦    ⊗    𝐀  𝑢   +    𝐁  𝑢   ⊗    𝐈    𝑁  𝑥    )     𝐎        𝐎     𝛼    𝐈      𝑁  𝑥     𝑁  𝑦     −  𝜈  (    𝐈    𝑁  𝑦    ⊗    𝐀  𝑣   +    𝐁  𝑣   ⊗    𝐈    𝑁  𝑥    )        ]   ,    


\begin {align*}\bm A&=\begin {bmatrix} \alpha \bm I_{N_xN_y}-\nu (\bm I_{N_y}\otimes \bm A_u+\bm B_u\otimes \bm I_{N_x}) & \bm O\\ \bm O & \alpha \bm I_{N_xN_y}-\nu (\bm I_{N_y}\otimes \bm A_v+\bm B_v\otimes \bm I_{N_x}) \end {bmatrix},\end {align*}


   𝐁  =    [              𝐈    𝑁  𝑦    ⊗    𝐀  𝑝  𝑇        𝐁  𝑝  𝑇   ⊗    𝐈    𝑁  𝑥          ]   . 


\begin {equation*}\bm B=\begin {bmatrix} \bm I_{N_y}\otimes \bm A_p^T&\bm B_p^T\otimes \bm I_{N_x} \end {bmatrix}.\end {equation*}


             [            𝐃       𝐁  𝑇         𝐁     𝐎        ]     −  1    =    [            (    𝐈  𝑛   −    𝐃    −  1      𝐁  𝑇     𝐒  ˆ   𝐁  )    𝐃    −  1         𝐃    −  1      𝐁  𝑇     𝐒  ˆ           𝐒  ˆ   𝐁    𝐃    −  1       −    𝐒  ˆ         ]   .       


\begin {align}\label {p5:pre2} \begin {bmatrix} \bm D&\bm B^T\\ \bm B&\bm O \end {bmatrix}^{-1}=\begin {bmatrix} (\bm I_n-\bm D^{-1}\bm B^T\hat {\bm S}^{-1}\bm B)\bm D^{-1}&\bm D^{-1}\bm B^T\hat {\bm S}^{-1}\\ \hat {\bm S}^{-1}\bm B\bm D^{-1}&-\hat {\bm S}^{-1} \end {bmatrix}.\end {align}


           [              𝐈  𝑛   −  (    𝐈  𝑛   −    𝐃    −  1      𝐁  𝑇     𝐒  ˆ   𝐁  )    𝐃    −  1    𝐄     𝐎        −    𝐒  ˆ   𝐁    𝐃    −  1    𝐄       𝐈  𝑚         ]       [            𝐱        𝐲        ]   =    [            (    𝐈  𝑛   −    𝐃    −  1      𝐁  𝑇     𝐒  ˆ   𝐁  )    𝐃    −  1    𝒢          𝐒  ˆ   𝐁    𝐃    −  1    𝒢        ]   .       


\begin {align}\label {p5:pre3} \begin {bmatrix} \bm I_n-(\bm I_n-\bm D^{-1}\bm B^T\hat {\bm S}^{-1}\bm B)\bm D^{-1}\bm E&\bm O\\ -\hat {\bm S}^{-1}\bm B\bm D^{-1}\bm E&\bm I_m \end {bmatrix}\begin {bmatrix} \bm x\\ \bm y \end {bmatrix}=\begin {bmatrix} (\bm I_n-\bm D^{-1}\bm B^T\hat {\bm S}^{-1}\bm B)\bm D^{-1}\mathcal {G}\\ \hat {\bm S}^{-1}\bm B\bm D^{-1}\mathcal {G} \end {bmatrix}.\end {align}


   𝑇  =  1 


         {          𝑝  (  𝑥  ,  𝑦  ,  𝑡  )  =   cos   (  𝜋  𝑥  )   sin   (  𝜋  𝑦  )   sin   (  𝑡  )  ,             𝑢  (  𝑥  ,  𝑦  ,  𝑡  )  =  𝜋       sin   2   (  𝜋  𝑥  )   sin   (  2  𝜋  𝑦  )   sin   (  𝑡  )  ,             𝑣  (  𝑥  ,  𝑦  ,  𝑡  )  =  −  𝜋     sin   (  2  𝜋  𝑥  )     sin   2   (  𝜋  𝑦  )   sin   (  𝑡  )  .                  


\begin {align*}\begin {cases} p(x,y,t)=\cos (\pi x)\sin (\pi y)\sin (t),\\ u(x,y,t)=\pi \sin ^2(\pi x)\sin (2\pi y)\sin (t),\\ v(x,y,t)=-\pi \sin (2\pi x)\sin ^2(\pi y)\sin (t). \end {cases}\end {align*}


   𝜈  =  0  .  1 


         {          𝑢  (  𝑥  ,  𝑦  ,  𝑡  )  =   sin   (  2  𝜋  𝑥  )   cos   (  2  𝜋  𝑦  )    𝑒    −  8    𝜋  2   𝜈  𝑡    ,             𝑣  (  𝑥  ,  𝑦  ,  𝑡  )  =  −   cos   (  2  𝜋  𝑥  )   sin   (  2  𝜋  𝑦  )    𝑒    −  8    𝜋  2   𝜈  𝑡    ,             𝑝  (  𝑥  ,  𝑦  ,  𝑡  )  =      1  4        [   cos   (  4  𝜋  𝑥  )  +   cos   (  4  𝜋  𝑦  )  ]       𝑒    −   16     𝜋  2   𝜈  𝑡    .                  


\begin {align*}\begin {cases} u(x,y,t)=\sin (2\pi x)\cos (2\pi y)e^{-8\pi ^2\nu t},\\ v(x,y,t)=-\cos (2\pi x)\sin (2\pi y)e^{-8\pi ^2\nu t},\\ p(x,y,t)=\dfrac 14\left [\cos (4\pi x)+\cos (4\pi y)\right ]e^{-16\pi ^2\nu t}. \end {cases}\end {align*}


         𝒦  (  𝐮  (  𝑡  )  )  =    1  2     ∫  Ω     [    𝑢  2   (  𝑥  ,  𝑦  ,  𝑡  )  +    𝑣  2   (  𝑥  ,  𝑦  ,  𝑡  )  ]     𝑑  𝑥  𝑑  𝑦  =    1  4     𝑒    −   16     𝜋  2   𝜈  𝑡    .       


\begin {align*}\mathcal {K}(\bm u(t))=\frac 12\int _{\Omega }\left [u^2(x,y,t)+v^2(x,y,t)\right ]dxdy=\frac 14 e^{-16\pi ^2\nu t}.\end {align*}


           𝐮  0   (  𝑥  ,  𝑦  )  =    [              𝑢  ∞      tanh       (      2  𝑦  −  1     𝛿  0    )         0        ]   +    𝑐  𝑛       [              𝜕  𝑦   𝜓  (  𝑥  ,  𝑦  )        −    𝜕  𝑥   𝜓  (  𝑥  ,  𝑦  )        ]   ,       


\begin {align*}\bm u_0(x,y)=\begin {bmatrix} u_{\infty }\tanh \left (\frac {2y-1}{\delta _0}\right )\\ 0 \end {bmatrix}+c_n\begin {bmatrix} \partial _y\psi (x,y)\\ -\partial _x\psi (x,y) \end {bmatrix},\end {align*}


         𝜓  (  𝑥  ,  𝑦  )  =    𝑢  ∞      exp       (  −      (  𝑦  −  0  .  5    )  2      𝛿  0  2    )       [   cos   (  8  𝜋  𝑥  )  +   cos   (   20   𝜋  𝑥  )  ]   .       


\begin {align*}\psi (x,y)=u_{\infty }\exp \left (-\frac {(y-0.5)^2}{\delta _0^2}\right )\left [\cos (8\pi x)+\cos (20\pi x)\right ].\end {align*}


              𝐮  𝑡   −  𝜈  Δ  𝐮  +  𝑞  (  𝐮  ⋅  ∇  )  𝐮  +  ∇  𝑝  =  𝐟  ,            in    Ω  ×  (  0  ,  𝑇  ]  ,           ∇  ⋅  𝐮  =  0  ,            in    Ω  ×  (  0  ,  𝑇  ]  ,               𝑑  𝒦  (  𝐮  )     𝑑  𝑡    +  𝜃      𝑑    𝑞  2      𝑑  𝑡    =  (    𝐮  𝑡   +  𝑞  (  𝐮  ⋅  ∇  )  𝐮  ,  𝐮  )  ,            in    (  0  ,  𝑇  ]  ,    


\begin {alignat}{2} &\bm u_t-\nu \Delta \bm u+q(\bm u\cdot \nabla )\bm u+\nabla p=\bm f,&\quad &\text { in } \Omega \times (0,T],\\ &\nabla \cdot \bm u=0,&\quad &\text { in } \Omega \times (0,T],\label {p6:PDE_new_2}\\ &\frac {d\mathcal {K}(\bm u)}{dt}+\theta \frac {dq^2}{dt}=(\bm u_t+q\bm (\bm u\cdot \nabla )\bm u,\bm u),&\quad &\text { in } (0,T],\label {p6:PDE_new_3}\end {alignat}


                  𝐮    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    −  𝜈  Δ    𝐮    𝑛  +  1    +    𝑞    𝑛  +  1    (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   +  ∇    𝑝    𝑛  +  1    =  𝐟  (    𝑡    𝑛  +  1    )  ,           ∇  ⋅    𝐮    𝑛  +  1    =  0  ,      𝐮    𝑛  +  1      |    𝜕  Ω    =  0  ,               𝒦  (    𝐮    𝑛  +  1    )  −  𝒦  (    𝐮  𝑛   )     Δ  𝑡    +  𝜃      (    𝑞    𝑛  +  1      )  2   −  (    𝑞  𝑛     )  2      Δ  𝑡    =    (        𝐮    𝑛  +  1    −    𝐮  𝑛      Δ  𝑡    +    𝑞    𝑛  +  1    (    𝐮  𝑛   ⋅  ∇  )    𝐮  𝑛   ,    𝐮    𝑛  +  1    )   .    


\begin {align}&\frac {\bm u^{n+1}-\bm u^n}{\Delta t}-\nu \Delta \bm u^{n+1}+q^{n+1}(\bm u^n\cdot \nabla )\bm u^n+\nabla p^{n+1}=\bm f(t_{n+1}),\label {p6:be1}\\ &\nabla \cdot \bm u^{n+1}=0,\quad \bm u^{n+1}|_{\partial \Omega }=0,\label {p6:be2}\\ &\frac {\mathcal {K}(\bm u^{n+1})-\mathcal {K}(\bm u^n)}{\Delta t}+\theta \frac {(q^{n+1})^2-(q^n)^2}{\Delta t}=\left (\frac {\bm u^{n+1}-\bm u^n}{\Delta t}+q^{n+1}(\bm u^n\cdot \nabla )\bm u^n,\bm u^{n+1}\right ).\label {p6:be3} \vspace {0.2cm}\end {align}


       𝑒  𝐮  𝑛   


\begin {align*}\begin {aligned} e_{\bm u}^{n}&=\bm u^{n}-\bm u(t_{n}), \; \, e_p^{n}=p^n-p(t_n), \; \text {and} \; \, e_q^n=q^n-1. \end {aligned}\end {align*}


         ‖  𝐯    ‖  1      ≤  (  1  +    𝑐  1   )  ‖  ∇  𝐯    ‖  0   ,    ∀    𝐯  ∈    𝐇  0  1   (  Ω  )  .    


\begin {align}\|\bm v\|_1&\le (1+c_1)\|\nabla \bm v\|_0,\quad \forall \,\bm v\in \bm H_0^1(\Omega ).\label {p6:poincare:1}\end {align}


         𝑏  (  𝐮  ,  𝐯  ,  𝐰  )  =    ∫  Ω     (  (  𝐮  ⋅  ∇  )  𝐯  )   ⋅  𝐰    𝑑  𝐱  .       


\begin {align*}b(\bm u,\bm v,\bm w)=\int _{\Omega }\left ((\bm u\cdot \nabla )\bm v\right )\cdot \bm w\,d\bm x.\end {align*}


         𝑏  (  𝐮  ,  𝐯  ,  𝐰  )  =  −  𝑏  (  𝐮  ,  𝐰  ,  𝐯  )  ,    ∀    𝐮  ∈  𝐕  ,    ∀    𝐯  ,  𝐰  ∈    𝐇  0  1   (  Ω  )  .       


\begin {align}\label {p6:b:skew} b(\bm u,\bm v,\bm w)=-b(\bm u,\bm w,\bm v),\quad \forall \,\bm u\in \bm V,\;\forall \, \bm v,\bm w\in \bm H_0^1(\Omega ).\end {align}


         |  𝑏  (  𝐮  ,  𝐯  ,  𝐰  )  |     ≤    𝑐  2       {          ‖  𝐮    ‖  1   ‖  𝐯    ‖  1   ‖  𝐰    ‖  1   ,             ‖  𝐮    ‖  0   ‖  𝐯    ‖  2   ‖  𝐰    ‖  1   ,             ‖  𝐮    ‖  1   ‖  𝐯    ‖  2   ‖  𝐰    ‖  0   ,             ‖  𝐮    ‖  0   ‖  𝐯    ‖  1   ‖  𝐰    ‖  2   ,             ‖  𝐮    ‖  2   ‖  𝐯    ‖  1   ‖  𝐰    ‖  0   .                


\begin {align}\label {p6:b:original} |b(\bm u,\bm v,\bm w)|&\le c_2\begin {cases} \|\bm u\|_1\|\bm v\|_1\|\bm w\|_1,\\ \|\bm u\|_0\|\bm v\|_2\|\bm w\|_1,\\ \|\bm u\|_1\|\bm v\|_2\|\bm w\|_0,\\ \|\bm u\|_0\|\bm v\|_1\|\bm w\|_2,\\ \|\bm u\|_2\|\bm v\|_1\|\bm w\|_0.\\ \end {cases}\end {align}


     


\begin {align}\label {p6:regularity:must} \begin {aligned} &\bm u\in L^{\infty }(0,T;\bm H^2(\Omega )),\; \bm u_t\in L^2(0,T;\bm H^1(\Omega )),\\ &\bm u_{tt}\in L^2(0,T;\bm H^{-1}(\Omega )),\; p\in L^2(0,T;H^1(\Omega )/\mathbb {R}). \vspace {-0.2cm} \end {aligned}\end {align}


          max       {     sup     𝑡  ∈  [  0  ,  𝑇  ]      ‖  𝐮    ‖  2   ,      ∫  0  𝑇   ‖    𝐮  𝑡     ‖  1  2     𝑑  𝑡  ,      ∫  0  𝑇   ‖    𝐮    𝑡  𝑡      ‖    −  1   2     𝑑  𝑡  }   ≤  𝑀  .       


\begin {align}\label {p6:M:velo} \max \left \{\sup _{t\in [0,T]}\|\bm u\|_2,\;\int _0^T\|\bm u_t\|_1^2\,dt,\;\int _0^T\|\bm u_{tt}\|_{-1}^2\,dt\right \}\le M. \vspace {-0.2cm}\end {align}


           𝑑  𝑡     𝑔    𝑛  +  1    ∶  =        𝑔    𝑛  +  1    −    𝑔  𝑛      Δ  𝑡    ,     for any     𝑛  ≥  0  .       


\begin {align*}d_tg^{n+1}:=\frac {g^{n+1}-g^n}{\Delta t}, \quad \text {for any} \; n\ge 0.\end {align*}


     


\begin {align}\label {p6:regularity:extra} \begin {aligned} &\bm u_t\in L^2(0,T;\bm H^2(\Omega ))\cap L^4(0,T;\bm H^1(\Omega ))\cap L^{\infty }(0,\tau _0;\bm H^1(\Omega )),\\ &\bm u_{tt}\in L^2(0,T;\bm L^2(\Omega ))\cap L^{\infty }(0,\tau _0;\bm L^2(\Omega )),\quad \bm u_{ttt}\in L^2(0,T;\bm H^{-1}(\Omega )). \end {aligned}\end {align}


        max       {     sup     𝑡  ∈  [  0  ,    𝜏  0   ]      ‖    𝐮  𝑡     ‖  1   ,      ∫  0  𝑇   ‖    𝐮  𝑡     ‖  2  2     𝑑  𝑡  ,      ∫  0  𝑇   ‖    𝐮  𝑡     ‖  1  4     𝑑  𝑡  }   ≤    𝑀  ˆ   ,   


\begin {align}\label {p6:M:pressure} \begin {aligned} \max \left \{\sup _{t\in [0,\tau _0]}\|\bm u_t\|_1,\;\int _0^T\|\bm u_t\|_2^2\,dt,\;\int _0^T\|\bm u_t\|_1^4\,dt\right \}\le \widehat {M},\\ \max \left \{\sup _{t\in [0,\tau _0]}\|\bm u_{tt}\|_0,\;\int _0^T\|\bm u_{tt}\|_0^2\,dt,\;\int _0^T\|\bm u_{ttt}\|_{-1}^2\,dt\right \}\le \widehat {M}. \end {aligned}\end {align}


         𝐮     =    (            5       sin   2   (  𝜋  𝑥  )   sin   (  2  𝜋  𝑦  )    𝑒    −  𝑡          −  5     sin   (  2  𝜋  𝑥  )     sin   2   (  𝜋  𝑦  )    𝑒    −  𝑡          )   ,    𝑝  =   cos   (  𝜋  𝑥  )   sin   (  𝜋  𝑦  )    𝑒    −  𝑡    .    


\begin {align*}\bm u&=\begin {pmatrix} 5\sin ^2(\pi x)\sin (2\pi y)e^{-t}\\ -5\sin (2\pi x)\sin ^2(\pi y)e^{-t} \end {pmatrix},\quad p=\cos (\pi x)\sin (\pi y)e^{-t}. \vspace {-0.2cm}\end {align*}


           ∫  Ω     𝜙    𝑛  +  1    𝑑  𝐱  =    ∫  Ω     𝜙  𝑛   𝑑  𝐱  ,    𝑛  =  0  ,  1  ,  …  ,  𝑁  −  1  .       


\begin {align}\label {p7:mass_conserve} \int _{\Omega }\phi ^{n+1}d\bm x=\int _{\Omega }\phi ^nd\bm x,\quad n=0,1,\ldots ,N-1.\end {align}


$\Omega $


           1    Δ  𝑡      ∫  Ω     (    𝜙    𝑛  +  1    −    𝜙  𝑛   )     𝑑  𝐱  +    𝜂    𝑛  +  1      ∫  Ω     𝐮  𝑛   ⋅  ∇    𝜙  𝑛     𝑑  𝐱  =  𝑀    ∫  Ω   Δ    𝜇    𝑛  +  1    𝑑  𝐱  .       


\begin {align}\label {p7:mass1} \frac {1}{\Delta t}\int _{\Omega }\left (\phi ^{n+1}-\phi ^n\right )d\bm x+\eta ^{n+1}\int _{\Omega }\bm u^n\cdot \nabla \phi ^n\, d\bm x=M\int _{\Omega }\Delta \mu ^{n+1}d\bm x.\end {align}


$\mu ^{n+1}$


           ∫  Ω   Δ    𝜇    𝑛  +  1    𝑑  𝐱  =    ∫    𝜕  Ω    ∇    𝜇    𝑛  +  1    ⋅  𝐧    𝑑  𝑠  =  0  .       


\begin {align}\label {p7:mass2} \int _{\Omega }\Delta \mu ^{n+1}d\bm x=\int _{\partial \Omega }\nabla \mu ^{n+1}\cdot \bm n\,ds=0.\end {align}


$\bm u^n$


     𝜙  𝑛  


$\phi ^n$


           ∫  Ω     𝐮  𝑛   ⋅  ∇    𝜙  𝑛     𝑑  𝐱  =    ∫  Ω   ∇  ⋅  (    𝜙  𝑛     𝐮  𝑛   )    𝑑  𝐱  =    ∫    𝜕  Ω    (    𝜙  𝑛     𝐮  𝑛   )  ⋅  𝐧    𝑑  𝑠  =  0  .       


\begin {align}\label {p7:mass3} \int _{\Omega }\bm u^n\cdot \nabla \phi ^n\, d\bm x=\int _{\Omega }\nabla \cdot (\phi ^n\bm u^n)\, d\bm x=\int _{\partial \Omega }(\phi ^n\bm u^n)\cdot \bm n\,ds=0.\end {align}


           ∫  Ω     (    𝜙    𝑛  +  1    −    𝜙  𝑛   )     𝑑  𝐱  =  0  ,       


\begin {align*}\int _{\Omega }\left (\phi ^{n+1}-\phi ^n\right )d\bm x=0,\end {align*}


$n=0$


           1    2  Δ  𝑡      ∫  Ω     (  3    𝜙    𝑛  +  1    −  4    𝜙  𝑛   +    𝜙    𝑛  −  1    )     𝑑  𝐱  =  𝑀    ∫  Ω   Δ    𝜇    𝑛  +  1    𝑑  𝐱  −    𝜂    𝑛  +  1      ∫  Ω   ∇  ⋅    (    𝜙  ˜     𝐮  ˜   )     𝑑  𝐱  =  0  ,       


\begin {align*}\frac {1}{2\Delta t}\int _{\Omega }\left (3\phi ^{n+1}-4\phi ^n+\phi ^{n-1}\right )d\bm x=M\int _{\Omega }\Delta \mu ^{n+1} d\bm x-\eta ^{n+1}\int _{\Omega }\nabla \cdot \left (\tilde {\phi }^{n+1}\tilde {\bm u}^{n+1}\right ) d\bm x = 0,\end {align*}


$\tilde {\bm u}^{n+1}=2\bm u^n-\bm u^{n-1}$


$0\le n\le N-1$


         𝐸  (    𝜙    𝑛  +  1    ,    𝐮    𝑛  +  1    )  +    ℰ  1   (    𝜂    𝑛  +  1    ,    𝑞    𝑛  +  1    )  ≤  𝐸  (    𝜙  𝑛   ,    𝐮  𝑛   )  +    ℰ  1   (    𝜂  𝑛   ,    𝑞  𝑛   )  ,       


\begin {align}\label {p7:eq:egybd1} E(\phi ^{n+1},\bm u^{n+1})+\mathcal {E}_1(\eta ^{n+1},q^{n+1})\le E(\phi ^{n},\bm u^{n})+\mathcal {E}_1(\eta ^n,q^n),\end {align}


     ℰ  1   (    𝜂  𝑛   ,    𝑞  𝑛   )  ∶  =  𝜆    𝜃  𝜂       [  (    𝜂  𝑛     )  2   −  1  ]   +    𝜃  𝑞       [  (    𝑞  𝑛     )  2   −  1  ]   . 


\begin {equation*}\mathcal {E}_1(\eta ^n,q^n):=\lambda \theta _{\eta }\left [(\eta ^{n})^2-1\right ]+\theta _q\left [(q^{n})^2-1\right ].\end {equation*}


$L^2$


     𝜙    𝑛  +  1    −    𝜙  𝑛  


$\phi ^{n+1}-\phi ^n$


   Δ  𝑡    𝜇    𝑛  +  1   


$\Delta t\mu ^{n+1}$


     


\begin {align}\label {p7:est1} \begin {aligned} &\lambda \int _{\Omega }\left (-\Delta \phi ^{n+1}+\eta ^{n+1}F'(\phi ^n)\right )\left (\phi ^{n+1}-\phi ^n\right )d\bm x\\ &\qquad \qquad \qquad =\int _{\Omega }\mu ^{n+1}\left (\phi ^{n+1}-\phi ^n\right )d\bm x\\ &\qquad \qquad \qquad =-\Delta t\eta ^{n+1}\int _{\Omega }(\bm u^n\cdot \nabla \phi ^n)\mu ^{n+1}d\bm x-\Delta t M\|\nabla \mu ^{n+1}\|_0^2\\\
&\qquad \qquad \qquad \le -\Delta t\eta ^{n+1}\int _{\Omega }(\bm u^n\cdot \nabla \phi ^n)\mu ^{n+1}d\bm x. \end {aligned}\end {align}


         ∫  Ω     (  −  Δ    𝜙    𝑛  +  1    )       (    𝜙    𝑛  +  1    −    𝜙  𝑛   )     𝑑  𝐱   


\begin {align}\label {p7:est2} \begin {aligned} \int _{\Omega }\left (-\Delta \phi ^{n+1}\right )\left (\phi ^{n+1}-\phi ^n\right )d\bm x&=\int _{\Omega }\nabla \phi ^{n+1}\cdot \nabla \left (\phi ^{n+1}-\phi ^n\right )d\bm x\\ &=\frac 12\left (\|\nabla \phi ^{n+1}\|_0^2-\|\nabla \phi ^n\|_0^2\right )+\frac 12\|\nabla (\phi ^{n+1}-\phi ^n)\|_0^2\\ &\ge \frac 12\left (\|\nabla \phi ^{n+1}\|_0^2-\|\nabla \phi ^n\|_0^2\right ). \end {aligned}\end {align}


            𝜆      [    1  2       (  ‖  ∇    𝜙    𝑛  +  1      ‖  0  2   −  ‖  ∇    𝜙  𝑛     ‖  0  2   )   +    𝜂    𝑛  +  1      ∫  Ω     𝐹  ′   (    𝜙  𝑛   )    (    𝜙    𝑛  +  1    −    𝜙  𝑛   )     𝑑  𝐱  ]                ≤  −  Δ  𝑡    𝜂    𝑛  +  1      ∫  Ω   (    𝐮  𝑛   ⋅  ∇    𝜙  𝑛   )    𝜇    𝑛  +  1    𝑑  𝐱  .    


\begin {align*}&\lambda \left [\frac 12\left (\|\nabla \phi ^{n+1}\|_0^2-\|\nabla \phi ^n\|_0^2\right )+\eta ^{n+1}\int _{\Omega }F'(\phi ^n)\left (\phi ^{n+1}-\phi ^n\right )d\bm x\right ]\\ &\qquad \qquad \le -\Delta t\eta ^{n+1}\int _{\Omega }(\bm u^n\cdot \nabla \phi ^n)\mu ^{n+1}d\bm x.\end {align*}


           𝐸    𝐶  𝐻    (    𝜙    𝑛  +  1    )  −    𝐸    𝐶  𝐻    (    𝜙  𝑛   )  +  𝜆    𝜃  𝜂       [  (    𝜂    𝑛  +  1      )  2   −  (    𝜂  𝑛     )  2   ]   ≤  −  Δ  𝑡    𝜂    𝑛  +  1      ∫  Ω   (    𝐮  𝑛   ⋅  ∇    𝜙  𝑛   )    𝜇    𝑛  +  1    𝑑  𝐱  .       


\begin {align}\label {p7:egy_CH} E_{CH}(\phi ^{n+1})-E_{CH}(\phi ^{n})+\lambda \theta _{\eta }\left [(\eta ^{n+1})^2-(\eta ^n)^2\right ] \le -\Delta t\eta ^{n+1}\int _{\Omega }(\bm u^n\cdot \nabla \phi ^n)\mu ^{n+1}d\bm x.\end {align}


$L^2$


   Δ  𝑡    𝐮    𝑛  +  1   


$\Delta t\bm u^{n+1}$


     


\begin {align}\label {p7:est4} \begin {aligned} &\int _{\Omega }\left (\bm u^{n+1}-\bm u^n+\Delta t q^{n+1}\bm u^n\cdot \nabla \bm u^n\right )\cdot \bm u^{n+1}d\bm x-\Delta t\eta ^{n+1}\int _{\Omega }(\mu ^{n+1}\nabla \phi ^{n+1})\cdot \bm u^{n+1}d\bm x\\ &\qquad \qquad \qquad =\Delta t\nu \int _{\Omega }\Delta \bm u^{n+1}\cdot \bm u^{n+1}d\bm x=-\Delta t\nu \|\nabla \bm u^{n+1}\|_0^2\le 0, \end {aligned}\end {align}


$(\nabla p^{n+1},\bm u^{n+1})=0$


           𝐸    𝑁  𝑆    (    𝐮    𝑛  +  1    )  −    𝐸    𝑁  𝑆    (    𝐮  𝑛   )  +    𝜃  𝑞       [  (    𝑞    𝑛  +  1      )  2   −  (    𝑞  𝑛     )  2   ]   ≤  Δ  𝑡    𝜂    𝑛  +  1      ∫  Ω   (    𝐮  𝑛   ⋅  ∇    𝜙  𝑛   )    𝜇    𝑛  +  1    𝑑  𝐱  .       


\begin {align}\label {p7:egy_NS} E_{NS}(\bm u^{n+1})-E_{NS}(\bm u^n)+\theta _q\left [(q^{n+1})^2-(q^n)^2\right ]\le \Delta t\eta ^{n+1}\int _{\Omega }(\bm u^n\cdot \nabla \phi ^n)\mu ^{n+1}d\bm x.\end {align}


         𝐸  (    𝜙    𝑛  +  1    ,    𝐮    𝑛  +  1    )  +  𝜆    𝜃  𝜂   (    𝜂    𝑛  +  1      )  2   +    𝜃  𝑞   (    𝑞    𝑛  +  1      )  2   ≤  𝐸  (    𝜙  𝑛   ,    𝐮  𝑛   )  +  𝜆    𝜃  𝜂   (    𝜂  𝑛     )  2   +    𝜃  𝑞   (    𝑞  𝑛     )  2   ,       


\begin {align*}E(\phi ^{n+1},\bm u^{n+1})+\lambda \theta _{\eta }(\eta ^{n+1})^2+\theta _q(q^{n+1})^2\le E(\phi ^{n},\bm u^{n})+\lambda \theta _{\eta }(\eta ^{n})^2+\theta _q(q^{n})^2,\end {align*}


       𝐸  (    𝜙  𝑛   ,    𝐮  𝑛   )  +  𝜆    𝜃  𝜂   (    𝜂  𝑛     )  2   +    𝜃  𝑞   (    𝑞  𝑛     )  2    


\begin {align}\label {p7:rm:DRLM1_bdd_egy} \begin {aligned} E(\phi ^{n},\bm u^{n})+\lambda \theta _{\eta }(\eta ^{n})^2+\theta _q(q^{n})^2&\le E(\phi ^{0},\bm u^{0})+\lambda \theta _{\eta }(\eta ^{0})^2+\theta _q(q^{0})^2\\ &=E(\phi ^{0},\bm u^{0})+\lambda \theta _{\eta }+\theta _q, \end {aligned}\end {align}


$0\le n\le N$


   {  𝐸  (    𝜙  𝑛   ,    𝐮  𝑛   )    }    𝑛  =  0   𝑁  


$\{E(\phi ^{n},\bm u^{n})\}_{n=0}^{N}$


$\bm f$


             𝜕  𝐮     𝜕  𝑡    +  𝐮  ⋅  ∇  𝐮  −  𝜈  Δ  𝐮  +  ∇  𝑝  =  𝜇  ∇  𝜙  +  𝐟  .       


\begin {align}\label {p7:eq:f} \frac {\partial \bm u}{\partial t}+\bm u\cdot \nabla \bm u-\nu \Delta \bm u+\nabla p=\mu \nabla \phi +\bm f.\end {align}


         𝐸  (    𝜙  𝑛   ,    𝐮  𝑛   )  +  𝜆    𝜃  𝜂   (    𝜂  𝑛     )  2   +    𝜃  𝑞   (    𝑞  𝑛     )  2   ≤    𝑒    2  𝑇        (  𝐸  (    𝜙  0   ,    𝐮  0   )  +  𝜆    𝜃  𝜂   +    𝜃  𝑞   +    1  2   ‖  𝐟    ‖      𝐿  ∞   (  0  ,  𝑇  ;    𝐋  2   (  Ω  )  )   2   )   ,       


\begin {align}\label {p7:rm:per_noflux} E(\phi ^{n},\bm u^{n})+\lambda \theta _{\eta }(\eta ^{n})^2+\theta _q(q^{n})^2\le e^{2T}\left (E(\phi ^{0},\bm u^{0})+\lambda \theta _{\eta }+\theta _q+\frac {1}{2}\|\bm f\|_{L^{\infty }(0,T;\bm L^2(\Omega ))}^2\right ),\end {align}


   Δ  𝑡  ≤    1  2  


$\Delta t\le \frac 12$


$\bm f\in L^{\infty }(0,T;\bm L^2(\Omega ))$


   𝐟  ∈    𝐿  ∞   (  0  ,  𝑇  ;    𝐇    −  1    (  Ω  )  ) 


$\bm f\in L^{\infty }(0,T;\bm H^{-1}(\Omega ))$


         𝐸  (    𝜙  𝑛   ,    𝐮  𝑛   )  +  𝜆    𝜃  𝜂   (    𝜂  𝑛     )  2   +    𝜃  𝑞   (    𝑞  𝑛     )  2   ≤  𝐸  (    𝜙  0   ,    𝐮  0   )  +  𝜆    𝜃  𝜂   +    𝜃  𝑞   +        𝐶  Ω  2     𝑇     4  𝜈    ‖  𝐟    ‖      𝐿  ∞   (  0  ,  𝑇  ;    𝐇    −  1    (  Ω  )  )   2   ,       


\begin {align}\label {p7:rm:noflux} E(\phi ^{n},\bm u^{n})+\lambda \theta _{\eta }(\eta ^{n})^2+\theta _q(q^{n})^2\le E(\phi ^{0},\bm u^{0})+\lambda \theta _{\eta }+\theta _q+\frac {C_{\Omega }^2\,T}{4\nu }\|\bm f\|_{L^{\infty }(0,T;\bm H^{-1}(\Omega ))}^2,\end {align}


     𝐶  Ω   >  0 


$C_{\Omega }>0$


$\Omega $


     


\begin {align}\label {p7:rm:force} \begin {aligned} &E(\phi ^{n+1},\bm u^{n+1})+\lambda \theta _{\eta }(\eta ^{n+1})^2+\theta _q(q^{n+1})^2\\ &\le E(\phi ^{n},\bm u^{n})+\lambda \theta _{\eta }(\eta ^{n})^2+\theta _q(q^{n})^2-\Delta t\nu \|\nabla \bm u^{n+1}\|_0^2+\Delta t\int _{\Omega }\bm f(t_{n+1})\cdot \bm u^{n+1}d\bm x. \end {aligned}\end {align}


$E$


       Δ  𝑡    ∫  Ω   𝐟  (    𝑡    𝑛  +  1    )  ⋅    𝐮    𝑛  +  1    𝑑  𝐱   


\begin {align}\label {p7:rm:4nu} \begin {aligned} \Delta t\int _{\Omega }\bm f(t_{n+1})\cdot \bm u^{n+1}d\bm x&\le \frac {\Delta t}{2}\|\bm f(t_{n+1})\|_0^2+\frac {\Delta t}{2}\|\bm u^{n+1}\|_0^2\le \frac {\Delta t}{2}\|\bm f(t_{n+1})\|_0^2+\Delta t E(\phi ^{n+1},\bm u^{n+1}). \end {aligned}\end {align}


            (  1  −  Δ  𝑡  )  𝐸  (    𝜙    𝑛  +  1    ,    𝐮    𝑛  +  1    )  +  𝜆    𝜃  𝜂   (    𝜂    𝑛  +  1      )  2   +    𝜃  𝑞   (    𝑞    𝑛  +  1      )  2              ≤  𝐸  (    𝜙  𝑛   ,    𝐮  𝑛   )  +  𝜆    𝜃  𝜂   (    𝜂  𝑛     )  2   +    𝜃  𝑞   (    𝑞  𝑛     )  2   +      Δ  𝑡   2   ‖  𝐟  (    𝑡    𝑛  +  1    )    ‖  0  2   ,    


\begin {align*}&(1-\Delta t)E(\phi ^{n+1},\bm u^{n+1})+\lambda \theta _{\eta }(\eta ^{n+1})^2+\theta _q(q^{n+1})^2\\ &\qquad \le E(\phi ^{n},\bm u^{n})+\lambda \theta _{\eta }(\eta ^{n})^2+\theta _q(q^{n})^2+\frac {\Delta t}{2}\|\bm f(t_{n+1})\|_0^2,\end {align*}


     


\begin {align}\label {p7:rm:1-tau} \begin {aligned} &E(\phi ^{n+1},\bm u^{n+1})+\lambda \theta _{\eta }(\eta ^{n+1})^2+\theta _q(q^{n+1})^2\\ &\qquad \le \frac {1}{1-\Delta t}\left [E(\phi ^{n},\bm u^{n})+\lambda \theta _{\eta }(\eta ^{n})^2+\theta _q(q^{n})^2\right ]+\frac {\Delta t}{2(1-\Delta t)}\|\bm f(t_{n+1})\|_0^2. \end {aligned}\end {align}


            𝐸  (    𝜙  𝑛   ,    𝐮  𝑛   )  +  𝜆    𝜃  𝜂   (    𝜂  𝑛     )  2   +    𝜃  𝑞   (    𝑞  𝑛     )  2              ≤    1    (  1  −  Δ  𝑡    )  𝑛         [  𝐸  (    𝜙  0   ,    𝐮  0   )  +  𝜆    𝜃  𝜂   +    𝜃  𝑞   +      Δ  𝑡   2     ∑    𝑖  =  0     𝑛  −  1    (  1  −  Δ  𝑡    )  𝑖   ‖  𝐟  (    𝑡    𝑖  +  1    )    ‖  0  2   ]   .    


\begin {align*}&E(\phi ^{n},\bm u^{n})+\lambda \theta _{\eta }(\eta ^{n})^2+\theta _q(q^{n})^2\\ &\quad \le \frac {1}{(1-\Delta t)^n}\left [E(\phi ^{0},\bm u^{0})+\lambda \theta _{\eta }+\theta _q+\frac {\Delta t}{2}\sum _{i=0}^{n-1}(1-\Delta t)^i\|\bm f(t_{i+1})\|_0^2\right ].\end {align*}


     1    (  1  −  Δ  𝑡    )  𝑛     ≤  (  1  +  2  Δ  𝑡    )  𝑛   ≤    𝑒    2  𝑇   


$\frac {1}{(1-\Delta t)^n}\le (1+2\Delta t)^n\le e^{2T}$


$\Delta t\le \frac 12$


   Δ  𝑡    ∑    𝑖  =  0     𝑛  −  1    (  1  −  Δ  𝑡    )  𝑖   ≤  1 


$\Delta t\sum _{i=0}^{n-1}(1-\Delta t)^i\le 1$


$\bm u^{n+1}\in \bm H_0^1(\Omega )$


         ‖    𝐮    𝑛  +  1      ‖  1   ≤    𝐶  Ω   ‖  ∇    𝐮    𝑛  +  1      ‖  0   .       


\begin {align}\label {p7:c_poincare} \|\bm u^{n+1}\|_1\le C_{\Omega }\|\nabla \bm u^{n+1}\|_0.\end {align}


         ∫  Ω   𝐟  (    𝑡    𝑛  +  1    )  ⋅    𝐮    𝑛  +  1    𝑑  𝐱   


\begin {align}\label {p7:rm:4nu_} \begin {aligned} \int _{\Omega }\bm f(t_{n+1})\cdot \bm u^{n+1}d\bm x&\le \|\bm f(t_{n+1})\|_{-1}\|\bm u^{n+1}\|_1\\ &\le C_{\Omega }\|\bm f(t_{n+1})\|_{-1}\|\nabla \bm u^{n+1}\|_0\le \frac {C_{\Omega }^2}{4\nu }\|\bm f(t_{n+1})\|_{-1}^2+\nu \|\nabla \bm u^{n+1}\|_0^2. \end {aligned}\end {align}


            𝐸  (    𝜙    𝑛  +  1    ,    𝐮    𝑛  +  1    )  +  𝜆    𝜃  𝜂   (    𝜂    𝑛  +  1      )  2   +    𝜃  𝑞   (    𝑞    𝑛  +  1      )  2              ≤  𝐸  (    𝜙  𝑛   ,    𝐮  𝑛   )  +  𝜆    𝜃  𝜂   (    𝜂  𝑛     )  2   +    𝜃  𝑞   (    𝑞  𝑛     )  2   +        𝐶  Ω  2   Δ  𝑡     4  𝜈    ‖  𝐟  (    𝑡    𝑛  +  1    )    ‖    −  1   2   .    


\begin {align*}&E(\phi ^{n+1},\bm u^{n+1})+\lambda \theta _{\eta }(\eta ^{n+1})^2+\theta _q(q^{n+1})^2\\ &\quad \le E(\phi ^{n},\bm u^{n})+\lambda \theta _{\eta }(\eta ^{n})^2+\theta _q(q^{n})^2+\frac {C_{\Omega }^2\Delta t}{4\nu }\|\bm f(t_{n+1})\|_{-1}^2.\end {align*}


$1\le n\le N-1$


     


\begin {align}\label {p7:eq:egybd2} \begin {aligned} &\frac 32 E(\phi ^{n+1},\bm u^{n+1})-\frac 12E(\phi ^{n},\bm u^{n})+\frac {\lambda }{2}\|\nabla (\phi ^{n+1}-\phi ^n)\|_0^2+\mathcal {E}_2(\eta ^{n+1},\eta ^n,q^{n+1},q^{n})\\ &\qquad \le \frac 32 E(\phi ^{n},\bm u^{n})-\frac 12E(\phi ^{n-1},\bm u^{n-1})+\frac {\lambda }{2}\|\nabla (\phi ^{n}-\phi ^{n-1})\|_0^2+\mathcal {E}_2(\eta ^{n},\eta ^{n-1},q^{n},q^{n-1}), \end {aligned}\end {align}


     ℰ  2   (    𝜂    𝑛  +  1    ,    𝜂  𝑛   ,    𝑞    𝑛  +  1    ,    𝑞  𝑛   )  ∶  =  𝜆    𝜃  𝜂       [    3  2   (    𝜂    𝑛  +  1      )  2   −    1  2   (    𝜂  𝑛     )  2   −  1  ]   +    𝜃  𝑞       [    3  2   (    𝑞    𝑛  +  1      )  2   −    1  2   (    𝑞  𝑛     )  2   −  1  ]   . 


\begin {equation*}\mathcal {E}_2(\eta ^{n+1},\eta ^n,q^{n+1},q^{n}):=\lambda \theta _{\eta }\left [\frac 32(\eta ^{n+1})^2-\frac 12(\eta ^n)^2-1\right ]+\theta _q\left [\frac 32(q^{n+1})^2-\frac 12(q^n)^2-1\right ].\end {equation*}


$L^2$


   3    𝜙    𝑛  +  1    −  4    𝜙  𝑛   +    𝜙    𝑛  −  1   


$3\phi ^{n+1}-4\phi ^n+\phi ^{n-1}$


   2  Δ  𝑡    𝜇    𝑛  +  1   


$2\Delta t\mu ^{n+1}$


     


\begin {align}\label {p7:est:CH1} \begin {aligned} &\lambda \int _{\Omega }\left (-\Delta \phi ^{n+1}+\eta ^{n+1}F'(\tilde {\phi }^{n+1})\right )\left (3\phi ^{n+1}-4\phi ^n+\phi ^{n-1}\right )d\bm x\\ &\qquad \qquad =\int _{\Omega }\mu ^{n+1}\left (3\phi ^{n+1}-4\phi ^n+\phi ^{n-1}\right )d\bm x \\ &\qquad \qquad =-2\Delta t\eta ^{n+1}\int _{\Omega }(\tilde {\bm u}^{n+1}\cdot \nabla \tilde {\phi }^{n+1})\mu ^{n+1}d\bm x-2\Delta t M\|\nabla \mu ^{n+1}\|_0^2 \\ &\qquad \qquad \le -2\Delta t\eta ^{n+1}\int _{\Omega }(\tilde {\bm u}^{n+1}\cdot \nabla \tilde {\phi }^{n+1})\mu ^{n+1}d\bm x. \end {aligned}\end {align}


     


\begin {align}\label {p7:est:CH2} \begin {aligned} &\int _{\Omega }\left (-\Delta \phi ^{n+1}\right )\left (3\phi ^{n+1}-4\phi ^n+\phi ^{n-1}\right )d\bm x=\int _{\Omega }\nabla \phi ^{n+1}\cdot \nabla \left (3\phi ^{n+1}-4\phi ^n+\phi ^{n-1}\right )d\bm x\\ &\qquad \ge \frac 12\left (3\|\nabla \phi ^{n+1}\|_0^2-4\|\nabla \phi ^n\|_0^2+\|\nabla \phi ^{n-1}\|_0^2\right )+\|\nabla (\phi ^{n+1}-\phi ^n)\|_0^2-\|\nabla (\phi ^{n}-\phi ^{n-1})\|_0^2, \end {aligned}\end {align}


         𝑎  (  3  𝑎  −  4  𝑏  +  𝑐  )  ≥    1  2   (  3    𝑎  2   −  4    𝑏  2   +    𝑐  2   )  +  (  𝑎  −  𝑏    )  2   −  (  𝑏  −  𝑐    )  2   ,    ∀    𝑎  ,  𝑏  ,  𝑐  ∈  ℝ  .       


\begin {align*}a(3a-4b+c)\ge \frac 12(3a^2-4b^2+c^2)+(a-b)^2-(b-c)^2,\quad \forall \,a,b,c\in \mathbb {R}.\end {align*}


            𝜆  [    1  2       (  3  ‖  ∇    𝜙    𝑛  +  1      ‖  0  2   −  4  ‖  ∇    𝜙  𝑛     ‖  0  2   +  ‖  ∇    𝜙    𝑛  −  1      ‖  0  2   )   +  ‖  ∇  (    𝜙    𝑛  +  1    −    𝜙  𝑛   )    ‖  0  2   −  ‖  ∇  (    𝜙  𝑛   −    𝜙    𝑛  −  1    )    ‖  0  2            +    𝜂    𝑛  +  1      ∫  Ω     𝐹  ′   (    𝜙  ˜   )    (  3    𝜙    𝑛  +  1    −  4    𝜙  𝑛   +    𝜙    𝑛  −  1    )     𝑑  𝐱  ]  ≤  −  2  Δ  𝑡    𝜂    𝑛  +  1      ∫  Ω   (    𝐮  ˜   ⋅  ∇    𝜙  ˜   )    𝜇    𝑛  +  1    𝑑  𝐱  .    


\begin {align*}&\lambda \bigg [\frac 12\left (3\|\nabla \phi ^{n+1}\|_0^2-4\|\nabla \phi ^n\|_0^2+\|\nabla \phi ^{n-1}\|_0^2\right )+\|\nabla (\phi ^{n+1}-\phi ^n)\|_0^2-\|\nabla (\phi ^{n}-\phi ^{n-1})\|_0^2\\ &+\eta ^{n+1}\int _{\Omega }F'(\tilde {\phi }^{n+1})\left (3\phi ^{n+1}-4\phi ^n+\phi ^{n-1}\right )d\bm x\bigg ]\le -2\Delta t\eta ^{n+1}\int _{\Omega }(\tilde {\bm u}^{n+1}\cdot \nabla \tilde {\phi }^{n+1})\mu ^{n+1}d\bm x.\end {align*}


     


\begin {align}\label {p7:est:CH_2nd} \begin {aligned} &3E_{CH}(\phi ^{n+1})-4E_{CH}(\phi ^n)+E_{CH}(\phi ^{n-1})+\lambda \|\nabla (\phi ^{n+1}-\phi ^n)\|_0^2-\lambda \|\nabla (\phi ^{n}-\phi ^{n-1})\|_0^2\\ &\qquad \qquad +\lambda \theta _{\eta }\left [3(\eta ^{n+1})^2-4(\eta ^n)^2+(\eta ^{n-1})^2\right ]\le -2\Delta t\eta ^{n+1}\int _{\Omega }(\tilde {\bm u}^{n+1}\cdot \nabla \tilde {\phi }^{n+1})\mu ^{n+1}d\bm x. \end {aligned}\end {align}


$L^2$


   2  Δ  𝑡    𝐮    𝑛  +  1   


$2\Delta t\bm u^{n+1}$


     


\begin {align}\label {p7:est:NS} \begin {aligned} &\int _{\Omega }\left (3\bm u^{n+1}-4\bm u^n+\bm u^{n-1}+2\Delta t q^{n+1}\tilde {\bm u}^{n+1}\cdot \nabla \tilde {\bm u}^{n+1}\right )\cdot \bm u^{n+1}\,d\bm x\\ &\qquad \qquad -2\Delta t\eta ^{n+1}\int _{\Omega }(\mu ^{n+1}\nabla \phi ^{n+1})\cdot \bm u^{n+1}d\bm x=-2\Delta t\nu \|\nabla \bm u^{n+1}\|_0^2\le 0. \end {aligned}\end {align}


         3    𝐸    𝑁  𝑆    (    𝐮    𝑛  +  1    )  −  4    𝐸    𝑁  𝑆    (    𝐮  𝑛   )  +    𝐸    𝑁  𝑆    (    𝐮    𝑛  −  1    )  +    𝜃  𝑞       [  3  (    𝑞    𝑛  +  1      )  2   −  4  (    𝑞  𝑛     )  2   +  (    𝑞    𝑛  −  1      )  2   ]            ≤  2  Δ  𝑡    𝜂    𝑛  +  1      ∫  Ω   (    𝐮  ˜   ⋅  ∇    𝜙  ˜   )    𝜇    𝑛  +  1    𝑑  𝐱  .       


\begin {align}\label {p7:est:NS_2nd_new} 3E_{NS}(\bm u^{n+1})-4E_{NS}(\bm u^{n})+E_{NS}(\bm u^{n-1})+\theta _q\left [3(q^{n+1})^2-4(q^n)^2+(q^{n-1})^2\right ]\notag \\ \le 2\Delta t\eta ^{n+1}\int _{\Omega }(\tilde {\bm u}^{n+1}\cdot \nabla \tilde {\phi }^{n+1})\mu ^{n+1}d\bm x.\end {align}


         3  𝐸  (    𝜙    𝑛  +  1    ,    𝐮    𝑛  +  1    )  −  4  𝐸  (    𝜙  𝑛   ,    𝐮  𝑛   )  +  𝐸  (    𝜙    𝑛  −  1    ,    𝐮    𝑛  −  1    )  +  𝜆  ‖  ∇  (    𝜙    𝑛  +  1    −    𝜙  𝑛   )    ‖  0  2   −  𝜆  ‖  ∇  (    𝜙  𝑛   −    𝜙    𝑛  −  1    )    ‖  0  2            +  𝜆    𝜃  𝜂       [  3  (    𝜂    𝑛  +  1      )  2   −  4  (    𝜂  𝑛     )  2   +  (    𝜂    𝑛  −  1      )  2   ]   +    𝜃  𝑞       [  3  (    𝑞    𝑛  +  1      )  2   −  4  (    𝑞  𝑛     )  2   +  (    𝑞    𝑛  −  1      )  2   ]   ≤  0  ,       


\begin {align*}3E(\phi ^{n+1},\bm u^{n+1})-4E(\phi ^{n},\bm u^{n})+E(\phi ^{n-1},\bm u^{n-1})+\lambda \|\nabla (\phi ^{n+1}-\phi ^n)\|_0^2-\lambda \|\nabla (\phi ^{n}-\phi ^{n-1})\|_0^2\\ +\lambda \theta _{\eta }\left [3(\eta ^{n+1})^2-4(\eta ^n)^2+(\eta ^{n-1})^2\right ]+\theta _q\left [3(q^{n+1})^2-4(q^n)^2+(q^{n-1})^2\right ]\le 0,\end {align*}


     


\begin {align}\label {p7:rm:egy_DRLM2} \begin {aligned} &\frac 32 E(\phi ^{n},\bm u^{n})-\frac 12 E(\phi ^{n-1},\bm u^{n-1})+\frac {\lambda }{2}\|\nabla (\phi ^{n}-\phi ^{n-1})\|_0^2 \\ &\qquad +\lambda \theta _{\eta }\left [\frac 32(\eta ^{n})^2-\frac 12(\eta ^{n-1})^2\right ]+\theta _q\left [\frac 32(q^{n})^2-\frac 12(q^{n-1})^2\right ]\le C^*, \end {aligned}\end {align}


$1\le n\le N$


     𝐶  ∗  


$C^*$


           𝐶  ∗   ∶  =    3  2   𝐸  (    𝜙  1   ,    𝐮  1   )  −    1  2   𝐸  (    𝜙  0   ,    𝐮  0   )  +    𝜆  2   ‖  ∇  (    𝜙  1   −    𝜙  0   )    ‖  0  2   +  𝜆    𝜃  𝜂       [    3  2   (    𝜂  1     )  2   −    1  2   ]   +    𝜃  𝑞       [    3  2   (    𝑞  1     )  2   −    1  2   ]   .       


\begin {align}\label {p7:def:C} C^*:=\frac 32 E(\phi ^{1},\bm u^{1})-\frac 12 E(\phi ^{0},\bm u^{0})+\frac {\lambda }{2}\|\nabla (\phi ^{1}-\phi ^{0})\|_0^2+\lambda \theta _{\eta }\left [\frac 32(\eta ^{1})^2-\frac 12\right ]+\theta _q\left [\frac 32(q^{1})^2-\frac 12\right ].\end {align}


$0\le n\le N$


           𝑧  𝑛   ∶  =  𝐸  (    𝜙  𝑛   ,    𝐮  𝑛   )  +  𝜆    𝜃  𝜂   (    𝜂  𝑛     )  2   +    𝜃  𝑞   (    𝑞  𝑛     )  2   .       


\begin {align}\label {p7:def:zn} z^n:=E(\phi ^n,\bm u^n)+\lambda \theta _{\eta }(\eta ^n)^2+\theta _q (q^n)^2.\end {align}


           𝑧  𝑛   ≤    1  3     𝑧    𝑛  −  1    +    2  3     𝐶  ∗   ,    1  ≤  𝑛  ≤  𝑁  ,       


\begin {align*}z^n\le \frac 13 z^{n-1}+\frac 23 C^*,\quad 1\le n\le N,\end {align*}


           𝑧  𝑛   ≤    𝐶  ∗   +    1    3  𝑛    (    𝑧  0   −    𝐶  ∗   )  ,    0  ≤  𝑛  ≤  𝑁  .       


\begin {align}\label {p7:zn_C} z^n\le C^*+\frac {1}{3^n}(z^0-C^*),\quad 0\le n\le N.\end {align}


   {    𝑧  𝑛     }    𝑛  =  0   𝑁  


$\{z^n\}_{n=0}^N$


   {  𝐸  (    𝜙  𝑛   ,    𝐮  𝑛   )    }    𝑛  =  0   𝑁  


$\{E(\phi ^n,\bm u^n)\}_{n=0}^N$


$\bm f$


           𝑧  𝑛   ≤    𝐶  ˆ   +    1    3  𝑛    (    𝑧  0   −    𝐶  ˆ   )  ,    0  ≤  𝑛  ≤  𝑁  ,       


\begin {align}\label {p7:zn_C:per} z^n\le \widehat {C}+\frac {1}{3^n}(z^0-\widehat {C}),\quad 0\le n\le N,\end {align}


   Δ  𝑡  ≤    4  5  


$\Delta t\le \frac 45$


$\bm f\in L^{\infty }(0,T;\bm L^2(\Omega ))$


     𝐶  ˆ   ∶  =     15    14      𝑒    2  𝑇        [  (  3  −  2  Δ  𝑡  )    𝑧  1   +  𝜆  ‖  ∇  (    𝜙  1   −    𝜙  0   )    ‖  0  2   +    1  2   ‖  𝐟    ‖      𝐿  ∞   (  0  ,  𝑇  ;    𝐋  2   (  Ω  )  )   2   ]   . 


\begin {equation*}\widehat {C}:=\frac {15}{14} e^{2T}\left [(3-2\Delta t)z^{1}+\lambda \|\nabla (\phi ^{1}-\phi ^{0})\|_0^2+\frac {1}{2}\|\bm f\|_{L^{\infty }(0,T;\bm L^2(\Omega ))}^2\right ].\end {equation*}


$\bm f\in L^{\infty }(0,T;\bm H^{-1}(\Omega ))$


           𝑧  𝑛   ≤    𝐶  ˜   +    1    3  𝑛    (    𝑧  0   −    𝐶  ˜   )  ,    0  ≤  𝑛  ≤  𝑁  ,       


\begin {align}\label {p7:zn_C:noflux} z^n\le \widetilde {C}+\frac {1}{3^n}(z^0-\widetilde {C}),\quad 0\le n\le N,\end {align}


     𝐶  ˜   ∶  =    𝐶  ∗   +        𝐶  Ω  2     𝑇     4  𝜈    ‖  𝐟    ‖      𝐿  ∞   (  0  ,  𝑇  ;    𝐇    −  1    (  Ω  )  )   2  


$\widetilde {C}:=C^*+\frac {C_{\Omega }^2\,T}{4\nu }\|\bm f\|^2_{L^{\infty }(0,T;\bm H^{-1}(\Omega ))}$


$C^*$


     𝐶  Ω  


$C_{\Omega }$


     


\begin {align}\label {p7:before_Young} \begin {aligned} &3E(\phi ^{n+1},\bm u^{n+1})-4E(\phi ^{n},\bm u^{n})+E(\phi ^{n-1},\bm u^{n-1})+\lambda \|\nabla (\phi ^{n+1}-\phi ^n)\|_0^2-\lambda \|\nabla (\phi ^{n}-\phi ^{n-1})\|_0^2\\ &\quad \qquad +\lambda \theta _{\eta }\left [3(\eta ^{n+1})^2-4(\eta ^n)^2+(\eta ^{n-1})^2\right ]+\theta _q\left [3(q^{n+1})^2-4(q^n)^2+(q^{n-1})^2\right ]\\ &\le -2\Delta t\nu \|\nabla \bm u^{n+1}\|_0^2+ 2\Delta t\int _{\Omega }\bm f(t_{n+1})\cdot \bm u^{n+1}d\bm x. \end {aligned}\end {align}


   {    𝑧  𝑛   } 


$\{z^n\}$


            (  3  −  2  Δ  𝑡  )    𝑧    𝑛  +  1    −  4    𝑧  𝑛   +    𝑧    𝑛  −  1    +  𝜆  ‖  ∇  (    𝜙    𝑛  +  1    −    𝜙  𝑛   )    ‖  0  2   −  𝜆  ‖  ∇  (    𝜙  𝑛   −    𝜙    𝑛  −  1    )    ‖  0  2   ≤  Δ  𝑡  ‖  𝐟  (    𝑡    𝑛  +  1    )    ‖  0  2   ,    


\begin {align*}&(3-2\Delta t)z^{n+1}-4z^n+z^{n-1}+\lambda \|\nabla (\phi ^{n+1}-\phi ^n)\|_0^2-\lambda \|\nabla (\phi ^{n}-\phi ^{n-1})\|_0^2\le \Delta t \|\bm f(t_{n+1})\|_0^2,\end {align*}


     


\begin {align}\label {p7:sqrt} \begin {aligned} &(3-2\Delta t)z^{n+1}-(2-\sqrt {1+2\Delta t})z^n+\lambda \|\nabla (\phi ^{n+1}-\phi ^n)\|_0^2\\ &\le \frac {2+\sqrt {1+2\Delta t}}{3-2\Delta t}\left [(3-2\Delta t)z^{n}-(2-\sqrt {1+2\Delta t})z^{n-1}+\lambda \|\nabla (\phi ^{n}-\phi ^{n-1})\|_0^2\right ]+\Delta t \|\bm f(t_{n+1})\|_0^2\\ &\le (1+2\Delta t)\left [(3-2\Delta t)z^{n}-(2-\sqrt {1+2\Delta t})z^{n-1}+\lambda \|\nabla (\phi ^{n}-\phi ^{n-1})\|_0^2\right ]+\Delta t \|\bm f(t_{n+1})\|_0^2. \end {aligned}\end {align}


$\Delta t\le \frac 45$


     


\begin {align}\label {p7:C0hat} \begin {aligned} &(3-2\Delta t)z^{n+1}-(2-\sqrt {1+2\Delta t})z^n+\lambda \|\nabla (\phi ^{n+1}-\phi ^n)\|_0^2\\ &\le (1+2\Delta t)^n\Bigg [(3-2\Delta t)z^{1}-(2-\sqrt {1+2\Delta t})z^{0}+\lambda \|\nabla (\phi ^{1}-\phi ^{0})\|_0^2\\ &\qquad \qquad +\Delta t\sum _{i=1}^n(1+2\Delta t)^{-i}\|\bm f(t_{i+1})\|_0^2\Bigg ]\\ &\le e^{2T}\left [(3-2\Delta t)z^{1}+\lambda \|\nabla (\phi ^{1}-\phi ^{0})\|_0^2+\frac {1}{2}\|\bm f\|_{L^{\infty }(0,T;\bm L^2(\Omega ))}^2\right ]=:\widehat {C}_0. \end {aligned}\end {align}


   𝜆  ‖  ∇  (    𝜙    𝑛  +  1    −    𝜙  𝑛   )    ‖  0  2  


$\lambda \|\nabla (\phi ^{n+1}-\phi ^n)\|_0^2$


       𝑧    𝑛  +  1    


\begin {align}\label {p7:57} \begin {aligned} z^{n+1}&\le \frac {2-\sqrt {1+2\Delta t}}{3-2\Delta t}z^n+\frac {\widehat {C}_0}{3-2\Delta t}\\ &=\frac {1}{2+\sqrt {1+2\Delta t}}z^n+\frac {\widehat {C}_0}{3-2\Delta t}\le \frac 13z^n+\frac {\widehat {C}_0}{3-2\Delta t},\quad n\ge 0. \end {aligned}\end {align}


$\Delta t\le \frac 45$


   3  −  2  Δ  𝑡  ≥    7  5  


$3-2\Delta t\ge \frac 75$


           𝑧    𝑛  +  1    ≤    1  3     𝑧  𝑛   +    5  7     𝐶  ˆ   ,    𝑛  ≥  0  .       


\begin {align*}z^{n+1}\le \frac 13z^n+\frac 57 \widehat {C}_0,\quad n\ge 0.\end {align*}


     𝐶  ˆ   =     15    14      𝐶  ˆ   , 


$\widehat {C}=\frac {15}{14}\widehat {C}_0,$


$F'(\phi )$


$\bm u\cdot \nabla \bm u$


$\phi ,\mu ,\bm u$


$p$


$\eta $


$q$


   (    𝜂    𝑛  +  1      )  2  


$(\eta ^{n+1})^2$


$(q^{n+1})^2$


$\bm u\cdot \nabla \bm u$


$F'(\phi )$


$f$


$\bm g$


$\alpha =\frac {1}{\Delta t}$


$\alpha =\frac {3}{2\Delta t}$


   𝜅  >  0 


$\kappa > 0$


   𝛿  >  0 


$\delta > 0$


     𝐸  1   (  𝜙  )  +  𝛿  >  0 


$E_1(\phi )+\delta >0$


   𝑟  (  0  )  =        𝐸  1   (  𝜙    |    𝑡  =  0    )  +  𝛿   


$r(0)=\sqrt {E_1(\phi |_{t=0})+\delta }$


   𝑠  (  0  )  =  1 


$s(0)=1$


$\Omega =(0,1)^2$


   𝜀  =  0  .  1 


$\varepsilon =0.1$


   𝑀  =  1 


$M=1$


   𝜆  =  0  .   001  


$\lambda =0.001$


$\nu =0.1$


     𝜃  𝜂   =   100   /    𝜀  2  


$\theta _{\eta }=100/\varepsilon ^2$


     𝜃  𝑞   =   100  


$\theta _q=100$


   ℎ  =        Δ  𝑡    4  


$h=\frac {\sqrt {\Delta t}}{4}$


   ℎ  =      Δ  𝑡   2  


$h=\frac {\Delta t}{2}$


   Δ  𝑡  ∈    {    1   16    ,    1   32    ,    1   64    ,    1   128    ,    1   256    }  


$\Delta t\in \left \{\frac {1}{16},\frac {1}{32},\frac {1}{64},\frac {1}{128},\frac {1}{256} \right \}$


$L^2$


$L^{\infty }$


$T=1$


$\Omega =(0,1)^2$


$\Omega =(0,1)^2$


$1$


   [  0  .   25   ,  0  .   75     ]  2  


$[0.25,0.75]^2$


$-1$


$T=1$


   ℎ  =  4  ×     10     −  3   


$h=\num {4e-3}$


   Δ  𝑡  =  2  ×     10     −  3   


$\Delta t=\num {2e-3}$


$\varepsilon =0.02$


   Δ  𝑡  =  2  ×     10     −  4   


$\Delta t=\num {2e-4}$


$\varepsilon =0.01$


   𝜀  ∈  {  0  .   01   ,  0  .   02   } 


$\varepsilon \in \{0.01,0.02\}$


   (  0  .  5  ,  0  .  5  ) 


$(0.5,0.5)$


     1    2    𝜋    


$\frac {1}{2\sqrt {\pi }}$


$\varepsilon =0.01$


$\varepsilon =0.02$


   𝑡  =  1 


$t=1$


$\varepsilon =0.02$


   𝑡  =  0  .  6 


$t=0.6$


$\varepsilon =0.01$


     𝜙  0   (  𝑥  ,  𝑦  )  =    𝜙  ‾   +  0  .   001      rand   (  𝑥  ,  𝑦  ) 


$\phi _0(x,y)=\overline {\phi }_0+0.001\,\text {rand}(x,y)$


    rand   (  𝑥  ,  𝑦  ) 


$\text {rand}(x,y)$


   [  −  1  ,  1  ] 


$[-1,1]$


     𝜙  ‾   ∈  {  0  ,  0  .  5  } 


$\overline {\phi }_0\in \{0,0.5\}$


     𝐮  0   =  𝟎 


$\bm u_0=\bm 0$


$\Omega =(0,1)^2$


   𝑇  =   25  


$T=25$


$\overline {\phi }_0=0$


   𝑇  =   50  


$T=50$


$\overline {\phi }_0=0.5$


$h=\num {4e-3}$


   Δ  𝑡  =  4  ×     10     −  4   


$\Delta t=\num {4e-4}$


$\overline {\phi }_0=0$


$\overline {\phi }_0=0.5$


$\overline {\phi }_0=0.5$


$\overline {\phi }_0=0$


     𝜙  ‾   =  0  .  5 


$\overline {\phi }_0 = 0.5$


   𝜒  𝜌  (  𝜙  )  𝐠 


$\chi \rho (\phi )\bm g$


   𝜒  𝜌  (  𝜙  )  =  𝜒  (  𝜙  −    𝜙  ‾   ) 


$\chi \rho (\phi )=\chi (\phi -\overline {\phi })$


   𝐠  =  [  0  ,  −  1    ]  𝑇  


$\bm g=[0,-1]^T$


   𝐠  =  [  0  ,  0  ,  −  1    ]  𝑇  


$\bm g=[0,0,-1]^T$


   Ω  =  (  0  ,  1  )  ×  (  0  ,  2  ) 


$\Omega =(0,1)\times (0,2)$


$h=\num {4e-3}$


$\Delta t=\num {4e-4}$


   𝑅  𝑒  ∈  {  1  ,   10   ,   50   } 


$Re\in \{1,10,50\}$


   𝜈  ∈  {  1  ,  0  .  1  ,  0  .   02   } 


$\nu \in \{1,0.1,0.02\}$


   𝑅  𝑒  =  1 


$Re=1$


$Re=50$


   Ω  =  (  0  ,  1  )  ×  (  0  ,  1  )  ×  (  0  ,  2  ) 


$\Omega =(0,1)\times (0,1)\times (0,2)$


   𝜀  =  0  .   025  


$\varepsilon =0.025$


$Re=50$


   𝜈  =  0  .   02  


$\nu =0.02$


   {  𝜙  =  0  } 


$\{\phi =0\}$


   ℎ  =  1  .   25   ×     10     −  2   


$h=\num {1.25e-2}$


$\Delta t=\num {2e-3}$


   𝑡  =  0  .  7 


$t=0.7$


     𝐵  1   (  𝟎  ) 


$B_1(\bm 0)$


    tanh  


$\tanh $


$u_{\mathrm {NN}}$


$N$


     𝐰  𝑚  


$\bm w_m$


     𝑏  𝑚  


$b_m$


$m$


     𝛼  1   ,    𝛼  2   ,  …  ,    𝛼  𝑁  


$\alpha _1,\alpha _2,\ldots ,\alpha _N$


   (    𝐰  𝑚   ,    𝑏  𝑚   ) 


$(\bm w_m,b_m)$


   (    𝐚  𝑚   ,    𝑟  𝑚   ) 


$(\bm a_m,r_m)$


   ‖    𝐚  𝑚     ‖    𝑙  2    =  1 


$\|\bm a_m\|_{l^2}=1$


     𝛾  𝑚   >  0 


$\gamma _m>0$


     𝐚  𝑚  


$\bm a_m$


     𝐚  𝑚  𝑇   𝐱  +    𝑟  𝑚   =  0 


$\bm a_m^T\bm x+r_m=0$


     𝑟  𝑚  


$r_m$


     𝛾  𝑚  


$\gamma _m$


     𝐰  𝑚  𝑇   𝐱  +    𝑏  𝑚  


$\bm w_m^T\bm x+b_m$


$\bm a_m$


     𝐷  𝑁  𝜏   (  𝐱  ) 


$D_N^{\tau }(\bm x)$


     𝑑  𝑚   (  𝐱  ) 


$d_m(\bm x)$


$\bm x$


$m$


   𝜒 


$\chi $


         𝔼      [    𝐷  𝑁  𝜏   (  𝐱  )  ]   =  𝜏  ,       


\begin {align*}\mathbb E\left [D_N^{\tau }(\bm x)\right ]=\tau ,\end {align*}


   {  (    𝐚  𝑚   ,    𝑟  𝑚   )    }    𝑚  =  1   𝑁  


$\{(\bm a_m,r_m)\}_{m=1}^N$


   {    𝛾  𝑚     }    𝑚  =  1   𝑁  


$\{\gamma _m\}_{m=1}^N$


   𝛾  =    𝛾  1   =  …  =    𝛾  𝑁  


$\gamma =\gamma _1=\ldots =\gamma _N$


     𝜓  𝑚   (  𝐱  )  =   tanh   (  𝛾  (    𝐚  𝑚  𝑇   𝐱  +    𝑟  𝑚   )  ) 


$\psi _m(\bm x)=\tanh (\gamma (\bm a_m^T\bm x+r_m))$


   1  ≤  𝑚  ≤  𝑁 


$1\le m\le N$


     𝜓  𝑚   (  𝐱  )  =   tanh   (  𝛾  (    𝐚  𝑚  𝑇   (  𝐱  −    𝐱  𝑐   )  +  𝑅    𝑟  𝑚   )  )  ,    1  ≤  𝑚  ≤  𝑁  , 


\begin {equation*}\psi _m(\bm x)=\tanh (\gamma (\bm a_m^T(\bm x-\bm x_c)+Rr_m)),\quad 1\le m\le N,\end {equation*}


         {          𝝍  (  𝐱  )  =   tanh   (  𝛾  (  𝒜  (  𝐱  −    𝐱  𝑐   )  +  𝑅  𝐫  )  )  ,               𝑢   NN    (  𝐱  ,  𝑡  )  =  𝜶  (  𝑡    )  𝑇   𝝍  (  𝐱  )  ,                  


\begin {align*}\begin {cases} \bm \psi (\bm x)=\tanh (\gamma (\bm {\mathcal A}(\bm x-\bm x_c)+R\bm r)),\\ u_{\mathrm {NN}}(\bm x,t)=\bm \alpha (t)^T\bm \psi (\bm x), \end {cases}\end {align*}


$\gamma $


$\tanh $


     𝑁  𝑙  


$N_l$


   𝑙 


$l$


   𝐿  ≥  2 


$L\ge 2$


   𝒜 


$\bm {\mathcal A}$


   𝐫 


$\bm r$


$N$


$N_1$


     𝝍  𝑙   =  (    𝜓  1    (  𝑙  )    ,  …  ,    𝜓    𝑁  𝑙     (  𝑙  )      )  𝑇   ∈    ℝ    𝑁  𝑙   


$\bm \psi _l=(\psi _1^{(l)},\ldots ,\psi _{N_l}^{(l)})^T\in \mathbb R^{N_l}$


   1  ≤  𝑙  ≤  𝐿 


$1\le l\le L$


     𝐖  𝑙   =  (    𝑊    𝑖  𝑗     (  𝑙  )    )  ∈    ℝ      𝑁  𝑙   ×    𝑁    𝑙  −  1     


$\bm W_l=(W_{ij}^{(l)})\in \mathbb R^{N_l\times N_{l-1}}$


   2  ≤  𝑙  ≤  𝐿 


$2\le l\le L$


   𝜶  =  (    𝛼  1   ,  …  ,    𝛼    𝑁  𝐿      )  𝑇   ∈    ℝ    𝑁  𝐿   


$\bm \alpha =(\alpha _1,\ldots ,\alpha _{N_L})^T\in \mathbb R^{N_L}$


   {    𝐚  𝑚     }    𝑚  =  1     𝑁  1   


$\{\bm a_m\}_{m=1}^{N_1}$


     𝑟  𝑚   ∼  𝒰  [  0  ,  1  ] 


$r_m\sim \mathcal U[0,1]$


   {    𝐖  𝑙     }    𝑙  =  2   𝐿  


$\{\bm W_l\}_{l=2}^L$


   0  <  𝛿  ≤  1 


$0<\delta \le 1$


   = 


\begin {equation*}\psi _m^{(1)}(\bm x)\overset {d}{=}-\psi _m^{(1)}(\bm x),\quad m=1,\ldots ,N_1,\end {equation*}


   𝔼  [    𝐖  𝑙     𝝍    𝑙  −  1    ]  =  𝟎     and     𝔼  [    𝝍  𝑙   ]  =  𝟎  ,    𝑙  =  2  ,  …  ,  𝐿  . 


\begin {equation*}\mathbb E[\bm W_l\bm \psi _{l-1}]=\bm 0\quad \text {and}\quad \mathbb E[\bm \psi _l]=\bm 0,\quad l=2,\ldots ,L.\end {equation*}


    Var   [    𝜓  𝑖    (  𝑙  )    ]  ≤    𝛿    𝑙  −  1      𝜎  0  2   ,    𝑖  =  1  ,  …  ,    𝑁  𝑙   ,    𝑙  =  2  ,  …  ,  𝐿  . 


\begin {equation*}\mathrm {Var}[\psi _i^{(l)}]\le \delta ^{l-1}\sigma _0^2,\quad i=1,\ldots ,N_l,\quad l=2,\ldots ,L.\end {equation*}


$0<\delta \le 1$


$\Omega $


     𝜇   NN     𝑛  +  1   


$\mu _{\mathrm {NN}}^{n+1}$


     𝐜   unc     𝑛  +  1    =    𝐑    −  1      𝐐  𝑇     𝐛    𝑛  +  1   


$\bm c_{\mathrm {unc}}^{n+1}=\bm R^{-1}\bm Q^T\bm b^{n+1}$


         ℳ  (    𝑢   NN   𝑛   )  =    ∫  Ω     𝑢   NN   𝑛   (  𝐱  )    𝑑  𝐱  ,    𝐸  (    𝑢   NN   𝑛   )  =    ∫  Ω     (      𝜀  2   2   |  ∇    𝑢   NN   𝑛     |  2   +  𝐹  (    𝑢   NN   𝑛   )  )     𝑑  𝐱  .       


\begin {align*}\mathcal M(u_{\mathrm {NN}}^n)=\int _\Omega u_{\mathrm {NN}}^n(\bm x)\,d\bm x,\quad E(u_{\mathrm {NN}}^n)=\int _\Omega \left (\frac {\varepsilon ^2}{2}|\nabla u_{\mathrm {NN}}^n|^2+F(u_{\mathrm {NN}}^n)\right )d\bm x.\end {align*}


           𝐿  𝑓   ∶  =     max     𝑢  ∈  ℝ    |    𝑓  ′   (  𝑢  )  |  <  ∞  ,       


\begin {align}\label {f_lipschitz} L_f:=\max _{u\in \mathbb R}|f'(u)|<\infty ,\end {align}


     𝐿  0  2   (  Ω  )  ∶  =  {  𝑣  ∈    𝐿  2   (  Ω  )  ∶    ∫  Ω   𝑣    𝑑  𝐱  =  0  }  . 


\begin {equation*}L_0^2(\Omega ):=\Bigl \{v\in L^2(\Omega ):\int _\Omega v\,d\bm x=0\Bigr \}.\end {equation*}


         ‖  𝑣    ‖  0  2   ≤  ‖  ∇  𝑣    ‖  0   ⋅  ‖  𝑣    ‖    −  1    ,    ∀    𝑣  ∈    𝐻  1   (  Ω  )  ∩    𝐿  0  2   (  Ω  )  .       


\begin {align*}\|v\|_0^2\le \|\nabla v\|_0\cdot \|v\|_{-1},\quad \forall \,v\in H^1(\Omega )\cap L_0^2(\Omega ).\end {align*}


         𝑎  ‖  𝑣    ‖    −  1   2   +  𝑏  ‖  ∇  𝑣    ‖  0  2   ≥  2      𝑎  𝑏      ‖  𝑣    ‖  0  2   ,    ∀    𝑎  ,  𝑏  ≥  0  ,    ∀    𝑣  ∈    𝐻  1   (  Ω  )  ∩    𝐿  0  2   (  Ω  )  .       


\begin {align}\label {interpolation_young} a\|v\|_{-1}^2+b\|\nabla v\|_0^2\ge 2\sqrt {ab}\,\|v\|_0^2,\quad \forall \,a,b\ge 0,\;\forall \,v\in H^1(\Omega )\cap L_0^2(\Omega ).\end {align}


         ℳ  (    𝑢   NN   𝑛   )     ≈    ℳ  𝑛   ∶  =    ∑  𝑞     𝜔  𝑞       𝑢   NN   𝑛   (    𝐱  𝑞   )  ,    


\begin {align*}\mathcal M(u_{\mathrm {NN}}^n)&\approx \mathcal M^n:=\sum _{q}\omega _q\,u_{\mathrm {NN}}^n(\bm x_q),\end {align*}


           𝐠  ˆ     𝐜    𝑛  +  1    =    ℳ  0   ,      where      𝐜    𝑛  +  1    =  (  (    𝜶    𝑛  +  1      )  𝑇   ,  (    𝜷    𝑛  +  1      )  𝑇     )  𝑇   .       


\begin {align}\label {cond:constraint} \hat {\bm g}^T\bm c^{n+1}=\mathcal M^0,\;\text { where }\bm c^{n+1}=((\bm \alpha ^{n+1})^T,(\bm \beta ^{n+1})^T)^T.\end {align}


   𝒞  ∶  =      Δ  𝑡   ℎ        max   𝑢   |    𝑓  1  ′   (  𝑢  )  |    in 1D   ,    𝒞  ∶  =      Δ  𝑡   ℎ        max   𝑢       (  |    𝑓  1  ′   (  𝑢  )  |  ,  |    𝑓  2  ′   (  𝑢  )  |  )       in 2D   , 


\begin {equation*}\mathcal C:=\frac {\Delta t}{h}\max _u |f_1'(u)|\text { in 1D},\qquad \mathcal C:=\frac {\Delta t}{h}\max _u \left (|f_1'(u)|,|f_2'(u)|\right )\text { in 2D},\end {equation*}


     𝐲  →  𝐱  


\begin {equation}\label {p4:eq:u_int_ext_per} u_h^{\text {int}(K)}(\bx ,t)=\lim \limits _{\substack {\by \to \bx \\ \by \in \mathring {K}}} u_h(\by , t),\; \text {and} \quad u_h^{\text {ext}(K)}(\bx ,t)= \lim \limits _{\substack {\by \to \bx \\ \by \in (K)^{c}}} u_h(\by ,t).\end {equation}


           𝑑    𝑑  𝑡      𝐔  ℎ   =    𝐆  ℎ   per    (    𝐔  ℎ   )  ,      𝐔  ℎ   (  0  )  =    𝐔    ℎ  ,  0    ,       


\begin {align}\label {p4:ODE_sd_peri} \frac {d}{dt} \bU _{h}=\bG _{h}^{\perBC }(\bU _{h}), \quad \bU _{h}(0)=\bU _{h,0},\end {align}
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Chapter1

Introduction

The numerical solution of nonlinear evolution equations and multiphysics systems is a
central topic in computational mathematics, with broad applications ranging from materials
science and fluid dynamics to engineering design. Many such problems possess intrinsic physical
properties, including energy dissipation laws, maximum bound principles, and mass conser-
vation. A fundamental challenge in the design of numerical methods for these problems is to
develop time integration schemes that are accurate, efficient, and structure-preserving at the
discrete level. This dissertation focuses on the development and analysis of four novel classes of
structure-preserving time-stepping methods: (i) low regularity integrators for phase field models,
(ii) noniterative localized exponential time differencing methods for hyperbolic conservation
laws, (iii) dynamically regularized Lagrange multiplier methods for incompressible Navier-Stokes
equations and the coupled Cahn-Hilliard-Navier-Stokes system, and (iv) generalized transferable
neural networks for the Cahn-Hilliard equation.

Phase-field modeling is an important mathematical tool for solving interfacial problems
in scientific and engineering fields. Phase-field models were first introduced by Fix [60] and
Langer [109], and have gained increasing interest and attention in solidification dynamics [10]
and other areas such as fracture mechanics [11, 12], viscous fingering [61, 140], hydrogen em-
brittlement [136, 92], vesicle dynamics [9, 132], etc. A thorough review on phase-field modeling
can be found in [54]. The Allen-Cahn equation, originally introduced by Allen and Cahn in [4], is
a well-known phase-field model used to describe the motion of antiphase boundaries in crys-
talline solids. It belongs to a class of semilinear parabolic equations whose solutions satisfy two
important physical properties: the maximum bound principle (MBP) and the energy dissipation
law. These properties are highly desired to be preserved when constructing numerical schemes.

Various MBP-preserving schemes for semilinear parabolic equations have been discov-
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ered recently. In [174], it was shown that implicit-explicit discretization in time and central
finite difference in space for the Allen-Cahn equation preserve the MBP. The generalized Allen-
Cahn equation with a nonlinear degenerated mobility was studied in [161], where a first-order
semi-implicit scheme was proved to preserve the MBP under some time step constraint. Fol-
lowing these ideas, both linear and nonlinear second-order Crank-Nicolson/Adams-Bashforth
schemes were constructed in [90, 89], which guarantee the MBP and energy stability. When
solving problems with strong stiff linear terms, exponential-type integrators such as exponential
time differencing (ETD) and integrating factor Runge-Kutta (IFRK) methods have been shown to
be more effective. In [56], a general framework of ETD schemes for a class of semilinear parabolic
equations was established, where linear and nonlinear operators have to satisfy certain condi-
tions to preserve the MBP. ETD methods were also used for the nonlocal Allen-Cahn equation [55]
and the conservative Allen-Cahn equation [114]. A combination of ETD with overlapping domain
decomposition was studied in [115]. Unlike ETD, the main idea of IFRK methods is to use the
integrating factor to eliminate the stiff linear term before applying the conventional Runge-Kutta
method. A four-stage, fourth-order IFRK scheme was proposed in [101] which preserves the
MBP under some certain condition on the time step size. By adding a stabilizing constant, the
stabilized IFRK method was introduced in [117] and shown to unconditionally preserve the MBP
up to the third order.

Energy stable numerical methods for Allen-Cahn type equations as well as other gradient
flows have also attracted much attention. Examples of traditional approaches include fully
implicit methods [58, 191], convex splitting schemes [183, 162, 70, 186], stabilized semi-implicit
methods [166, 174,59, 192], and ETD schemes [102, 207, 103, 56, 55]. Some novel linear schemes
have been investigated in the past few years such as the invariant energy quadratization (IEQ)
schemes [194, 193, 199] and the scalar auxiliary variable (SAV) schemes [26, 163, 165], which
monotonically decrease certain modified energies.

It should be noted that convergence and error estimates play an essential role when

analyzing a numerical scheme. In particular, ETD schemes [56, 55] require the exact space-
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discrete solution to be in €1 for the first-order scheme and in €2 for the second-order scheme.
Similarly, convergence of the IFRK schemes [101, 117] only holds when the exact solution at
least belongs to CP in time, where p is the order of the method. Therefore, it is desirable to
develop time integration schemes which only require low regularity on the exact solution but
hold similar optimal error estimates, while still preserving the MBP and energy stability. The low
regularity integrators (LRIs) are recently introduced time discretization techniques for evolution
problems, which require weaker regularity assumptions for error analysis than those by classical
methods. The so-called resonance based schemes were developed for nonlinear dispersive
equations at low regularity, including the Korteweg-de Vries (KdV) [88, 188, 189], Schrodinger
[145, 144, 146], Boussinesq [147], and Dirac [156] equations. These schemes are based on Fourier
series expansions of the solution (instead of Taylor expansions as in classical methods), thus they
are restricted to periodic boundary conditions only. Recently, a new framework of LRIs has been
introduced in [154] which does not rely on Fourier expansions, thus can be applied to general
boundary conditions. The LRIs can be coupled with various spatial discretization techniques,
such as finite element methods as considered in [120], where a first-order semi-implicit LRI
scheme was applied to solve the Navier-Stokes equations.

In addition to phase field models, exponential integrators can also be applied to hy-
perbolic conservation laws, where efficient time integration remains a significant challenge.
Exponential integrators, first introduced in 1960 in [20], require no nonlinear solvers and allow
large time step sizes without affecting numerical stability. The methods are derived by linearizing
the original system at a certain state and applying the variation-of-constants formula to solve
exactly the stiff linear part. The main cost lies in the computation of the products of matrix expo-
nentials and vectors. With the improvements in matrix exponential algorithms based on Krylov
subspace approximations [155, 84, 173, 142, 64], there has been great interest in developing ex-
ponential integrator-based methods for various problems [85, 38, 141, 176, 87, 86, 134, 180, 100].
Among them, Exponential Time Differencing Runge-Kutta methods (ETDRK) have been success-

fully applied to a large class of semilinear parabolic problems [56]. To accelerate ETDRK methods
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for large-scale problems, domain decomposition techniques have been applied [205, 83, 115]
to reduce the size of the problem and compute matrix exponentials locally, thus much less
expensively. Despite considerable progress in ETDRK methods for parabolic equations, their
applications to hyperbolic conservation laws are still limited [6, 119, 39].

Hyperbolic conservation laws, a fundamental class of partial differential equations, play
an essential role in a wide range of applications, from modeling water flows, traffic flows to
gas dynamics and supply chains. As the solution may exhibit shocks or discontinuities even
from smooth initial data, various spatial discretization methods have been developed, including
ENO/WENO schemes [78, 172, 125, 97, 98] and the discontinuous Galerkin (DG) method [32, 36,
35, 37, 82]. We refer to [34, 139, 170] for a thorough review of different high-order schemes for
hyperbolic conservation laws. Regarding time discretization, most existing methods use Strong
Stability Preserving Runge-Kutta (SSP-RK) schemes [171, 172, 68], where the time step sizes must
satisfy restrictive CFL conditions. Recent studies of ETDRK schemes for oceanic/atmospheric
models [150, 17] confirmed their computational efficiency with large time step sizes. ETDRK
methods were also studied in [113, 138] with overlapping domain decomposition; however, the
overlap size must be sufficiently large to use large time step sizes.

Another main theme of this dissertation concerns the development of energy stable
numerical schemes for incompressible fluid flows. The Navier-Stokes (NS) equations are fun-
damental in computational fluid dynamics, governing the behavior of viscous fluid flows. In
the absence of external forces, the NS equations satisfy the energy dissipation law, and it has
been highly desirable to develop numerical schemes that preserve this key property. The main
difficulty is the treatment of the nonlinear convection term. Fully implicit schemes [135, 178]
require solving nonlinear systems, which could be computationally expensive. Semi-implicit
schemes [184, 177, 79, 120, 63], on the other hand, solve only linear systems with either con-
stant or variable coefficients, depending on how the convection term is treated. Due to their
computational efficiency, we focus on semi-implicit schemes with fully explicit convection. The

SAV schemes have recently been developed for gradient flow problems [164, 165, 2, 26] and
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extended to the NS equations [121, 123, 124]. In [121], an auxiliary variable associated with the
kinetic energy was introduced to reformulate the NS equations into an equivalent form with an
extra dynamic equation for the auxiliary variable. The resulting schemes are unconditionally
energy diminishing, marking the first time that numerical schemes with explicit convection can
preserve this property. Besides the SAV approach, the Lagrange multiplier technique also leads
to unconditionally energy stable schemes [25, 197], where intrinsic physical properties, such as
energy dissipation laws, are incorporated into a reformulated system to preserve energy stability
in terms of the original variables. However, both SAV and Lagrange multiplier approaches usually
pose three challenges: (i) solving nonlinear algebraic equations for the Lagrange multiplier may
produce multiple real or even complex solutions; (ii) the time step size must be sufficiently small
to maintain accuracy; (iii) most stability results from the SAV methods concern a modified energy,
which is not directly related to the original energy.

The Cahn-Hilliard-Navier-Stokes (CH-NS) system [75, 5, 129, 105, 106] is a well-known
phase field model for the mixture of two immiscible and incompressible Newtonian fluids with
matched density. When the density difference is small, the model can also be applied with a
Boussinesq approximation [158]. Numerical approximations for the nonlinear, coupled CH-NS
system pose several challenges. First, to handle the stiffness of the phase equation associated
with the interfacial width, numerical schemes are highly desired to be unconditionally stable.
Second, the coupling of nonlinear equations introduces significant computational cost, particu-
larly with implicit methods. Third, numerical solutions must preserve key physical principles,
such as mass conservation and energy dissipation. During the past two decades, many studies
have been carried out to develop and analyze unconditionally energy stable schemes for the
CH-NS equations. Popular methods include the convex splitting methods [77, 44, 28, 16, 73],
stabilized semi-implicit methods [167, 169, 30, 15], and SAV schemes [123, 124, 200, 131, 118].
Convex splitting schemes guarantee the unique solvability of the numerical solution; however,
a nonlinear equation needs to be solved at each time step. Stabilized schemes, on the other

hand, introduce artificial numerical dissipation to the system which potentially changes the
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system dynamics. An issue with SAV-based schemes is that the stability results often apply to
a modified energy, which is not directly related or close to the original energy when the time
step size is not small enough. We refer to [69, 148] for other energy stable schemes for the CH-NS
system, and to [128] for a bound-preserving limiter-based algorithm that employs discontinuous
Galerkin discretization in space along with a combination of convex splitting and rotational
pressure-correction techniques in time.

In addition to traditional numerical methods, deep learning has recently emerged as a
powerful tool for scientific computing, and neural network-based PDE solvers have attracted
intense research interest. Physics-informed neural networks (PINNs) [153] embed the governing
equations directly into the loss function and train the network via stochastic gradient descent.
While PINNs offer the attractive feature of being mesh-free, their application to phase-field
equations such as the Cahn-Hilliard equation has proven particularly challenging due to sharp
transition layers and the inability of fixed collocation points to adapt to moving features [185, 137,
23]. An alternative paradigm is the class of shallow neural network methods with predetermined
hidden-layer parameters, including the Extreme Learning Machine [91, 53], the Random Feature
Method [21], and the Transferable Neural Network (TransNet) [201]. In these approaches, the
weights and biases of the hidden-layer neurons are fixed in advance, and only the weights of
the output layer are optimized, typically by solving a linear least-squares problem. This strategy
completely eliminates the need for stochastic gradient descent training, resulting in orders-of-
magnitude speedups over deep-network-based solvers. Recently, the Generalized Transferable
Neural Network (GTransNet) was proposed in [24] to address the limitation of TransNet in handling
problems with highly oscillatory solutions, demonstrating superior performance for a broad
class of steady-state PDEs. However, its application to time-dependent fourth-order problems
with structure preservation remains unexplored.

The main objective of this dissertation is to overcome the aforementioned difficulties by
developing novel, efficient, and structure-preserving time integration methods with rigorous

mathematical analysis. Specifically, we address the following four problems:
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1. Forphase field models of Allen-Cahn type, we construct first- and second-order LRI schemes
by repeatedly applying Duhamel’s principle to the space-discrete system. The proposed
schemes preserve the conditional MBP and energy stability, and their temporal error
estimates are derived under the low regularity assumption that the exact solution is only
continuous in time, in contrast to the CP regularity required by classical ETD and IFRK
methods. We also carry out optimal fully discrete error analysis of the first-order LRI
schemes and extend the LRI framework to the conservative Allen-Cahn equation with
a nonlocal Lagrange multiplier, where the schemes additionally conserve mass while

maintaining the MBP and energy stability. These results are presented in Chapter 2.

2. Regarding hyperbolic conservation laws, we combine ETDRK schemes with the DG method
and nonoverlapping domain decomposition to develop global and localized ETD methods
that significantly relax the CFL conditions imposed by SSP-RK schemes. The localized
scheme requires no iteration between subdomains while enabling the same large time
step sizes as the global method. Rigorous semi-discrete temporal error analysis is carried

out for both schemes. This is the subject of Chapter 3.

3. For the incompressible NS equations and the coupled CH-NS system, we develop the
dynamically regularized Lagrange multiplier (DRLM) method. By introducing a dynamic
equationinvolving the kinetic energy, a Lagrange multiplier, and a regularization parameter,
we reformulate the original equations into equivalent systems. First- and second-order
DRLM schemes are derived and shown to be unconditionally energy stable with respect
to the original variables. Optimal error estimates are established for the first-order DRLM
scheme based on a uniform bound on the Lagrange multiplier and mathematical induction.
The DRLM framework is further extended to the CH-NS system, where the schemes are
fully decoupled, mass-conserving, and require no stabilization terms. The details can be

found in Chapter 4.

4. Forthe Cahn-Hilliard equation, we develop a structure-preserving neural network-based

26



framework that combines GTransNet for spatial approximation with stabilized BDF meth-
ods for time discretization. The resulting GTransNet-BDF schemes preserve mass conser-
vation and energy stability at the time-discrete level. Since the collocation-based spatial
implementation produces a nonzero least-squares residual that violates mass conserva-
tion, a novel post-processing mass-conserving projection is introduced to enforce the mass
constraint through a minimization problem with negligible computational cost. The mesh-
free nature and predetermined hidden layers make the method applicable to complex
domains, variable mobility, and long-time simulations. These results are presented in

Chapter 5.

Finally, Chapter 6 summarizes the main results and discusses directions for future re-

search.
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Chapter 2

Low Regularity Integrators for Phase Field Models

This chapter is devoted to the construction, analysis, and numerical validation of low
regularity integrators (LRIs) for phase field models of Allen-Cahn type. The chapter consists of
three parts. In the first part, we construct first- and second-order LRI schemes for the Allen-Cahn
equation by iteratively applying Duhamel’s formula to the space-discrete system, prove that
the proposed schemes preserve the maximum bound principle (MBP) and energy stability, and
derive temporal error estimates under the minimal assumption that the exact solution is only
continuous in time. In the second part, we carry out fully discrete error analysis of the first-order
LRI schemes and establish optimal error estimates in both space and time. In the third part, we
extend the LRI framework to the conservative Allen-Cahn equation with a nonlocal Lagrange
multiplier, where the schemes additionally conserve mass unconditionally while satisfying the
MBP and remaining energy stable. Numerical experiments confirm the theoretical findings and
demonstrate the outperformance of the proposed LRI schemes compared to classical exponential
time differencing (ETD) schemes, particularly when the interfacial parameter is close to zero. The

material in this chapter is based on [45, 46, 47].

2.1 Low regularity integrators for the Allen-Cahn equation

We consider the Allen-Cahn equation [4], a well-known phase-field model that describes
the motion of antiphase boundaries in crystalline solids. It belongs to a class of semilinear

parabolic equations of the form
diu = e2Au+ f(u), x€Q, t>0, (2.1)

where Q c R4 (d = 1,2,3)isan open and bounded Lipschitz domain, u : Q x [0, ) — Ris the

unknown function, ¢ > 0is the interfacial parameter,and f : R - R is a nonlinear function. An
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initial boundary value problem associated with equation (2.1) is obtained by imposing the initial
condition u(x,0) = uy(x) for any x € Q, and suitable boundary conditions (e.g., periodic or
homogeneous Neumann or Dirichlet boundary conditions). Throughout this section, we suppose

that the nonlinear function f satisfies the following assumptions:

(A1) f(B) <0< f(—p)forsomef > 0.
(A2) fis continuously differentiable and nonconstant on [—f, 3].
Then the solution to (2.1) satisfies the maximum bound principle (MBP) [56]

max [ugp(x)| < = max|u(x,t)|<p forall t >0,
xeQ) xeQ)

and energy dissipation law

ey = [

16;u(x,1)|> dx < 0, where E(u) = f
Q

<£|Vu(x)|2 + F(u(x))) dx.
0 2

2.1.1 Space-discrete problem and low regularity integrators

Assume that the spatial domain Q in R4 is either a finite interval (d = 1), a rectangle
(d = 2), or arectangular parallelepiped (d = 3). We consider a uniform partition of Q into
rectangular elements; for simplicity, we assume all elements have equal sides and denote by
h the length of the side of each element. Let N be the number of grid points of the mesh for
unknowns, and denote by

u(t) = W), u?@), ..., ulN®))T,

where uj(t) is the approximation of u(xj, t)for j =1,2,...,N. Using central finite differences for
spatial discretization of problem (2.1) with the homogeneous Neumann boundary conditions,

we obtain the following space-discrete system:

du
i Au + f(u), (2.2)

where f(u) = (f(ul), fu?), ... ,f(uN))T, A= szDh, and Dy, is defined as in [104]. Particularly,

Dy, = Ay inonedimension, Dy, =1 @ 4}, + 4, @ Iintwo dimensions,and D, = I® I® 4}, +
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IQA, @I+ 4, ®I®Iinthreedimensions. Here ® denotes the Kronecker product, Iis the

identity matrix, and 4y, is a square matrix of order N given by

2 2 0 0
1 -2 1 0
hom
0 1 -2 1
(0 .. 0 2 -2

Itis well-known that matrix Dy, is diagonally dominant with all diagonal entries negative. We then
have the following result [101, Lemma 3.3], which is crucial to the analysis of exponential-type

integrators:

Lemma 2.1. For any y > 0, we have ||e7/Dh||oo < 1, and therefore ||eVA||oo <1

Based on this result, the space-discrete problem (2.2) is well-posed and preserves the

MBP as stated below (the proof is similar to Theorem 2 in [115]).

Theorem 2.2. Given any fixed terminal time T > 0. Assume that the initial data is bounded by
in absolute value, i.e., |[ugl|r,c0 < B, then the semi-discrete system (2.2) admits a unique solution
u € e([0, T]; RN) and

[u(®|o < B forall t €0, T].

Remark 2.3. The result of Theorem 2.2 still holds when one imposes the periodic boundary condi-
tion or the Dirichlet boundary condition (where the Dirichlet data is also assumed to be bounded
by B in absolute value); see [56] for more details. In addition, other types of spatial discretizations
(e.g., finite volume and lumped-mass finite element) for problem (2.1) can also be considered
without affecting the analysis presented in this section, provided that the corresponding matrix
A = (ajj)NxN satisfies the following property [56, Proposition 2.5]:

N
laiil > D, lagjl, @ <0, a;;>0(j #0). (2.3)
j:l,j;ﬁi
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A slightly more relaxed condition on A for Lemma 1 to hold can be further found in [101, Lemma

3.3].

For the time discretization, let us consider a uniform partition of the time interval [0, T] :
0=ty <t; <-- <ty = T,with the step size At = % The exact (in time) solution to (2.2) at

each time level is given by Duhamel’s formula:
At
u(tys1) = AAa(ty,) + f e(At=)Af(u(t,, +s))ds, m=0,1,...M—1.  (2.4)
0

The main idea of LRIs developed in [154, 120] is to use again Duhamel’s formula to compute
u(ty, + s)in (2.4). In particular, we have, for any s € [0, At]:

S
u(ty, + ) = eSAu(ty,) + f eS=DAf(t,, + 0)) do. (2.5)
0

Using (2.5) to approximate u(t;, + s) in (2.4) leads to the first- and second-order LRIs described
below.

For convenience of presentation, we introduce the following notation: for any function
g: R > R letg : RN - RN pe defined as g(v) := (g(v1),8(©2), ..., g(wn))T, for any

v = (v1,02, ..., vN)T e RN; when g is sufficiently smooth, we denote by

p
STE(V) := diag(e®(v1), g (vy), ...,eP(vN)), pEN. 2.6)

Note that when p = 1, (2.6) is simply the Jacobian of g. In addition, we make use of the no-
tation © for denoting element-wise operations, e.g., vO?Z = (v%, v%, . vlzv)T anduQ@v .=

(uqgvy, umvy, ... ,quN)T.
First-order low regularity integrators Let us take Uy = u(0). For first-order schemes, we
approximate u(ty, + s) by eSAUm in (2.4) and obtain: form =0,1,..., M — 1,

At At
Uy = eAAU, + f e(At=9)AfSAY, ) ds = eAIAU,, + f g(s)ds,  (2.7)
0 0

where g(s) = e(At_S)Af(eSAUm). We then compute the integral on the right-hand side using

one-point quadrature rules, which leads to the following schemes:
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i) LRI1a with g(s) on [0, At] approximated by g(0) (as in [154]):

Upy1 = AU, + AU ). (2.8)

ii) LRI1b with g(s) on [0, At] approximated by g(At):

Upyr = eAIAU, + AtfeAAU,). (2.9)

We remark that the LRI1a scheme is identical to the first-order IFRK scheme [94, 101], while the

LRI1b scheme (first proposed in [120]) is essentially different from the IFRK or ETD schemes.

Second-order low regularity integrator Let us approximate u(ty, + s) by AUy, + sf(U,;,)

from (2.5), and plug that into (2.4) to obtain: form =0,1,...,M — 1,
At
Uyl = AU, + f e(AL=S)Af(SAU,, + sf(Uy,)) ds.
0
By replacing f(eSAU,,, + sf(U,y,)) by f(e5AU,,) + Saa—i(eSAUm)f(Um), we arrive at
At At of
Uper = eAAU, + f g(s)ds + / se(At_S)Aa—u(eSAUm)f(Um) ds.
0 0
Finally, the LRI2 scheme is defined by computing the integral fOAt g(s) ds using the trapezoid rule

and approximating e(At_S)Ag—i(eSAUm)f(Um) by eAtA;a—i(Um)f(Um) in the above equation:

2
U1 = AAU, + % [eAAR(U ) + £(eAAU )| + ATteAtA%(Um)f(Um). (2.10)

2.1.2 Properties of the fully discrete numerical solutions

Discrete maximum bound principle
We shall prove that the LRI1 and LRI2 schemes proposed in the previous section satisfy the
MBP in the discrete sense. We first state some preliminary result needed for the MBP proof. Itis

. . . 1
easy to see from assumptions (A1) and (A2) that min f’(x) < 0. Definewy ;= ——— > 0.
Y p ( ) ( ) |X|S,3f ( ) 0 |)?|1?ﬁf/(x)
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Lemma 2.4. It holds that

|x+wf(x)|]<B forall x e [-B,6] and w € (0, wq].

Proof. Let fo(x) = x + wf(x), we have fy(x) = 1+ wf'(x) > 0, foranyw € (0,wp] and

x € [—f,B]. Moreover, as f(8) < 0 < f(—p), we deduce that
—B < fo(=B) < fo(x) < fo(B) < B forall x € [-f,8],

which concludes the proof. m

Both LRI1a and LRI1b schemes preserve the discrete MBP under certain time step con-

straint as stated below.

Theorem 2.5. Suppose that |ug|Loo < B, then the numerical solution {U,,} generated by the
LRI1a scheme (cf. Equation (2.8)) or the LRI1b scheme (cf. Equation (2.9)) is also pointwisely

bounded in the absolute value by 3, i.e.,

Unmlleo <8, m=0,1,..., M,

provided that 0 < At < wg.

Proof. Byinduction,we only needto prove: if [U,|lo0 < B,thenitalsoholdsthat |[Up41llc0 < B.

For the LRI1a scheme, by applying Lemmas 2.1 and 2.4, we deduce from (2.8) that

Um+illoo < 162 oo |Upy + Af(Up)lloo < B forall At € (0, wp].

For the LRI1b scheme, as ||eAtAUm||oo < B (Lemma 2.1), together with Lemma 2.4 we obtain

[Um+illoo = 1€2AU, + Atf(eAAU,)) | < B forall At € (0,wp].

The proof is thus completed. O

Unlike the LRI1 schemes, the LRI2 scheme requires a stronger condition on f to obtain

the discrete MBP, namely:
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(A3) f is twice continuously differentiable and nonconstant on [—f, S].

The MBP preservation of the LRI2 scheme is guaranteed by the following theorem. Define
w1 1= — min [f"(x)f(x)].
|x|<p

Theorem 2.6. Suppose that f satisfies (A1) and (A3). If |ug|Loo < B, then the numerical solution
{U;} generated by the LRI2 scheme (cf. Equation (2.10)) is also pointwisely bounded in the
absolute value by 3, i.e.,

”UWl”OO SJE’ m=0,1,...,M,

provided that 0 < At < dgwq, where dg is given by

min{1, 48}, ifw; >0,

0 =
1, ifw; <0,
2
—144/14+7wEw
with § = > 0 1|fco1>0

2wy

Proof. By induction, we again only need to show that if |U;;|le0 < Bthen ||Up41llc0 < B- Apply
Lemma 2.1, for any §; € (0,2) we have

IUm+1lleo

eAtAf(Um)

iy, + f(eAtAU )” “ zaleA‘AU + A (Um)f(Um)“

5

< A eray,, + 5—f(eNAUm)H - H(z —8,)U,, + Atf(U,,) + Atzg—i(Um)f(Um)H
1 00 0

Notice that [e2 AU llo0 < B If% € (0,wq] (i.e., At € (0,81wp]), then we observe by Lemma
1
2.4 that

HeAtAUm + gf(eAtAUm)H <pB.
o1 o
Define K(x) = (2 — 81)x + Atf(x) + Atzf’(x)f(x) for x € [—f, B]. Rewrite K(x) as follows:

K(x)=(2—81)x+ 1+ Atf'(x)Atf(x).
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If At € (0, wp], one can apply the property of f;(x) in the proof of Lemma 2.4 to obtain
—(2-61)B < K(-p), and K(B) < (2—61)B. (2.11)

On the other hand,

K'(x) =2 =81 + Atf'(x) + AL2[f(x)]? + A2 f" (%) f(x)

1 , 2 7 5 2. on
(3+ar') +7 -8 +A2F" @)

> — — 81 — At?w;  forall x € [-B,8].

RN

7 1 /7 .
— < _ = —
If 67 < 1,and At < . ( 51) in case of w; > 0, then we have

K'(x)>0 forall x € [-4,5].

Therefore, K is non-decreasing on [—§3, 8]. This, combines with (2.11), gives us

IK(X)| < (2-61)8 forall x € [-5,4].

Thus,

5. 2-0
[Um+1llo < 5B+

<3 5 B=5 (2.12)

provided that the following conditions are all satisfied

7
51 (S (0, Z), At € (0, 51600], At € (0, CO()],

1
At < _(

7 .
< @1 ——51) if w; > 0.

4

If w1 < 0, we can choose 81 = 1 and the condition on the time step size is At € (0, wg]. If w; > 0

then At has to satisfy the constraint below

. 1 /7 7
0 < At < min {600,61600, a)— (Z — 51)}, 51 (S (0, Z),
1
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or equivalently,

. 1 7
0 < At < wgminy1,6;, 2—(——51) .

The best choice of the constant §; in this case is §; = & because of the the following relations:

5= 21 (z-a), 5e<o,z>.
ooy \4 1

Hence, we require 0 < At < wg min{l,d} when w; > 0. Consequently, (2.12) is true for all

At € (0, 8gwq], which completes the proof of Theorem 2.6. O

Remark 2.7. If the nonlinear function f satisfies additionally f(—8) = f(B8) = 0 for some 8 > 0,
then (2.11) is obviously true without the requirement 0 < At < wg. Also in this case, it is not
difficult to prove that w; > 0, meaning that & exists. Thus, the range of At can be enlarged,
particularly, 0 < At < dwg. This is the case for both double-well potential and Flory-Huggins
potential functions [56]. The double-well potential function F(u) = %(uz—l)2 givesthe nonlinear

term f(u) = u — u3, then f(-=1) = f(1) = 0, i.e., B = 1. By simple calculations, we obtain

1 3 —4 4458 6

Therefore, the MBP is preserved when 0 < At < % (for the LRI1 schemes) and 0 < At < % (for the

LRI2 scheme). The Flory-Huggins potential function is given by F(u) = g[(l +uw)In(Ql+u)+ (1 -
u)In(1 —u)] — %uz, where 0 < 6 < 6. Then f(u) = —F'(u), namely, f(u) = g n i;—Z + Ocu.

Consider a particular case [101] where 8 = 0.8 and 6, = 1.6, then 8 ~ 0.9575 satisfying f(—f) =

f(B) = 0. We can easily verify that

~ 0.1247, w; ~ —f(0.932)f"(0.932) ~ 13.1739, & ~ 1.367.

Thus, the conditions on At to preserve the MBP are 0 < At < 0.1247 for the LRI1 schemes and
0 < At < 0.1705 for the LRI2 scheme. We shall verify these time step constraints in the numerical

experiments (cf. Section 2.1.4).

Discrete energy stability
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The discrete energy Ej, is defined as

N 2
Ep(U) = Y F(UY) - %UTDhU forall U= (UL U2, ..., uUMT e RN, (2.13)
i=1

where F is the potential function. In the following, we show that the first- and second-order

LRI schemes are conditionally energy stable in the sense that the discrete energy is bounded at

all times. We first state some preliminary results needed for the main theorem. Let us define

= max If(x)land F = max 1f ).

Lemma 2.8. If [Uplleo < Bforallm = 0,1, ..., M, then there exists Win RN, [W||s, < Fy such

that

Ep(Upms1) — En(Up) < (Uppy1 — Up) T(W — AU 1),
form=0,1,..., M —1.

Proof. We first have the following identity from (2.13):

N 2
. . E
Ep(Ums1) —Ep(Uyy) = Z [F(Up, 1) — F(Up)] - E(Uz;leDhUWHl ~ UL D, Uy). (2.14)

i=1
Since | Uy lleo < Bform = 0,1, ..., M, by the mean value theorem, there exist 4, 5, ..., ¥ such

that |y;| < Bfori=1,2,...,Nand
F(UL ) = F(UL) = (U — UDF' ) = (U} — U)f ), i=1,2,...,N.
Let W := —[f(1), f(2), ..., F)]T, we can see that [W] s < Fy and
N . .
D FWUL ) = F(UR] = (Upg1 — Up) TW. (2.15)
i=1
On the other hand, Dy, is negative semidefinite and symmetric, so

0> (Upt1 — Up) ' Dp(Upy1 — Up)
= Up11DnUm+1 + UnDpUp = Upy D3 Upn = Ui Dy U

= U} 1DpUpms1 + UpDpUp, + 2(Uppig — Upy) TDp Uy
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Therefore,
Ul 1DRUms1 — UDpUp, 22Uyt — Up) TD Uppyr. (2.16)
From (2.14), (2.15) and (2.16), we get
Ep(Um+1) = En(Um) < (U1 = Up) (W = AU 1),

which leads to the conclusion. O

Lemma 2.9.

(i) If 0 < At < wg and f satisfies (A1) and (A2), then the numerical solution {U,,} generated

by the LRI1a scheme (2.8) or the LRI1b scheme (2.9) satisfies

IUm+1 = Umlleo < (BllAlleo + Fo)AL.

(i) If 0 < At < §gwg and f satisfies (A1) and (A3), then the numerical solution {U, } generated

by the LRI2 scheme (2.10) satisfies

Um+1 — Umllo < (BllAllo + Fo + SowoFpF )AL

Proof. By Theorem 2.5 or 2.6, we know that the numerical solution {U,,} generated by the

schemes (2.8), (2.9) or (2.10) preserves the MBP, meaning that |U; || < Bform =0,1,..., M.

(i) Consider the LRI1a scheme (2.8). Define q;(t) = e!AU,, + teAAf(U,,), then q1(0) = Uy,
q1(At) = Uy, and

q)(t) = AetAU, + AAR(UY,).
By Lemma 2.1, we can easily see that
la1Dlleo < BllAllo +F  forall > 0.

Apply the mean value theorem, we get

IUm+1 = Umlloo = 191(A1) — q1(0)]|co < (BllAllco + Fo)AL.
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Similarly for the LRI1b scheme (2.9), define q,(t) = efAU,, + tf(e2AU,,), then q2(0) = Uy,

and q(At) = Uyy41. Moreover,

a5 = [|At AUy, + f(e2AUR) oo < BllAlo + B forall ¢ > 0.

The result of (i) then follows by the mean value theorem.

QO+ | t?

(ii) For the LRI2 scheme (2.10), define q3(t) = > 5

q3(0) = Uy, q3(At) = Upyy1 and

q; () + q;(t) o oA Of

eAtAg—j(Um)f(Um), then

q3(0) = == S5 (UnfUn).
Thus we have
||q'3(t)||oo < 9Ol ; 195leo + SowoFpH < B|Allco + Fo + SowoFpF  forall t € [0, At].
Then the result of (ii) follows by the mean value theorem. O

Theorem 2.10. Suppose 0 < At < wq (resp. 0 < At < §pwg) and f satisfies (A1) and (A2) (resp.
(A1) and (A3)), then the numerical solution {U,,} generated by the LRI1a scheme (2.8) or the

LRI1b scheme (2.9) (resp. the LRI2 scheme (2.10)) satisfies

Ep(Uy) <Ep(Ug)+C, m=0,1,...,M, (2.17)

where the constant C > 0 isindependent of At.
Proof. According to Lemma 2.9, there exists ¢ > 0 independence of At such that

Um+1 — Umlloo < cAt.

This, together with Lemma 2.8, gives us

Ep(Um41) = Ep(Upm) < (U1 = Un) Moo (IWlleo + [AUm41llc0) < eNALE + BllAl oo ).
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Therefore,

Ep(Um) < Ep(Up) + cNT(Fp + BllAlleo) =: Ep(Ug) + C,

where C = cNT(Fy + B||Alleo) > 0 independence of At. O

2.1.3 Temporal error estimates

In this section, we always assume |lug| 0 < B so that
u € ([0, TI;RN) and |ju(®)|| < B8 forall t € [0, T],

by Theorem 2.2 and the discrete MBP of the numerical solution {U,} also holds by Theorem 2.5 or
Theorem 2.6. By using Duhamel’s formula as the key idea, we will show that these requirements
on u (the continuity of u(t) and its MBP) are enough to obtain the temporal error estimates
(under a fixed spatial mesh size) for the proposed LRI schemes. Let e, := U, — u(t,,) be

the error at t;; = mAt < T. Letus define 5 = max |f”(x), 5 = max |(f'(x)f(x))|, =
, B IJfIISB |x|<p
max x)|,and 5 = max x)|. The following result will be useful for
<A o0y |f" ()] B <A oo Fo |f* () g

the error analysis of the LRI schemes.
Lemma 2.11. Foreach 0 < 5 < At, define

As) = A=A Au(ty,)) and 9(s) = eW-S)Aj—ﬁwsAuam»ﬂu(tm».
Then

M) 12Ol < (Fo + BR)IAl 0 and 4" ()l < (o + 38R + BR)|AlIS.

(ii) 19’ Olloo < FE + BB)IAl -
Proof We have
A (s) = (A=A [ _Af(eSAu(t,,)) + %(eSAu(tm))(AeSAu(tm)) .

Since [|eSAu(ty,)| oo < B, thisimplies

1 (o < FollAlleo + BE Al = (Fp + BRIIA] o
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On the other hand,

A(s) = A=A A2f(eSAu(tyy)) — zAg—lﬁ(esAu(tm))(AesAu(tm))

2

+ 2 At A Bu(y)®? + L (eBu(ty)A2eAu(ty) |
du? ou

Thus we get
127 ()]0 < FollAl% + 28F Al + B2BIA(Z + SR |A% = (Fy + 38R + f2B)A] 2%

Similarly for 9, we have

P(s) = (AIDA| A S (5 Au(ty)a(tm)) + jig(esAu(rm»(AesAu(tm)) O f(u(tm)) |
u

Therefore,
19"l < Fo(FillAloo + BEIAll) = Fo(F + SB)|Allco-
The proof is then completed. ]

Next, we prove the convergence of the numerical solutions by the LRI1a, LRI1b and LRI2
schemes to the exact solution of the space-discrete problem (2.2) as At tends to zero, and their

corresponding error estimates.

Theorem 2.12. Given any fixed terminal time T > 0 and spatial mesh size h > 0. Assume that
u € ([0, T]; RN) is the exact solution of (2.2) and {U,,} is the numerical solution generated by
the LRI1a scheme (cf. Equation (2.8)). Then, there exists a constant C = C(B, Fy, F, ||Allc0) > 0

independent of At such that the following estimate is true for all 0 < At < w(:

1Up — utm)lleo < CeF1tm —1)Af, m=0,1,..., M.

Proof. Forthe LRI1a scheme (2.8), we have

U(ty41) = A4 ty) + Atf(u(ty))) + Ry (tm), (2.18)
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where Ry (t;;,) is the corresponding truncation error. This together with (2.8) gives us
emt1 = eAA [e, + At (F(Up,) — fu(ty)))] — Ry(tn)
m+1 m m m 1¢m)-

Since €A

<1, we have
lem+1lloo < lemllco + ALf(Up,) — fu(tm))l o + IR1(Em)]l o (2.19)

Observe that both the exact and numerical solutions of (2.2) satisfy the MBP when 0 < At < wy,

meaning that [ U lleo < B, lu(tm)lleo < B. By using the Lipschitz continuity of f, we obtain
1f(Upn) — fu(tm))lo < FlUm —ultm)lleo = Allem|lco- (2.20)
On the other hand, by comparing (2.4) and (2.18), we can rewrite Ry (ty,) as follows:
At
Ry(ty) = f e(AL=)Af(u(t,, + 5)) ds — At Af(u(t,,))
0
At
= f A=A L (u(ty, + 5)) — eAAfu(ty,))| ds.
0
Therefore,
At
IRy (¢l < / leAtAf(u(t,,)) — A=A f(u(ty, + 5))lleo ds
0
At
< / (leAtAf(u(t,,)) — eAi=9Af(esAu(t,,))lleo + €A1 ~DA (e Au(t,)) — A DAt y, + 5))llo ) d
0
At
< / (leAAfu(t ) — eAI=DAf(eSAu(t )]l + IEEeAu(tm)) — Fulty, +5))le) ds
° At
= [ @+Qnas,
0
where
Q1 = A A u(ty,)) — €A Au(ty o Q2 = [feAultn)) — fultm + ) oo-
Using Lemma 2.11 and the mean value theorem, we deduce that

Q1 = [14(0) = A9l oo < 5(Fp + SR A o- (2.21)
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To estimate Q,, we apply the formula (2.5) to obtain

S
2 < FleAutm) — ultm + o = R f 5=Af(u(tyy + o)) do

0 0
S
<R f eS=OA [t + 0)lcodo < FoRs. 2.22)
0
Thus we obtain from (2.21) and (2.22) that
At At
Riltm)loo < [ (Q1+Q)ds < f [(Fy + BF)IAlo + ol lsds
0 0
1
= S[(F + BR)IAlleo + FoR 1AL =: coAt?. (2.23)
By (2.19), (2.20) and (2.23), the following estimate holds:
lem+1llco < (1 +FADemllco + coAL. (2.24)
Thisimplies
colt colAt colAt
lemlloo + 228 < (1 + FAD (||em_1||oo + 0—) <(1+RADT (neonoo ¥ 0—)
R R R
Note thateg = 0, thus
At At
lemlloo < 0= [(1+ FAO™M —1] < D=(eF1tm — 1) =: c(eF1im — DA,
1 1
where € = 0 = L(£o 4 g)yA| o + Ry | > 0 0
Fl 2 Fl 0o ’

Theorem 2.13. Given any fixed terminal time T > 0 and spatial mesh size h > 0. Assume that
u € ([0, T]; RN) is the exact solution of (2.2) and {U,;,} is the numerical solution generated by
the LRI1b scheme (cf. Equation (2.9)). Then, there exists a constant C = C(3, Fy, F, ||Allco) > O

independent of At such that the following estimate is true for all 0 < At < wg:

U —u(tp)lleo < CeF1im —1)At, m=0,1,..., M.
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Proof. Forthe LRI1b scheme (2.9), we have
(i) = eAAu(ty,) + Af (€A u(tyy)) + Ra(tm), (2.25)
where Ry (t;;,) is the corresponding truncation error. This together with (2.9) gives us
ems1 = eAhe,, + At [f(eAtAUm) - f(eAtAu(tm))] — Ry(tm).

AtA| < 1,we have

Since ||le
lemiloo < lemlco + A [£(AAUp) — £(eAAultm))| +Ralmleo. (226

Notice that [|e2Au(t;,)| 0o < B and [eATAU, |l < B underthe condition 0 < At < wg. Using

the Lipschitz continuity of f, we obtain

”f(eAtAUm) - f(eAtAu(tm))H <HKH HeAtAUm - eAtAu(tm)H < EBlemllc- (2.27)
0 0
Compare (2.25) and (2.4), we can rewrite R;(ty,) as follows:
At
R,(fy,) = / e(AI=)AL (u(t,, + 5)) ds — Atf(eAAu(ly,,))
0
At
= / [e(At —SAf(u(ty, + ) — f(eAtAu(tm))] ds.
0

Therefore,
At
IRa(tm)loo < f (nf(eNAu(rm))—e<Af-S>Af<esAu<rm>>||oo
0
+ A=A AL, ) — A-DAE (1 + 5)) ||oo) ds
At
< f (nf(eAfAu(rm» — B=DAL AU ()l
0 At
+ £ u(tyn) — £ (i + 5)) ||oo)ds=: f (Qo + Q2)ds,
0

where

Qo = [IfeAAu(ty,)) — A=A Au(t,))] 0s

44



and Q, is the same term as appeared in the proof of the previous theorem. Using Lemma 2.11

and the mean value theorem, we deduce that

Qo = [A(A) = A(9)lleo < (AL = $)(Fp + BFH)IIA|o- (2.28)

Thus we obtain from (2.28) and (2.22) that

At

At
Raltnll < [ (Qo +Q2)ds < j (At — $)(F + BED|Allco + FoRs] ds
0 0

1
= 5[ + BR)IAlloo + R 1A = coAt?, (2.29)

where ¢ is the same constant as appeared in the proof of the previous theorem. Combine (2.26),

(2.27) and (2.29) we have
lem+1lloo < A+ FAD|emllo + coAt®.

By the same arguments as in Theorem 2.12, we obtain

lemllco < CleF1fm —1)At,
where C = ;—0 > 0is independent of At. H
1

Theorem 2.14. Given any fixed terminal time T > 0 and spatial mesh size h > 0. Suppose that f
satisfies assumptions (A1) and (A3). Assume thatu € C([0, T]; RN) is the exact solution of (2.2)
and {U,,} is the numerical solution generated by the LRI2 scheme (cf. Equation (2.10)). Then,
there exists C = C(8, 8¢, o, Fo, A, F, B, 5, B, |Alls) > 0independent of At such that the

following estimate is true for all 0 < At < dpwp:

U — u(tp)lleo < CeF4tm —DAL2, m=0,1,..., M,

where Fy :=F + %500)0173.
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Proof. Let R3(t;,) be the truncation error of the LRI2 scheme (2.10), we have

W(te1) = A BU() + 5 [AAR () + FeA Aulty,)|

A2 pon OF (2:30)
TeAtAa—u(u(tm))f(u(tm)) + R3(tm)

This together with (2.10) gives us
At
em+1 = e ey + = [AAEU) — fultn) + f(eAAUp) — fe Aultn))|
At? of of
+ = AR = (Up)E(Upm) = - (a(tm)Eu(tm) | — R3(tm).

Therefore,

lem-illoo < lemllco + 5 [1ECUm) ~ Fultm)lo + £AAU) — FeAAu(ty))oo]

o S SO — St + IRatmle

Using the similar arguments as in proofs of Theorems 2.12 and 2.13, we can easily obtain

1£(Un) — fu(tpm)lleo < AlUm —ultm)llo = Fllemlloo.

[fA AU ) — A A ultm))leo < FAlle®AUpm — A Aultn)lo < Fllemllo-
Definel(v) = —(v)f(v) forv e RN, Itis easy to verify that ||—||oo < B when ||v|| < S, then
N(Upm) —1(tm)lco < BIUm —ultm)lle = Blleml -

Consequently, we have

1
lemilleo < (1+RAL+5BA2) lemlco + IRs(tm)loo- 231
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On the other hand, by comparing (2.30) and (2.4), for R3(t;,) we arrive at

At
R;(ty) = j eB=)Af(a(t,, + 5)) ds — % [eAAfu(t,)) + £ Au(ty,) |
0
2
— B AT (1)t

At of
_ f [emf—S)Af(u(rm+s)>—seAfA%m(rm»f(u(tm))
0

- (1 - Ait) ALAf(u(t,,)) — Aitf(eAtAu(tm))] ds

At
=/ (h + I + I3 + 14) ds,
0
where I;,i = 1,2, 3,4 are defined as follow:
I = e ADA [ fu(ty, + 5)) — feSAu(ty,) + sfu(ty,)))].

I = e(“-”A[f(esAu(tm) + sf(u(tm))) - (f(esAu(tm» + sj—l‘;(esAu(tm»f(u(tm))) ]

I3 = seA1 =DA% (5t f(u(tyn) — 52 (lty) R0 tr),

) eAAR (1) — A Au(tn)).

Iy = A=A Au(n)) - (1-

Since |[u(ty)|lco < Band s < At < §pwg, we have

leSAu(ty) + sfutm)lco < le¥Aultm)llco + sIfUtn))lco < B + SowoFo- (2.32)

It is easy to see that when v, w € RY and ||V|| oo, [W]lao < 8 + SowoFp, then

If(v) = fW)lleo < FIIV — Wllco-
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This, together with the formula (2.5), gives us

1lleo < [futtm +5) - feAu(tn,) + sf(u(tm)))Hoo

IA
=1

u(ty, +s) — (eSAu(tm) + Sf(u(tm))H

I
=

sf(u(ty,)) — f e=9Af(t,, + 0)) do
0

()

I
=

f [£(atm)) — eC=DAf(u(ty, + 0))| do
0

o0

<R f [Ifu(tin)) — eSAfu(tm))ll oo + lleSAfu(ty)) — e~ DA u(t)] o
0
+ [|e=DAf(TA(1,)) — eS™DAf(u(tyy + 0))]l o | do

S
= ﬁi/ 1+ + J3)do,
0
where J;,J, and J3 are given by

N = [fu(ty)) — eSAfuty))] cos
b = [eSAf(u(ty,)) — €S~ Au(ty))]l s

3 = [eS~DAf(eTAu(t,,)) — eS~DAf(u(t, + 0))l|oo-

By the mean value theorem, we have J; < F0||esA — |0 < sK||Alleo- Using Lemma 2.11 and

the mean value theorem, we obtain J, < (Fy + BF)||A| 0. Using the formula (2.5), we have

J3 < Rlle®u(ty,) — ulty + 9o

=K

g o
[ oAt + 00| <5 [ 1ot = oric
0 0 0
Therefore,

S S
Il < B f U+ +J)do <R f [FolAlleos + (B + BRI Allaoo + FoFioldo
0 0

1~
= SAIGR + BR)Alleo + RoF1s® =: 152, (2.33)
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By Taylor expansion, there exists V € RN, |[V|s < 8 + SowoF (from (2.32)) such that

e Autyr) + sEu(tn))) = K Au(tm) + 50 (At ultn)) + j f vy Hm)I®”

2
Thus one gets
3°f [Sf(u(tm))]Gz 1 B2E 2
< = . .
Il < | 30 < SESBS? (232)
o
To estimate I3, using Lemma 2.11 and the mean value theorem, we obtain
130100 = sl1$(s) = POl o < Fo(F + BB)|A]l05% =1 €352, (2.35)
For I4 notice that
Lalleo = [465) = (1 = 5;)40) — gpaa0)|
Using Taylor expansion, there exist V1, V, € RN satisfying
" Lemma2.11 ) )
Villoos V2llo < S Toaz | IA7Oeo < (o +36H + B °B)|AlG
subject to
2
2(0) = A(s) — sA'(s) + S;Vl,
A1) = A) + (At — )a'(s) + B D2y
Thus we have
_ S s (At — s)?
Males = |(1- 2) 5V + 2 i 2.36)
1 2 2 2y —- _ 2
< 2(Fo + 3BH + B°B)|| A5 (sAt — 5%) =: c4(sAt — s7). (2.37)
Combining the above estimates (2.33)-(2.36) for I;,i = 1, 2, 3,4 yields
At cp+c+c3 ¢
IR3(tm)llco < (c1 4¢3 + c3)s% + c4(sAt — s?)ds = (% + %) A3 =: cAt3,
0

(2.38)
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From (2.31) and (2.38), we get

1
lemtillco < (1 +FAt + stArz) lemlleo + cAL® < (1 + FyAL) [leploo + cAL.

Therefore,

cAt? cAt?
lemlleo + 5~ < 1+ EA)™ (neonoo L )
4 4

Using the fact that ey = 0, we deduce that

At? At?
lemllco < CT[(l + B A —1] < CT(eF4tm —1) =: C(eFalm — 1A,
4
where C = Fi4 = Fi4 (% + %) > 0, and c;, ¢, c3, ca, Fy depend on 8, 8, wo, F, A, F,
B, B, B, and |Al . u

Remark 2.15. For the case of f(u) = u — u3 (i.e., the Allen-Cahn equation with the double-well
potential), the estimates derived in Theorems 2.12, 2.13 and 2.14 could be made simpler. In
particular, for the LRI1a and LRI1b schemes, there exists C = C(||]A|c) > 0 such that the

following inequality holds for all 0 < At < %:

IUm —u(tm)lleo < Cle*tm —1)At, m=0,1,...,M.

For the LRI2 scheme, there exists C = C(J|A|ls) > 0so thatforall0 < At < % we have:
Is,
Um —u(tm)leo < Cle5 ™ —1)At2, m=0,1,...,M.

2.1.4 Numericalresults

We now verify numerically the convergence rates in time, MBP preservation and energy
stability of the proposed LRI schemes (LRI1a (2.8), LRI1b (2.9), and LRI2 (2.10)) analyzed in the
previous sections. To illustrate the advantages of the LRI schemes, we compare their performance
with the ETD schemes [56] of orders 1 and 2 (i.e., ETD1 and ETDRK2) in terms of time discretization

errors as the interfacial parameter ¢ approaches zero. Two test cases in the two dimensional
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domain Q = (—0.5,0.5)2 are presented: Test case 1 having a traveling wave solution and Test case
2 modeling the coarsen dynamics. For the latter, both double-well potential and Flory-Huggins
potential functions will be considered in the numerical simulations. All numerical results are
obtained via a fast implementation of the LRI and ETD methods based on matrix decomposition
and Discrete Fourier Transform (DFT) as proposed in [104]. The code is implemented in MATLAB

on a MacBook Pro with the M1 Pro chip and 32 GB memory.

Test case 1: Traveling wave
To investigate the convergence in time of the proposed schemes, we use the benchmark
test [116] where a traveling wave solution of the Allen-Cahn equation (2.1) with f(u) = u — u3is

considered. In particular, if the initial data is given by

ug(x,y) = % (1 — tanh (2\75 )) (x,y) € Q, (2.39)
€

then the Allen-Cahn equation in the whole space has the traveling wave solution
X — st
2\/53

where s = 3¢/y2is the speed of the traveling wave. We impose a homogeneous Neumann bound-

u(x, y,f) = % (1 _ tanh( )) (x,y) € Q, (2.40)

ary condition on the whole boundary 0Q, so that (2.40) can be used as an approximate exact
solution (fore << 1) on Qx [0, T]. We take € € {0.02,0.01,0.005}, and set the endingtime T = 1/as.
With a fixed mesh size h = 1/2048, we compute the numerical solutions obtained by the first-
order methods (ETD1, LRI1a and LRI1b) and the second-order methods (ETDRK2 and LRI2) with
decreasing time step sizes. The IZ and L® errors at time t = T and their convergence rates of the
first-order schemes are reported in Tables 2.1 and 2.2, respectively. The corresponding results
for the second-order schemes are shown in Table 2.3.

For the first-order schemes, we observe expected first-order temporal convergence rates
in both IZ and L*® norms with various values of . In addition, the errors by two LRI1 schemes
are always smaller than those by ETD1; the performance of LRI1a and LRI1b is quite similar as

¢ decreases. For the second-order schemes, we first notice that the errors are much smaller
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Table 2.1: [Test case 1] I2 errors and convergence rates in time by the first-order ETD and LRI
schemes.

. N ETD1 LRI1a LRI1b

I Error | Rate | I* Error | Rate | I Error | Rate

T/32 4.24e-2 - 3.35e-2 - 2.86e-2 -
T/64 2.24e-2 | 092 | 1.75e-2 | 0.93 | 1.50e-2 | 0.93
0.02 T/128 1.15e-2 | 0.96 | 8.98e-3 | 0.97 | 7.66e-3 | 0.97
T/256 | 5.83e-3 | 0.98 | 4.55e-3 | 0.98 | 3.87e-3 | 0.98
T/512 | 2.93e-3 | 0.99 | 2.29e-3 | 0.99 | 1.95e-3 | 0.99
T/1024 | 1.47e-3 | 1.00 | 1.15e-3 | 1.00 | 9.77e-4 | 1.00

T/32 1.11e-1 - 8.51e-2 - 7.89e-2 -
T/64 6.36e-2 | 0.81 | 4.73e-2 | 0.85 | 4.37e-2 | 0.85
0.01 T/128 | 3.40e-2 | 0.90 | 2.50e-2 | 0.92 | 2.30e-2 | 0.93
’ T/256 | 1.76e-2 | 0.95 | 1.28e-2 | 0.96 | 1.18e-2 | 0.96
T/512 | 8.91e-3 | 0.98 | 6.48¢e-3 | 0.98 | 5.96e-3 | 0.98
T/1024 | 4.48e-3 | 0.99 | 3.25e-3 | 0.99 | 2.99e-3 | 0.99

T/32 2.08e-1 - 1.70e-1 - 1.66e-1 -
T/64 1.45e-1 | 0.52 | 1.12e-1 | 0.61 | 1.08e-1 | 0.61
0.005 T/128 | 8.93e-2 | 0.70 | 6.51e-2 | 0.78 | 6.28e-2 | 0.79
T/256 | 4.93e-2 | 0.86 | 3.49e-2 | 0.90 | 3.36e-2 | 0.90
T/512 | 2.57e-2 | 0.94 | 1.80e-2 | 0.96 | 1.73e-2 | 0.96
T/1024 | 1.30e-2 | 0.98 | 9.07e-3 | 0.99 | 8.69e-3 | 0.99

Table 2.2: [Test case 1] L*® errors and convergence rates in time by the first-order ETD and LRI
schemes.

. At ETD1 LRI1a LRI1b

L™ Error | Rate | L* Error | Rate | L* Error | Rate

T/32 1.61le-1 - 1.28e-1 - 1.12e-1 -
T/64 8.49e-2 | 0.93 | 6.70e-2 | 0.93 | 5.83e-2 | 0.93
0.02 T/128 | 4.35e-2 | 0.96 | 3.43e-2 | 0.97 | 2.97e-2 | 0.97
T/256 | 2.20e-2 | 0.98 | 1.74e-2 | 0.98 | 1.50e-2 | 0.98
T/512 | 1.11e-2 | 0.99 | 8.73e-3 | 0.99 | 7.54e-3 | 0.99
T/1024 | 5.55e-3 | 1.00 | 4.38¢-3 | 1.00 | 3.78e-3 | 1.00

T/32 5.51e-1 - 4.30e-1 - 4.11e-1 -
T/64 3.30e-1 | 0.74 | 2.47e-1 | 0.80 | 2.32e-1 | 0.82
0.01 T/128 | 1.78e-1 | 0.89 | 1.31e-1 | 0.91 | 1.22e-1 | 0.92
T/256 | 9.22e-2 | 0.95 | 6.76e-2 | 0.96 | 6.27e-2 | 0.97
T/512 | 4.67e-2 | 0.98 | 3.42e-2 | 0.98 | 3.16e-2 | 0.99
T/1024 | 2.35e-2 | 0.99 | 1.72e-2 | 0.99 | 1.59e-2 | 1.00

T/32 9.68e-1 - 9.06e-1 - 9.04e-1 -
T/64 8.49e-1 | 0.19 | 7.13e-1 | 0.34 | 7.07e-1 | 0.35
0.005 T/128 | 6.05e-1 | 0.49 | 4.57e-1 | 0.64 | 4.48¢e-1 | 0.66
T/256 3.55e-1 | 0.77 | 2.54e-1 | 0.85 | 2.47e-1 | 0.86
T/512 | 1.88e-1 | 0.92 | 1.32e-1 | 0.94 | 1.28e-1 | 0.95
T/1024 | 9.57e-2 | 0.97 | 6.69e-2 | 0.98 | 6.43e-2 | 0.99
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Table 2.3: [Test case 1] Errors and convergence rates in time by the second ETD and LRI schemes.

. ETDRK2 LRI2
2 00 2 00
At L Rate L Rate L Rate L Rate
Error Error Error Error
T/16 | 8.92e-3 - 3.08e-2 - 6.34e-3 - 2.57e-2 -

T/32 | 2.50e-3 | 1.83 | 8.83e-3 | 1.80 | 1.80e-3 | 1.82 | 7.24e-3 | 1.83
0.02 T/64 | 6.65e-4 | 1.91 | 2.36e-3 | 1.90 | 4.80e-4 | 1.91 | 1.92e-3 | 191
T/128 | 1.71e-4 | 1.95 | 6.10e-4 | 1.95 | 1.24e-4 | 1.95 | 4.94e-4 | 1.96
T/256 | 4.57e-5 | 1.91 | 1.53e-4 | 2.00 | 3.48e-5 | 1.84 | 1.43e-4 | 1.79
T/512 | 1.95e-5 | 1.23 | 1.43e-4 | 0.10 | 1.81e-5 | 0.94 | 1.43e-4 | 0.00
T/16 | 3.75e-2 - 1.80e-1 - 2.97e-2 - 1.62e-1 -

T/32 | 1.18e-2 | 1.67 | 5.92e-2 | 1.61 | 9.44e-3 | 1.65 | 5.14e-2 | 1.66
0.01 T/64 | 3.35e-3 | 1.81 | 1.70e-2 | 1.80 | 2.68e-3 | 1.82 | 1.45e-2 | 1.83
T/128 | 8.87e-4 | 1.92 | 4.52e-3 | 1.91 | 7.05e-4 | 1.92 | 3.80e-3 | 1.93
T/256 | 2.19e-4 | 2.02 | 1.12e-3 | 2.02 | 1.71e-4 | 2.04 | 9.28e-4 | 2.04
T/512 | 4.45e-5 | 2.30 | 2.30e-4 | 2.28 | 3.25e-5 | 2.40 | 1.81e-4 | 2.36
T/16 | 2.74e-1 - 7.06e-1 - NaN - NaN -

T/32 | 4.87e-2 | 2.49 | 3.38e-1 | 1.06 | 4.23e-2 - 3.13e-1 -

0.005 | T/64 | 1.67e-2 | 1.55 | 1.17e-1 | 1.53 | 1.36e-2 | 1.64 | 1.02e-1 | 1.62
T/128 | 6.74e-3 | 1.31 | 2.77e-2 | 2.08 | 3.78e-3 | 1.84 | 2.82e-2 | 1.85
T/256 | 3.05e-2 | -2.18 | 7.06e-2 | -1.35 | 9.24e-4 | 2.03 | 6.90e-3 | 2.03
T/512 | 3.61e-2 | -0.24 | 7.65e-2 | -0.12 | 1.54e-4 | 2.59 | 1.17e-3 | 2.57

compared to the first-order schemes with the same time step sizes, especially when ¢ is close
to zero. Importantly, second-order temporal convergence rates of LRI2 are confirmed even for
small e. Fore = 0.02, the errors in space are dominant when At is sufficiently small, that is why
the convergence rates deteriorate after several refinements in time. Moreover, we remark that
the errors are computed using the approximate exact solution (2.40) which is accurate when ¢ is
close enough to zero. Unlike LRI2, ETDRK2 fails to converge when ¢ = 0.005; a similar behavior
was also observed for the Navier-Stokes equations with the classical exponential integrator when
the viscosity coefficient is close to zero [120]. Furthermore, as for the first-order schemes, the
errors by ETDRK2 are always bigger than those by LRI2 with the same At for all considered values
of ¢; this phenomenon becomes much more significant when € gets smaller.

We report in Table 2.4 the running times (in seconds) of LRI and ETD methods with fixed
h = 1/2048 and varying time step sizes. The running times are similar for different values of

€, thus we only show the results when ¢ = 0.01. We observe that for the first-order schemes,
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LRI1a and LRI1b have similar running times and are faster than ETD1. For the second-order
methods, LRI2 also outperforms ETDRK2 regarding CPU time. Thus, we conclude that LRI1 and

LRI2 schemes are more effective than ETD1 and ETDRK2 methods, respectively, in terms of both

accuracy and computational cost.

Table 2.4: [Test case 1] Running times (in seconds) of the first and second-order LRI and ETD

schemes with h = 1/2048.
At ETD1 LRI1a LRI1b | ETDRK2 LRI2

T/32 | 29.77 | 24.12 | 24.13 41.51 35.14
T/64 | 47.08 | 35.73 | 35.79 70.57 57.95
T/128 | 82.13 | 59.42 | 59.51 129.20 | 103.76
T/256 | 152.24 | 107.50 | 106.96 | 246.61 | 194.71
T/512 | 296.41 | 204.15 | 203.84 | 480.35 | 379.02

Test case 2: Coarsening dynamics

Next we validate MBP preservation and energy dissipation of the proposed LRIs. Toward
thatend, we simulate the process of the coarsening dynamics by considering a random initial con-
figuration. The model problem is given by the Allen-Cahn equation (2.1) with periodic boundary

conditions. We consider two choices for the nonlinear function f(u):

+ Ocu, (2.41)

@) =i =u-1d or fG)= )=l

corresponding to the double-well and Flory-Huggins potential cases, respectively. For the latter,
the parameters are 6 = 0.8 and 6, = 1.6 asin Remark 2.7. We set ¢ = 0.01, and fix the spatial
mesh h = 1/1024. The initial data is generated by random numbers on each mesh point, the
range of these numbers will be specified for each nonlinear function considered.

When f = fi (double-well potential case) in (2.41), we run the simulation with the random
initial data ranging from —1 to 1 and a uniform time step of size At = 0.5 for LRI1a and LRI1b,
and At = 0.6 for LRI2. Note that these are the upper bounds of the time steps predicted by
our theoretical results (cf. Remark 2.7). Evolutions of the supremum norm and the energy of

the numerical solutions are depicted in Figure 2.1. It can be seen that the numerical solutions
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obtained are all bounded by 1 in absolute value, and the associated energies are dissipative over a
long time horizon. Figure 2.2 shows the snapshots of the numerical solutionatt = 5, 10, 20, 40, 80,
and 120, generated by using the LRI2 scheme with a smaller time step At = 0.1; when At = 0.05,

we obtain very similar results for the evolution of the numerical solution.

0.25 ; . . : :
0. —LRl1a
LRI1b

o
©
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0.15 0.036

o
o
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N
=Y
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LRI1b
—LRI2
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Figure 2.1: [Test case 2 with the double-well potential f;] Evolutions of the supremum norm
(left) and the energy (right) of the numerical solutions by the LRI1a and LRI1b schemes with At =
0.5 and by the LRI2 scheme with At = 0.6.

When f = f, (Flory-Huggins potential case) in (2.41), we use the random initial data
ranging from —0.9 to 0.9. A uniform time step of of size At = 0.12 is used for LRI1a and LRI1b,
and At = 0.17 for LRI2, which are close to the upper bounds estimated in Remark 2.7. Evolutions
of the supremum norm and the energy of the numerical solutions are plotted in Figures 2.3.
We again observe that the LRI schemes preserve MBP very well with the chosen time steps,
i.e., the supremum norm of numerical solutions does not exceed 8 =~ 0.9575, and the energy

monotonically decays along the time.
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Figure 2.2: [Test case 2 with the the double-well potential f1] Snapshots of the numerical solution
att =5, 10, 20, 40, 80 and 120 (from left to right and top to bottom) produced by the LRI2 scheme
with At=0.1.
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Figure 2.3: [Test case 2 with the Flory-Huggins potential f,] Evolutions of the supremum norm
(left) and the energy (right) of the numerical solutions by the LRI1a and LRI1b schemes with At =
0.12 and by the LRI2 scheme with At = 0.17.



2.2 Fully discrete error analysis of first-order low regularity integrators

In this section, we carry out fully discrete error analysis of the first-order LRI schemes

(LRI1a and LRI1b) for the Allen-Cahn equation
diu = e2Au+ f(u), x€Q, t>0, (2.42)

together with the initial condition u(x, 0) = ug(x) and the homogeneous Neumann boundary
condition %(x, t) =0forx € 0Qand 0 <t < T. Note that periodic and homogeneous Dirichlet
boundary conditions also can be imposed instead as discussed later. The nonlinear function f is

assumed to satisfy assumptions (A1) and (A2), together with the following additional assumption:

(A4) f’is Lipschitz continuous on [—f, A].

2.2.1 Fully discrete first-order low regularity integrators

Throughout this section, we assume that the nonlinear function f satisfies assumptions
(A1) and (A2) and theinitial data is bounded by B in the absolute value, i.e., ||ug||;,c0 < 8. Suppose
that the domain Q is an interval, a rectangle, or a rectangular parallelepiped corresponding
tod = 1,2 and 3, respectively. For spatial discretization, we apply a uniform partition of Q
into square elements of length h, and let N be the total number of grid nodes. Denote by " the
operator restricting a function over the grid points. Using the central finite difference method and
the homogeneous Neumann boundary condition, we obtain the corresponding semi-discrete in
space problem:

d
% = Apup, + F(ap), up(0) = Mg := (ug(x1), ug(x2), ..., ug(xn))T, (2.43)

where uy,(t) = (ug(t), ux(¢), ... ,uN(t))T is the approximation of u(-, t) over the grid points,
F(up) = (f(uy), f(uz), ... , fan)T, Ay = szDh with Dy, = 4;, in one dimension, Dy, = I ®

Ap + Ap ® Lin two dimensions, and

D,=IRIQAL+I®1,®I+1,RIQ1

57



in three dimensions. Here ® denotes the Kronecker product, Iis the identity matrix of size N,

and 4y, is given by

2 2 0 0]
1 -2 1 0
Ap = %
0 - 1 —2 1
0 - 0 2 -2

- “NXN

For temporal discretization, let us consider the uniform partition of the time interval
[0,T] :0 =1ty <t < -+ < tpyr = T, with the time step size At = T/m. Denote by u? the

approximation of uy(t,,) with “2 = uy(0). Applying the Duhamel’s principle to (2.43) gives us
S
u,(ty, +5) = eSAhuh(tm) + f e(S_G)AhF(uh(tm + 0))do. (2.44)
0
Setting s = At, we deduce that

At
up,(tme1) = EBnap(ty) + f eBI=)ARE (U, (t, + 5))ds. (2.45)
0
By approximating uy,(t;, + s) in (2.45) with eSAhuh(tm) and using one-point quadrature rules to

compute the resulting integral, we obtain the following two first-order LRI schemes (the reader is

referred to [45] for the details):

i) LRI1a scheme: uzﬂ'l = eAtAh(uZ"‘ + AtF(uph)), (2.46)

ii) LRI1b scheme: u';l”l = eAtAth1 + AtF(eAtAhu';f). (2.47)

2.2.2 Optimal error estimates

We assume that the exact solution u of the model semilinear parabolic equation (2.42)
belongs to €([0, T], @*(Q)), and write u(t) in place of u(-, t) for the sake of simplicity. Denote by
uy, the solution of the space-discrete problem (2.43) and by z; < z; therelationzy < Cz, for

some generic constant C > 0 independent of h and At.
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Preliminaries
Let us first introduce some important lemmas. A key property of Ay, is that its elements
ajj satisfy
N
ajj <0, aj; + Z |aij| <0, i=12,...,N.
J=Lj#i
In other words, Ay, is a diagonally dominant matrix with all diagonal entries negative. As a

consequence, we obtain the following result from the conclusion of Lemma 3.3 in [101].

Lemma 2.16. For any s > 0, we have [¢*Ah| o < 1.

Using this lemma, the semi-discrete solution of (2.43) is shown to preserve MBP as stated

below (see [115, Theorem 2] for the detailed proof).

Lemma 2.17. There exists a unique solution uy, € ¢([0, T], RN) to the semi-discrete problem
(2.43) and

lup(Dlleo < B, forallt € [0, T1.

Moreover, we have the following result on the fully discrete solutions produced by the

LRI1 schemes (cf. [45, Theorem 2]).

Lemma 2.18 (Discrete MBP). The fully discrete solutions produced by the LRI1a scheme (2.46) or

the LRI1b scheme (2.47) preserve the discrete MBP conditionally:

Pl <8, m=0,1,...,M, (2.48)

-1
provided that 0 < At < w(, where wg := — (min|x|sﬁ f’(x)) > 0.
Next, let us state two versions of Gronwall’s inequality for use in our error analysis later.

Lemma 2.19.

(i) If a real-value function ¢ is continuous on [0, T] and there exist two constants C1,Cy > 0

such that

t
p(t) < C1 + CZ/ p(s)ds, forallt € [0, T],
0
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then

(1) < CreCat

forallt €0, T].

(ii) If there exist two constants C1, C; > 0 and a nonnegative sequence {zy };>, satisfying

Zn+1 <1+ Cpzp + Cp, foralln >0,

then

foralln > 1.

It is well known that the central finite difference method is a second-order approxima-
tion [55]. Note that periodic boundary condition is considered in [55], but the consistency result

still holds true for the homogeneous Neumann boundary condition.
Lemma 2.20. ||DhIhu(t) —IhAu(t)Hoo < h%forallt € [0, T].

This consistency estimate leads to the convergence of the semi-discrete solution uy, of

(2.43) to the exact solution u of (2.42) as demonstrated in the lemma below.
Lemma 2.21. |juy(t) — Ihu(t)lloo < h2forallt € [0, T].

Proof. Letr(t) = uy(t) — Ihu(t), we observe that r(0) = 0. From (2.42) and (2.43), we deduce

that

dr(t)
dt

= Apr(t) +8(t), Vtelo,T), (2.49)

where 8(t) = e2(Dj,IMu(t) — I"Au(t)) + F(uy,(t)) — FI"u(t)). Using Lemmas 2.17, 2.20 and the

Lipschitz continuity of f, we obtain
1600 < e2[DpIMu(t) — I"AU(D)| 0o + F(up () — FIMu(0)] 00

Sh? + vt VEE[O,T] (2.50)
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Applying the Duhamel’s principle for (2.49), we get

t t
r(t) = e Ahr(0) + f t=ARg(5)ds = / AR s(5)ds, Vit e [0,T].
0 0

Taking the infinity norm of both sides, along with using Lemma 2.16 and (2.50), we arrive at
t
IOl < [ 16¢IP R0 oods
0

t t
S/ (h? + ||(s)]| 0 )ds S h? +/ ()l ods, Vit € [0,T]. (2.51)
0 0

Noting that ||r(¢)| » is continuous, then the proof is completed by using Lemma 2.19-(i) and

(2.51). 0

Based on Lemma 2.21 and the triangle inequality (cf. Equation (2.53)), there remains to
bound ||uZl —uy,(tm)| oo to obtain fully discrete error estimates for the LRI1a and LRI1b schemes.
The most challenging part is to cancel out the factor =2 under the weak regularity in time of u
and uy, when taking the infinity norm of the matrix Ay, (|Apllco S h=2, cf. Theorems 5 and 6 in
[45]). This will be partly accomplished by the following lemma, which is one of the most crucial

results in this section.
Lemma 2.22. The following statements are true for all s, t € [0, T':
(i) lApup(Dleo S 1;

(i) up(®) —up($)le S It = sl;

(iii) If f additionally satisfies Assumption (A4), then [|ApF(uy(1))|co S 1.

Proof. (i) Note that ||Ah1hu(t)||00 S 1forallt € [0, T] because of Lemma 2.20 and the bounded-
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ness of Au. By applying Lemma 2.21, we have
1ALl < IARIMUD)lloo + [ARRE) — IMu(t)] oo
S 1+ [Aplloollup® — Mu(®)l o
<$14+h~2h2 <1, Veelo,T]
(ii) Suppose s < tand s, t € [0, T]. Using the Duhamel’s principle for (2.43), we obtain

t—s
uy,(t) = e(t_S)Ahuh(s) + f e(t_s_a)AhF(uh(S + 0))do.
0

This gives us

t—s
uy,(t) —uy(s) = [e(E=9)AR _ Tuy,(s) + f e(t_S_G)AhF(uh(s +0))do =: K1 + K5,
0

where K; and K, are given by
— [e(t=9)Ap _
Ky=|e h —Tup(s),

t—s
Ky = f =S~ DARE(u, (s + 0)).
0
By Lemmas 2.16 and 2.17 (the boundedness of uy,), we have
t—s A
Kol < [ 16475 o[ BCups + Dlen do 5 ¢ =
0

To bound ||K1 ||, Using the fundamental theorem of calculus and the result of Part (i) yields

t—s t—s
A A
IK1lleo = f e72hApup(s)do| < f 16710 |ARUL(S)]l 0o do S £ — 5.
0 0

(¢ 0]

Thus, we conclude that
lup (1) —up()lleo < [K1lloo + [K2lloo St =

(iii) We first prove that ||AhIh[f(u(t))]||oo S 1forallt € [0, T]. It suffices to consider the one

dimensional case (the proofs in two and three dimensions can be done in a similar manner).
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Denotebyv(x, t) = f(u(x,t))thenuv, is Lipschitzcontinuous on Q with respect to spacial variable
because uy is Lipschitz continuous on the same domain and f is Lipschitz continuous on [—f3, A]
(cf. Assumption (A4)). Moreover, based on the MBP and the regularity of u, one can show that this
Lipschitz constant is independent of t. Since u satisfies the homogeneous Neumann boundary

condition, so is v, namely, vy (x1,t) = Ux(xN, t) = 0. By the definition of Aj, and 1", we see that

2 2 0 - o] oo | [ o) |
1 -2 1 - 0 U(xy,t) ar(t)
Ahfh[f(u(r))]=Ah1hv(t)=Z—22 SR 5 = g2
0O -+ 1 =2 1 ||v(xNn=1,1) an—1(t)
|0 - 0 2 =2]|]| v(xn,t) | | an(t) |

(2.52)

Forany j=2,3,...,N—1andt € [0, T], we have

v(xj+1, t) — Zv(xj, t) + v(xj_l, t)
h2
(0041, 0) = 0}, O] = [V 1) = V(1. )]
h? )

Olj(t) =

By the mean value theorem, there exist 1 € (xj, Xj+1) and v, € (xj_1, xj) such that
U(xj+17 t) - U(XJ, t) = hvx(yl, t)7 and U(xj7 t) - U(Xj_l, t) = hvx(VZ, t)

This implies that

) t) — ) t - .

(1) = lux(71, 1) — vx(12, D) < n —»l <1, j=23,..N-1
h h

where we have used the Lipschitz continuity of vy in the second last estimate. Now, when j =1

we have

20(xp, t) — 2v(x1, 1)
h2 '

ay(t) =
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By the mean value theorem, there exists y3 € (x1, x) such that
|0(x2, £) = v(x1, )] = hlvx(ys, )] = hlvx(ys, £) = vx(x1, O] S hlys = x1| < K2,

This shows that |a;(¢)| < 1. By the same argument, we also get |an(t)| < 1. The above estimates

give us ||AhIh[f(u(t))]||oo S 1forallt € [0, T] and therefore

IARFI " u®)] o = [ARIf D]l S 1, €[0,T].

Finally,
|ARF@RO))llco < IARFI ()00 + [ARIF(up (1) — FUMu(t)]]l o
S 1+ [Aplloo[F(up () = FT"u(®)]oo
S 1+ [Aplollup () = IMu(®)lloo
S14+4h™2h2 <1, te]o,T),
where we have used Lemmas 2.17, 2.21 and the Lipschitz continuity of f. ]

Remark 2.23. The analysis presented above can be extended to the periodic and the homoge-
neous Dirichlet boundary conditions. For the periodic boundary condition, Lemma 2.22 remains
valid. For the homogeneous Dirichlet boundary condition, we need to assume an extra condition
on the nonlinear function f, namely f(0) = 0, to guarantee that Ay, acting on f(u) in (2.52) is
bounded in the infinity norm, so that the result (iii) in Lemma 2.22 still holds true. Indeed, in this

case, Ay, is given by

(2 1 0 0|
|2 0
Ap = %
0 1 -2 1
o 01 2|

Denote by xo and xp741 two endpoints of Q (instead of x; and x; as in the homogeneous
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Neumann boundary condition case). By assuming f(0) = 0, we have v(xg, t) = V(XN +1,t) = 0.

Therefore,
U(xp,t) —20(x1,t)  U(xp,t) —2v(x1,t) + U(xg,t)
a(t) = 3 = 2 :
and
_v(xN—1,8) = 20(xN,t)  U(XN_1,t) — 20(XN, ) + V(XN 41 1)
an(t) = = .

h2 h2
Thus |ay(t)] < 1and |apn(t)] < 1bythe samearguments as above. Hence ||AhIh[f(u(t))]||oo <1
forallt € [0, T], and (iii) in Lemma 2.22 holds. It should be noted that both the double-well and

Flory-Huggins potential functions satisfy the extra condition f(0) = 0.

Main results
From now on, f is assumed to satisfy additionally Assumption (A4) so that the result (iii)

in Lemma 2.22 holds. For any vector v = (v1, vy, ... ,vN)T e RN, we denote by
oF . , , p
3q V) = diag(f (L), f (2), ... f1(UN))-
Then we have the following optimal error estimates for the fully discrete LRI1a scheme (2.46).

Theorem 2.24 (Error estimate of LRI1a). Let {uZ"} be generated by the LRI1a scheme (2.46) with

u](,)l = uy(0), then

lup! = Mu(tmlleo S W2 +AL, Vm=0,1,....M,

provided that 0 < At < w.

Proof. By the triangle inequality, we can see that
Jup? = M uttm)llco < Iuf = wp(tm)lloo + lp(tm) = Mut)llco- (2.53)

The second term |luy(ty) — Ihu(tm)||00 < h2 due to Lemma 2.21, thus it is sufficient to show
that

lup? —up(tm)leo S At. (2.54)
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Denote by ey, = uZ" —uy,(tm), we first observe that ey = 0. Subtracting (2.45) from (2.46), we

have

emi1 = 2Ahe,, + AtePAREWT) — F(uy(tm)) + R,
where

At
R = AteBARF(uy () / ADARE (6, + 5))ds.
0

Using Lemmas 2.16, 2.17 and 2.18 (the boundedness of uj, and u}!) and the Lipschitz continuity

of f, we obtain

1
lemilloo < lemlloo + ALIF@M) — Fup(tm)loo + IR oo

< (1+ CrAD]lemlloo + IR oo (2.55)
where Cq = maX|x|<g |f'(x)|. Rewrite qulq) as follows
At
R f e BI=S)AR [ SARE(uy (1)) — F(uy,(tm + 5))]ds
0
At
B f A=A SARE (ay (tn)) — F(e™ (b)) ds
0
At
+ f e(At_S)Ah [F(eSAhuh(tm)) — F(uh(tm +3)]ds=: I + I,
0
where I and I, are given by
At
= [ S IA AR ) — R AR ),
0

At
1.2 — / e(At—S)Ah [F(eSAhuh(tm)) —_ F(uh(tm + S))]ds
0

In order to estimate I3]0, We use Lemmas 2.16 and 2.17, the Lipschitz continuity and the
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boundedness of f,the Duhamel’s formula (2.44) to get
At A A A
I2le0 < f AR | o B ARy () — F(ap(t + 5)cods
0

ds

0]

At At S
< f ARy (1) — wlt + S)lcods = f f = DARE (b, + 0))do
0 0 0

At N At
< / ( f 1€~ AR o [yt + a))||ooda) ds < f sds < A2, (2.56)
0 0 0

On the other hand, define G(s) = > F(u, (i) — Fe*huy,(t)), clearly G(0) = 0. Therefore,

G(s) = G(s) — G(0) = f G'(0)do,
0

where

oF
G'(0) = AR ARF(up(tm)) — S (e hup(tm))e” Ay (t).
By Lemma 2.22, [|A,F(uy,(ty)lleo S 1and [|[Apuy(ti)llco S 1,50 |G'(0)]leo S 1. Hence,
S
16(5)]eo < f 6'(0)]od S 5.
0

which implies

At At
Moo < f 1€ AEmDARY L 1G(8) | sods S f sds < Af2. (2.57)
0 0

Combining (2.56) and (2.57) gives us ||R$,,}L)||oo < A% or ||R§,,lq)||oo < CyAt? for some Cy > 0.

Thus, from (2.55) we further deduce that

lemiiloo < (1+ CrAD]lemllo + C2AL2.

The inequality (2.54) is then obtained by using the discrete Gronwall’s inequality in Lemma

2.19-(ii), and the proof is completed. O

Following a similaridea asin the proof of the above theorem, we also establish the optimal

error estimate for the fully discrete LRI1b scheme.
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Theorem 2.25 (Error estimate of LRI1b). Let {uZ"} be generated by the LRI1b scheme (2.47) with

u?l = uy(0), then

[ — "u(ty)llco S K2 + AL, Ym=0,1,...,M,

provided that 0 < At < wg.

Proof. As done in Theorem 2.24, the main step is again to prove ”qu —up(tm)lleo S At. Sub-

tracting (2.45) from (2.47) yields
ems1 = A Ahey, + AFEAhul) — B Ahuy (1,))] + R,
where RS,,%) = AtF(eAtAhuh(tm)) - fOAt e(At_S)AhF(uh(tm + 5))ds. Thus we deduce that

AtA AtA 2
lemtilloo < lemlloo + ALIFEAARUM) — B Ahuy ()]s + IR loo
AtA 2
< lemlloo + CrALIEA AR — up (1) loo + RS oo
@)
< (1+ 180 emllco + IR oo (2.58)

(2)

where Cj is the same constant as in (2.55). We then rewrite R;;,” as follows:
(2) AtA Al At—s)A
Ry = AF(A A hup(tn) — Fup(tme1))] + f F(up,(tm41)) — A ARE(uy (6, + 5))ds
0
AfA At
= At[F(e* 2y (1)) — Fup(tm41)] + f F(up(tm+1)) — Fup(ty, + 5))ds
0

At
+ f (1 — eAI=ARYE(y, (1, + 5)))ds
0

= h+h+5h
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where J;,J, and J3 are given by
h = A[FE A huay(tn)) — Fptme1)],

At
B= [ Flmsn) - Flapm +9)ds,
0
At
B = f (1 — A=) ARYE(uy, (t, + 5)))ds.
0
By applying the Duhamel’s principle, we have

AtA
Milloo S Atlle™ hup(tm) — up(tm+1)ll o

At
= At / eBI=OARE( (t,, + 0))do| < A2, (2.59)
0

(¢0]

For ||J2]| 0, We use the Lipschitz continuity of f and uj, mentioned in Lemma 2.22 to obtain
At
oo < [ IFaACtm 1) = FGy(tm +5)leods
0

At
< f [0t 1) — Waltm + Sl oo ds
0

At At
< f [tmy1 — (t +98)]ds = (At — 5)ds < At (2.60)
0 0

Note that
At At—s
5= —f (f eoAhAhF(uh(tm + S))dO') ds.
0 0

Now using the fact that |A,F(uj,(t))|c S 1forallt € [0, T] (cf. Lemma 2.22), we deduce that

~

At At—s A
Vsl < f ( f €%Ah | |ARF (i +s>>||oodo) ds
0 0

At
< (At — s)ds S At (2.61)

~

0

< A2 or ||R5421)||oo < C3At2 for some Cz > 0.

~

From (2.59), (2.60) and (2.61), we obtain ||R$,21)||c><>

Thus it isimplied from (2.58) that

lem+1llco < (1 + CraD)emlleo + C3AL%,
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which completes the proof after applying the discrete Gronwall’s inequality in Lemma 2.19-

(ii). ]

2.2.3 Numerical results

We verify the error estimates in both space and time of the proposed first-order LRI
schemes and compare their performance with the first-order ETD (ETD1) scheme. The benchmark
test [116] with a traveling wave solution is considered, where the nonlinear function is f(u) =

3 corresponding to the double-well potential function and the spatial domain is Q =

u—u
(—0.5,0.5)2. Homogeneous Neumann conditions are imposed on the boundary and the initial

condition takes the following form

ug(x,y) = % (1 — tanh (2\73 )), (x,y) € Q.
€

An approximate exact solution (for ¢ < 1) to the initial-boundary value problem is then given by

X — St
24/ 2¢

u(x,yJ):%(l—tanh( )) (x,y) €Q, t >0,

wheres = 35/\/5 denotes the speed of the traveling wave. We fix T = 1/4s and vary both h and At
simultaneously so that the ratio between h and At is fixed. The I? and L™ errors of ETD1, LRI1a
and LRI1b schemes are computed at the final time T for different values of ¢ € {0.01,0.005}. The
results are reported in Table 2.5 (for I? errors) and Table 2.6 (for L® errors) with corresponding
convergence rates. We first observe that all methods, particularly LRI1a and LRI1b, have the
overall first-order convergence as proved in the previous section. The errors produced by LRI1a
and LRI1b are smaller than those by ETD1, meaning that the proposed LRI schemes are more
accurate than ETD1. Moreover, the LRI schemes have better convergence rates than the ETD
scheme, especially when ¢ is sufficiently small. More comparisons regarding the second-order

ETD and LRI schemes can by found in [45].
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Table 2.5: L2 errors and convergence rates by the first-order ETD and LRI schemes

€ h At ETD1 LRI1a LRI1b

I?error Rate I?error Rate I[?error Rate
0.01 1/64 T/32 1.00e-01 7.36e-02 6.65e-02
1/128 T/64 6.03e-02 0.73 4.40e-02 0.74 4.01e-02 0.73
1/256 T/128 3.31e-02 0.86 2.41e-02 0.87 2.21e-02 0.86
1/512 T/256 1.73e-02 0.93 1.26e-02 0.94 1.16e-02 0.93
1/1024 T/512 8.87e-03 0.97 6.44e-03 0.97 5.91e-03 0.97
1/2048 T/1024 4.48e-03 0.98 3.25e-03 0.98 2.99e-03 0.98
0.005 1/64 T/32 1.63e-01 1.13e-01 1.03e-01
1/128 T/64 1.27e-01 0.36 8.99e-02 0.33 8.54e-02 0.27
1/256 T/128 8.32e-02 0.61 5.84e-02 0.62 5.60e-02 0.61
1/512 T/256 4.76e-02 0.80 3.32e-02 0.82 3.18¢-02 0.81
1/1024 T/512 2.53e-02 091 1.76e-02 0.91 1.69e-02 0.91
1/2048 T/1024 1.30e-02 0.96 9.07e-03 0.96 8.69e-03 0.96

Table 2.6: L™ errors and convergence rates by the first-order ETD and LRI schemes

3 h At ETD1 LRI1a LRI1b

L*® error Rate L% error Rate L% error Rate
0.01 1/64 T/32 5.02e-01 3.73e-01 3.3%e-01
1/128 T/64 3.14e-01 0.68 2.30e-01 0.69 2.13e-01 0.67
1/256 T/128 1.74e-01 0.85 1.27e-01 0.86 1.17e-01 0.86
1/512 T/256 9.10e-02 0.93 6.65e-02 0.93 6.16e-02 0.93
1/1024 T/512 4.65e-02 0.97 3.40e-02 0.97 3.14e-02 0.97
1/2048 T/1024 2.35e-02 0.99 1.72e-02 0.98 1.59e-02 0.99
0.005 1/64 T/32 8.60e-01 6.95e-01 6.54e-01
1/128 T/64 7.79e-01 0.14 5.88e-01 0.24 5.78e-01 0.18
1/256 T/128 5.67e-01 0.46 4.11e-01 0.52 3.97e-01 0.54
1/512 T/256 3.42e-01 0.73 2.42e-01 0.76 2.34e-01 0.77
1/1024 T/512 1.85e-01 0.88 1.30e-01 0.90 1.25e-01 0.90
1/2048 T/1024 9.57e-02 0.95 6.69e-02 0.96 6.43e-02 0.96
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2.3 Low regularity integrators for the conservative Allen-Cahn equation with a nonlocal

constraint

We consider the conservative Allen-Cahn equation with a nonlocal Lagrange multiplier:
oru = e2Au + f(u), xeQ, t>0, (2.62)

subject to the initial condition u(x,0) = ug(x) and the periodic or homogeneous Neumann
boundary conditions. In (2.62), Q C R4 (d =1,2,3)isan open and bounded Lipschitz domain,
€ > 0is the interfacial parameter, f : R — R is a nonlinear function, and f is the modified

nonlinear function defined by
7 1= £ - o [ Sy, 2.63)
19| Jo,

The nonlocal term f enforces mass conservation, i.e., % Jo u(x,t) dx = 0, while the solution

still satisfies the maximum bound principle and energy dissipation law.

2.3.1 Low regularity integrator schemes

For a fixed T > 0, consider a uniform partition of the time interval [0, T] with 0 = ¢y <
t1 < ... < tpr = T and the time step size At := T/m. Throughout the section, we write u(t)

in place of u(-, t) and denote by u" the approximation of u(t;,;). We also write f v instead of
Q

f v(y) dy when there is no confusion. By applying Duhamel’s principle to (2.62), there holds
Q

At
Wtma1) = DDy, + f eB=9)2AF (. 4 5)) ds. (2.64)
0
We also have from (2.62) and Duhamel’s principle that

S
Uty +5) = SEDy(t,) + f =BT (y (¢, + o)) do. (2.65)
0

2
By approximating u(ty, + s) in (2.64) by the first term e5¢ Au(tm) in (2.65) and using one-point

quadrature rules as in [45], we obtain the following first-order LRI schemes, namely the LRI1a
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scheme:
WM+l — GALEPAGM | AT my), (2.66)
and the LRI1b scheme:
um+l = gAte?Am | At?(eAtngum). (2.67)

To construct a second-order LRI scheme, we assume that f is a €1 function. First we

approximate u(ty, + s) in (2.64) by esszAu(tm) + sf(u(ty,)) from (2.65) and obtain
At o ) _
UM+l o Ate2Aym + / e(At=s)e Af(eSE“Aym 4 sf(u™))ds. (2.68)
0

Then by the definition off and Taylor expansion, we observe that

f( se2A um +Sf(um)) = f(e5¢ ZA um +Sf(um)) _ |Q| f f(es€ ZA um +Sf(um))

< OS5 EEBUNTE — o | (@SR 15 @A)

e - fQ f'(eSEZAumﬁ(um)] .

- 2
= f(eSEBuM) + 5

(2.69)
Combining (2.68) and (2.69) yields

2 At 2A— 2
uMm+1 o Ate“Aym +f e(At—s)s Af(ess Aum) ds
0

At 2 2 - 2
+f Se(At—s)s A [f/(ess Aum)f(um) _ |Q| f f (e5€ Ay m)f(um)] ds.
0

By using the trapezoidal rule for the second term and setting s = 0 in all exponents of the third
term on the right hand side of the above approximation, the second-order LRI scheme, namely

the LRI2 scheme, is given by

2 At At?
um+1l — JAte“Aym | = > Ats Af(um) +f(eAts A u™ | + - Ats Ag(u ). (2.70)

Here g is defined as g(u™) = g(u™) — Iﬁll g(u™), where g 1= f'T.
Q —
We remark that, due to the nonlocal Lagrange term in f, the formulations of the LRI
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schemes, especially LRI2, for the conservative Allen-Cahn equation are more complicated than
those for the classical Allen-Cahn equation [45]. Consequently, the analysis presented in the

following is more challenging and significantly different from [45, 46].

2.3.2 Mass conservation and discrete MBP

We demonstrate in this section the unconditional mass conservation and the conditional
MBP of the first- and second-order LRI schemes. The MBP results are of significant importance

for our subsequent analysis.

Mass conservation For any two functions vy, v, € L2(Q), we denote by

(o1.02) = f 01(X)va(x) dx
Q

the standard L2 inner product of v; and v,. The lemma below states a fundamental characteristic

of the heat equation under suitable boundary conditions.

Lemma 2.26. For any v € I2(Q), the exponential of the Laplace operator with the periodic or

homogeneous Neumann boundary conditions has the following property

(eBv,1) = (v,1), Vt> 0.

Proof Fixv € I2(Q) and consider the following heat equation:

wy =Aw, x€Q,t>0,

w(x,0) = v(x), x€Q,

subject to the periodic or homogeneous Neumann boundary conditions. Taking the L2 inner

product with 1 on both sides of the above equation yields

i(wa 1) = (Aw’ 1) =0, t>0.
dt
This means that (w(¢), 1) is a constant for any t > 0. Since w(t) - w(0) = v almost everywhere
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ast — 0%, we deduce that (w(t),1) = (v, 1) forall t > 0, which completes the proof with the

notice that w(¢) = e!2w(0) = efAv. O

Theorem 2.27. The first-order LRI schemes (2.66) and (2.67) conserve mass unconditionally, i.e.,

for any time step size At > 0, we have

W 1) =w%1), m=12,..,M.

Proof We first consider the LRI1a scheme (2.66). By taking the 2 inner product with 1 on both

sides of (2.66), we arrive at

@M1 1) = (AEPA LM 4 AT, 1), (2.71)

From Lemma 2.26 and (2.71), we have

@Mt 1) = W + Atf ™), 1) = W™, 1),

since (f(um), 1) = 0 (cf. (2.63)). Similarly, from the LRI1b scheme (2.67) and Lemma 2.26, we

obtain

2 —= 2
(um+1’ 1) = (eAtE Aym Atf(eAtE Aum)’ 1)

= (AP AYM 1) 4 AH(F(AIFBYM), 1) = (u™, 1),
which concludes the proof. ]

Theorem 2.28. The LRI2 scheme (2.70) conserves mass unconditionally, i.e., for any time step
size At > 0, we have

wm 1) =w1), m=1,2,..,M.

Proof Taking the L2 inner product with 1 on both sides of (2.70) yields

1 2 — 1 2 — 2
(um+1,1) — 5(eAtE A(um + Atf(um)), 1) + E(eAtE Aum + Atf(eAtE Aum), 1)
(2.72)
At? 2A_
+ S (M AZwm), 1)
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Based on the proof of Theorem 2.27, we observe that

(AEPALM 4 AWM, 1) = (M, 1) = (ALEDym 4 A F(eAEAymy 1), (2.73)

We now apply Lemma 2.26 with v = g(u) to obtain

(At Ag(umM), 1) = (Fw™),1) = 0. (2.74)

Combining (2.72), (2.73) and (2.74) gives us

@n+l 1) = %(um, D+ %(u"a 1D = @™, 1).

The proof is thus completed. m

Discrete MBP  We first present some preliminary results that are necessary to prove the discrete
MBP as well as the error estimates and energy stability in the next sections. The following property
of the Laplace operator from [114, Lemma 2.1] plays a crucial role in our analysis throughout the

section.

Lemma 2.29. The Laplace operator with the periodic or homogeneous Neumann boundary
conditions generates a contraction semigroup {etA}tZO with respect to the supremum norm on
C(Q). Moreover,

le"Avlipeo < Jlvllpeo, Vi 0,0 € C(Q),
where ||v||f o0 = max_ &5 lu(x)].
Similar to [114, 203], we impose the following assumption on f:

(A1) There exists § > 0 such that f(8) < f(w) < f(—=p) forallw € [-f, B].

Under Assumption (A1) and Lemma 2.29, solution to the original equation (2.62) satisfies the

MBP as presented in [114, Theorem 3.1]. Let us denote Q7 = Q X (0, T).

Lemma 2.30. If f satisfies Assumption (A1) and ug € C(Q) with |Jug|lo < B, then the con-

servative Allen-Cahn equation (2.62) admits a unique solution u € C(Qr), and moreover,
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|lu(t)|o < Bforallt € [0, T].

In order to obtain the discrete MBP results, for the first-order LRI schemes we further

assume that
(A2) fis continuously differentiable and nonconstant on [—f, S].

For the second-order LRI scheme, a higher regularity assumption on f is required as follows:
(A3) f is twice continuously differentiable and nonconstant on [—8, §].

When (A1) and (A2) hold, we define the constants

-1
T 1= |?|as>éf’(§), and7y = —(@Tisnﬁf’(&)) :

Clearly, 7; > 0. In addition, whenever f € C’k([—ﬁ,ﬁ]) for some non-negative integer k, we

denote by

o (k)
ak - lgﬁlz%lf &l (2.75)

The technical lemma below is fundamental in establishing the MBP for LRI schemes.
Lemma 2.31. If f satisfies Assumption (A1), then for any v € C(Q) with ||v]zc0 < 8, we have
lo+wf@)Le <B. Ve @l
Proof. Denote by fy(§) = &+ wf(&) foré € R. If|€] < Bthenforallw € (0, 71], we find that
@ =1+af'(H21+w @?;”Bf'(g) >1+7 |2Tisnﬁf’(§) =0.
This shows that f; is non-decreasing on [—83, 8], which implies
—B+of(=B) < fo()) <B+af(B). V&e[-B6]
Since |[v||foo < B, thatis, ju(x)| < Bforallx € Q, we obtain

—B+wf(-p) < fovx) < B+awf(f), VxeEQ. (2.76)
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On the other hand, by the mean value theorem and Assumption (A1), we have

16 < 5 [ S0 < 5B 2.11)
19 Jq
Combining (2.76) and (2.77) yields
—f < v +w (f(v(x)) — f(v)) <B, VxeQ
12| Jq,
This completes the proof of the lemma. ]

Theorem 2.32. Suppose that ug € C(Q) with ||Jug||Lco < and f satisfies Assumptions (A1) and
(A2), then the numerical solution {um}osmsM given by the LRI1a scheme (2.66) or the LRI1b

scheme (2.67) is also bounded by 8 in the supremum norm:

[u™pee <8, m=0,1,.... M,

provided that 0 < At < 13.

Proof. It suffices to show that if [[u"|;c0 < Bthen [u™ ]| 00 < B. Indeed, by taking the

supremum norm on both sides of the LRI1a scheme, we deduce from Lemmas 2.29 and 2.31 that

2 ) _
[+ oo = A AWM + ALF@™)| o0 < U™ + ALF@™) oo < .

Similarly, regarding the LRI1b scheme, we have

2 — 2
[+ oo = [[eAIE“AUM 4 Atf(eAE AU Lo < B,

2
because of Lemma 2.31 and the fact that ||e2f€" 24" || 0 < [[u™||[00 < B. O

The LRI2 scheme also preserves the MBP conditionally as stated in the next theorem. Note

that under Assumption (A3), the constant a; (cf. (2.75)) is well-defined. Moreover, let &y € (0, %)
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and r, > 0 be given by

. \l 7 _ 28,
50 = 4 >
2 N az(f(=B) — f(B)
-1 -1
T .= min {250‘[1, (Tll + 70 — fl(ﬁ)) , (T_ll + 70 — f’(—‘B)) }

Theorem 2.33. Suppose that ug € C(Q) with ||Jug||Lco < B and f satisfies Assumptions (A1) and
(A3), then the numerical solution {u"}y << given by the LRI2 scheme (2.70) is also bounded

by 8 in the supremum norm:

[u"|fo < B, m=0,1,...,M,

provided that 0 < At < 1.

Proof Assume that [|[u"|zco < f3 for some m, we need to prove that |[u"*1||; 0 < 8. By (2.70)

and the triangle inequality, we have

2 At 2A—= - 2 At2 2A—
”um+1”L _ eAts Aum | 5 [eAta Af(um) | f(eAtE Aum)] > eAts Ag(um)”
L

2 Af— 2
< ‘5eAt£ Aum + _f(eAtz Aum)n
2 oo

At
2

2

2 2 A= 2 A—
+ ’(1 _ 5)eAt€ Aum + eAtE Af(um) + eAtE Ag(um)H ,
Lo

forsome § € (0, 1) to be determined later. By Lemma 2.29, we arrive at

2 At—=, ae2 At— At? _
”um+1”L°° < 6“eAt£ Aum + z_atf(eAtE Aum)HLoo + “(1 _5)um + ?tf(um) + Ttg(um)H

LOO
(2.78)

. 2 . At
Since [[u™| L oo < B, we have [|[eAE°AyM | 00 < B. SO if 5 < 71,01 At < 287;, then Lemma 2.31

gives us

2 At— 2
HeME Aym 4 —f(eA’f"E Aum)“ <B. (2.79)
20 Loo
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To estimate the second term on the right hand side of (2.78), let us introduce some constants:

._L m ':L 1M .=L mn £, M
o=y | = [ 1w, = [ sampa

Since f(u™) = f(u™) — pg, we can rewrite g(u™) as follows

gu™) = g(u™) — @ gu™) = f'(u™)f(u™) - @f fram™fam)

= £ - o)~ gy [ P - po)

= f'W)(fW™) - po) + pop1 — P2

Therefore,

_ 2
(- 8™ + S F@™) + S-gm)
2
=(1-8u™+ %(f @™ ~ po) + ATt[f "W™)(f ™)~ po) + pop1 —p2]  (2:80)

2
= (1= 8™ + S (/™) — po)(1 + Atf'(@™) + o (oop1 — 2).

The expression (2.80) motivates us to consider the function:
At , At?
K(§) = (1= 8¢ + S(f() = o)1 + Atf'(§) + =—(pop1 — p2),
for & € [—f, B]. Notice that

K@) =1-0+5 [f (O)A + ALf'(§) + Atf" () () — po)] -

By the mean value theorem and Assumption (A1), we find that f(3) < pg < f(—p). This shows
that | f(§) — pol| < f(—=B) — f(B) forall &£ € [—f, B]. Hence, we obtain

2 2
643 (5 + A ©) + S OU© - p0)

At?
—0——-a(f(=p) - f(B). VEE[-F Al

K=
7
> 5
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Ifd e ( 8) and At are chosen such that

T
AENGTERH—70)’

then K'(¢) > Oforall £ € [—B, B]. Since K is non-decreasing on [, ], it suffices to control the
values of K at the endpoints, i.e., we aim to show that K(8) < (1 — §)Band K(—f) > —(1 — §)8.

Observe that
At , At?
K() = (1= 8)f + S(f(B) - po)(1 + Atf'(B)) + =—(pop1 — p2)
2
K(=B) = ~(1 = )8 + S-(/(=B) = o)1 + Atf'(=B)) + “3-(o0p1 — p2).
By the definition of p; and the fact that —% < f'(¢) < rpforall ¢ € [—B,B], we obtain

1
—— < p1 £ 19. Hence
3!

POP1 — P2 = POP1 — ﬁ /g; FW™f' ™)
1 m / m
=P1(P0—f(ﬁ))—@f[f(u ) — FBIf ™)

<0~ SO + 11y [ 6™ = 1@ = oo = S0 (w0 + 1)
Similarly,

pop1 — p2 = p1(po — f(=B)) + IQI/[f( B) — fF™If' ™)

> le0 — f-F) - T 157 f [F(=B) = F™)] = oo ~ S8 10 + ).

Based on the above estimates, we deduce that

2
K(B) < (1— 8)B+ - (f(8) ~ po) (— F 1B =10 — —) <(1-8)p,

-1
- 1
if At satisfies i + f'(B)—19 — Tl > 0orAt < (T— + 19 — f’(ﬁ)) . By the same argument, we
1 1
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also have

At?

K(-) 2 (1= O + S-((=F) — p0) (37 + P =70~ =) 2 -1 - 8).

-1
if At < (r_ll + 19 —f’(—ﬁ)) . Now we can conclude that |[K(§)| < (1 — §)Bforall ¢ € [-f, ]

and therefore,
_ 2
o - oum + SFwm + Sgam| <a-op 281
LS

provided that

1

I_2s -1 -
. 4 l gt l — f(—
At < min \laz(f(—ﬁ)—f(ﬁ))’ GHo-r®) . (5+o-rcn)

From (2.78), (2.79) and (2.81), we deduce that

Lo <88+ (1 -8B =B,

provided that

. \I % —26 1 , -1
at < min 280, \| e (5 0= 1'49)

To maximize the upper bound for At, we pick § = §( so that

\l 226
21 =N\ LGP TP’

and the condition on At becomes 0 < At < 1. ]

Remark 2.34. The quartic double-well potential function F(u) = i(u2 —1)2 has the correspond-
ing nonlinear function f(u) = —F'(u) = u — u3. As shown in [114, 203], forany 8 € [%, ), f
satisfies Assumptions (A1), (A2) and (A3), hence we choose 8 = i. By simple calculations, we

V3

obtain
1 1
0 = 1, = g, apy = 4\/3, 50 ~ 0.54, and T = ;
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Thus, by Theorems 2.32 and 2.33, the MBP is preserved if At € (0, %] for the LRI1 schemes and

At € (0, %] for the LRI2 scheme. Similarly, the Flory-Huggins potential function

F(u) = g [(A+w)InQ+w)+ A —-u)In(1 —u)] - %uz,

corresponds to the nonlinear function f(u) = —F'(u) = gln ;—Z + 6.u, where0 < 6 < 6. If

0 =0.8and 6, = 1.6,then 3 ~ 0.987 (see [114, 203] for a detailed explanation) and so

790 = 0.8, 171 %0.035, oy~ 2290.028, &y~ 0.338, and 1 =~ 0.017.
Therefore, the MBP is preserved if At € (0,0.035] for the LRI1 schemes and At € (0,0.017] for
the LRI2 scheme.

It should be noted that these upper bounds for At (with either double-well or Flory-Huggins
potential function) can be improved in the numerical experiments since the supremum norm
of numerical solution is usually less than . In other words, the above upper bounds for At are

optimal only if the supremum norm is sufficiently close to .

2.3.3 Convergence analysis

In this section, we assume the nonlinear function f is sufficiently smooth for error analysis
purpose; note that the double-well and Flory-Huggins potentials in Remark 2.34 are infinitely
differentiable functions in their domains. Throughout the section, Lemma 2.30 is implicitly
invoked whenever the exact solution u of (2.62) is present as an argument of the nonlinear

functions f,forg, g. The lemma below shows the Lipschitz continuity of the nonlinear functions

fand 8.

Lemma 2.35. If u,v € C(Q) satisfy |u[ 00 < Band |v||Lco < fBthen

(i) If ) — fO)llLeo < 20 ]lu — |00,

(ii) I3(w) — (W)L < 4(af + apaa)u — v]Loo.
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Proof. By the definition of f, we have

o fQ ) - FO)]

Taking the supremum norm on both sides of the above identity gives us

fw = fv) = f@w) - fv) -

IFw) - F@)lizeo < 15 @) = F@)lzeo + = f If () = f()l oo
Q[ Jo

=2|f(w) — f)llpeo < 2e1|u — vl 0.
On the other hand, we note that || f(v)||zco < 2ag and ||f"(w) — f'(V)||zc0 < azllu — v|zc0, S0

lgw) — gz = |f W fw) — ') f)|Loo
< I @@ = f)lpeo + I @) = f' ) f )L

< 2oc%||u — Ul|po0 + 2apaz||u — V|| c0 = 2(0(% + agop)||u — v|| 0.
It follows that
I8(w) — W)l < 2l|gw) — g)|Leo < 4(a? + agay)|u — v o,

which completes the proof. ]

From this point forward, we assume that the exact solution u of (2.62) is Lipschitz contin-
uous with respect to the time variable so that f(u) and g(u) also satisfy the same property. More

precisely, there exists a constant L > 0 such that
lu(s) —u(®)lpeo < Lls—t], Vs,t€[0,T]. (2.82)
By Lemma 2.35, we can assert that

If (u(s)) = fF(®)lLoo < 2a3L]s —t],

I5(u(s)) — gu(®)) Lo < Haf +apaz)L|s —t], Vst €[0,T].

The following technical lemma is useful to obtain error estimates for LRI schemes.
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Lemma 2.36. Suppose that u € €([0, T], €2(Q)) is the exact solution of (2.62) and satisfies the

Lipschitz condition (2.82). Forany s,t > Owith s+t < T, it holds
2 —_ —_
[e=° A F(u(®)) = f(u(t + )l < Cs,
where C = ¢? maX;e[o,T] |Af(u(t))||rco + 2a1L is independent of s and ¢.

Proof. By the fundamental theorem of calculus and Lemma 2.29, we deduce that

1e55°4 = DF ()| oo =

f e"ngszAf(u(t)) do
0

LS

(2.83)

Lo

S 2
82/ eIEBAf(u(t)) do
0
S

<2 [ PP AAF(u(t))] Loodo < e2S|AF(u(t))]|Loo < 201,
0

wherecy = maXx; <o, 7] |Afu(t))||;.0 depends on the norm of fin €%([—3, 8]) and the norm

of uin €([0, T], C4(Q)).

From Lemma 2.35 and the Lipschitz continuity of u with respect to the time variable (2.82)), there

holds

1 () = fQu(t + sl < a5, (2.84)
where ¢, = 2a; L. Combining (2.83) and (2.84) gives us
[ AF () - Fult + s)lpoo < @A = DF@E)lzeo + IF ) - Fu(t +s)lzeo < Cs,
where C = £2¢; + ¢5. O

Theorem 2.37. Suppose that the exact solution u to the conservative Allen-Cahn equation (2.62)
belongs to G([0, T], €2(Q)) and satisfies the Lipschitz condition (2.82) with the initial data uy €
C(Q) satisfying ||lug||,c0 < f. Denote by {u"}o<m<nM the numerical solution generated by the

LRI1a scheme (2.66) or the LRI1b scheme (2.67), then there exists a constant C > 0 independent
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of At such that the following estimate holds for all At € (0,77 ]:

[u™ — u(ty)l oo < C(e2¥1im —1)At, m=0,1,...,M.

Proof. We first consider the LRI1a scheme (2.66). Subtracting (2.64) from (2.66), we obtain
2 20 — -
U™t — u(tpgq) = AWM — u(ty)) + AtePEAF ™) — f(u(ty)))

At
n f e(At—S)EzA[eSEZA?(u(tm)) —_ ?(u(tm + 5))]ds.
0

Combing the above equation and Lemmas 2.29, 2.35 and 2.36 gives us

C3At2
2 b

Ju™ ! — utm)leo < (1 + 20 A0)[u™ — ulty)lgeo +

where

c3 =€ max |Af(u(t))|zoo + 201L, (2.85)
te[o,T]

is the constantin Lemma 2.36. This implies that
c3At c3At
[u™ = uty)l oo < 437[(1 +207A0M —1] < jT(eZalmN — 1) = C(e2%1tm — 1)At,
1 1

C
where C = —-.
40(1

Next, we show that a similar estimate holds for the LRI1b scheme (2.67). Indeed, by substracting

(2.64) from (2.67), we arrive at
WL Uty4) = MEAWUM — ultyn)) + AT AuM) — T Bu(tyy)]
At
+ f [F(eAteBu(t,)) — e A=A F (u(t, + 5))]ds.
0

Based on Lemmas 2.29 and 2.35, we deduce that

[ — (s Do < (1 + 20 ADU™ — ult)l oo
Mo o (2.8
; f 128 0(1n)) — (A=A T (11 + )| 00 ds.
0
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On the other hand, using formula (2.64) and Lemmas 2.35 and 2.36 yields

17 A2 u(t)) — e A=A (1t + 5))]| oo

<1 F A Butn)) — Fu(tmer)llLoo + [ FWtmar)) — €A F Uty + 5) oo

2
< 201 [[u(tms1) — €A Buty)l Lo + c3(At —5)
=2 + c3(At — 5)

At S
f e(At=s)e Af(u(ty, + ) ds
0 L

At
<2m f | f(u(ty, + 5))|Loods + c3(At — 5) < daga At + c3(At — s), (2.87)
0

where we have used the fact that ||f(u(tm + 5)|lpoo < 2||f(u(ty, + 9)|lpoo < 2ag. From (2.86)

and (2.87), we obtain
At
W™ — u(tyy41)llpee < @ + 201 AD|[U™ — u(tyy)ll Lo + / [4apai At + c3(At — s)]ds
0

C
= (1 + 2a1 AD)[u™ — u(tyy)ll Lo + <4ocooq + ?3>At2.

By the same argument as in the proof for the LRI1a scheme, the desired inequality holds for

— Rxl
C—20(0+4O(1. [

Remark 2.38. The constant C in Theorem 2.37 can be explicitly expressed as:

2
€ 1
C=2ap+-— max ||Af(u(t))||pc0 + =L,
0 4oy te[0.T] IAf ”L )

where ag and a; are defined in (2.75), and L denotes the Lipschitz constant in time of u (cf.
(2.82)). Therefore, C does not change significantly with different values of e. However, both

maX;e[o,T] |Af(u(t))|f,c0 and L, and consequently C, increase when T becomes larger. We shall

verify the dependence of C on ¢ and T in the numerical experiments (cf. Section 2.3.5).

Theorem 2.39. Suppose that the exact solution u to the conservative Allen-Cahn equation (2.62)
belongs to €([0, T], €*(Q)) and satisfies the Lipschitz condition (2.82) with the initial data uy €

C(Q) satisfying ||lug||;,c0 < f. Denote by {u"}o<m<nM the numerical solution generated by the
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LRI2 scheme (2.70), then there exists a constant C > 0 independent of At such that the following

estimate holds for all At € (0,1, ]:

[u™ — u(tyy)lloo < C(2@1im — A2, m=0,1,...,M,

where o) = a1 + T(oc% + apay).

Proof. Subtracting (2.64) from (2.70), we have

2
U™ —u(ty 1) = AEAWM — u(ty,))

+ % [eAtEZA@(um) — Futnm))) + F(eAte*bym) — ?@A““u(fm”]
Atz AtszA =(,,M o
+=-e (&™) — g(u(tm))) + R(tym),

(2.88)
where R(t;;,) is defined by
At?

Rtm) = 1M AT(u(tn) + T u(tm)] + S5-eMEAZ(ulty))

At -
— f e(At=5)"AF (¢, + 5)) ds.
0
Using Lemmas 2.29 and 2.35, we deduce from (2.88) that

U™+ — u(ty )l < (14 201 A + 2(af + agaz)At?) [u™ — u(ty)l| oo + [R(tm)l oo

(2.89)

Rewrite R(t;;,) as R(t;,,) = R1(ty) + Ra(tm), where Ri(ty,), i = 1,2, are given by
At
Riltm) = 5 1eM AT (ultm)) + T = Bu(tm)] - j (AIENF (S Bu(ty)) ds,
0

At 2A — 2 — 2A_
Ry(tm) = f e(BAt=S)E"ATF(SE By (1)) — Fulty, + 5)) + 3¢5 AF(u(ty,))]ds.
0

Let ¢(s) = e(At_S)EzAf(esngu(tm)) with s € [0, At], then Ry(t;,) can be written in terms of ¢
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as follows

At At 1 At
Raltm) = ST+ 901 - [ ods=3 [ stat=5)9")ds.
0 0
Thus
A3 y
IRl < 55 sup g9l (290
s€[0,At]

By expanding ¢” (s) using the chain rule, we find that SUPse[0,Af] le” (8)|lLoo < 12c4, Where ¢y
depends on €4([—B, B])-norm of fand €([0, T, C4(Q))-norm of u, but is independent of At.

Therefore, (2.90) gives us

IR1(tm)lleo < calAt3. (2.91)
To estimate || R (ty,)|l o0, We first observe from Lemma 2.29 that
At ) _ )
IR2(tm)ll Lo < f 1 (€55 Bu(tm)) — f(ultm + 5)) + €5 AFu(tm))ll oo ds

0

At _ B
< f 1 (€55 Bu(tm)) — f(utm + 5)) + s8u(tm))| L oods
0

At )
+f 12 — Vgt oo ds.
0

Similarto (2.83), we have ||(eSEzA—1)§(u(tm))||Loo < g2css,wherecs = max;c(o,T] |Ag(u(t))|| 1,00
depends on C3([—B, B])-norm of f and €([0, T], €%(Q))-norm of u. Consequently,
At 2
se2A €C 3
IR2(tm)l|Loo < 2 f 1F (™ Pultm)) = f(ultm + ) + sg(ultm))lLoods + —=At
0

At - (2.92)
=: Zf |17 + I + I3 + 14| fc0ds + TSAL‘3,
0
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where IJ with j = 1,2, 3,4 are given by

I = fultym +5) — £ Duty) — £/ Bu(ty)) f = AF (u(t, + o)) do,
0
I = [f' (@B ulty) — £ (u(tn)] f = AF (u(t,, + o)) do,

0

I = ' (ultm) f [e5=0PAF (u(ty + 0)) — F(ultm + 9))]do,
0

Iy = s f' uty) futy + 5)) — gutm)))-

By Taylor’s expansion and formula (2.65), there holds
2

S
f =LA Uty + N do| < 23 =1 co? (293)

a2
e < 22
0

2
where cg = Za%ocz. Based on (2.83), we also have [|(e5€"2 — Du(ty,)|Lco < e2c7s where ¢ =

maX;e[o,T] |Au(t)||zc0 depends on €([0, T], @2(Q))-norm of u. We thus obtain
2 S
IL2llLoo < o2fl(€55°2 = Dty oo f If (u(tm + o)l peodo < 262agazess?. (2.94)
0

From Lemma 2.36, it holds that

S
Il < [ s - )do = L2, (2.95)
0

where ¢ is given by (2.85). Notice that g = f’f, so we have from Lemma 2.35 that
Iallzoo = sllf (tm)f ultm + ) = fultm)]lLeo < 20fLs. (2.96)
Combining (2.92)-(2.96) and using the triangle inequality lead to

At 5
aic g“c

[R2(tp)l Lo < Zf (c6s2 + 262ag0y0752 + 2352 + Za%Lsz) ds + —2At3
0 2 3

(2.97)

£2C5 + 2¢q + 46206005207 +ajcz + 4oc%L

3 A3 =: cgAt3.

From (2.91) and (2.97), we deduce that |[R(t,)|[Lco < (c4 + cg)AL3. Finally, we get from (2.89)
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that

™+ — u(ty e )llpeo < (14 2a1A + 2(af + agaa)At?) [u™ — u(ty)l| Lo + (c4 + cg)AL3

< (1 +2&A0) [u™ — u(ty)|lpeo + (ca + cg)AL3,

where o] = a1 + T(oc% + agop). Using the discrete Gronwall’s inequality, we obtain

Cq4 + C =~
1™ — u(ty)lLoo < %(emﬂm — 1)AL2,
1

Cq +Cg

The proof is completed by setting C = T
1

Remark 2.40. (i) The constant Cin Theorem 2.39 can be written as

1
C=—c+— (52 max _||Ag(u(t))|fco + 4aday + 4caga; max || Au(t)| o
207 6a1 \  telo,T] L 0 [0,T] L

’ ’

+e2a; max ||Afu(t))|poo + 605%L>.
te[0,T]

b

Thus, as for the LRI1 schemes (cf. Remark 2.38), the error constant C for the LRI2 scheme does
not vary considerably with respect to ¢; however, it increases when the final time T becomes

larger (cf. Section 2.3.5).

(ii) The temporal error analysis of the LRI1 and LRI2 schemes relies on the Duhamel’s formula
(2.64) and the Lipschitz condition (2.82), so that the exact solution u is only assumed to be
Lipschitz continuous in time for both first- and second-order schemes (cf. Theorems 2.37 and
2.39). Therefore, the proposed schemes are called low regularity integrators [154, 45], in contrast
to classical methods such as ETD [114] and isIFRK [203] which require higher regularity in time on
the exact solution for the convergence analysis (i.e., u needs to be in CP in time for the p-order

scheme to converge).

2.3.4 Energy stability

Throughout this section, we assume that the spatial domain Q is either a finite interval

(d = 1),arectangle (d = 2), orarectangular parallelepiped (d = 3). We first state two preliminary
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lemmas.

Lemma 2.41. Suppose that A is equipped with the periodic boundary conditions on Q and
v € C1(Q) satisfies the same boundary conditions, then 6xl.(emv) = etAvxi foralli=1,2,...,d

and t > 0, where Uy; 1= axiv.

Proof. For simplicity, we only consider the one dimensional case, the corresponding proof in
higher dimensions can be done in the same way. Without loss of generality, we may assume that
Q = (=P, P) forsome P > 0. Let W(-, ) = etAvand w(-, t) = €30’ then W and w satisfy the
following heat equations:

W = Wy, x€(-P,P), t>0,

W(x,0) =v(x), x € (-P,P),

and

Wt = Wxyx, X€E(—P,P), t>0,
w(x,0) =v'(x), x € (=P,P),

respectively, subject to the periodic boundary conditions. The general solutions to the two

problems above are:

Wx,t) = =2 + 21 (an cos( ) + by, sin (ngx)) e_(T) g

(6 0)
w(x,t) = —0 2 (an cos( x) +by, m(ngx)) e_(T) t,
where a,,, @y, n > 0and by, by, n > 1 are given by
ap = 1 fP v(x) cos(ﬂ) dx, by = 1 fp u(x)sin (ﬂ)dx,
PJ), P PJ), P
_1P, nmwx —1P,.n7rx
ap = ﬁ_[ v'(x)cos <T> dx, by = ﬁ_[ v'(x)sin (T> dx.

-P -P
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We observe that

o NI nmwx nmwx —(M)zt
— P =
OxW(x,t) n; P ( ansm( P )+ b, c os( P ))e w(x,t),
sinceag = %[U(P) —v(—=P)]=0anda, = %bn, b, = —%an foralln > 1. The identity in

Lemma 2.41 can thus be obtained by taking into account W(-,t) = etAvand w(-, t) = ef2v’. O

Remark 2.42. The two operators axl. and e need not be commutative when A is equipped with
other types of boundary conditions on general domains. Our proof for the energy stability relies
on Lemma 2.41, which requires the periodic boundary conditions; it remains an open question to

show the same result, i.e., Theorem 2.44, for the homogeneous Neumann boundary conditions.

Lemma 2.43. Let {u"}o << be the numerical solution sequence generated by the LRI1a or
LRI1b scheme (resp. the LRI2 scheme) and suppose that the exact solution u to (2.62) satisfies
the conditions stated in Theorem 2.37 (resp. Theorem 2.39). If ug € C1(Q) with ||ug|lzco < 8,

then there exist constants cg and cj independent of At such that

(i) ||u,’C’;||Loo <cgforalli=1,2,...,dandm=0,1,...,M.

(i) it — ulllpeo < croAtforalli=1,2,...,dandm =0,1,...,M -1,

Proof. (i) We first consider the LRI1a scheme (2.66). Taking the derivative on both sides of (2.66)

with respect to x; yields
2
umtl = pAte B + Atf ™), (2.98)

where we have used Lemma 2.41 and the fact that 6xif(um) = dxif(um). From Lemma 2.29

and the boundedness of u implied by Theorem 2.32, we obtain
it oo < [l + Atf' @MUl Leo < (1+ agAn)ult Lo

Similarly, we observe from the LRI1b scheme (2.67) that

m+1

[ oo = [leAtEP Ay L+ AL (ALe?Aymy ALte?A uftllpoo < (1 + agAn)||ufl||poo.

93



This gives us ||ux lpeo < (1 + oclAt)mHux lpoo < e“ltm”ux Lo < e“1T||6x ug|lzc0 for all

i=1,2,...,d. Theresult follows by choosing cg = ea1T maxj<ij<d ||6xiu0||Loo.

For the LRI2 scheme (2.70), based on the above estimates we have that

A2 pre2pn—
[+ Lo < (1 + arAD)[utl|poo + [Ox, ( zt eAle Ag(um))” : (2.99)
LSO
Using Lemmas 2.29 and 2.41, we notice that
At? Ate2A50, m At? Ate2A m Atz m m
U0} I e L)) ) Lo )]
Lo LSO
_ A
=5l @m? + Famsr g
At2
< T(Oﬁ + 2ap0)|[uk; [ oo (2.100)

From (2.99) and (2.100), we deduce that

2

a
st 1+ 1At + (71 + ocooc2> Atzl Uil oo

Lo <

The assertion for the LRI2 scheme follows by the same argument as above.

(ii) It should be noted that for any uy, u, v, v2 € C(Q) with ||u;||.c0, [[VjllL o0 < Bfori = 1,2, we

have

1fwvr = f'(uz)vzllpee < Nf"(u)(vr — v2)lipee + I(f" (1) — f'(u2))vzllLeo
(2.101)

< ajllvy —vallpee + az|vallpeo lur — uz|Leo.

Theorems 2.37 and 2.39 allow us to have the following estimate

m+1 _ m+1

(% u|poo < U™ = ultmiDllLee + ultms1) — ultm)llpeo + [ultm) — u'™| Lo
= CAt + LAt + CAt = (2C + L)At.

(2.102)

For the LRI1a scheme (2.66), applying (2.98) with m and m — 1 and taking the difference between
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the resulting equations, we get

. 2 _ N
u)'cni‘" — u)’?l = ¢ALeA [uf{i - uTl 1y At(f’(um)u)’?i — f'(u™m 1)u)'2“i 1)].

The estimates (2.101) and (2.102), together with the result in part (i), lead to

1 - — —
|t — ulipoo < [kl — ul Lo + Al f W™l — f' @l peo

< (1 + a Al — ulli | poo + azco(2C + L)AL,

which claims the assertion by the discrete Gronwall’s inequality.
Similarly, we also have from the LRI1b scheme (2.67) that
lti* = ultllpeo

2 _ 2 2 2 _ 2 _
_ HeAts A(u% _ ”?rfni 1y +At[f’(eAt5 AymypAte Au)rgti _f/(eAts Aym—1y,Ate Au)rgai 1]”Loo

A

2 2 2 2
f1(eAte“Aymy ALe Augg; — fI(eAte*Aym—1),Ate Au)ré’;—luL
<1+ oclAt)llux'”i — ux”l’._lllLoo + apc9(2C + L)At?,

here we have used (2.101) and (2.102) in the last estimate.
Using above estimates and (2.100) for the LRI2 scheme (2.70), we have

||u§é1i+1 —ulillpeo < (1 + arAD)uy; — uﬁ_lllLoo + apce(2C + L)AL?

At A 2A— At At 2a—, o
aXi (_eAtE Ag(um)) _ aXi (_eAtE Ag(um 1))

* 2 2

-

<1+ oclAt)llu,'?i — uﬁ_lllLoo + [a209(2C +L) +co(ad + 20cooc2)] At2,
which finishes the proof. ]

Theorem 2.44. Assume that the initial data ug € €1(Q) with ||lug|zc0 < 8and the exact solution
u of (2.62) satisfies the conditions stated in Theorem 2.37 (resp. Theorem 2.39), then the nu-

merical solution {u""}y< ;<) generated by the LRI1a or LRI1b scheme (resp. the LRI2 scheme)
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satisfies

E@™) < E(up) + C,
where C > 0is independent of At.
Proof. By the definition of E, it follows immediately that
E@™*ly — E™) = f [§(|Vum+1|2 — |Vu™?) + F™*1) — Fw™)| dx.  (2.103)
Q
Note that F’ = —f and [u™*! — u™| ;00 < (2C + L)At by (2.102), hence

/ [F™H) — Fu™)] dx < ap|Q|||u™H — u™||poo < ag|Q|(2C + L)At. (2.104)
Q

On the other hand, it is implied from Lemma 2.43 that
f —(|[Vu™H1 )2 | vu™?)dx = Z / (um""1 —uy; )(um"'1 +uy; MY dx
Q

&2 +1 +1
S;Z f [t — w0 (It e + [ulpeo) dx

< Ede9010|Q|At. (2.105)

Combining (2.103), (2.104) and (2.105) leads to

E™*) — E™) < |ap(2C + L) + e2dcgero | |QIAL,
which is the desired estimate. O

2.3.5 Numerical results

We carry out several numerical examples to investigate the convergence of the proposed
LRI schemes and three important properties of the discrete solution, namely mass conservation,
the MBP and energy stability. While there are various types of spatial discretization that can
be coupled with LRIs, we use the central finite difference method to take advantage of FFT-

based fast implementation [55, 104, 114, 204]. In all test cases below, the periodic boundary
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conditions are considered over the spatial domain Q = (=0.5,0.5)% in two dimensions (2D) and
Q = (—0.5,0.5)3 in three dimensions (3D); similar results can be obtained with the homogeneous

Neumann boundary conditions. The nonlinear function is either one of the following two types:

g 1—u
2

fl(u)=u—u3, and fHw) = =In T

+ 6u,

corresponding to the double-well and Flory-Huggins potential functions, respectively. For the

latter, we choose 6 = 0.8 and 6, = 1.6.

Convergence tests We consider the 2D conservative Allen-Cahn equation (2.62) with the initial
data given by

uo(x,y) = 3 cos2mx) cos2ay), (x,y) €T,

so that |lug|Lo < B, where B € {2/4/3,0.987} is a uniform bound mentioned in Remark 2.34.
The spatial mesh size h = hy = hy, = 1/2048 is fixed, where hy and h,, denote the mesh sizes in
x and y directions, respectively.

For the polynomial potential function f = fi, the interfacial parameter € is chosen to be
0.01,0.005 or 0.0025 and the final time T is given by 1, 2 or 4, respectively. We vary the time step
size At € {T/16,T/32, ..., T/256} and compute both IZ and L* errors of the numerical solutions
produced by first and second-order LRI schemes at the final time step. The reference solution is
obtained using the LRI2 scheme with a refined time step size At = T/1024. To investigate the
performance of the LRI schemes, especially LRI2, we compare them with the ETD methods of the
same order. The I2 and L errors and convergence rates of the first-order ETD and LRI schemes
are presented in Tables 2.7 and 2.8, respectively. We clearly observe the first-order convergence
of the ETD1, LRI1a and LRI1b schemes, and the errors increase as ¢ gets closer to zero and T
becomes larger simultaneously. Both tables show that the errors produced by the ETD1 scheme
are slightly smaller than those generated by the LRI1a scheme, but slightly larger than those
produced by the LRI1b scheme. This observation leads to the numerical conclusion that the

LRI1b scheme is the best among the three first-order schemes. For the second-order case, the
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I? and L errors and the corresponding convergence rates by ETDRK2 and LRI2 are reported in
Table 2.9, where the difference between these two schemes becomes clearer. As € goes to zero, I?
errors by the LRI2 scheme are nearly half of those by the ETDRK2 scheme, while L* errors by the
LRI2 scheme are roughly three quarters of those by its counterpart. Thus, LRI2 performs much
better than ETDRK2, especially when ¢ approaches zero; besides, the second-order accuracy are

well observed for both schemes.

Table 2.7: I2 errors and convergence rates by the first-order ETD and LRI schemes with the
double-well potential and (¢, T) € {(0.01, 1), (0.005, 2), (0.0025, 4)}.

c N ETD1 LRI1a LRI1b
I?error | Rate | Zerror | Rate | I?error | Rate
T/16 | 4.86e-03 4.98e-03 4.85e-03

T/32 | 2.46e-03 | 0.99 | 2.52e-03 | 0.98 | 2.45e-03 | 0.99
0.01 T/64 | 1.23e-03 | 0.99 | 1.27e-03 | 0.99 | 1.23e-03 | 0.99
T/128 | 6.19e-04 | 1.00 | 6.35e-04 | 1.00 | 6.17e-04 | 1.00
T/256 | 3.10e-04 | 1.00 | 3.18e-04 | 1.00 | 3.09e-04 | 1.00
T/16 | 1.79e-02 1.81e-02 1.78e-02
T/32 | 9.08e-03 | 0.98 | 9.21e-03 | 0.98 | 9.03e-03 | 0.98
0.005 | T/64 | 4.58e-03 | 0.99 | 4.64e-03 | 0.99 | 4.55e-03 | 0.99
T/128 | 2.30e-03 | 0.99 | 2.33e-03 | 0.99 | 2.28e-03 | 0.99
T/256 | 1.15e-03 | 1.00 | 1.17e-03 | 1.00 | 1.14e-03 | 1.00
T/16 | 3.83e-02 3.93e-02 3.77e-02
T/32 | 1.93e-02 | 0.99 | 1.99e-02 | 0.98 | 1.88e-02 | 1.00
0.0025 | T/64 | 9.64e-03 | 1.00 | 1.00e-02 | 0.99 | 9.40e-03 | 1.00
T/128 | 4.82e-03 | 1.00 | 5.01e-03 | 1.00 | 4.69e-03 | 1.00
T/256 | 2.41e-03 | 1.00 | 2.51e-03 | 1.00 | 2.34e-03 | 1.00

For the Flory-Huggins potential function f = f,, we choose € = 0.0025 or 0.001 and fix
T = 4 for simplicity. The IZ and L* errors produced by the first-order schemes, i.e., ETD1, LRI1a
and LRI1b, are presented in Tables 2.10 and 2.11, respectively. As expected, we observe the
first-order convergence of all three schemes with a quite similar performance in terms of error
magnitude. Table 2.12 shows the second-order convergence of both ETDRK2 and LRI2 schemes.
However, L2 errors by LRI2 are approximately half of those by ETDRK2, while L® errors by LRI2
are about two thirds of those by its counterpart. Since T'is fixed in this case, the errors produced
by our first- and second-order LRI schemes do not change significantly with different values of ¢

(cf. Remarks 2.38 and 2.40(i)). We refer to [45] for the running time comparison of the LRI and
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Table 2.8: L™ errors and convergence rates by the first-order ETD and LRI schemes with the
double-well potential and (¢, T) € {(0.01, 1), (0.005, 2), (0.0025, 4)}.

. At ETD1 LRI1a LRI1b
L® error | Rate | L* error | Rate | L* error | Rate
T/16 | 7.77e-03 7.92e-03 7.79e-03

T/32 | 3.93e-03 | 0.98 | 4.01e-03 | 0.98 | 3.94e-03 | 0.98
0.01 T/64 | 1.98e-03 | 0.99 | 2.02e-03 | 0.99 | 1.98e-03 | 0.99
T/128 | 9.93e-04 | 1.00 | 1.01e-03 | 1.00 | 9.94e-04 | 1.00
T/256 | 4.97e-04 | 1.00 | 5.07e-04 | 1.00 | 4.98e-04 | 1.00
T/16 | 3.50e-02 3.53e-02 3.50e-02
T/32 | 1.80e-02 | 0.96 | 1.81e-02 | 0.96 | 1.79e-02 | 0.96
0.005 | T/64 | 9.10e-03 | 0.98 | 9.17e-03 | 0.98 | 9.09e-03 | 0.98
T/128 | 4.58e-03 | 0.99 | 4.61e-03 | 0.99 | 4.57e-03 | 0.99
T/256 | 2.30e-03 | 1.00 | 2.31e-03 | 1.00 | 2.29e-03 | 1.00
T/16 | 1.47e-01 1.47e-01 1.47e-01
T/32 | 7.75e-02 | 0.92 | 7.80e-02 | 0.92 | 7.74e-02 | 0.92
0.0025 | T/64 | 3.98e-02 | 0.96 | 4.01e-02 | 0.96 | 3.97e-02 | 0.96
T/128 | 2.02e-02 | 0.98 | 2.03e-02 | 0.98 | 2.01e-02 | 0.98
T/256 | 1.01e-02 | 0.99 | 1.02e-02 | 0.99 | 1.01e-02 | 0.99

Table 2.9: Errors and convergence rates by the second-order ETD and LRI schemes with the
double-well potential and (¢, T) € {(0.01, 1), (0.005, 2), (0.0025, 4)}.

ETDRK2 LRI2
2 o0 2 o0
¢ At L Rate L Rate L Rate L Rate
error error error error
T/16 | 1.41e-04 1.72e-04 1.34e-04 2.33e-04

T/32 | 3.56e-05 | 1.98 | 4.39e-05 | 1.97 | 3.38e-05 | 1.99 | 5.85e-05 | 2.00
0.01 T/64 | 8.93e-06 | 2.00 | 1.11e-05 | 1.99 | 8.46e-06 | 2.00 | 1.46e-05 | 2.00
T/128 | 2.21e-06 | 2.01 | 2.75e-06 | 2.01 | 2.09e-06 | 2.01 | 3.61e-06 | 2.02
T/256 | 5.28e-07 | 2.07 | 6.56e-07 | 2.07 | 4.99e-07 | 2.07 | 8.60e-07 | 2.07
T/16 | 1.07e-03 1.49e-03 5.55e-04 9.85e-04
T/32 | 2.69e-04 | 1.98 | 3.90e-04 | 1.94 | 1.41e-04 | 1.98 | 2.55e-04 | 1.95
0.005 | T/64 | 6.76e-05 | 1.99 | 9.94e-05 | 1.97 | 3.53e-05 | 1.99 | 6.47e-05 | 1.98
T/128 | 1.68e-05 | 2.01 | 2.48e-05 | 2.00 | 8.77e-06 | 2.01 | 1.61e-05 | 2.00
T/256 | 4.00e-06 | 2.07 | 5.95e-06 | 2.06 | 2.09e-06 | 2.07 | 3.86e-06 | 2.06
T/16 | 3.97e-03 1.19e-02 1.97e-03 9.17e-03
T/32 | 1.02e-03 | 1.96 | 3.25e-03 | 1.87 | 5.28e-04 | 1.90 | 2.46e-03 | 1.90
0.0025 | T/64 | 2.59e-04 | 1.97 | 8.46e-04 | 1.94 | 1.37e-04 | 1.95 | 6.36e-04 | 1.95
T/128 | 6.48e-05 | 2.00 | 2.14e-04 | 1.98 | 3.45e-05 | 1.99 | 1.60e-04 | 1.99
T/256 | 1.55e-05 | 2.06 | 5.15e-05 | 2.05 | 8.29e-06 | 2.06 | 3.85e-05 | 2.06
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ETD methods, where LRIs require less computational time compared to the ETD schemes of the

same order.

Table 2.10: I2 errors and convergence rates by the first-order ETD and LRI schemes with the
Flory-Huggins potential and T = 4.

. N ETD1 LRI1a LRI1b
I?error | Rate | ?error | Rate | IZerror | Rate
T/16 | 4.45e-02 4.47e-02 4.42e-02

T/32 | 2.24e-02 | 0.99 | 2.27e-02 | 0.98 | 2.23e-02 | 0.99
0.0025 | T/64 | 1.13e-02 | 0.99 | 1.15e-02 | 0.99 | 1.12e-02 | 0.99
T/128 | 5.67e-03 | 0.99 | 5.75e-03 | 0.99 | 5.62e-03 | 1.00
T/256 | 2.84e-03 | 1.00 | 2.88e-03 | 1.00 | 2.81e-03 | 1.00
T/16 | 4.56e-02 4.56e-02 4.56e-02
T/32 | 2.30e-02 | 0.99 | 2.31e-02 | 0.98 | 2.30e-02 | 0.99
0.001 | T/64 | 1.16e-02 | 0.98 | 1.17e-02 | 0.98 | 1.16e-02 | 0.99
T/128 | 5.85e-03 | 0.99 | 5.86e-03 | 0.99 | 5.84e-03 | 0.99
T/256 | 2.93e-03 | 1.00 | 2.94e-03 | 1.00 | 2.93e-03 | 1.00

Table 2.11: L™ errors and convergence rates by the first-order ETD and LRI schemes with the
Flory-Huggins potential and T = 4.

. At ETD1 LRI1a LRI1b
L*® error | Rate | L* error | Rate | L*™ error | Rate
T/16 1.37e-01 1.37e-01 1.37e-01

T/32 | 7.19e-02 | 0.93 | 7.21e-02 | 0.93 | 7.19e-02 | 0.93
0.0025 | T/64 | 3.68e-02 | 0.97 | 3.6%e-02 | 0.97 | 3.67e-02 | 0.97
T/128 | 1.86e-02 | 0.98 | 1.87e-02 | 0.98 | 1.86e-02 | 0.98
T/256 | 9.34e-03 | 0.99 | 9.38e-03 | 0.99 | 9.33e-03 | 0.99
T/16 | 1.38e-01 1.38e-01 1.38e-01
T/32 | 7.25e-02 | 0.93 | 7.26e-02 | 0.93 | 7.25e-02 | 0.93
0.001 | T/64 | 3.71e-02 | 0.97 | 3.71e-02 | 0.97 | 3.71e-02 | 0.97
T/128 | 1.88e-02 | 0.98 | 1.88e-02 | 0.98 | 1.88e-02 | 0.98
T/256 | 9.43e-03 | 0.99 | 9.43e-03 | 0.99 | 9.43e-03 | 0.99

Mass conservation, MBP and energy stability tests We now consider both 2D and 3D conser-
vative Allen-Cahn equation (2.62) with a random initial data ranging from —0.9 and 0.9. In the 2D
problem with the double-well potential, we test all LRI schemes in terms of mass conservation,
MBP and energy stability. For other test cases, the LRI2 scheme is used due to its high accuracy.

We first simulate long time phase separation processes of the model equation in 2D with

¢ = 0.01 and the double-well potential function. Snapshots of the numerical solution at different
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Table 2.12: Errors and convergence rates by the second-order ETD and LRI schemes with the
Flory-Huggins potentialand T = 4.

ETDRK2 LRI2
2 0 2 00
£ At L Rate L Rate L Rate L Rate
error error error error
T/16 | 1.50e-02 2.49e-02 3.01e-03 6.97e-03

T/32 | 1.21e-03 | 3.63 | 3.55e-03 | 2.81 | 5.57e-04 | 2.43 | 1.84e-03 | 1.92
0.0025 | T/64 | 2.77e-04 | 2.13 | 7.61e-04 | 2.22 | 1.39e-04 | 2.00 | 4.72e-04 | 1.96
T/128 | 6.69e-05 | 2.05 | 1.79e-04 | 2.09 | 3.45e-05 | 2.01 | 1.18e-04 | 2.00
T/256 | 1.58e-05 | 2.08 | 4.19e-05 | 2.10 | 8.26e-06 | 2.06 | 2.84e-05 | 2.06
T/16 | 1.53e-02 2.55e-02 3.07e-03 6.99e-03
T/32 | 1.25e-03 | 3.61 | 3.64e-03 | 2.81 | 5.61e-04 | 2.45 | 1.84e-03 | 1.92
0.001 | T/64 | 2.84e-04 | 2.14 | 7.78e-04 | 2.23 | 1.39e-04 | 2.01 | 4.72e-04 | 1.96
T/128 | 6.84e-05 | 2.05 | 1.82e-04 | 2.09 | 3.45e-05 | 2.01 | 1.18e-04 | 2.00
T/256 | 1.61e-05 | 2.08 | 4.26e-05 | 2.10 | 8.24e-06 | 2.07 | 2.84e-05 | 2.06

timest = 1, 10, 20,40,100 and 300 are depicted in Figure 2.4; the results are obtained by the
LRI2 scheme with the time step size At = 0.1 and the spatial mesh size h = hy = hy, = 1/1024.

The evolution of the absolute mass error (the difference between the mass along the time and

- ' 1 — 1
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.
-0.9 E -0.9
—— 1 aink
‘ ‘ | l ‘ |
-0.9 0.9

Figure 2.4: Snapshots of the numerical solution at t = 1, 10, 20, 40, 100 and 300 (from left to right
and top to bottom) produced by the LRI2 scheme with At = 0.1 and the double-well potential.

the initial mass), the supremum norm and the discrete energy of the first- and second-order
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LRI schemes with At € {0.1,0.2,0.5} and T = 100 is described in Figures 2.5, 2.6 and 2.7. We
see that LRIs preserve mass and MBP, and decrease the energy functional over time. Since the
supremum norm curves eventually reach values around 1, which is strictly less than 8 = 2/\/5,

we are allowed to take At = 0.5 in this case.

LRHa LRI2
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Figure 2.5: Evolution of the absolute mass error of the numerical solutions by the LRI schemes
with At = 0.1,0.2,0.5 and the double-well potential.
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Figure 2.6: Evolution of the supremum norm of the numerical solutions by the LRI schemes with
At = 0.1,0.2,0.5 and the double-well potential.
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Figure 2.7: Evolution of the energy of the numerical solutions by the LRI schemes with At =
0.1,0.2,0.5 and the double-well potential.

We now perform the simulations with the Flory-Huggins potential. Figure 2.8 shows
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snapshots of the numerical solution by LRI2 with At = 0.1 at time ¢t = 1, 10, 20, 40, 100 and 300.
The corresponding absolute mass error, supremum norm and energy of the numerical solutions
with At € {0.1,0.2} are illustrated in Figure 2.9. All expected properties are again satisfied. It
should be noted that At = 0.5 does not work in this case because the condition on At is more

restrictive than the case of double-well potential (cf. Remark 2.34).
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Figure 2.8: Snapshots of the numerical solution at t = 1, 10, 20, 40, 100 and 300 (from left to right
and top to bottom) produced by the LRI2 scheme with At = 0.1 and the Flory-Huggins potential.
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Figure 2.9: Evolution of the absolute mass error (left), the supremum norm (middle) and the
energy (right) of the numerical solutions by the LRI2 scheme with At = 0.1,0.2 and the Flory-
Huggins potential.

Next, we proceed with 3D simulations of the conservative Allen-Cahn equation with fixed
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¢ = 0.01 and spatial mesh size h = hy = hy = h; = 1/128. For the double-well potential, the
evolution of 3D isosurfaces computed by the LRI2 scheme with At = 0.1 at ¢t = 1,40, 100 and 300
is presented in Figure 2.10. Figure 2.11 demonstrates mass conservation, the MBP property and
the energy decay of the LRI2 scheme with different time step sizes At € {0.1,0.2,0.5}. For the
Flory-Huggins potential, isosurface snapshots by the LRI2 scheme with At = 0.1 att = 1, 40, 100
and 300 are shown in Figure 2.12. All three properties are verified in Figure 2.13 with At = 0.1
and At = 0.2.

-0.5 .05 -0.5 .05

Figure 2.10: Isosurface snapshots of the numerical solution at t = 1, 40, 100 and 300 (from left
to right and top to bottom) produced by the LRI2 scheme with At = 0.1 and the double-well
potential.
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Figure 2.11: Evolution of the absolute mass error (left), the supremum norm (middle) and the
energy (right) of the numerical solutions by the LRI2 scheme with At = 0.1,0.2,0.5 and the
double-well potential in 3D.
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Figure 2.12: Isosurface snapshots of the numerical solution at ¢ = 1, 40, 100 and 300 (from left
to right and top to bottom) produced by the LRI2 scheme with At = 0.1 and the Flory-Huggins
potential.
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Figure 2.13: Evolution of the absolute mass error (left), the supremum norm (middle) and the
energy (right) of the numerical solutions by the LRI2 scheme with At = 0.1,0.2 and the Flory-
Huggins potential in 3D.

106



Chapter 3

Noniterative Localized Exponential Time Differencing Methods for Hyperbolic Conservation

Laws

In this chapter, we develop and analyze noniterative localized exponential time differenc-
ing (ETD) methods for scalar hyperbolic conservation laws. The model problem is first discretized
in space by the discontinuous Galerkin (DG) method, resulting in a system of nonlinear ordinary
differential equations. To solve such a system, the second-order ETDRK scheme is employed with
Jacobian linearization at each time step, which can be combined with the standard TVB corrected
slope limiter to effectively handle moving shocks. To reduce the computational cost of matrix
exponential vector products, we propose a noniterative, nonoverlapping domain decomposition
algorithm in which the local Jacobian matrix is taken as the restriction of the global Jacobian to
each subdomain. The resulting localized ETDRK2 scheme requires no iteration between subdo-
mains while still enabling the same large time step sizes as the global ETDRK2 scheme. Rigorous
semi-discrete temporal error analysis is carried out for both the global and localized schemes,
and discrete mass conservation is established under periodic boundary conditions. Numerical
experiments for the Burgers’ equation in one and two dimensions confirm the theoretical results
and illustrate the accuracy and efficiency of the proposed methods. This chapter is based on the

work in [52].
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3.1 Model problem and spatial discretization

Let Q be an open, bounded subset of Rd (d=1,2,3)and T > 0, consider the following

initial-boundary value problem for scalar conservation laws:

oiu+V-Fu)=0, inQx(0,7T), (3.1a)
u=y, onadQx(0,T), (3.1b)
u(-,0) = ug, inQ, (3.1¢c)

where F = (f1, f>, --- ,fd)T e (CL{(R))4, y € L®(0Q x (0,T)) and ug € L®(Q) are given
(nonlinear) functions. We refer to [7] for a correct interpretation of the boundary condition (3.1b);
periodic conditions will also be discussed later (cf. Section 3.5).

To construct numerical approximations of the weak solution u to (3.1), we first dis-
cretize the equation using the DG method. For simplicity of presentation, we consider the
two-dimensional problem (i.e., d = 2) with Q = (0,1)2and F = (fl,fz)T. Let X}, be a fi-
nite element partition of Q into NxN), rectangles K; j = (X;_1/2, Xj+1/2) X (Vj—1/2: Yj+1/2)> for

1 <i < Ny,1<j< Ny, where

0= Xl/z < X3/2 <..< XNx+1/2 = 1, andO =y1/2 <y3/2 <..< yNy+1/2 =1.

Denote by x; and y; the midpoints of the intervals (x;_1 /2, X;.1/2) and (¥j_1/2, Yj4+1/2), respec-
tively, and define Ax; = x;, 1/ — x;_1/p and Ayj = yj11/2 — Yj_1/2- Let Ax = maxj <ij<N, AX;,
Ay = maxi<j<N), Ayj,and h = max{Ax, Ay}. In this chapter, we consider the finite dimensional

space V}, consisting of discontinuous piecewise linear polynomials:
W =1, € Ll(.Q) : vthi,j € ?I(Ki’j), 1<i<Ny, 1L5j< Ny},

where ?I(Ki,j) represents the set of polynomials of degree at most 1 on K; j; for higher order

DG methods, we refer to [32]. Let uy, € 1}, be an approximation of the weak solution u to (3.1),
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which is uniquely expressed as
up(x,y,0) = w30 +ul YO} 40, y) + ud 5O 50x, ), for (x,y) €Ky j t € (0,T), (32)
where ¢£’§-, for (1, k) € {(0,0),(1,0), (0, 1)}, are the local orthogonal basis functions given by
2(x — x;)
00 _ 10 _ i
¢i,j(an’) =1, ¢i,j(x,y) T T Ay an

The degrees of freedom (DOFs) u%kj are defined as
1

K,

00
i.j0) IKi, jl .

3
f u(x,y, t)dxdy, uilg-(t) = f u(x,y, t)¢i1’(}(x, y)dxdy,
Kj j Ki,j
3
u?,}(t) = W/ u(x,y, t)qb?’}(x,y) dxdy,
L] Ki,j
(3.3)
i.e., uy, is the I?—projection of the exact solution u into .
The DG formulation is obtained by multiplying equation (3.1a) by v, € V},, integrating by

parts over each element Kj ; and replacing the exact solution u by up:

d
a upLy dxdy = f F(up) - Vo, dxdy — Z fF(uh) ‘NeK; jvh ds, (3.4)
Kij Kij eCOK; ;e ’

where n, g is the outward unit normal vector to the edge e C 9K, for K € Xy, Since uy, is
discontinuous at x = (x,y) € e C JK, we replace F(uy) - n, g in (3.4) by a numerical flux

f)e,K (ullz?t(K)(Xa t)a u]e,lXt(K)(X, t)) with

(X, t) if x € 0Q),

a0 = fim w0, and g ® e = 35

}Mpx up(y,t) otherwise,

yeK ye(K)©

where yy, is the I?—projection of y into 01}, Similar to [32], the numerical flux b, g is assumed to

satisfy the following conditions:
(i) I)e,K(u’ u) =F(u) - ne .
(i) e,k is Lipschitz continuous.
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(iii) Be,x(u,v)is nondecreasing in u and nonincreasing in v.

(iv) For all pairs of neighboring elements (K,K’) and x € e = dK N dK’, we have

B (16 00,17 Fx,0) = =B o (W C 0,657 ®exn). @6)

In this chapter, we further assume that the numerical flux is sufficiently smooth in order to
construct the approximations in time with exponential integrators (cf. Section 3.2). Examples of

such numerical fluxes include the Lax-Friedrichs flux:

BiFi(u,0) = S[F(w) + F©)] - ne g — 2(v—w), fora= _ max ’ (F(w) - n )|,
€linfug,supug]

(3.7)

and the Engquist-Osher flux:

%
1 1 d
BEGeCo0) = 5RO + FO] mec = 3 [ |0 (F@) - e 38)
u
Next, we let vy, = qb (3.4) and use (3.2) as well as the orthogonality of the basis
functions to obtain
d |n K; xt(Kj,
4o f (#1472 dxdy = f Fup) - Vo dxdy — f ey, (1t ) ¢l
Ki,j Ki,j eC@K” e
forl1 <i <Ny, 1< j<Nyand(l,k) € {(0,0),(1,0),(0,1)}. As [ _(qb )ded | J;{Cl and
1]
T
k _ 2L 2k
V¢i, .= (Axi’ ij) , we deduce that
d Ik 3l+k 2k
4 T K ] Axl fl(uh)dxdy + Ay k falup)dxdy
i,j

int(K; ;) ext(K; ;)
/f)e K”( int(Kj ’uhx i,j )¢ll,k'ds]- (3.9)
eC@K
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The integrals on the right-hand side are computed by quadrature rules:

l/ﬂ%uwﬁwmyz%ﬁl with f = fi or f =
K

(3.10)
[ B (s ® .0, O 3.0) 4 9) ds  Teltescd) with ¢ = ¢,
e
forall elements K = Kj j € K, and edges e C K, where
Ngq
Ik(f) 1= Zl wqf(up(xkq, yrq DK,
= (3.11)
Y H(K) t(K)
ex
Je(he,xP) 1= Zl wqbeK(”E (xeq J’eq,t) uy (xeq’qu’t)> ¢(xeq,qu)|e|-
q=

Denote by u; J(t) = (u (t) u (t) u (t))Tthe DOFs of uy(t) on element K; jpforl <i < Ny,

1 < j £ Ny. We assemble the DOFs over all elements in the x-direction as follows:

Up(t) = (U1(0), Up(D), ..., Un, (DT,
(3.12)

where U; =(uj1,ui2,... ,u,-,Ny)T € [R{SNJ’, for1 <i < Ny.

Using this notation, we obtain from (3.9)-(3.10) the weak formulation:

= ” = glj( W) 1= Ko7l Bx; IK; ,J(fl(uh))+—71< (fo(u h))_ecazI:QJ (f)e,Ki,j‘l’i,J) ]
(3.13)

for1 <i < Ny,1<j<Nyand(l k) €{(0,0),(1,0),(0,1)}. As for the DOFs of uy,, we define

Gh = (Gl, Gz, ceey GNX)T’ Gi = (gi,l’gi,Z’ ’gi,Ny)T,

(3.14)
where g; ;= (g0 )8 8T, 1<i<Ny, 1<j<Ny.
The nonlinear equations (3.13) can be recast in the ODE form as follows:
d
3; 9% = Gn(Up. 1), Up(0) = Up,o, (3.15)

where Uy, (, is the vector of DOFs associated with uy, o, the I2-projection of ug into 3, (cf. (3.3)).
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3.2 Exponential time differencing Runge-Kutta method

To solve the nonlinear ODE system (3.15), we consider exponential Rosenbrock-type
methods [87] which linearize the equations at each time step via the Jacobian and make use
of matrix exponentials and exponential-like p—functions. These methods are fully explicit and
highly accurate while allowing larger time step sizes, compared to standard explicit time-stepping
schemes such as Strong Stability Preserving Runge-Kutta (SSP-RK). In the following, we apply
the exponential time differencing Runge-Kutta method of order 2 (ETDRK2) to match the second-
order DG approximation in space. It should be noted that the exponential Rosenbrock-Euler
method, equivalent to the first-order ETD method, is second-order accurate only for autonomous
problems [86]. The ODE system (3.15) is nonautonomous in general, especially when a domain

decomposition approach is considered (cf. Section 3.3).

3.2.1 Time discretization by ETDRK2

LetO0 =ty < t] < ... < tpgy = T be a uniform partition of the time interval [0, T] with
the time step size At = T/m, and denote by UZ1 an approximation of Uy (t,,). For given Uzq, a

linearization of (3.15) is

d
ZUp = LUy, + RYAUp, ) (3.16)

where L' = Ly (U}") is some linear operator and R} (U, 1) = Gp(Up,1,) — LUy, is the
nonlinear remainder. A common choice for L7! is the Jacobian of G, evaluated at t,:

m _ aGh

L =3 = E(UZQ). (3.17)
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For Uy, given by (3.12) and Gy, by (3.14), 7;} is a block tridiagonal matrix of the form:

AT, AT 0 0

AT AT, AT, 0
Lr;gzg%(ugﬂ)z . .|, @as

0 .. AR _inNe—2 AN—1Ne—1 AN —1,Ny

o . 0 AT N AT

where each block is a 3Ny X 3Ny matrix and

m ._ aGi
L' T 30y

(UM, 1<i<Ny, i'=i-1iori+L (3.19)

m

In general, the matrices A’l"”l (1 <i < Ny)arealso block tridiagonal while Az,i+1 (1<i<Ny-—-1)

and A" | (2 <i < Ny) are block diagonal.

To find a solution to (3.16) at t = ty,4.1, we apply Duhamel’s principle and obtain

At
e(At—s)Lm

AL
Up(tme1) =e Lh Uy (tm) + f h RZl(Uh(tm + 5), Y (tm + 5))ds. (3.20)

0

The ETDRK2 scheme is derived by approximating qu(Uh, ) on the interval [ty,, ty,41] by its
linear interpolation [38, 86]:
Ot = UM + At (ALL)GR (U, y™), (3.21a)
m+1 _ yym+1 m rim+1 . m+1 m . m m (yym+1 m
Up = O+ Atgp(Ar) |G (T ™) = Gr(URL ™ — L (T - U]

(3.21b)

where (M) = M~ 1(eM — I) and ,(M) = M~2(eM — I — M) for any invertible matrix M.

3.2.2 Slope limiter

Since hyperbolic conservation laws may exhibit discontinuities even when the initial
condition is smooth, we use the TVB (Total Variation Bounded) slope limiter as proposed in

[171, 33, 31] to capture moving shocks while maintaining the high-order accuracy in smooth
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regions. To this end, denote by m(ay, ay, ..., a;,) the TVB corrected minmod function:

~ ap, if lag| < Cprh?,
m(ay,az,...,ap) =
m(ay,...,ay), otherwise,

where Cjy is a constant defined in [36] and the minmod function m is given by

. ) sign(ap), ifsign(ay) = sign(ay) = ... = sign(ay),
m(ay,...,ap) =S r<n|2 la;|, withs =
SIsn

0, otherwise.

ForUp = (u;,j) € R3NxNY with u; ;= (u?(}, ulf, Ol)T the TVB corrected slope IlmlterAh is

defined as follows:

uimed) = ALy, (3.22)
where U(mod) (u(mod)) andu (mod) (u ’ulo(mod) uOl(mod)) with
5,] i] ’J 5] ’J ’J
10(mod) _ =~{(.,.10 .00 00 ,,00 _ .00 . .
Ui j = (]G ufy j— o ul) —uf% ). 2<I<Ne =1 1< <Ny, 3,23
01(mod) _ ~ (. 01 .00 00 ,,00 _ . 00 . . '
u,] —m(ui,j’ui,j+1 u,Ju’J ui,j_l),lngNx,2§]§Ny—1.

For boundary elements, we use the treatments proposed in [36]. For example, consider elements

K1,j,1 < j <Ny, near the boundary x = 0:

10 , 00 _ . o .
10(m0d) m(u1 U u1 J 2(u —7(0,y;, ))), if x = 0is an inflow boundary,
aJ
m (u%oj, ug(} u?S) if x = 0is an outflow boundary.

Combining ETDRK2 scheme (3.21) and the limiter (3.22)-(3.23), we obtain the following

algorithm:
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Algorithm 1 ETDRK2-DG method with TVB slope limiter

1: Compute UO(mOd) A%l (Ug).

2. form=0,1,...,M —1,do
Lr;lfl(mod) — 1, (UZl(mOd)> ’
Um+1(mod) Al [Um(mod) + Atgy <AtL (mod)) <Um(mod),y’l[n>]’
Um+1(mod) Al {Um+1(mod) + Atg, <AtLh(m0d)) [G (Um+1(m0d)’y;1n+1)

eh (Um(mod) 7/;;11) r;lfl(mod) <ﬁli:ln+1(mod) _ Uz@(mod))]}.

3: end for

Temporal error estimates for the ETDRK2 scheme as well as its conservation property
(under periodic boundary conditions) will be proved in Sections 3.4 and 3.5. Theoretical analysis
of the convergence of the approximate solution by Algorithm 1 and its nonlinear stability is still an
open question. We shall verify these properties numerically in Section 3.6 where it is shown that
the proposed ETDRK-DG method allows much larger time step sizes than the SSP-RK schemes,

without affecting the stability of the numerical solution.

3.3 Noniterative localized ETDRK2-DG method

The main cost of the ETDRK2 scheme (3.21) is the computation of actions of matrix ex-
ponentials or p—functions on vectors, especially when the size of Ly, is large. One possible
approach to reduce the cost is to use domain decomposition with nonoverlapping subdomains
and compute p—functions of smaller-sized matrices. In the following, we only consider the
two-subdomain problem for the sake of presentation; extension to the case of multiple strip

subdomains is straightforward.
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3.3.1 Space-discrete nonoverlapping domain decomposition formulation

LetQq = (x1/2=xNF+1/2) x (0,1)and Q; = (xNF+1/2’xNx+1/2) % (0, 1) be a partition
of Q with an interface ' = {er+1/2} X [0,1], where Nr is an integer such that 0 < N < Nj.
The meshes in Qp and Q;, denoted by X, 1 and X, , respectively, are the restriction of the

global mesh X, to each subdomain:

Kna :{Ki,jejchs 1<i<N, 1§j§Ny},

Ky ={Kij € Kp, ND+1<i<Ny, 1< <N}
Let 8,1; be the set of edges on the interface:
&, ={e=0Ky. jnoK 1< j< Nyl

To reformulate the space-discrete monodomain problem (3.9) as an equivalent two-

subdomain problem, we introduce the interface vector 4;, € R3Ny:.

Ay = (/11,,12, ,/1Ny>T, with A; = (A?O,A}O,Aj?l)T. (3.24)

ForI = 1,2, denote by V}, 1, the restriction of 1, to Qp, and by wy, 1 € 1}, 1, the approximation
of the weak solution u to (3.1) in Q. Similarly to uy, (3.12), the vectors of DOFs associated with
wy,1 and wy, , are:

T T

W, 1 () = (W1 (6), Wa(0), ..., WL (D) Wi o(8) = (Winp1(0), Wip42(8), -, Wi, (1)

where

T oo .,10 ,,,01 T . .
W; = (Wi,lﬂwi,Z’ ’Wi,Ny) , Wi j= (wi,j,wi’j,wi’j> , 1<i<Ny,1<j< Ny,
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Ik

The unknowns w;

are the solution to the following equations in Q:

dpe_ 3 f(w Ydxd +— f(w Ydxd
dt bJ T 1K ] Axl 1\Wh,1)axXAY 2{Wp,)axay

(K, ) ext(Kl J)) ¢lk ds — Z Afl 1<i<n,

- 2 fJeKlJ( Wn,1

eCOK; J\SF

(3.25)

andin Q»

d lk 3l+k

int(K; ) ext(K ) ‘
/f)eK”( w, J)¢lkds+ > AL Np+1<ishg
eCokK; J\SF ecaKi,J-né‘]l;

(3.26)

together with the interface condition:

|nt(KN ) |nt(KN 1.1)
lk _ 2 r+bLJ7\ Lk _ , , r
e
(3.27)
for1 < j < Ny,and (L, k) € {(0,0),(1,0),(0, 1)}. Here the function of the form wi”t(K)(x, t)or

wt &K (x, 1), forx € e C 9K, is defined asin (3.5).

Lemma 3.1. The two-subdomain problem (3.25)-(3.26) with the interface condition (3.27) is

equivalent to the monodomain problem (3.9).

Proof. Suppose uy, is the solution to (3.9). Letwy 1 = uplg, and wy > = uylq,, then (3.27)

becomes:

lk _ rJ r+L.Jj lk
A= /he’KNr,j (uh h )¢Nr i
mt(KN .]) eXt(KNF ]) Ik
/f)e KNN( up, u, >¢NF,st (3.28)

Int(KN +1 ) eXt(KN +1 )
- f)e KN ; h I+ ’ h s ¢5\If dS,
e ’ 1" +1,J F J
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fore = aKNF,j N 5KNF+1,j € 8,1:, 1 < j £ Ny, where for the third equality, we have used
property (3.6) of the numerical flux on edges shared by two neighboring elements. From (3.28)

and (3.9), we deduce that wy, 1 and wy, 5 satisfy the two-subdomain problem (3.25)-(3.26).

Next, assume that wy, 1 and wy, , are the solutions to (3.25)-(3.27). Letu, € V), such that
uh|Q1 = wp,1 and uh|92 = wy, 5. By the same argument (i.e. using (3.28)), we conclude that uj,

satisfies (3.9). O

Remark 3.2. For the interface unknowns, it should be noted that

00 _ 410 .
A0 =2°% 1<j<Ny. (3.29)

1 .
as ¢29|e = ¢i3|e =1,fore = aKNF,J- N aKNF_,_LJ-, andi = Nr.

The integrals in (3.25)-(3.26) as well as (3.27) (cf. (3.33)) are computed using quadrature

rules (3.10)-(3.11) as in the monodomain case. In particular, we have:

3l+k 21
- K J|[Axl K;, j(i(wp,1)) + ﬂK (Awn1)

-2 7e("e,1<i,j¢§5)‘ 2 ﬂ“‘], 1<i<N,  (330)
eCOK; \E}, ecOK; inEL

i,j''“h
d Wl = 3l+’< 2, k

iy 7e<f’e,1<i,j¢%f‘-) 2 ﬂl-"], Np+1<i<Nx.

d

eCOK; \&F ecOK; inEf;
(3.31)
T T .
LetGp,1 = (§1.92. . Np) and Gp 2 = (GNp+1 GNp+2: - Ny ) with
T T
Gi= <9i,1,9i,2, agi,Ny> » 9i,j = (g”,gll(},g?}) ;, 1<1<Nx, 1<j<Ny.

The two-subdomain formulation can be recast in the ODE form as follows:

d d

W1 = Gh1(Wh 1 An ), ;W2 = G, 2(Wh, An 1h), (3.32)
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together with the interface condition, for 1 < j < Nj,,and (1, k) € {(0,0),(1,0), (0, )}:

|nt(KN ) |nt(KN )
lk _ r-J r+LJ7\ ik _ , = of
A =Je (I)e’KNI‘,j (wh,l Wy 2 )¢Nr,i)’ e = OKNr,,j N OKNp+1,j € E)-

(3.33)
For convenience of presentation, we shall write 4;, = %F(Wh’l, W}, ) in place of the interface

condition (3.33).

3.3.2 Noniterative localized ETDRK2

We use ETDRK2 for time discretization and decouple the system (3.32)-(3.33) by lagging
the interface condition. Let W}?1 and W;(l)2 be the restriction of Uy, o (cf. (3.15)) to Q and

Q,, respectively. The noniterative localized ETDRK2 method is defined as follows: form =

0,1,...,M—1,
A=A (WL W), (3.34a)
swom+1l _ m m m m .m _
aptl = g (W{[}fl,Wg};l), (3.34¢)

Wit = Wittt + Aty (AL ) [, (W5 AR5 ) = G r (W AR5 )
~L (Wi - wi)]. 1=1.2,

(3.34d)

where L’}L"I, I = 1,2, are some linear operators. A possible choice for L’;}I is the Jacobian of

Gp,1 evaluated at ty;,; however, we observe numerically that such a choice leads to some CFL
constraint on the time step size, unlike the global ETDRK2 scheme (3.21). We thus construct L’Zl1 1

and L'ZZZ as the submatrices of the monodomain Jacobian (cf. (3.17)-(3.18)). In particular, we
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define

m m
Al Al 0
m m m
Ay Ao A3
m __ m .-
Lha =Lni(Wy ) 1= ’
m m m
0 ANp-1,Np—2 ANp-1Np-1 ANp-1Np
m m
0 ANF,NF—I ANF,NF
and
AﬁFH,NFH A;’Vnr+1,Nr+2 o o
Alr\rllr+2,Nr+1 AIY<I1F+2,NF+2 A%F+Z,Nr+3 o
L;rzrfz = Lh,z(wz’fz) = ,
o AIrGX—l,Nx—Z AZVGX—I,NX—I AIrGX—l,Nx
O o 0 AIVGLX’NX_I AR}x’Nx
0G; . ) .
where A’i”i, 1= aU—l(Wim) asin (3.19). We remark that the computation of the local matrix L’Zl“I
s i/ 9

only involves the local solution W,'Z"I, forI =1,2.

3.3.3 Slope limiter for localized ETDRK2

As for the monodomain case, to handle moving shocks, we incorporate the TVB corrected
slope limiter A}l (3.22)-(3.23) into the decoupled scheme (3.34). The limiter is applied globally
instead of locally on each subdomain to take into account the communication between the local

solutions across the interface.

120



Algorithm 2 Localized ETDRK2 method with TVB slope limiter

) 0(mod) 0(mod)\ _ 1 0 0
1: Compute <Wh 1 Wh > ) = Ah (Wh,l’wh,z)'

2. form=0,1,..., M —1,do

Lm(mod) _ Lh (Wm(mod)> 1=1,2, /.Lm(mod) _ 371 (Wh 1(mod) Wm(mod)) ’
WPTIH _ Wm(mod) + Atgy (Ath(mod)) Sn I(Wh m(mod) im(mod),yh ) I1=1,2,

(Wm+1(mod) wm+1(mod)) Al (lerznl-'-l’wm-'-l)’

T;_H(mc)d) ?1" ( m1+1(mod) wm+1(mod)) ,
Wm+1 _ ~;l;:11+1(mod) + Atg, (AtL (mod)) [9 ( m+1(mod) /’.{'m+1(mod),ylzn+1)
_gh k (Wh m(mod) Am(mod), V}:n) _ Lr}r:,([mOd) (W;::tl+1(mod) _ W}r:zI(mod))] . I=1,2

(Wh 1+1(mod) Wm+1(mod)) Al (W;?,T-Ia Wm+1) .

3: end for

3.4 Temporal error analysis

We carry out error analysis in time for the ETDRK2 scheme (3.21) and the localized ET-
DRK2 scheme (3.34), when the solution to (3.1) is sufficiently smooth (and no slope limiter is
needed in that case). Throughout this section, we assume thatF = (f1, ) € (GZ(R))Z and the
numerical flux is chosen to be either the Lax-Friedrichs flux (3.7) or the Engquist-Osher flux (3.8).
For simplicity of presentation, we consider constant Dirichlet boundary conditions; the same
results hold if y(x, t) is bounded or if periodic boundary conditions are imposed (cf. Section 3.5).
In addition, we use uniform spatial mesh sizes, namely Ax and Ay in the x- and y-directions

respectively. We begin by presenting some preliminary lemmas.

3.4.1 Preliminaries

We follow [202] to modify the flux functions f; and f, so that their first and second deriva-

tives are bounded. In particular, the model equation (3.1) satisfies the maximum principle in
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the sense that if the initial and boundary data, 1y and y, lie in [mq, Mg], then the solution to
(3.1) is also in this range. Thus we modify f; and f, outside the interval [mg — 1, M + 1] so that
the new functions have zero first and second derivatives. For convenience, we still denote these

modified functions by f and f;, and define the constants L r and L ¢ ¢ as follows:
Ly := '@, 1> ,andLfrys := "W, |y . 3.35
f gﬁgﬁ{lfl @l 1w}, and Lg ¢ {pgﬁ{lﬁ W), |5 W} (3.35)
Lemma 3.3. For K € X}, and e C 0K, the numerical flux b, g satisfies

|he,x (1, V) — b x(, 0)| < Lf(|u —a|+|v="90]), VYu,0u,4,0€R. (3.36)

In addition, the partial derivatives 0,5, x and d, b, k are Lipschitz continuous.

Proof. We only consider the edge-cell pair (e,K) with e C dK such thatn, g = (1, 0)T (similar
results can be obtained for other cases, i.e.,,n, g € {(—1, 0)T, 0,17, (0,-1)T}). The numerical

flux e g reduces to

B v) = S+ A@] - S0 -w, a=  max £,

[infug,sup ug]

for the Lax-Friedrichs flux, or
EO 1 1 (7
BE% @ v) = SLAG + AW -5 | I Wldw,
u

for the Engquist-Osher flux. As a consequence, the partial derivatives are given by

ouitfgu o) = L1 4 € ando,gtf(u vy = L &, (337)

for the Lax-Friedrichs flux, and
OBk (1, flf” lfl’;”)l = max{fj (u), 0}, (3.38a)
80BE (u,v) = fl’év) 'fl( N ming ), 0} (3.38b)

for the Engquist-Osher flux. In either case, |0y, he x(u, V)| < Ly and |9yhe, g (u, v)| < L forall
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u,v € R,asa < Lf. Therefore, for allu, v, 41, 0 € R, we deduce that

|Be,k (4, V) — he,k (1, 0)| < [he,k (1, V) — be, k (1, O)| + [he,x (1, 0) — b, g (1, )]

SLf|U—O| +Lf|u—1f£|.

Next, the Lipschitz continuity of 6, b, g and 9y, k are trivial for the Lax-Friedrichs flux (3.37).

For the Engquist-Osher flux, it is implied from (3.38) that

fw-g@ g -1l
2 + 2

<A@ —-A@|<Leglu—al,

10,5 % (. v) — BuHE% (@, )| <

where we have used the inequality ||a| - |b|| < |a—b|foralla,b € R in the second estimate.

Moreover,

10ub5 % (1, v) — 8, b5 % (u, 0)] = 0.
Thus 6uf)g% is Lipschitz continuous, and the same conclusion holds for avf)g%. ]

Lemma 3.4. For any functions a,b € €2([0, T]), there exist positive constants 6; and 6, such

that

AtA; Sfl(a(tm)) + Aitfl(a(tm"'l)) — fila(ty, +9)| < elAtz,
and
At —s

AL e, x(a(tm), b(tm)) + éf)e,K(a(thl)a b(tm+1)) — e,k (a(tyy + ), b(ty, + 5))| < 6,At2,

foralls € [0,At]and m € {0,1, ...,M — 1}, where 6; and 6, depend on Ly, Lgyand e2([o, T])-
norms of a, b, and are independent of At.

Proof. Since fi,8,8e k and 3,8, k are all Lipschitz continuous, it suffices to show that for any
function p € CL(R) with p’ being Lipschitz continuous, i.e., |p’(t) — p'(s)| < Lplt —s|,Vt,s € R,
it holds that

At —

S S
Tp(tm) + Ep(tm+l) — p(tm + )| < C(Lp)Atz, (3.39)
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for some constant ¢(Lp) > 0 depending on Ly. Indeed, by the mean value theorem, there exist

Ay Pm € [tm, tm+1] satisfying

[ S5 pltm) + 5 (tma1) = P + 9)
= [F5 5 0ttm) — bt + ) + 1 (Btm 1) = Pl + 5)
=[S0 () + (A = 9P’ (B

S(At S)

’ At L 2
= ———p"(Bm) — p'(am)| < _Lp|5m —am| < _At
4 4
where we have used the inequality s(At — s) < %Atz foralls € [0, At]. The proof is completed

by applying (3.39) with p = fi(a(-)) or p = b x(a(-), b(-)). O

3.4.2 Temporal error estimates

We present error analysis for the global ETDRK2 scheme (3.21) in Theorems 3.5 and 3.6.
Similar results for the localized ETDRK2 scheme (3.34) are proved in Theorem 3.7. Since y is

assumed to be constant, we shall omit the argument y, in G or Gy, 1,1 = 1, 2.

Theorem 3.5. Let Ax and Ay be fixed and assume Uy, € el(lo, 1], [R3NxNy) is the exact solution
of the space-discrete problem (3.15). The numerical solution U””"‘1 given by (3.21a) satisfies the

following estimate:

IO — Up(tms1) oo < (€€0AL + ¢ AD[[UT — Uy (ty)lloo + c2AL2, (3.40)

form =0,1,...,M — 1, where ¢y and c¢; are positive constants depending on Ax, Ay, L,,, Lf and

T, and independent of At.

Proof. Equation (3.21a) can be rewritten equivalently as

— m
ot = Alnum 4 / ((At=S)Ly R (UM)ds. (3.41)
0
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Subtracting (3.20) from (3.41), we have

_ m At 3 m
OF = Upoman) =M O = Uyt + [ M (RO — RO )]
0
At (At—s)LM
+ f e R (Up(tm)) — RPN (Up(ty, + 5)) | ds.
0

Taking the supremum norm on both sides of the above equation yields

AtLM

IO+ — Up(tmt)lloo < lle™ h oo IUT — Up(tm)llco

At (At—s)LM
" f AR | IRE(UT) — RI(Up (6o
0
AL At—s)LI
" f AR | IR (Up(t) — RI(Up (i + Dloods.
0
(3.42)

To bound the terms on the right-hand side, we first deduce from (3.35) and Lemma 3.3 that

I oo < cos (3.43)

for some constant ¢y = co(Ax, Ay, Lf) independent of At. Then forany ¢t > 0, it follows that
m m
le'Th o < e MEnlleo < geot, (3.44)
<7 3NxN
ForV,VeR Y, we have from (3.35) and (3.36) that

IGL(V) = Gr(Wleo < C0lIV = V][eo»

for some constant ¢y = co(Ax, Ay, L ¢) independent of At. This, together with (3.43), gives us

IRPV) = R Vlleo < [GR(V) = G(Wlleo + ILF(V = V)]0

< (co + IV =Vl o- (3.45)
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Using (3.44) and (3.45), we obtain the following estimate from (3.42):

At
[T+ — Up(t)lleo < €OALUT - Up(tm)lco + (co +p) fo 0B=ds U — Uy (tm)lco

At
#(eo+7) [ COBIUL(tm) ~ Upltm + 9lods:

Since Uy, € €1([0, T], R3N*NY), thereis L, > 0 such that

IUR(S) = UpOlloo < Luls —tl, Vst € [0,T]. (3.46)

Hence [Up(tm) — Up(tm + $llco < Lys. This and the fact that e€0(At=5) < 0T imply
[T+~ Upltmslleo < (€02 + (co +T0)e0TADIUJ! = Up(tm)lao + 50 + To)Lue 0T AL
=1 (02! + 1 AD[[UM — Up(tm)llco + 2412,

where ¢; = (co + ¢9)e0T and ¢, = %(co +Co)LyeoT. O

Theorem 3.6. Let Ax and Ay be fixed and assume Uy, € e2([o, T, [R{3NxNy) is the exact solution

of the space-discrete problem (3.15). Let (U?ﬁ)m_l M be the numerical solution given by the

global ETDRK2 scheme (3.21), then it holds that

UM — Up(tm)ll o < CAL2,

form =0,1,...,M, where the constant C > 0 depends on Ax, Ay, L,,, Lf, Lff, T and (:’2([0, T))-

norm of Uy, and is independent of At.
Proof. We rewrite equation (3.21b) as

Ut =e

At
AL f LAt [AL—

m mym S mmim+1
num 4 SORU + SREOD |ds (3.47)

0
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Subtracting (3.20) from (3.47), we have
Ut — Up(tygr) = 50 (U = Up(tm))
A (At—s)L7 At — meyim m mepim+1 m
[ @I | S (RECU) — RE(UA(En) + 27 (RECTTH) = RE(Up(tms1)) | ds
0

At
+/ e(At= S)Lm[AtA Rm(Uh(tm))'l' Rm(Uh(th)) RZQ(Uh(tm‘*'S))]dS
0

Taking the supremum norm on both sides of the above equation and using (3.44) and (3.45)

yields

U — Ut Dllco < eSOAUT — Up(t)ll oo

t
_a[At—s — S |17
n f oCo(At—s) [ N (co + IUN — Up(tm)llco + E(CO + c0)||UZ’l+1 _ Uh(tm+1)||oo] ds
0

At
+ / oCo(AL— —s) | A
0

By using e€0(Af=5) < (0T e deduce that

=R (U () + 2RI (Up(tm1) - Rm(Uh<tm+s>>H ds.

1 —
U5+ = Unttm)leo < (0% + 30 + Te0Tat) U = Ut

+ (Co + co>ecoTAtnUm+1 — Up(tmsDlloo

At —s S
4+ ecoT f H R (Up(tm)) + 2 RI(Up(tm1)) — R (Up(tm +s))” ds. (3.48)
0 0

It follows from Lemma 3.4 that

At —s S
|55 R OB + SR U (tms1) ~ RE(Uptm +9)| <38, (3.49)
(6¢]

where c3 > 0 depends on Lf,Lef and €%-norm of Uj,. Combining (3.40), (3.48) and (3.49), we
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obtain

1 —
UL = Upltms)les < (¢902 + 3 (6o + T0)eOTAL(L + 0 + 6140 [UJ? = Upltm)loo
1 —
+ €c0T<§(CO + CO)C2 + 03) At3

< (e0AT 4 4 AD|UT! — Upy(t)llo + c5AL, (3.50)

wherecy = %(co +¢9)e0T(1 + 0T + ¢;T)and 5 = eCOT(%(CO +cg)ey + 03). By repeatedly
applying (3.50), noting that Ug = Uy, (tp), we arrive at

CsAt3

(e0AL 4 c A — 1
eC0AL e AL —1 [ ]

10, = Un(tm)llco

C C
< c—SAtz[eCOtm(l +egAD)M —1] < C—S[e(C0+C4)tm — 1]A22.
4 4

The proof is complete by setting C = E—S[e(00+c4)T —1]. O
4

Theorem 3.7. Let Ax and Ay be fixed and assume Uy, € €2([0, T], [R3NxNy) is the exact solution
of the space-discrete problem (3.15). Let W}* = (W}Tl,W[l"z)T be the numerical solution given

by the localized ETDRK2 scheme (3.34), then it holds that

W/ — Up(tm)llco < CALZ,

form = 0,1, ..., M, where the constant C > 0 depends on Ax, Ay, Ly, L¢, L ¢ ¢, T and e2([o, T])-

norm of Uy, and is independent of At.
Proof Form =0,1,...,M — 1, denote by W[l”"'l = (Wﬁ”{"l,Wflnz"'l)T, and let

. 0 oA ) O
cm = | ! . Then g(AtLlm) = hl . 1=1,2. (351)

o Ly, (o) Pi(ALLY )

In addition, given the relation (3.33) between 4, and the subdomain DOF vectors W[lnl and W;lnz,
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we deduce from the right-hand sides of (3.30)-(3.31) and (3.13) that

m am m
9h,1(wh,1 ) _ 9h,1(wh) =Gh(w;f"). (3.52)

n2(Wip2™)) \Gn2 (W)

With (3.51) and (3.52), we can rewrite the localized ETDRK2 scheme (3.34) equivalently as follows:

W = W 4 Aty (ALETHG (W), (3.53)
WL = W+ Atgp (AL [GR(WHD) — GRp(W)™) — LW — W]

Hence, the proof for Theorem 3.7 can be done in a similar manner as Theorems 3.5 and 3.6,

noting that

IRt leo < €5 and [RPHV) = R V)0 < (c5 +C)IV = V] cos

forall v,V e [R3NxNy, where ¢ is some positive constant independent of At, and RZ”(V) =

Gp(V) - LV, O

Remark 3.8. The estimates in Theorems 3.6 and 3.7 still hold in the L'-norm (instead of the

L*®-norm). In particular, for the former we have

uh(tI’H)lKl,J (tm) + u (tm)¢ (tm)le _]’

m _ OO,m 10 m 01 m
Un |Ki,j =Y, ¢ ¢l W’

forall elements K; ; € K, where Up(tp,) = (u%k-(tm))i,j,lk is the solution of the space-discrete

problem (3.15) and Uh (u )1 ik is the numerical solution by the ETDRK2 scheme (3.21).

129



lk,m
Let Uy — Up(tm) = (15" i, j, 1k then

Ny Ny
I~ unltal gy = 3, O, /
i=1j= i,j
Ny 00, 10, 01
m m ,m
DID) K31 (17 1™+ 1)
i=1j=
Nx Ny
< Y. D) K jI3CAL = 3]Q|CAL?,
i=1j=1

OO,m 10m Ol,m 01
g G 90l axdy

where we have used Theorem 3.6 and the facts that |¢i1(])'| <1land |¢?§-| <1lonkj ;€ Xp.

3.5 Periodic boundary conditions and discrete conservation

In this section, we extend the global and localized ETDRK2 methods presented in previous

sections to the case of periodic boundary conditions. For spatial discretization, such boundary

conditions are incorporated in the numerical flux b, g (ui}?t(K)(x, 1), uZXt(K)(X, t)), where
int(K) T ext(K) T
up (X, 1) = }M\X up(y,t), and u, (%, t) = )![px up(y, t). (3.54)
yeK ye(K)©

ext(K; 1)
Note that to compute u, b (x,t) when x € 9Q, the standard periodic extension for uy,

is applied to define uy(y,-) withy & Q. As a consequence, the ODE system (3.15) becomes

autonomous:

d
7 0n = Gh(Up), Up(0) = Uy, (3.55)

where Gzer is defined similarly to (3.14) with the numerical flux computed based on (3.54) (i.e., no
Dirichlet data). In the following, we present the formulations of the global ETDRK2 and localized
ETDRK2 schemes corresponding to (3.55), and prove the discrete conservation property for each
scheme. Note that compared to Dirichlet boundary conditions, the main difference lies in the
formulation of the linear operator Ly, or Ly, ;, I = 1, 2. The application of the TVB-corrected slope

limiter is done in the same manner as (3.22)-(3.23), and the results for temporal error estimates
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in Section 3.4 can be extended straightforwardly to the case of periodic boundary conditions.

For simplicity of presentation, we again consider uniform mesh sizes Ax and Ay.

3.5.1 Global ETDRK2 method
Form=0,1,...,M —1,
Ot = U + Argy (AL)™) GHE (U

upH = Um+1+Atqoz(AtLperm)[GZer(ﬁhmH) GPEI(UI) — LI (T —up)]

(3.56)
where the linear operator Lher’m is the Jacobian of Gzer att =ty
A’i’?1 A’fz o A’i’fo
m m m
aGper A2,1 A2’2 A2’3 cee 0
per,m — h my __ . . . . .
Ly = 50, um=| : . . . : . (3.57)
m m m
0 ANx—l,Nx—z ANx—l,Nx—l ANx—l,Nx
m
ANX5 0 ANX7NX_1 ANx,Nx
per
Here the block matrix Al = 8U (U
Lemma 3.9. The ETDRK2 scheme (3.56) is conservative for any time step size At:
/ u;l” dxdy = / u?l dxdy, Vm=1,..,M. (3.58)
Q Q
Proof. We have
Ny Ny
f pdxdy =3 Z K jlup ™ = ZTUl,
i=1j=

where

T T _ 3N .
Z= (21,7, ,2N,) - % = (IKi,11,0,0,[Ki 2], 0,0, .. [Ki N, ,0,0) € RV, 1 <i < Ny
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From (3.13), it is implied that

int(K; ;) ext(K )
|K ,Jlgl,] - GZI:< (I)e K; .J (uh v »Up b )) ’ (3.59)
eC i

for every element K; ;. Taking the sum of (3.59) overi € {1,...,Ny}and j € {1, ..., Ny} yields
i, g y
Ny Ny
zTGh(up) = Z Z IK;, J|g?3 =0, (3.60)
i=1j=

where we have used the definition of Z and property (3.6) of the numerical flux §, k. Note that

(3.60) holds for any vector Uy, € R3NxNy, thus Zi’wG'[;le'r = 0. As a consequence,

azTGch®)
ZTL}pzer’m = W(Uzq) =0. (3.61)
Ty per,m T 3Ny i
LetZ L), ({1 m 5“2 m ng,m> where §j ;,, € R™Y satisfies
T _
Slm =2 ATy +2;AT + 2§ A1 =0
T m Tam m :
$iim —zl AT 2 AT +Zl+1Al+ll—0,fOI‘ZSISNx—l, (3.62)
T _
SNpm =7 AT+ ZNx AN 1Ny T 25, AN N, = O

By Taylor’s expansion, there exist square matrices B; and B, such that

per,m per,m,_1 AtLZer’m per,m
gol(AtL )= (AtLh ) e -I)=1+ Lh B,
per,m 1
P2(ALLES"™) = (ArLPE"™) 72 ( Aty " _p_ AtL;’fr"”) =1+ L) B,.
Therefore, the following identities hold:
1
2T (AtLE"™) = 2T, and ZTpy(ArL)*"™) = EzT. (3.63)

Multiply ZT on both sides of equations (3.56) respectively, we then obtain
zTop+t = zTul + arzTGR (U,

_ At _
zTup+! = 2oyt + = 276, O+ - 276 o).
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Note that ZTGper(Um) = ZTGper(UZ“'l) = 0 due to (3.60), we deduce that

ZTUZ/H-I — ZTij’L+1 — ZTUm’
forallm=0,1,..., M —1. O

3.5.2 Localized ETDRK2 method

Due to the periodic boundary conditions, we have another interface, denoted by I' =
{x1/2} x[0,1] = {xNx+1/2} %X [0,1]. Let /_lh be the interface vector associated with I'. Similarly
to (3.32), we obtain the two-subdomain formulation which is equivalent to (3.55) and consists of

solving the local ODE systems:

d

d
i Wn1 = gZ?{(Wh,l,/lh,/l_h), —Wy, = gz,ezr(wh,z,/lh,/l_h), (3.64)

dt

together with the interface conditions, for 1 < j < Ny, and (L, k) € {(0,0), (1,0), (0, 1)}:

int(Kpny ) |nt(KN )
lk rsJ r+LJ7\ L1k _ , _ T
A =TJe (I’eKN J< Wp1 Wy 2 >¢Nr,j)’ e = 0KNp,j N KN 41,j € €

(3.65a)

Ik |nt(KN J) |nt(K1 J)

Again, we write 4;, = %F(Wh,l,wh,z) and 4, = Z%(Wh,l,wh’z) in place of the interface
conditions (3.65).

As in the Dirichlet case (cf. Subsection 3.3.2), we construct the local linear operators

per,m per,m
L L 2

from the monodomain Jacobian

per,m
and Lh

. In addition, to ensure that the

per m

numerical solution given by the localized ETDRK2 is conservative, we further modify L and

LIDeIr M 5o that they preserve (3.62). In particular, the local matrices need to satisfy

T perm T -
Z; L (glm ;Zm gNr,m>_0’

Z%’Lper ,m

(3.66)
(gNF+1 m ;NF+2 m ;IEx,m> =0,

T T
whereZ, = (zl,zz, ’ZNF) ,andZ, = (ZNF+1’ZNF+2’ ,sz) . This can be obtained by
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defining LZ?{’m and LZ?zr’m as follows:

m m
ATy Al 0
m m m
Az A2 A3
per,m __ . . . . . m
Ll’l,l = : .. ‘. T. : + Mh,l’
m m m
O - ANp-1,Np-2 ANp-1Np-1 ANp-1Np
m m
0 o ANF,NF—l ANF,NF
and
m m
ANF+1,NF+1 ANF+1,NF+2 o
m m m
ANp+2,Np+1 ANp+2,Np+2 ANp+2,Np+3
per,m __ . . . . . m
Ly = : g ) ) : +My, 5
m m m
0 AN, —1,Ny—2 ANyg—1,Ny—1 ANy—1,Ny
m m
0 O ANX5NX_1 ANX’NX
where M;’Zl and M,”{fz are sparse matrices given by
iAm o .- 0 iAm o .- (o)
nq Nx,1 ny NF’NF+1
1 m 1 m
AN O 0 nyANpNp+1 O 0
m __ . . . m __
Mh,l_ : A : > Mh,z— ’
1 1
0) 0) —A (0) o ... —A"
ny Nr+LNT ny 1,Ny
1 1
0) 0) —A (0) o ... —A"
ny Nr+1LN1 ny 1,Ny
(3.67)
with
ny .= floor(Nr/2), and ny := floor((Ny — Nr)/2). (3.68)

In (3.67), only the first ny block matrices in the first column of MZ"I and the last ny block matrices
in the last column of M}"; are nonzero, for I = 1, 2.

The noniterative, localized ETDRK2 scheme with periodic boundary conditions is given
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by: form=0,1,...,M — 1,

Ap' = 5’7: (Wh 1> Wh, 2) ffz (Wh 1> Wh, 2) (3.692)
W = Wi + Ay (AtL'Der M) Gn1 (WL AL A, T=1,2, (3.69b)
Tt = (Wt W), 2y = 2 (W W), (3690
WPTI-H _ ~;ZLI+1 + Atg, (AtLper M) [gper <W;lnI+1 ;tm+1 /_lmH) gper (Wﬁfpllzq,/lzl)

-Ly (W -wi), 1=12

(3.69d)

Lemma 3.10. The localized ETDRK2 scheme (3.69) is conservative for any time step size At:

f wml dxdy+f wZ’y‘zdxdyzv/ wg,l dxdy+f wg,zdxdy, Vm=1,..., M.
Qq Q5 04 Q5
(3.70)

Proof. Asinthe monodomain case (cf. Lemma 3.9), we use (3.13) and (3.6) as well as the interface

conditions (3.65) to deduce that

Np Ny
= .=1
and
Ny Ny
Z%‘gper (Wh Z,Am’;tm) Z Z IK; J|g00 m _ Z /100 m Z 00 m (3.72)
_NI‘+1J :

The combination of (3.71) and (3.72) results in

2
> z}”g,‘f{ (w;jjl, Am,,_iz") =0. (3.73)

Using the same argument, we also have

+1

Z 2] g5 (WL, 2L 2, ) =o. (3.74)

We remark that, by the construction oprer n ZTLper ™ — 0and ZTLIoelr M — 0 (cf. (3.66)-(3.67).
y 2

135



Therefore, as in (3.63), there holds
Z{pr(AtLy ™) = 2], and Z{ gy (ArLp ™) = zI, =12 (3.75)
Multiply Z}r on both sides of (3.69b) and (3.69d) respectively, we obtain

Tgrm+1 _ 5T T gper m ,m
ZIWhI _ZIWhI+AtZIQ (WhI,/l ,/1 )

At +1

(3.76)
Taking the sumoverI € {1,2}in (3.76) and using (3.73) and (3.74), we deduce that
T +1 T +1 T
Z Zi Wy, Z Zi Wy, Z ;W'
which completes the proof. O

Remark 3.11. Matrices MZ“I can be constructed in a different way than (3.67)-(3.68) to preserve
discrete conservation. However, numerically we observe that the presented formulation for
MZQI leads to satisfactory results in terms of accuracy and stability of the noniterative localized

ETDRK2 scheme, especially when the solution is discontinuous.

3.6 Numerical results

We consider the Burgers’ equation in both one and two dimensions to illustrate the
performance of the ETDRK2 scheme and the noniterative, localized ETDRK2 scheme with multiple
subdomains. In the numerical experiments, we use uniform spatial meshes with h = Ax = Ay
and choose the Engquist-Osher numerical flux to handle the solution with discontinuities (similar
results can also be obtained with the Lax-Friedrichs flux). The integrals in the weak formulation
(cf. (3.10)-(3.11)) are computed by the two-point Gaussian rule in the x— and y—directions.
To efficiently compute actions of matrix exponentials or p—functions on vectors, we use the
Krylov subspace projection method [155] with the incomplete orthogonalization procedure

(phipm/IOM2) proposed in [173] (see also [130, 138]). In the following test cases, we also compute
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the Courant number:

At : At i
€ i= - max | f{ ()| in 1D, €= mix(|f1'(u)|, f;w)]) in 2D,

to confirm that the proposed global and localized ETDRK2 schemes allow much larger time step

sizes than standard explicit time-stepping methods.

3.6.1 One-dimensional Burgers' equation

We consider the initial-boundary value problem:

2
ut+(“—) =0, (x,t) € (~1,1) x (0, T),
2 /x (3.77)

u(x, 0) = % + %sin(nx), x € (-1,1),
subject to the periodic boundary conditions. The case of Dirichlet boundary conditions will
also be discussed later (cf. Table 3.5). The exact solution to (3.77) is given in [78, 82], which
issmoothupto T = 2/7. When T = 1.1 > 2/x, the solution becomes discontinuous near
Xshock & —0.72[82]. To capture the moving shock, we apply the slope limiter with fixed Cps = 50
(cf. Subsection 3.2.2). Figure 3.1 shows the snapshots at different times T = 0.3, 2/, 1.1 of the
exact solution and the numerical solution computed by the localized ETDRK2 scheme with 4
equal subdomains on a spatial mesh of size h = 1/80 and time step size At = 1/80. Note that
we do not plot the numerical solution by the global ETDRK2 scheme since it is indistinguishable
from the one by the localized ETDRK2. In Figure 3.2, we plot the evolution of mass by the global
and localized ETDRK2 schemes, which confirms that mass is conserved up to machine precision.

To verify the convergence rates in time when the solution is smooth, we fix T = 0.3 and the
spatial mesh size h = 1/2048 while varying the time step size At. For the noniterative, localized
ETDRK2 scheme, we consider a decomposition of (—1, 1) into Ng equal subdomains/intervals,
where Ng = 2,4,8. The L-errors of the numerical solutions given by the global and localized
ETDRK2 schemes at T = 0.3 are reported in Table 3.1, while the corresponding running times

are shown in Table 3.2 - note that these results are obtained with sequential computing. We

observe second-order convergence in time for all schemes, with the time step sizes significantly
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Figure 3.1: [1D Burgers’ equation] Snapshots of the exact solution and the numerical solution by
the noniterative, localized ETDRK2 scheme with 4 subdomains and h = At = 1/80.

x10714

w

(0)

)M

.M
/

1 4

=2 —ETDRK2
— Localized ETDRK2
-3 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Time

(t

Figure 3.2: [1D Burgers’ equation] Mass evolution of the global and localized ETDRK2 solutions
with 4 subdomains and h = At = 1/80.

larger than the spatial mesh size, allowing the Courant number up to 115.2. Regarding accuracy,
the errors become slightly larger when the number of subdomains increases since there is no
iteration in the localized ETDRK2 scheme and large time step sizes were used. However, localized
ETDRK2 is computationally efficient with similar running times as the global ETDRK2 scheme,
even when the subdomain problems are solved sequentially.

Next, we compare the accuracy and efficiency of the proposed ETDRK2 schemes with
the SSP-RK2 algorithm [36] for T = 0.3. We use the same spatial mesh size and different time
step sizes for SSP-RK2 and ETDRK2 schemes since SSP-RK2 is restricted by a CFL condition for
stability [36, 37]; the corresponding L-errors are reported in Table 3.3. We first observe that
second-order convergence is confirmed when the spatial mesh size and time step size are refined

simultaneously. Importantly, the errors by all ETDRK2 schemes with much larger time step sizes
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Table 3.1: [1D Burgers’ equation] LI-errors at T = 0.3 and corresponding convergence rates in
time by the global and localized ETDRK2 schemes with h = 1/2048.

Localized ETDRK2
At ¢ ETDRK2 2 subdomains | 4 subdomains | 8 subdomains
T/4 | 115.2 | 4.73e-04 9.00e-04 1.88e-03 3.97e-03
T/8 57.6 | 1.17e-04 2.25e-04 4.49e-04 8.50e-04
[2.02] [2.00] [2.07] [2.22]
T/16 | 28.8 | 2.90e-05 5.50e-05 1.08e-04 1.90e-04
[2.01] [2.03] [2.06] [2.16]
T/32 | 14.4 | 7.24e-06 1.32e-05 2.54e-05 4.15e-05
[2.00] [2.06] [2.09] [2.19]

Table 3.2: [1D Burgers’ equation] Running times (in seconds) of the global and localized ETDRK2
schemes with h = 1/2048 and T = 0.3.

Localized ETDRK2
At | ETDRK2 2 subdomains | 4 subdomains | 8 subdomains
T/4 2.28 2.07 2.21 241
T/8 2.22 2.70 2.55 2.85
T/16 2.75 2.37 2.74 2.84
T/32 2.27 2.40 2.54 2.84

are comparable to those by the SSP-RK2 algorithm. Moreover, the noniterative, localized ETDRK2

solution with multiple subdomains is as accurate as the global ETDRK2 solution.

Table 3.3: [1D Burgers’ equation] L-errors and convergence rates in both space and time by
the SSP-RK2, global and localized ETDRK2 schemes at T = 0.3. The Courant numbers for the
SSP-RK2 and global/localized ETDRK2 schemes are Cssp.rgz = 0.331 [36, 37] and € = 0.75,
respectively.

Localized ETDRK2
h | Alssprea | SSPRK2 | AL | ETDRK2 2 subdomains | 4 subdomains | 8 subdomains
1/64 1/145 1.57e-04 1/60 1.62e-04 1.66e-04 1.70e-04 1.82e-04
1/128 1/290 3.91e-05 | 1/120 | 4.02e-05 4.14e-05 4.22e-05 4.47e-05
[2.01] [2.01] [2.00] [2.01] [2.03]
1/256 1/580 9.75e-06 | 1/240 | 1.00e-05 1.03e-05 1.05e-05 1.11e-05
[2.00] [2.01] [2.01] [2.01] [2.01]
1/512 1/1160 | 2.44e-06 | 1/480 | 2.50e-06 2.58e-06 2.63e-06 2.76e-06
[2.00] [2.00] [2.00] [2.00] [2.01]

We now investigate the performance of ETDRK2 schemes when a moving shock is de-
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Table 3.4: [1D Burgers’ equation] L!-global errors and errors in smooth regions (where |x —

Xshock| = 0.1) by the global and localized ETDRK2 schemes at T = 1.1. The corresponding

convergence rates are shown in square brackets. The Courant numberis ¢ = 0.75.
Localized ETDRK2

h At ETDRK2 2 subdomains 4 subdomains

Global  Smooth | Global Smooth | Global Smooth

1/40 | 1/40 | 1.03e-02 5.04e-05 | 1.03e-02 1.01le-04 | 1.04e-02 1.24e-04
1/80 | 1/80 | 5.12e-03 1.23e-05 | 5.12e-03 2.50e-05 | 5.13e-03 2.98e-05
[1.01] [2.03] [1.01] [2.01] [1.02] [2.06]
1/160 | 1/160 | 2.55e-03 3.03e-06 | 2.55e-03 6.21e-06 | 2.55e-03 7.26e-06
[1.01] [2.02] [1.01] [2.01] [1.01] [2.04]
1/320 | 1/320 | 1.27e-03 7.50e-07 | 1.27e-03 1.55e-06 | 1.27e-03 1.80e-06
[1.01] [2.01] [1.01] [2.00] [1.01] [2.01]

veloped. We let T = 1.1 and compute the Ll-errors of the solutions by global and localized
ETDRK2 over the whole spatial domain and in smooth regions (where |x — Xshock| = 0.1). The
results are reported in Table 3.4, where At is chosen to be smaller than Ax to capture the moving
shock. Since low order approximation is applied near the shock, we observe the global first-order
accuracy of the global and localized ETDRK2 with two and four subdomains. In smooth regions,
both methods still preserve the expected second-order convergence.

Finally, we consider the case of Dirichlet boundary conditions (instead of periodic condi-

tions) for problem (3.77):
u(—1,t) = y(t) = v(-1,t), te€(0,T),

where v(x, t) is the exact solution to (3.77) (see [36, Example 2]). Note that x = —1 is an inflow
boundary while x = 1is an outflow boundary. For T = 0.3 and fixed h = 1/2048, we verify the
expected convergence rates in time of the global and localized ETDRK2 as shown in Table 3.5.

We notice that the errors are slightly larger than the case with periodic conditions.
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Table 3.5: [1D Burgers’ equation with Dirichlet conditions] Il-errorsat T = 0.3 and corresponding
convergence rates in time by the global and localized ETDRK2 schemes with h = 1/2048 .

Localized ETDRK2
At ¢ ETDRK2 2 subdomains | 4 subdomains | 8 subdomains
T/4 | 115.2 | 6.37e-04 6.92e-04 8.67e-04 1.29e-03
T/8 57.6 | 1.57e-04 1.67e-04 2.08e-04 3.11e-04
[2.02] [2.05] [2.06] [2.05]
T/16 | 28.8 | 3.87e-05 4.02e-05 4.96e-05 7.47e-05
[2.02] [2.05] [2.07] [2.06]
T/32 | 14.4 | 9.43e-06 9.61e-06 1.18e-05 1.75e-05
[2.04] [2.06] [2.07] [2.09]

3.6.2 Two-dimensional Burgers' equation

We now test the performance of the global and localized ETDRK2 schemes on a two-
dimensional counterpart of the previous example:

u

2 2
us + <7> + (u?) =0, (x,y,t) € (-1, 1)% x (0, T),
x y (3.78)

u(x,y,0) = % + %sin ((x +)), (x,y)€(-1,1)%

subject to the periodic boundary conditions. For localized ETDRK2, we decompose the spatial
domain into Ng equal strips of the form (x7, x74+1) X (—=1,1) forI =1, ..., Ng, with Ng = 2,4, 8.
The numerical solution by the localized ETDRK2 scheme with 4 strips/subdomains is displayed
inFigure3.3at T = 0.2and T = 0.45. Their corresponding diagonal cuts along with those of the
exact solution are shown in Figure 3.4. We can observe that the numerical solution approximates
well the entropy solution; it is free off any unphysical undershoot or overshoot and captures
well the discontinuities. In addition, the evolution of mass by the global and localized ETDRK2
solutions is depicted in Figure 3.5, confirming that discrete mass is conserved over time.

We first consider T = 0.2 when the solution is smooth and verify the order of convergence
in time of the ETDRK2 schemes using a fixed spatial mesh size h = 1/400 and varying large time
step sizes At, with the Courant number up to 30. The I1-errors between the exact solution and

numerical solution are reported in Table 3.6, where second-order convergence is observed for the
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Figure 3.3: [2D Burgers’ equation] Snapshots of the numerical solution by the localized ETDRK2
with 4 subdomains and h = At = 1/80.
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AtT =0.2. At T = 0.45.

Figure 3.4: [2D Burgers’ equation] Snapshots of the diagonal cuts of the exact solution and the
numerical solution by localized ETDRK2 with 4 subdomains and h = At = 1/80.

global and localized ETDRK2 schemes. Moreover, we remark that the accuracy of the localized
ETDRK2 scheme (without subdomain iterations) is almost the same as global ETDRK2, even with
many subdomains. The computational times needed to run the convergence in time test are
reported in Table 3.7. We notice that for the localized ETDRK2 scheme, the subdomain problems
are solved sequentially, thus the overall cost is higher than the global scheme. However, the
running times of localized ETDRK2 only increase slightly as the number of subdomain increases,

which shows the great potential of the method for parallel simulations. Next, we focus on the
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Figure 3.5: [2D Burgers’ equation] Mass evolution of the global and localized ETDRK2 solutions

(Mass(t?-Mass(O))/Mass(O)

— ETDRK2
— Localized ETDRK2

0.2

0.4

0.6 0.8 1

Time

with 4 subdomains and h = At = 1/80.

case T = 0.45 where discontinuity curves appear in the solution. Table 3.8 shows the L-errors
in both space and time from the global and localized ETDRK2 schemes. Similarly to the 1D
problem, both schemes achieve first-order convergence over the whole region due to lower

order approximation near the discontinuities, and maintain second-order convergence over the

smooth regions.

Table 3.6: [2D Burgers’ equation] LI-errors at T = 0.2 and corresponding convergence rates in

1.2 1.4 1.6

time by the global and localized ETDRK2 schemes with h = 1/400.

1.8 2

A e ETDRK2 Localized ETDRK2
2 subdomains | 4 subdomains | 8 subdomains
T/2 30 | 7.51e-03 9.24e-03 1.27e-02 2.37e-02
T/4 15 1.91e-03 2.25e-03 2.93e-03 4.82e-03
[1.98] [2.04] [2.12] [2.30]
T/8 7.5 | 4.74e-04 5.46e-04 6.83e-04 1.02e-03
[2.01] [2.04] [2.10] [2.24]
T/16 | 3.75 | 1.19e-04 1.36e-04 1.65e-04 2.18e-04
[1.99] [2.01] [2.05] [2.23]

Finally, we replace the periodic boundary conditions by the Dirichlet conditions on the
inflow boundaries at x = —1 and y = —1. We fix the spatial mesh h = 1/400 and compute
the L1 —errors in time at T = 0.2 between the numerical solutions by the global and localized

ETDRK2 schemes and a reference solution with a fine time step size At = T/512. The results
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are reported in Table 3.9, where the second-order convergence in time of both ETDRK schemes is

observed as expected (cf. Theorems 3.6 and 3.7).

Table 3.7: [2D Burgers’ equation] Running times (in seconds) of the global and localized ETDRK2
schemes with h = 1/400and T = 0.2.

At | ETDRK2 Localized ETDRK2
2 subdomains | 4 subdomains | 8 subdomains
T/2 17.13 2941 27.95 29.12
T/4 19.61 29.17 29.85 30.72
T/8 20.59 29.43 29.18 30.35
T/16 24.61 40.24 39.61 42.79

Table 3.8: [2D Burgers’ equation] L1-global errors and errors in the smooth region [—0.2, 0.4]% by
the global and localized ETDRK2 schemes at T = 0.45. The corresponding convergence rates are
shown in square brackets. The Courant numberis € = 0.5625.

Localized ETDRK2

n At ETDRK2
2 subdomains 4 subdomains

Global Smooth Global  Smooth Global Smooth
1/10 | T/6 | 7.67e-02 1.10e-04 | 7.66e-02 2.05e-04 | 7.77e-02 4.33e-04

1/20 | T/12 | 4.18e-02 3.45e-05 | 4.21e-02 4.59e-05 | 4.26e-02 8.08e-05
[0.88] [1.67] [0.86] [2.16] [0.87] [2.42]
1/40 | T/24 | 1.81e-02 9.63e-06 | 1.82e-02 1.11e-05 | 1.83e-02 1.85e-05
[1.21] [1.84] [1.21] [2.05] [1.22] [2.13]
1/80 | T/48 | 8.90e-03 2.51e-06 | 8.96e-03 2.74e-06 | 9.00e-03 4.42e-06
[1.02] [1.94] [1.02] [2.02] [1.02] [2.07]
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Table 3.9: [2D Burgers’ equation with Dirichlet conditions] L1-errors at T = 0.2 and corresponding
convergence rates in time by the global and localized ETDRK2 schemes with h = 1/400.

A e ETDRK2 Localized ETDRK2
2 subdomains | 4 subdomains | 8 subdomains
T/2 30 | 8.68e-03 9.31e-03 1.06e-02 1.31e-02
T/4 15 | 2.17e-03 2.32e-03 2.60e-03 3.15e-03
[2.00] [2.00] [2.03] [2.06]
T/8 7.5 | 5.27e-04 5.63e-04 6.29e-04 7.57e-04
[2.04] [2.04] [2.05] [2.06]
T/16 | 3.75 | 1.29e-04 1.38e-04 1.54e-04 1.85e-04
[2.03] [2.03] [2.03] [2.03]
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Chapter 4

Dynamically Regularized Lagrange Multiplier Methods for Incompressible Fluid Flows

This chapter presents dynamically regularized Lagrange multiplier (DRLM) methods for
the incompressible Navier-Stokes (NS) equations and the coupled Cahn-Hilliard-Navier-Stokes
(CH-NS) system. The chapter is organized into three parts. In the first part, we propose the DRLM
framework for the incompressible NS equations: a time-dependent Lagrange multiplier and
a regularization parameter are introduced to reformulate the NS equations into an equivalent
system that incorporates the kinetic energy evolution. First- and second-order DRLM schemes
based on backward differentiation formulas are derived and shown to be unconditionally energy
stable with respect to the original variables. Fully discrete energy stability is also proved with the
Marker-and-Cell (MAC) discretization in space. In the second part, we carry out rigorous temporal
error analysis for the first-order DRLM scheme. Based on a uniform bound on the Lagrange
multiplier and mathematical induction, we establish optimal error estimates for the velocity,
Lagrange multiplier, and pressure. These estimates are robust with respect to the regularization
parameter 6, meaning that the error bounds decay as 6 increases. In the third part, we extend
the DRLM framework to the coupled CH-NS system by introducing a Lagrange multiplier for
each of the Cahn-Hilliard and Navier-Stokes equations. The resulting DRLM schemes are fully
decoupled, mass-conserving, unconditionally energy stable, and require no stabilization terms.
Various numerical experiments in two and three dimensions verify the theoretical findings and
illustrate the accuracy and robustness of the proposed DRLM schemes. The results presented in

this chapter can be found in [48, 50, 49].
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4.1 DRLM method for the incompressible Navier-Stokes equations

We consider the incompressible NS equations, which govern the behavior of viscous fluid

flows and take the following form:

u;—vAu+(u-Vyu+Vp=£f inQx(0,T], (4.1a)

V.u=0, inQx(0,T], (4.1b)

subject to the initial condition u(x,0) = uy(x) and the homogeneous Dirichlet or periodic
boundary conditions. In (4.1), Q is an open bounded domain in R (d=2,3),u=(uy,.. ,ud)T
and p are the unknown velocity field and pressure respectively, (u - V)u denotes the nonlinear
convection, fis an external force, and v represents the kinematic viscosity which is inversely
proportional to the Reynolds number Re. It is well known that, in the absence of external forces,
the incompressible NS equations (4.1) under the prescribed boundary conditions satisfy the
energy dissipation law. Therefore, it has been highly desirable to develop numerical schemes for

(4.1) that preserve this key property.

4.1.1 The DRLM formulation and time-discrete schemes

For any two functionsu,v € (LZ(Q))d, denote by (u, v) the standard I inner product of
uand von Q, and |[u]g = v/(u, u) is the corresponding I? norm of u. Let X' (u) = %fQ lu|2dx

be the kinetic energy associated with (4.1), itis clear that

dgggu)=(ut,u) and  ((u-Vju,u) =0. 4.2)

In [197], a Lagrange multiplier q(t) was introduced to reformulate the NS equations (4.1) as

follows:

u; —vAu+qfu-Vyu+ Vp =f, (4.3a)
V-u=0, (4.3b)
dj;g“) = (u; + q(u - V)u,u), (4.3¢)
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However, the system (4.3) is not equivalent to the original system (4.1) because any constant
function q(t) satisfies (4.3c). To ensure the uniqueness of g, we introduce a dynamic term for q

in (4.3c) and consider instead the following equations:

u; —vAu+qu-V)u+ Vp =f, (4.4a)
V-u=0, (4.4b)
dX(u) dq?® _

T +6 T (uf + g(u- Vyu,u), (4.4¢)

where q(0) = 1and 6 > 0Ois a regularization parameter to be thoroughly studied in the numerical
experiments (cf. Section 4.1.3). From (4.2) and (4.4c), we can verify that at the continuous level,
q(t) = 1forallt > 0. Consequently, the new system (4.4) is equivalent to the original NS
equations (4.1). It should be noted that, unlike the SAV approach, the function g serves as a
Lagrange multiplier to enforce dissipation of the original energy. Additionally, the parameter
@ is crucial in our formulation to guarantee the uniqueness of the Lagrange multiplier at the
discrete level, and thus the numerical solutions. Let us next assume a uniform partition of the
timeinterval [0, T]: 0=ty <t < ... < tN, = T with the time step size At = T/n, and consider

the time discretization of the DRLM system (4.4).

Remark 4.1. In the case of inhomogeneous Dirichlet boundary conditions where u|gq = up,

(4.4c) is replaced by

2
P 4 6% = (uw) + a (@ Vww — 3wy n hapPa)

where (-, )3 denotes the I inner product on dQ and n represents the outward unit normal

vector to 0Q.

The first-order in time DRLM scheme By applying the first-order BDF (i.e., backward Euler)

method to equations (4.4a)-(4.4c) with an explicit treatment of the nonlinear convection term,
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we obtain the following first-order in time DRLM scheme: for0 < n < Ny — 1,

un+1 —u
o —yAu"tl 4 gl . v)u” 4+ vpitl = il (4.5a)
V.utl =o, (4.5b)
jc(un+1) _ K(u”) (qn+1)2 _ (qn)Z uI’l+1 —u” ntlen n ontl
AL +6 A7 = AL +q" (- Viu",u , (4.5¢)
where u"*1 satisfies either the periodic or homogeneous Dirichlet boundary conditions, f**+1 =

f(t;,41) is given, u’ and p' are approximations of u(t;,) and p(t,,), respectively.
Following [123, 124,121, 197], an efficientimplementation of the first-order DRLM scheme
(4.5) can be achieved by decomposing each of the unknown quantities, the velocity u**! and

n+1

the pressure p" ™+, into two components as follows:

n+1

1 1
uttl = ot 4 gt (4.6)

pl’l+1 — pll’l+1 + qn+1p£l+1. (47)

Plugging the above equations into the system (4.5), we arrive at

1:ln+1 + qn+1un+1 —u”
1 2 _ VA(U{H'I + qn+1u£l+1) + qn+1(un . V)un + V(pll'z+1 + qn+1p£1+1) — fn+1, (4.8a)

At
V. (H{H'l + qn+1u£1+l) =0, (4.8b)
f]C(u;H'l + qn+1ug+1) _ f]C(u”) N e(qn+1)2 _ (qn)Z
At At
- (ui‘“ + q"rtuﬁ’“ —W I Vur upt + q”“ué’“) : (4.8¢)

We then split (4.8a) and (4.8b) into two systems of generalized Stokes equations:

un+1 _—
1 7 — vAu?‘H + Vp{’Jrl = f+l, (4.9a)
V.ultl =, (4.9b)
and
un+1
ZAt —vAautt! 4 (- V)u" + vpitl = o, (4.10a)
V-uitl =, (4.10b)
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where u’f"'l and ug'"l satisfy the same boundary conditions asu™*1, i.e., either homogeneous

Dirichlet or periodic boundary conditions. For the NS equations with inhomogeneous Dirichlet

datau|gq = up, weimpose uf ! = up (¢4 1) and utt1 = 0 on 9.

Note that the two systems (4.9) and (4.10) are linear and can be solved independently of
q"*1 (cf. Subsection 4.1.2 and [123, 149]). Once ul 1, ult*1, pf1*1 and pit*1 are determined,

we compute g *1 from (4.8c) by solving the quadratic equation:

ALn41@)? + By 1@ + Crpga =0, (4.11)
where .
1 1
Appar = 303G + 0 + Arv|Vad T3,
Bt =~ —u ) — Aq@” - V)u", ufth,
1 1

Cin+1 = —5luf™ —u™|§ - 6(q").

To derive A1 41, we have used the property (ﬁu?"’1 +@" - Vyut,ufth) = —y|vaitl)2

obtained from (4.10) and integration by parts.
We remark that Ay 41 > 0and Cy 41 < 0forany @ > 0. Therefore, the quadratic
equation (4.11) has a unique positive solution g1 for any positive regularization parameter 6.

n+1

Once q is known, we update u*1 and p"*! using equations (4.6) and (4.7), respectively.

The second-order in time DRLM scheme To construct the second-order DRLM scheme, we
assume u”~1 and u” are given and denote by @”*1 = 2u” — u"*~! the second-order extrap-
olation to be used for the approximation of the nonlinear convection term. By applying the

BDF2 method to equations (4.4a)-(4.4c), we obtain the following second-order DRLM scheme:
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forlr<n<N;—1,

3utl — 4u” + u!

AT —pAultl 4 qn+1(ﬁn+1 } V)ﬁ”+1 + Vpn"'l — fn+1, (4.12a)
V.-u'tl =, (4.12b)
3K @) — 4% + K@) 3@ - 49" + (@D

2At 2At
_ (3u”"‘1 —;Xt” +ut~1 + gt i@ntl. V)ﬁ”"‘l,u”"'l), (4.12¢)

where u”**1 satisfies either the periodic or homogeneous Dirichlet boundary conditions, u! and
q! are computed using the first-order DRLM scheme (4.5).

The second-order DRLM scheme (4.12) can also be implemented efficiently by again

decomposing each of the two unknowns u”"t1 and p""‘1 into two components, as in (4.6) and
(4.7). From (4.12a) and (4.12b), we obtain the generalized Stokes systems for u'*! and pf*+!
(i =1,2)asfollows:
3uttl — gy -l
1 AT — vAu?"'l + Vp?"'1 = 1+l (4.13a)
V.ultl =, (4.13b)
and
3un+1
ZZN —vAudt 4 @l vya+l 4 vpittl = o, (4.14a)
V.uitl =o. (4.14b)

After determining u?“ and p?” (i = 1,2) from the linear systems (4.13) and (4.14), the discrete

Lagrange multiplier g"*1 is obtained from (4.12c) by solving the quadratic equation:

Ap 1@ + By 1@ + Copg1 = 0, (4.15)
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where

3 1 1
Agpe1 =505 TG + 30 + 2800 Vui T,

Bypt1 =-(Gultl —au” + w1 ufth —2ar(@™*! - vygttl ulttl,
1 1 1 _ _
Cons1 = =2uf™*! —u[F+ Sjui*t —uHE - 6 [4@") - ("1

To derive Ay ;,+1, we have used the fact that (%u?"‘l +@ L. vyartl ulth) = —y|vaftl2
dueto (4.14) and integration by parts. Since A ;41 > Oforall© > 0, the algebraic equation (4.15)

attains two solutions:

n+l

2
—Byp+1 \/Bz,n+1 —4A2 n+1C2 n+1
q+ = .

2A2 n+1

Because the exact value of q is 1, we choose the root that is closer to 1. We observe numerically

n+l _ n+l

that C 41 < 0if O is sufficiently large, making q qy " the unique positive solution.

n+1 n+1

Finally, u and p are computed from (4.6) and (4.7), respectively.

Remark 4.2. Another possible way to construct the DRLM scheme of order 2 is based on the

Crank-Nicolson method, where the time-discrete version of (4.4) is given by

n+l _yn
u — —pAult1/2 qn+1/2(ﬁn+1/2 .V)anh+l/2 4 Vp”+1/2 = f1+1/2, (4.16a)
v.utl/2 o (4.16b)

K@ —x@™) | (@FTD2 (@2 _(u—u" 12 n1/2 oventl/2 antl/2
At +90 At - At +q (a -V u ’

(4.16c¢)

where fn+1/2 — f(tn+1/2)’ ﬁn+1/2 — %(311" _ un—l), and ¢,n+1/2 — %an + Z,bn+1) fory e
{u, p, q}. Note that @l/2 can be computed by the following first-order scheme [123]:
@l/2 — 40

— vAR2 4 (0. V)l + V52 = 172, v.gl/2 =,

which has a local truncation error of O(At2). We remark that all the terms involving the kinetic
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energy in (4.16c¢) disappear after simplification. Indeed, by the definition of X' (u) we have:

n+1

K@ — K@) _ 1 [, w1 — (@, u)] = (u AT u”,un+1/2).
t

At T 2At

I’l+l)2_(qn)2
At -
equivalently (note that "1 + " = 2q"*1/2 £ 0),

Therefore, (4.16¢) is reduced to e(q

(qn+1/2(ﬁn+1/2 . V)ﬁ”+1/2,u”+1/2), or

n

eq — ((ﬁn+1/2 . V)ﬁn+1/2,un+1/2) . (417)

>
Y
N =

From this equation ¢"**1 is uniquely determined. Note that (4.17) is equivalent to the Crank-

Nicolson discretization of equation 62—? = %((u -Vu,u).

Remark 4.3. The proposed DRLM schemes involve solving two systems of generalized Stokes
equations at each time step. Alternatively, one can replace the Stokes solver with two Poisson
solvers via the pressure-correction approach; we refer to [71, 72, 124, 126, 197] for a detailed
discussion of this approach in the context of the NS equations, and [27, 127, 182] for other
incompressible fluid models. To that end, a pressure-correction variant of the first-order DRLM

scheme (4.5) is given by

—n+1
u u”

At_ _vaut 4 gt - V)u" + vp" = 1+l (4.18a)
%tﬁnﬂ + V(! — p) = o, (4.18b)
V.utl =, (4.18¢)
?C(un+1it_ K@) G(qn+1)2At_ (@2 _ (un+1N_ ut S+ V)u”,ﬁn+1), (4.18d)
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and a rotational pressure-correction variant of the second-order DRLM scheme (4.12) by

=n+l . n, .n-1
Su ;Zt T0 At g i@t vyantl 4oyph = prl) (4.19a)
n+l _ aghtl
W —Su Lyl - pry . wth — o, (4.19b)
2At
V.u'tl =, (4.19¢)
3K (M) — 4gc(@™) + K@) 3@ - 49" + (@7
2At 2At
3ut! —4u" 4+ u"! n+l/sn+1 n+1 =n+l
= a’tl. V)i 4.1
( AT +q" i (a va'Ttu , (4.19d)
where ﬁn+1 andu”*1in (4.18) and (4.19) satisfy the periodic boundary conditions orﬁn+1|ag =

0and utl. n|3q = 0. Note that we have used the rotational form in (4.19) since the standard
second-order pressure-correction approach may limit the accuracy of the scheme due to certain
artificial boundary conditions, as discussed in [71, 72]. The stability of the pressure-correction

DRLM schemes (4.18) and (4.19) will be discussed in Remark 4.8.

Time-discrete energy stability In this subsection, we aim to establish energy stability of the

proposed first- and second-order DRLM schemes.

Theorem 4.4. In the absence of the external force £, the first-order DRLM scheme (4.5) is uncondi-

tionally stable in the sense that
K@) +6[(¢g")? — 1] < K@) +6[(¢™)? -1], n=0,1,---,N; — 1.

Proof. Taking the I? inner product on both sides of (4.5a) with u»*1, we have

(un+1 —ul

N + qn+1(un . V)u”,un+1) — (VAun+1 _ Vpn+1,u”+1) — —v||Vun+1||(2), (4_20)

where we used the fact that (Vp""‘l,u”"‘l) = 0 due to the divergence-free condition (4.5b),

boundary conditions of u*1, and integration by parts. The combination of (4.5c) and (4.20)
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yields

K(U—m—l) — K(u") (qn+1)2 - (qn)z n+1,2
= — < 0.
A + 6 AL v[|[Va™ 5 <0

This implies that
jc(un+l) + e(qn+1)2 < jc(un) + e(qn)2’

which completes the proof of Theorem 4.4. O
Remark 4.5. We have from Theorem 4.4 that

0 < KU™) +6(g")? < KW H +6(g" 12 < ... <KW + 6(q°)? = KO + 6.

Thus, the discrete energy {K(u”)}gio is uniformly bounded for the first-order scheme (4.5).

Theorem 4.6. In the absence of the external force £, the second-order DRLM scheme (4.12) is
unconditionally stable in the sense that
3 cuntly _ Loecon [E n+1y2 _ 1oonya ]
“H @) — K@) + 0| 5(¢" )2 - 52 - 1
3 n 1 n-—1 3 n\2 1 n—1,\2
< SK@Y - K@D +6[ 5@ - 3@ -1], n=12 N -1

(4.21)

Proof. Multiplying both sides of equation (4.12a) with u”»*1 and using (4.12b), we find that

3ulttl — gy 4wl
2At

+ q""‘l(ﬁ”"'l . V)fl”+1,un+1) — (vAu”"'l _ Vpn+1,u”+1)
12
= —y|Vut}|5 <o.

This, together with (4.12c), gives us

3K () — 4% @) + K" | 3(g"H2 —4(q™)? + (¢ 1)
+0 <
2At 2At

0,
or equivalently,
37" — K™ + 8[3(q")? — (¢'?] < 3K (™) — K" +6[3(¢") - (¢ 1.
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Thus, we obtain the desired estimate. O
Remark 4.7. (i) We note that (4.21) is equivalent to the following estimate

jc(ﬁn+3/2) + 9[(qn+3/2)2 1] < jC(ﬁn+1/2) + e[(q”+1/2)2 —1]+ €n+1’

where a"+1/2 = %(Su” —u"1)and gn*1/2 = %(3q” — q" 1) forn > 1 are second-order

approximations of u(t, ,1/,) and q(t, 4 1/2), respectively, and

£n+1 — % [.7((11”"'1 _ un) _ .7((11" _ un—l) + e(qn+1 _ qn)Z _ e(qn _ qn—l)Z] )

Therefore, if [u*t! — u”||y < cAt and |g"*! — ¢"| < cAtforalln > 0, then *t1 = O(Ar2).
(ii) It follows from Theorem 4.6 that

%K(u”"‘l) + %e(qnﬂ)2 < %K(u”) + %e(q”)2 +C, (4.22)

where C = %%(ul) - %K(uo) +6 B(ql)2 - %(qo)z] . By repeatedly applying (4.22), we deduce
that
1
K™ +6(q")? < 2 (K@% +6(¢°)* - €) + C,

which indicates the boundedness of the energy functional for the second-order scheme (4.12).

(iii) By using similar arguments as in the proofs of Theorems 4.4 and 4.6, we can show that the
second-order DRLM scheme based on the Crank-Nicolson method (4.16) is unconditionally stable

in the sense that

jc(un+l) + e[(qn+l)2 -1]< j(‘(un) + 9[(qn)2 -1], n=0,1,---,N; — 1.

Note that the energy stability result is improved with the Crank-Nicolson scheme, compared to
the BDF2 method (cf. (4.21)). However, for dissipative systems, the second-order BDF method
usually has better numerical performance than the Crank-Nicolson counterpart [25]. Therefore,
in the following sections, we focus on the DRLM schemes based on the first- and second-order

BDF methods.
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Remark 4.8. For the pressure-correction versions of the proposed DRLM schemes, the following

energy stability results hold (assuming f = 0):
n+l At? n+1)2 n+1,\2 n At? ny2 ny2
K@) + —= VP g +0l(q™ )" — 1] < K(a™) + — V"l + 6l(q")" — 1], (4.23)

for the first-order pressure-correction DRLM scheme (4.18), and

Aty

3
3 acurt) - 1) + A et v R + AR 4o Bty - 1 -1

3 _ 1,
< SK@") - 3K @" 1>+Tnvw"+vs")||%+7||s”||%+e[§<q")2—§<q” H2-1],

(4.24)

n
for the second-order rotational pressure-correction DRLM scheme (4.19), where s :=V - >’ T
for1 < n < N;. Detailed proofs of these estimates are provided in Appendix A and Appendix B,

respectively.

4.1.2 Fully discrete DRLM schemes

In this section, we apply spatial discretization for the time-discrete problems (4.5) and
(4.12) to obtain fully discrete DRLM schemes. While the proposed DRLM approach can be coupled
with finite difference, finite element, or finite volume methods, we adopt the finite difference
approximation on a MAC staggered grid for simplicity. The corresponding energy stability of
the numerical solutions is then rigorously established. The proposed schemes require solving
two generalized Stokes systems and a quadratic equation at each time step, with the former
being the main computational cost, especially for large Reynolds numbers. Therefore, we discuss

preconditioned iterative solvers for Stokes systems at the end of the section.

The MAC scheme for spatial discretization To simplify the presentation, we consider the 2D
NS equations (4.1) with the spatial domain Q = (0,1)2, the external force f = [fl,fz]T, and
the velocity vector field u = [u, v]T. The extension to the 3D case can be done in a similar

manner. Suppose that Q is partitioned into NxNy, rectangles of the form (x;_1, x;) X (¥j—1,¥})
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Figure 4.1: Staggered grid (Ny = Ny, = 4) for spatial discretization with positions of unknowns
u, v, and p. (a) Homogeneous Dirichlet boundary conditions. (b) Periodic boundary conditions.

forlgingandISjSNy,where
0=xp<x; <..<xn,=1 and 0=y0<y1<...<yNy=1.

Let hy = 2L and hy = L be the uniform mesh sizes in the x- and y-directions, respectively.
Ny Ny

Fory € {u,v, p}, let Qp,y represent the collection of discrete points in Q associated with 1 (see

Figure 4.1); in particular, Qn,p corresponds to black circle points, Qy, ;, to blue right-pointing

triangles, and Qy, ;, to red upward-pointing triangles. Denote by U", V", and P" (0 < n < Ny)

the approximations of u”,v", and p" over Qp, ;;, Qp 5, and Qy, 5, respectively. For any two

matrices A and B of the same size, we define

(A,B) :=hyhyTriATB),  [A]2 :=/(A,A)p,

as the discrete 12 inner product and corresponding 2 norm.

Next, we introduce differentiation matrices for Au, Av, and Vp, utilizing the following
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matrices for any positive integer N and real numbers h and a:

_—a 1 O
1 -2 1
KID\Hh,a = %
0 1
[ 0 .. 0
(2 1 0
1 -2 1
o .. 1
1 .. 0

0
0
-2 1
1 -—-a
1
0
-2 1
1 -2

“NXN

Dir _
My L=

per _
N,h =

S| =

S| =

-1 1 0 0
0o -1 1 0
O .. 0 -11
“(N-1)XN
1 0 O -1
-1 1 o0 0
0 -1 1 0
o .. 0 -1 1

“NXN

For homogeneous Dirichlet boundary conditions, we define the matrices A,,, By, Ay, By, Ap,

and Bp as follows:

_ yDir
Ay = KNx—l,hx,Z’

KDir

Bu = KNy hy,3

Ay =

B, =K

For periodic boundary conditions, we set

per
B,=B,=K
u v y

per

Nx,hx’

Ny.hy’

Dir
KNy 1,37
Dir
Ny—l,h.y,z’

_ Dir

Ap = MNx,hx’ (4.25)
B, = M2 . 426
p =My, 1, (4.26)

_ per
Ap = MNx,hx’ (4.27)

per
B, =M . 4.28
p=Mnyh, (4.28)

Applying the central finite difference method on the staggered grid (cf. Figure 4.1) to
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system (4.5) results in the fully discrete first-order DRLM scheme:

%;Un _ V(AuU”‘H + Un+lBL7;) £ LR (UM, V) 4 ApPIHL = gL 4.252)
‘%{VH _ V(AUV”‘H +v"+1B§) + q”"‘le(U”,V”) + P”"‘lBg — 5-51+1, (4.29b)
(-abun+l 4 vitl(-Bp) = o, (4.29¢)
L (1Un g, 4 v R, — o, - ) + 6@ = @

= (W " q”"‘lFl(U",V"),U”H‘l)lz + (Vl’l+it_ i N q"+1F2(U”,V”),V”+1>12 '

(4.29d)

Here, 71 and 73 represent the discrete evaluations of f; and f, over Qj, ,, and Qy, ,,, respectively.
Similarly, F;(U, V) and F»(U, V) approximate the nonlinear convection terms uuy + vu,, and

uvy + vuy on the grids Q, ;, and Qp, ,, respectively.
For the second-order case (4.12), we define 0"+l = 2u” — U"~1 and v+l = 2v" —

V"1 forn > 1. The fully discrete second-order DRLM scheme is given by:

3U™t! —4U" + U

AL _ V(AuUn'H + Un+1BL7;) + qn+lF1(0n+1,Vn+1) + Aan+1 — ?{H.l, (4.30a)

n+1l _ n n—1 ~ ~
A% ;th +V _ V(AvVn+1 +V”+1B17;) + qHIR,(TnHL Yl 4 Pn+1BpT — Tznﬂ, (4.30b)
(-Ap)U™! +V™I(-By) = O, (4.300)

1
GIU™ I + 3IVAH R — 41073 = 4IVPE + [0 + IVER)

4At
3(q"1)? —4(@")? + (1) _ (3UM —4U" + U s el el e
+6 AT = AT + @' (O™, Vi) U .
n+1l __ n n—1 - -
+ (3V ;Z/t +V + qn+1F2(Un+l,Vn+1),Vn+l) . (4.30d)
12

The implementation of the fully discrete DRLM schemes (4.29) and (4.30) can be carried out in

the same manner as in the semi-discrete case and is thus omitted.

Fully discrete energy stability In this subsection, we show that the fully discrete DRLM

schemes (4.29) and (4.30) are also unconditionally energy stable.

Theorem 4.9. In the absence of the external force f, the fully discrete first-order DRLM scheme
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(4.29) is unconditionally stable in the sense that, forn = 0,1, --- ,N; — 1,
(U1, + VAR + 6 (2 - 1] < 2 (0P, + VPR + 6 [ @2 1]
2 12 12 =2 12 12 :

Proof. Since f = [0,0]7, both ?I”H and EPZ”H (n > 0) are zero matrices. Taking the discrete 2

inner product of (4.29a) and (4.29b) with U™+ and V7*t1 respectively, we obtain

Ul’l+1 _ Ul’l
(T + q”+1F1(U”,V"),U"+1)
12
= (AuUn+1 + Ul’l+1BZ;’ Ul’l+1)12 _ (Aan+1, Ul’l+1)12’ (431)
V}’l+1 _ VI’L
(T + q”“Fz(U”,V”),V"“)
12
=y (Avvn+l + V?L+1B$’ Vi’l+1)12 _ (Pn+1Bg;, Vl’l+l)12. (432)
For any matrices A, B, X, and Y, we have
(AX,Y);2 = hychyTr((AX)TY) = hyehy Tr (XTATY) = (X, ATY) 5, (4.33)

(XBT,Y) 5 = hyhyTr (XBD)TY) = hyh, Tr (BXTY) = hyh)Tr (XTYB) = (X, YB) 2, (4.34)

provided that the above matrix products are well-defined. Using (4.33)-(4.34) and the fact that

A:;CUHH + V”+1Bp = O obtained from (4.29¢), yields

(Aan+1,Un+1)lz + (Pl’l+1Bl’1;,Vn+1)l2 — (Pl’l+1,A¥;Ul’l+1)l2 + (Pn+1,Vn+1Bp)12

= (P ATUMHL v ), =0, (4.35)

It follows from the definitions of Ay, By, Ap, and By, (cf. (4.25)-(4.28)) that A, = —ApAg; and
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B, = —BpBg. Consequently,

(A UVI.+1 Ul’l+1)12 — ( ATUn+1,Un+1)12
2
T T T
= —(apurttafuntl), = —|ajurtt| <o (a36)
(Vn+1Bg“,Vn+1) (Vl’l+1B BT Vn+1)12
n+1 n+1 n+1 2
= — (V™*1B,, V*1B,) , = HV Blez <o, (4.37)

where we have applied identities (4.33) and (4.34) to derive the above equalities. On the other
hand, both —B,, and —A, are symmetric positive definite matrices, they admit Cholesky decom-

positions =B, = RuRE and —A, = Rng. By using the same arguments as in (4.36) and (4.37),

we obtain
T 2
(um+iBfumH) ) = - HU”HRquz <o, (4.38)
2
(ApVHL V) ) = — HREV"HHI , <o, (4.39)

Combining (4.31)-(4.32) and (4.35)-(4.39) gives us

Vl’l+1 _ Vn
At

(Un+1 —_yn
12

7 + qn+1F1(Un’Vn)’ Ul’l+l) + (
12

+ q”+1F2(U”,V”),V”+1) <o0.

This, together with (4.29d), leads to

( n+1)2

q —(¢")?
(UL, + VAR, — U, — [V, + 6

<0,
At -

2At
or equivalently,

1
5 (U2, + Vi) + 6(gm 2 < 5 (UM, + IVPI) + 6™,

N =

which completes the proof of Theorem 4.9. O

Theorem 4.10. In the absence of the external force f, the fully discrete second-order DRLM
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scheme (4.30) is unconditionally stable in the sense that,forn = 1,2, --- ,N; — 1,
3 (irn+12 n+12 \ _ L (yymg2 ng2 [§ n+1y2 _ 1. ny2 ]
2 (o212, + vt %) = 2 (07 + V%) + 6| 5@ D2 - 5(@? -1
3 (2 2\ _ L (ym=1y2 n—1;2 [E n2_ 1 n—12_]
< S (0 +1vii) = 2 (01 + 1vi=i) + 0| 52 - 5@ )% - 1.

Proof. By taking the discrete 12 inner product of (4.30a) and (4.30b) with Ut and V"1 re-

spectively, and noting that [}'1”"'1 and 3’2""'1 (n > 0) are zero matrices, we arrive at

(3U”+1 —4ut + Ul

AT + qn+1F1(Ijn+1,Vn+1)’ Ul’l+1>

12
=y (AuUn+1 + Ul’l+1BZ;’ Ul’l+1)12 _ (Aan+1, Un+1)12’

3vitl _gqvn 4yl
2A¢

+ q”+1F2(ﬁ”+1,V”+1),V"+1) ,
l

— 7/(Av\/l’l+1 +VI’L+1B’11;’ Vi’l+1) Pn+1Bg;’Vn+l)12-

p~(
Based on the proof of Theorem 4.9, we find that
v (AuUn+1 + Un+1BL’.l;’ Un+1)12 _ (Aan+1, Un+1)l2

+ ,V(Avvl’l+1 + \ﬂ’l+1B;1;,‘/l’l+1)l2 _ (Pl’l+1B’£, Vl’l+1)12 <0.

Therefore,

3untl —4qun + Ul
2A(

L[V —avt vl
2A(

+ qn+1F1([jn+l, Vn+l)’ Un+1> ,
l

4 qn+1F2(ﬁn+1’vn+1),Vn+l) , <0. (440)
l

The combination of (4.30d) and (4.40) results in

1 _ _
— (3102, + 3V 2, — 4un |, — 4[R2, + [URTLZ + VYR

4AT
3" —4@" + (@

0.
2At

+6
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This implies that

3 1 3 1
2 (I + IVAE) - 5 (0713 + VS ) + 6] (@712 - 5@
3 (12 2 ) _ L (irm-1y2 n—12 [E n2_ 1 n—12]
< 2 (1013, + 1viIL) - 5 (0715 + 1Ve=t%, ) + 6 5@ - 5@ 2,
which concludes the proof of Theorem 4.10. H

Remark 4.11. (i) Let 8{‘ and 83 (n > 1) be the discrete error functions for q associated with the

first- and second-order DRLM schemes:
en@n0) 1= 0@ ~1], &5@nq" L0 = 0|5 - 3@ - 1.

Under suitable choices of 9, it will be demonstrated in the numerical experiments (cf. Section
4.1.3) that both €7 and &% are significantly smaller than the main energy functional. Therefore,
they can be considered negligible in Theorems 4.4 and 4.6 (for the semi-discrete case) and

Theorems 4.9 and 4.10 (for the fully discrete case).

(ii) The energy stability of the proposed DRLM schemes remains valid under certain mixed bound-
ary conditions. One typical example is the 2D Kelvin-Helmholtz instability (cf. Subsection 4.1.3),
where periodic conditions are applied along the vertical boundaries while free-slip conditions

are imposed at the horizontal boundaries.

(iii) Due to the coupling between the Lagrange multiplier, velocity, and pressure, the fully discrete
convergence analysis of the proposed DRLM schemes (4.29) and (4.30) is challenging and remains
an open problem. We refer to [123] and [29] for error analysis of the MAC method applied to
the NS equations and other coupled physical systems involving fluid motion, such as the Cahn-

Hilliard-Hele-Shaw equation.

Preconditioned iterative solvers for generalized Stokes systems The proposed first- and

second-order DRLM schemes involve solving the following generalized Stokes system at each
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time step (cf. (4.9), (4.10), (4.13), and (4.14)):

au—vAu+Vp =g, (4.41a)

V-u=0, (4.41b)

where u = [u,v]T and p denote the velocity field and pressure, v is the viscosity coefficient,

3
2A¢

for the second-order DRLM scheme. After spatial discretization on the MAC staggered grid,

g= [21, 2217 is a given vector function, o = Ait for the first-order DRLM scheme, and a =

system (4.41) becomes

aU — v(A,U + UB]) + ApP = Gy, (4.42a)
oV — v(AyV + VBY) + PB] = 9,, (4.42b)
(—AD)U + V(-Bp) = 0, (4.42¢)

where U, V, and P are the approximations of u, v, and p over Qp, y, Qp 5, and Qp ;, respec-
tively; 91 and G, are the values of g1 and g; over Qy, ;, and Qy, ,,, respectively. The matrices
Ay, By, Ay, By, Ap, and By are defined in (4.25)-(4.28).

System (4.42) can be transformed into the following saddle point problem:

A BT||x ¢

= , (4.43)
B O||y o
vec(U) vec(G1) | . . L
where x = , Y = vec(P),and G = , with vec denoting the vectorization
vec(V) vec(92)

operator. The coefficient matrix A is defined as

A - | AN, ~ v(In, ® Ay + B, ® Iy 1) 0

o aln,v,-1) — V(N1 @ Ap + B, ® Iy, )
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for the homogeneous Dirichlet boundary condition, and

oINy Ny — Y(INy, ® Ay + By ® IN,) 0
() AN, Ny, — v(INy ® Ay +By ®In,) ,
for the periodic boundary condition, where ® denotes the Kronecker product. The matrix B is
given by:
B = [INy ®A} Bl® INX] :

Since the pressure p is defined up to a constant, BT has a one-dimensional kernel. By fixing
P(1,1) = 0, we may assume without loss of generality that BT has full rank.

Suppose that A € R"*" B € R™X" (with m < n), and that A is decomposed as A =
D — E, where D is the diagonal matrix obtained from A. Let S = BD BT bean approximation
of the Schur complement matrix S = BA-1BT, Asdiscussed in [8, 43], we consider the following

block preconditioner:

D BT (1, - D~ 1BTS-1B)p~! p-1BTS§-!
= ) ) . (4.44)
B O S~1pp-1 —$§-1
Preconditioning (4.43) from the left by (4.44) yields
I,-(1,-D !BTS"1B)D'E 0O ||x (I, - D~1BTS~1B)Dlg 4.45)
—S~1BD"lE L. ||y S—1BD"1g
Therefore, solving (4.43) or (4.45) is equivalent to performing the following two steps:
(i) Solve forxthe linear system
1, - @, - D~1BTS~1B)D~!E|x = (1, - D~1BTS~1B)D 3. (4.46)

(i) Computey fromxbyy=S"1BD"1(Ex + ).

The linear system (4.46) can be solved using various iterative solvers; in the numerical experi-
ments, we employ the GMRES method. It is worth noting that S € R"X" s a sparse symmetric

positive definite matrix, allowing efficient computation of §~1z for any z € R™, such as via the
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incomplete Cholesky decomposition.

4.1.3 Numericalresults

In this section, we carry out several numerical experiments to verify the accuracy and
energy stability of the proposed first- and second-order DRLM schemes with difference choices of
the regularization parameter and Reynolds number. Various benchmark test cases in 2D and 3D,
including lid-driven cavity flow and Kelvin-Helmholtz instability, are also considered to validate
the performance of the proposed schemes, particularly the second-order one. For simplicity,
we choose the uniform MAC spatial mesh size h = hy = hyin2Dand h = hy = hy = hz in
3D. Unless otherwise stated, the viscosity coefficient is defined as v = Rie for a given Reynolds

number Re.

Convergence test We set the spatial domain Q = (0, 1) and the finaltime T = 1. The external
force fis computed according to the following analytic solution [100], whose velocity satisfies

homogeneous Dirichlet boundary conditions:

(p(x, v, t) = cos(mx) sin(rry) sin(t),

1uCx, y,t) = 7TSin2(7l’x) sin(27y) sin(t),

kv(x, y,t) = —msin(2rx) sinz(ny) sin(t).

We first consider the case Re = 10 (i.e., v = 0.1). To study the convergence of the DRLM schemes,
1111
8’16’ 32 64
I? errors of the velocity and pressure, as well as the absolute errors of the Lagrange multiplier

we vary both the spatial mesh size and time step size with h = % and At € { } The

q with different values of 6 € {10‘2, 1071,1,10, 102} are shown in Figure 4.2 for both first- and

second-order DRLM schemes. We observe that the errors in velocity, pressure, and q are large for

1 1
516"

the second-order scheme produces complex values for q after a certain number of iterations;

small values of 6, such as 6 € {10~2,1071}. We remark that when 8 = 1073 and At € {

therefore, we do not consider & = 1073 in this case. Conversely, when 6 € {1,10,10%}, q

stabilizes closer to 1, resulting in the expected convergence rates for the proposed schemes. This
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highlights the critical role of 8 in our DRLM formulations: if 8 is too small or absent, the schemes
produce incorrect solutions, but they perform significantly better when 6 is large enough, with a
minimum value of 1.

L2 errors of velocity L2 errors of velocity

10° 10°
107 107
-2 -2
=10 =10
S S
W o3 T
104} 107
- - Slope=1-0=1 - - Slope=2 -0=1
10 *9=-102 0=10 107 H-9=-102 -0=10
>9=10" 4-9=102 >-9=10" —¥-9=10?
1072 107 1072 107
T T
L2 errors of pressure L2 errors of pressure
10° W 100}
107 107
-2 -2 L
=10 =10
£ S
Wip3 W03
107 107
- - Slope=1-0=1 - - Slope=2 -0=1
107 “*-6=102 -S-0=10 | 10°° “*-9=102 -H-6=10
>-9-10" —4-9=-102 >-g=10" —4-9=10?
1072 107 1072 107!
T T
Absolute errors of q Absolute errors of q
10° 100
107 107
1072 1072
= 103 = 103
510 510
w14 w14
107 107
10'6 - - Slope=1 =-0=1 10'6 - - Slope =2 “=-0=1
=102 = =102 =
. “*-9=-102 H6=10 3 “*-9=-102 -H-6=10
10 g=10" £ g=102 10 S g=10" $r0=10
1072 107 1072 107!

Figure 4.2: [Convergence test, Re = 10] Errors of the velocity, pressure, and Lagrange multiplier
by the first-order (left) and second-order (right) DRLM schemes with h = % and difference values
of 6.

Next, we increase the Reynolds number to Re = 1000 (i.e., v = 0.001). Due to the explicit
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treatment of the convection term which requires some CFL condition, we consider h = 4At and
At € {%, ﬁ, ;12, ﬁ}. The corresponding errors of the velocity, pressure, and Lagrange
multiplier for different values of 6 € {1073,1072,1071,1, 10} are presented in Figure 4.3. As 6
increases, errors of the concerned quantities become smaller, and both first- and second-order
DRLM schemes exhibit the correct order of convergence when 6 > 1. Note that the results with
6 = 102 are almost identical to those with 8 = 10, thus omitted here. Moreover, for this case
with a large Reynolds number, 8 = 1073 could be used without leading to complex values for

q; nevertheless, the expected accuracy of the numerical solution is only achieved when 6 is

sufficiently large.

Energy dissipation test We now examine the Taylor-Green vortex problem in Q = (0, 1) with
zero external force, f = [0,0]7, and the periodic boundary conditions. The exact solution to this

problem is given by

p
2
u(x, y,t) = sin(2rx) cos(2my)e87°VE,

2
10(x, ¥, 1) = — cos(27x) sin(2mry)e 87Vt

2
LP(x, y,t) = % [cos(4mx) + cos(47my)] o—16m“vt.

The original kinetic energy can be computed explicitly as follows:

1 1 2
K(a(t)) = 5—/ [uZ(x,y, )+ vz(x,y, t)] dxdy = Ze—167r vt

Q
We set T = 20, Re = 1000, and h = 1.5At = 0.01. The evolutions of X(u"), X(u), and Ei”

(i = 1,2) generated by the first- and second-order DRLM schemes with 6 € {1,100} are shown
in Figure 4.4, where we clearly observe the energy decay property of the numerical solutions.
Figure 4.4 also confirms that the additional terms, €] and €%, in our energy stability analysis (cf.
Theorems 4.4-4.6 and 4.9-4.10) are negligible due to their small magnitudes. Furthermore, the
results for 8 = 1 and 6 = 100 are quite similar, with the second-order DRLM scheme exhibiting

better performance.
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Figure 4.3: [Convergence test, Re = 1000] Errors of the velocity, pressure, and Lagrange multiplier
by the first-order (left) and second-order (right) DRLM schemes with h = 4At and difference
values of 6.

Lid-driven cavity flow Next, we demonstrate the accuracy of our new schemes through realistic
physical simulations, the well-known lid-driven cavity flow [65, 100, 122, 124] in 2D and [3, 108,
187, 74] in 3D. For the 2D problem, the computational domain Q = (0,1)? consists of three

rigid walls (at x = 0, x = 1, and y = 0) with no-slip boundary conditions and a lid (aty = 1)
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Figure 4.4: [Taylor-Green vortex, Re = 1000] Evolution of the energy functional and error function
Ein (i = 1,2) by the first-order (left) and second-order (right) DRLM schemes with h = 1.5At =
0.01.

moving with a tangential unit velocity. Since the exact solution to this problem is not available,
we compare our numerical results with the benchmark method in [65]. Using the second-order
DRLM scheme with Re = 5000, 6 = 100, and h = 2At = —

256’
until the steady state is reached, characterized by |[u” — u”~1||, < 1076. Contour plots of

we perform the simulation

the velocity magnitude at timest = 4,t = 6, and t = 10 are presented in Figure 4.5. Figure
4.6 illustrates the velocity magnitude, vorticity, and stream function at the final steady state,
along with velocity components at the cavity centerlines, which closely match the benchmark
results [65]. As reported in [65] and [100], in addition to the primary and secondary vortices
at the bottom corners, a third vortex emerges in the upper left corner at Re = 5000. Thus, our

numerical simulation based on the DRLM approach accurately captures the dynamic evolution
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of the velocity field, achieving the steady state that compares well with existing results.

X X X

Figure 4.5: [2D lid-driven cavity, Re = 5000] Contour plots of the velocity magnitude at times

t = 4,6,and 10 by the second-order DRLM scheme with h = 2At = ﬁ.
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Figure 4.6: [2D lid-driven cavity, Re = 5000] Contour plots of the velocity magnitude, vorticity,
and stream function (top) and the velocity components along the centerlines (bottom) at the

steady state by the second-order DRLM scheme with h = 2At = ﬁ.

We proceed to consider the 3D lid-driven flow in a cubic cavity @ = (0,1)3, a natural

extension of the 2D driven cavity test case. The fluid is initially at rest and starts moving as the
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top lid (at y = 1) isdragged at a constant unit speed in the positive x-direction. On all other sides,
the velocity satisfies homogeneous Dirichlet boundary conditions. With Re = 1000, 6 = 100, and
h = 1.5At = 0.01 fixed, we simulate the flow evolution using the second-order DRLM scheme
until the steady state is achieved, indicated by [[u” —u"*~1||y < 107°. Figure 4.7 displays contour
plots of the vorticity components [w1, wy, w3]T = V X u on the midplanes x = 0.5,y = 0.5,
and z = 0.5, respectively. The flow is symmetric about the plane z = 0.5, and the presence of
Taylor-Gortler-like vortices in the bottom region of the cavity is observed besides corner vortices,
which are consistent with those reported in [96, 143]. The distributions of the u- and v-velocity
components along the vertical (x = z = 0.5) and horizontal (y = z = 0.5) plane centerlines are

provided in Figure 4.8, demonstrating strong agreement with the benchmark results [3].
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Figure 4.7: [3D lid-driven cavity, Re = 1000] Contour plots of the vorticity components on the
midplanes at the steady state by the second-order DRLM scheme with h = 1.5At = 0.01.
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Figure 4.8: [3D lid-driven cavity, Re = 1000] Velocity components along the centerlines at the
steady state by the second-order DRLM scheme with h = 1.5At = 0.01.
Kelvin-Helmholtz instability When there is an initial velocity difference across a shear layer,
small disturbances can grow over time, leading to the formation of vortices. This phenomenon is

known as the Kelvin-Helmholtz instability. We consider the 2D NS equations in Q = (0, 1)? with
du _
oy

and v = 0, while at the left and right sides of Q, we impose periodic boundary conditions. Since

f = [0,0]7. At the top and bottom boundaries of the domain Q, we apply the conditions 0

no body forces are present, the entire motion is driven by the initial condition, which is given by

[157]:

2y—1
u tanh(—) Ay (x,y)
wotey = | = V8o )| g, | PP

n )
0 —0xP(x, y)
with the corresponding stream function
_05)2
P(x,y) = Ugo €XP (—%) [cos(87x) + cos(207x)] .
0

Here, 69 = % denotes the initial vorticity thickness, uy, = 1is a reference velocity, and ¢, =
1073 is a scaling factor. With fixed Reynolds number Re = 100, the kinematic viscosity is given by
_ Spleo 1 1 1 _ - R S
V= —p = = 3500 We take h = 256’At = 560’6 = 100,and T = 200t witht = T being
the time unit. Evolution of the vorticity produced by the second-order DRLM scheme at different

times isillustrated in Figure 4.9. We observe that four vortices gradually emerge from the initial
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condition, exhibiting instability and a tendency to merge into two larger vortices. These two
ellipsoidal vortices remain separated for a long time, with their magnitudes decreasing until the
final time T = 200t. Figure 4.10 confirms the energy dissipation of the system, in agreement with
the benchmark results [157], and shows the evolution of the discrete error function 85‘, which

remains insignificant compared to the total energy.
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Figure 4.9: [Kelvin-Helmholtz instability, Re = 100] Evolution of the vorticity at different times

t = 10t, 17¢, 42t, 50t, 140t, and 200t by the second-order DRLM scheme with h = ﬁ and
At = —.
560
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Figure 4.10: [Kelvin-Helmholtz instability, Re = 100] Evolution of the energy functional and error

function €% by the second-order DRLM scheme with h = L oandar= L.
256 560

4.2 Convergence analysis of the DRLM method for the Navier-Stokes equations

4.2.1 Model problem

For an open, bounded domain Q C Rd (d = 2,3) and a terminal time T > 0, we consider

the following incompressible NS equations:
u;—vAu+(u-Vyu+Vp=£f inQx(0,T], (4.47a)

V.-u=0, inQx/(0,T], (4.47b)

subject to the initial condition u(-,0) = ug and no-slip boundary condition, i.e. u|zgq = 0.
In (4.47), u and p are the unknown velocity vector and pressure, respectively, fis an external
force, and v represents the kinematic viscosity.

Let I2(Q), Hk(Q), and H’g(Q) denote the standard Sobolev spaces over Q, with L2(Q),
Hk(Q), and H’g(Q) as their d-dimensional extensions, e.g., Hk(Q) = (Hk(Q))d. The norms on
Hk(Q) and Hk(Q) are indicated by || - [|. For I2(Q) and I2(Q), we denote by (-,-)and || - ||o
the inner product and the associated norm, respectively. Since the pressure is defined up to an
additive constant in the NS equations, we define Hk(Q)/IR{ as the quotient space consisting of
equivalence classes of elements ofHk(Q) differing by constants. When k = 0, the quotient space

is denoted by IZ(Q)/R. For ¢ € HX(Q)/R, its norm is given by ”gD”Hk/R = infeer ¢ + cllk-
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Denote by H and V the following Hilbert spaces:

H={uel?(Q): V- -u=0, u-njgq =0}, V={VEH(1)(Q) :V.-v=0}

Let us state a result on the existence and uniqueness of a strong solution to the NS

equations (4.47), which can be found, for example, in [80, 81, 175, 13].

Theorem 4.12. Assume uy € Vand f € L®(0, T; I2(Q)). There exists a positive time T*, with
T* =Tifd =2and T* = T*(ug) < Tifd = 3, such that the NS equations (4.47) admit a unique

strong solution (u, p) satisfying

u € I2(0, T*; H2(Q)) n ([0, T*]; V), wu; € 20, T*;I2(Q)),

p € I2(0, T*; H{(Q)/R).

Moreover, ifd = 2 or, in the cased = 3, if |Jug|; and ||ﬂ|Loo(0 T:12()) @re sufficiently small,

then the solution (u, p) exists forall t € [0, T],i.e. T* = Tford € {2,3}, and

sup |u(®)|; < oo. (4.48)
te[0,T]

The goal of this section is to establish temporal error estimates for the DRLM method
applied to the NS equations. Toward that end, throughout this section we assume ug and f

satisfy the following regularity conditions:

ug € VA H2(Q), and f e L®(0, T; L2(Q)). (4.49)

4.2.2 DRLM method and properties

In this section, we recall the DRLM formulation introduced in [48], which is equivalent to
the original NS equations (4.47). Based on this reformulation, we present the first-order DRLM
scheme and analyze its fundamental properties. In particular, we establish the unique solvability
of the scheme and derive a uniform bound on the Lagrange multiplier, which plays a crucial role
in the subsequent error analysis. Although the DRLM framework naturally extends to higher-order

schemes, their rigorous analysis is highly challenging and remains an open problem.
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DRLM formulation and discretization schemes The idea of the DRLM approach [48] is to
introduce a time-dependent Lagrange multiplier q(¢) with q(0) = 1 and a constant regularization

parameter 6 > 0 to reformulate the NS equations (4.47) equivalently as follows:

u; —vAu+q(ua-V)u+ Vp =f1, inQ x (0, T], (4.50a)

V-u=0, inQ x (0, T], (4.50b)
2

djfig“) + ed;t = (u; + q(u- Vyu,u), in(0,T], (4.50¢)

under the same initial and boundary conditions. In (4.50c), X (u) = %||u||% denotes the kinetic
energy associated with (4.47) and the notation (-, -) represents the standard L2 inner product.
For temporal discretization, let us consider a uniform partition of the time interval [0, T]:
0 =ty <t < -+ <ty = Twith the time step size At = T/N. From the reformulated
system (4.50), DRLM schemes can be derived using BDF methods with explicit treatment of
the nonlinear convection term [48]. In particular, the first-order DRLM scheme, based on the

first-order BDF (i.e., backward Euler) method, is given by

un+1 —u”
N —vAut 4 gt @ Ve + V't = f(t,,0), (4.51a)
V.uttl =0, un+1|aQ =0, (4.51b)
n+ly _ n n+1\2 _ ,n\2 n+l _ ,n
Klu it KW | ol )At (@7) =(u < = +q"+1(u”-V)u”,u”+1). (4.51c)

We refer to [48] for the formulation of the second-order DRLM scheme, as well as the unconditional
energy stability results for both first- and second-order schemes. Note that the initial conditions

0 = ugand q° = 1. An efficient implementation of

for the velocity and Lagrange multiplier are u
the DRLM scheme (4.51), which involves solving two generalized Stokes systems and a quadratic
equation for the Lagrange multiplier at each time step, is presented in [48] and thus omitted.
Hereafter, for analysis purposes, we assume that 6 is bounded from below by a positive
constant, i.e., 8 > 6o for some 6 > 0. For simplicity, we take 6y, = 1 so that 6 > 1. It should

be noted that when 6 is too small or zero, DRLM schemes produce inaccurate values for the

Lagrange multiplier unless the time step size is sufficiently small, which affects the accuracy of
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the velocity and pressure. More details about numerical performance of the first- and second-

order DRLM schemes with different values of 6 can be found in [48].

Properties We begin with the unique solvability and regularity results of the DRLM scheme

(4.51).

Lemma 4.13. The DRLM scheme (4.51) admits a unique solution (u”?, p", g") with

u"? e VAH2(Q), p" e HYQ)/R, ¢" >0,

foreveryn € {1,2,...,N}

Proof. Itis clear from the initial conditions and assumption (4.49) that u® = uy € Vn H2(Q)
and q° =1 > 0. Suppose (u”, g"*) withu”* € VN H2(Q) and ¢"* > 0 is uniquely determined

from (4.51) for some nonnegative integer n. We consider the following generalized Stokes sys-

tems:
n+1 —ua"
| 7 —vaultl vt = f(¢,y1), Veultl =0, ultlgg=0, (452
u?tl!
ZAt —vAaultl + @ Vu? + vpitl =0, v.uitl=0, wftlzg=0 — (453

We know that éu” +f(t,41) € I2(Q)and —(u"-V)u” € I2(Q) by the inductive hypothesis and
assumption (4.49). Based on the well-posedness and regularity results for Stokes systems (see, for

instance, [19, 80, 81]), we conclude that (4.52) and (4.53) admit unique solutions, (u}/t1, pt+1)

and (u”‘”, p2+1) respectively, satisfying
ul"t! e VA H2(Q) and pl'*! € HY(Q)/R for i = 1,2. (4.54)
Settingu”+1 = 14 g+ luli*1 and plugging itin (4.51c) yields

1 1,2
i " +q”+1 2 = eI +e(q”+1)2—(q”)2
2At At
?+1+qn+1 51+1 u”
At

+ qn+1(un . V)un,u?"'l + qn+1u£1+1) ,
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which can be simplified as follows:

An+1(qn+1)2 + Bn+1qn+1 + Cpt1 =0, (4.55)

where the quadratic coefficients are given by

L n+1,2 +1,2
Apy1 =0+ 5”“3 IG5 + Aty Va5,
Bpy1=— (u?"'l — u",ug“) — At ((u" . V)u”,u{”‘l),

1
Cny1 = —6(q")? = Suf*! — w3,

We observe that A;, 11 > 0and Cp4+1 < Oforall 8 > 0. As a consequence, (4.55) has a unique
positive solution, namely ¢"*1 > 0. Let p"*1 := pittl 4 g+1pl+l we find that u+! €
VN H2(Q) and p"*t1 € H(Q)/R due to (4.54). Furthermore, (u**1, p*1 g"*1) satisfies the

DRLM scheme (4.51), thereby verifying the existence of a solution to (4.51) at t;;41.

To prove the uniqueness, we claim that if (4.51) admits a solution (u**1, p+1 g"+1) then

L i L (4.56a)
pn+1 — p{l+1 + qn+1p51+1 + cn+1, (456b)
sn+l _—

for any real number ¢**1 (

i.e., the pressure is unique up to a constant). Indeed, let i
uttl — gt and prtl = prtl _ phttl _ gntl gt The combination of (4.51a),

(4.51b), (4.52), and (4.53) results in

qntl
. vAGH 4 vl = o, (4.57a)
V-i'tl =0, @"tljq =o0. (4.57b)

Taking the L2 inner product of (4.57a) with @1 and utilizing (4.57b) gives us

—”ﬁnH”% +y|vartl2 =o
At 0=
which leads to 4**t1 = 0, and therefore, Vp"*tl = 0 due to (4.57a). This means that

u"*t! and p"*! satisfy the decompositions (4.56). Hence, if both (ﬁnﬂ,ﬁnﬂ,ﬁnﬂ) and
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@"+1, pn+1, G *+1) are the solutions of (4.51), where T > 0 and g+ > 0, then we have
Tl u?+1 + a”“uSH, (4.58a)
—n+l _ p{H'l +7" pg"'l L (4.58b)
and
Fhtl = +qn+1 n+1 (4.59a)
prtl = p{z qn+1pn+1 4+l (4.59b)
By substituting (4.58a) and (4. 59a) into (4.51c) (with (w+1, ¢"+1) replaced by @', 3" ") or

@"+1, G"+1)), we find that 7T+ and §"*+! are positive solutions of (4.55). Thus, we must have

—n+1 ~ _ 1 5 1 _ y _ 1
g"t! = g"*+1 and consequently, w" ! = a"*tland p" 1 = gl —antl 4 gt -

Next, we show that the Lagrange multiplier in the DRLM scheme (4.51) is uniformly

bounded for any time step size At > 0.

Lemma 4.14. Let {q”}l,,\[:O be the positive sequence generated by the DRLM scheme (4.51). There

exists a constant cg > 1, depending only on T, ||ug||g, and ||f||Loo(0 T:12(Q))’ such that

0<q"<c¢cy, n=0,1,...,N.

Proof Taking the L2 inner product of (4.51a) with u”**1 yields

(un+1 —u"

o + n+1(un V)u ul’l+1> V||V11n+1||o (f(tn+1),un+1), (4.60)

Letcp = ”f”LOO(O TSL2(Q))" From (4.51c) and (4.60), we obtain
[ — g (q"t1)2 - (g™)> el a1
AT +0 < = —y| Va8 + (f(tp41) 0 H1) e

< [ftn+Dlolu"* o < cglu”™*lo.

Summing (4.61) overi = 0,1, ..., n, noting that g° = 1, gives us

2 2
e R e R C

n
1 .
< E i+1
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or equivalently,

n
™12 +20(q" )2 < w03 + 26 + 2cgAt Y] ulFo. (4.62)
i=0

Letn, 1= maxj<i<py lullo forn € {1,2, ..., N}. It follows from (4.62) that

[0 *12 +26(q"1)? < [uO)3 + 26 + 2¢¢T 741 (4.63)
Since {n,} is a non-decreasing sequence, it is implied from (4.63) for0 < i < nthat
i *2 < [u®)Z + 26 + 2¢¢Tn; 41 < [uO)Z + 20 + 2¢¢Tp 41,
which leads to
2 < |uCE + 26 + 2¢T (4.64)
N1 < 0705 + 20 + 2¢¢Tnp 1. :

Note that the quadratic equation ’7%1+1 = ||u0||% + 26 4 2c¢Tnp+1 has two distinct solutions of

opposite signs. Therefore, 41 satisfying (4.64) is bounded by the positive solution, i.e.,

M1 < 66T+ (T2 + JuO|3 + 26 < 26T + [uC]g + V28. (4.65)

The combination of (4.63) and (4.65) results in

[ *1)2 +26(q"" 1) < [[u))3 + 26 + 2¢¢T(2cT + [uO|o + V 26). (4.66)

In particular, noting that 6 > 1, we have

a2 + 2c¢T(2ceT + [u]g + \/26)
26
.\ lu®|Z + 2c¢T(2ceT + [u]lp +v/2)
j .

(qn+1)2 <1+

<1

The proof is thus completed. O
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4.2.3 Error analysis

Let{u', p", q"} be the numerical solution at time t,, obtained by the DRLM scheme (4.51),

we define the errors of the velocity, pressure, and Lagrange multiplier as follows:

eﬁ =u — u(tn)a eg = pn - P(tn), and e(l.,]l = ql’l -1

In particular, we have e = 0 and eg = 0. Before stating the main results of this section, let us

first recall some useful inequalities.

Preliminary inequalities Since the homogeneous Dirichlet boundary condition is imposed for
the velocity field, we invoke the Poincaré inequality and obtain, for some constant c¢; depending

only on the domain Q:
IvliL <€ (1 + el VVlo. ¥V e Hy(Q). (4.67)

Foru,v,w e H(l)(Q), we define the trilinear form b(-, -, -) by
b(u,v,w) = / (u-V)v) wdx.
Q
It can be shown that b is skew-symmetric with respect to its last two arguments, i.e.,
b(u,v,w) = —b(u,w,v), Vu eV, Vv,we H(l)(Q). (4.68)

By settingw = vin (4.68), we have b(u,v,v) =0, Yu € V, Vv € H(l)(Q). Furthermore, for

d < 3, there exists a constant c; depending on Q such that (cf. [159, 175, 177, 13, 124])

-

ally vl Wil
lallolvii2lwl1,
[b(w, v, W)| < c2 1 Jully[[v]l2lwllo, (4.69)
lallo/vll1 Iwl2.

[ufl2[vii1lwllo.

L

Adiscrete version of Gronwall’s inequality (see, for example, [44, 79, 152]) is stated below:
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Lemma 4.15. Let {dn}{f:(), {En}{f:l, {én}I,,f:l, and {cun}{fzo be nonnegative sequences with

wodg + ¢ < ¢1e%0. 1f{¢,,} is non-decreasing and

n-1
dn+bp <p+ D) wid, V1<n<K,
i=0
then we have
n—-1
anp+by < ~nexp<Z col-), V1<n<K. (4.70)
i=0

We note that the condition wgdg + ¢ < 1“0 in Lemma 4.15 is needed to ensure (4.70)

holds for n = 1. This condition is satisfied if 4y < ;.

Optimal error estimates for the velocity and Lagrange multiplier Inwhat follows, we assume
that the solution (u, p) to the NS equations (4.47) satisfies the following regularity conditions:

u € L®(0, T; H2(Q)), u; € [2(0, T; HY(Q)),

(4.71)
uy € I2(0, T; H™Y(Q)), p € I(0, T; HL(Q)/R).
Let M be a positive constant such that
T T
max{ sup [l f o3 d, f gl dr} <M. (4.72)
te[0,T] 0 0

Theorem 4.16. Let {u"},{p"}, and {q"} be generated by the first-order DRLM scheme (4.51). There
exist positive constants 7y, C1, and C, depending on Q, T, v, M, ug, and f but independent of At,

6, and n such that the following error estimates hold for all At < 7:
n . . n . 1
lelt 2 + ) el — e 2 + At S Vet 2 < ¢ (1 + 5>At2, 0<n<N-1,

and

C
lef}] < ?ZAt, 0<n<N.

Proof. To derive optimal error estimates for both the velocity and the Lagrange multiplier, we
perform the following steps. A velocity estimate is first obtained based on its error equation

(integrated against eﬁ”) and the use of the viscosity term to control the truncation error and
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nonlinear convection terms. Since the resulting estimate involves the Lagrange multiplier error,
we bound it in terms of the velocity error. This is a challenging task due to the presence of both
q"*1 and (¢"**t1)2 in the DRLM scheme and requires combining the dynamic equation for g with

n+1

n+l _yMandelit! —elt,

the momentum equation and the velocity error equation, tested with u
respectively. Once these estimates are established, the discrete Gronwall’s inequality is applied
to both the velocity and the Lagrange multiplier, followed by an inductive argument to achieve

optimal convergence rates of the concerned quantities under an O(1) time step size requirement.

Step 1: Estimates for the velocity. Subtracting the momentum equation (4.47a) at t,,41

from (4.51a), we derive the error equation for the velocity and pressure:

n+1
e — el
“A—t“ vAelt! + Vet = REH + (u(tpi1) - VIu(ty41) — ¢l - Viu®,  (4.73)
where the truncation error Rﬁ"'l is given by
t
u(tpp) —ulty) 1 [+l
RG™ = u(tyn) - — 00— = (t = tp)ug(t) dt.

tn

Integrating (4.73) against e ! and noting that (Vep ™, efit!) = 0 due to V - efi*! = 0 (cf. the

incompressibility conditions (4.50b) and (4.51b)), we find

n+1,2 n,2 n+1 _
eu e eu
[Bf ||0 leulg | u||0 +v||Ven+1||(2)

2At 2At u (4.74)

= REL, eltD) 4 b(u(tyy1), u(tngr), et — ¢ +1b™, u”, et th).

Since u(ty41) € Hp(Q) and u*! € H}(Q) by Lemma 4.13, we have et € H}(Q). Hence,

the first term on the right-hand side of (4.74) can be bounded by

1 [in+1 il In+1 il
f (t = tpugede|  lew™ |1 < f [agell—1dt ) llew™ " l1-
t
-1

(Rn+1 n+1) <

At
n
(4.75)
The last two terms on the right-hand side of (4.74) can be split as follows
b(u(ty41), ulty41),ed™™) — ¢+ 1bu", u, efit!) = By + B, + B3 + By, (4.76)
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where

By = b(u(tpy1) — ulty), u(tny), el ™) + b(u(ty), u(tys1) — u(ty), el ™),
By = —q"*1b(el, u(ty), el ™) — ¢ lb(u(ty), ek, e th),
By = —q"*1b(el, e, et ™),

By = "+1b(u(tn) u(ty), et

It follows from properties of the operator b in (4.68)-(4.69) and the regularity assumption (4.72)
that

By = b(u(ty41) — ulty), ulty41),edth) — b(u(ty), el ™, ulty 1) — u(ty))

n+1

< el[utn41) = ultlloluCtns Dl2led I + c2luttnl2led ) —u)lo

< 2eM|ultp41) — uty)lolled

fn+1 n+l1
<26,M / luello de ) €.
t

n
(4.77)
Similarly, noting that 0 < ¢"**1 < ¢ from Lemma 4.14, we obtain
By = —q"*1b(eld, u(ty), e ™) + ¢ b(u(ty), i, eld)
< coczllelillolultn)l2llel™ 1 + cocalutn)l2 el i1 ledllo (4.78)
< 2coeoM|elllollelt 1.
By = —q"*1b(el, el i) < cocalledlllleill1 el I = cocallelIFledt 1 (4.79)

We remark that the estimation of B; involves ||eﬁ||%, which eventually becomes ||eﬁ||‘1l after the

use of Young’s inequality. Alternatively, one may estimate B3 using a stronger inequality B3 <

Y2162 42 el /2] 1, which simplifies to By < cocallelollell el 1

coczlledlly “lledlly’ “lledlly “lledll
and (4.79) follows. Although this estimate avoids the difficulty associated with the quartic term
||eﬁ||‘1‘, it is only valid in two dimensions (d = 2), as shown in [124] (where the study is restricted

to the 2D setting). To ensure the analysis in the current paper applies to both two and three
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dimensions, we still use (4.79) for estimating B3. Now for By, it can be bounded by

1 1 1 1 1 1
By = —eg T b(u(ty), uty),ei ) < caleg ™ ultn)l2lut)llled o < c2M?leg™ e lo-

(4.80)

In addition to Bs, the estimate for B4 introduces another challenge to the analysis due to the

product of implicit error terms, i.e., |e”+1 | ||e”+1 llo- We remark that for the first-order SAV scheme

n+1

n+1 and ega1/) can be easily handled by invoking

n [124], a term similar to B4 (involving both ey
the dynamic equation for the auxiliary variable. However, applying the same approach to By in

our case leads to suboptimal error estimates for both the velocity and the Lagrange multiplier.

The combination of (4.74)-(4.80) results in

”el’l+1 n+1

2 2
15— lletilly  lled* — edillg

2At 2At

tn41 tns1 il
< f [cell—1 dt + 2¢,M f luello dt + 2coeaM[elllo + cocallel | e+
tn

1
+ V]| Ve

n+1,,,n+1

+ c2M2leg et lo-

(4.81)

By the Young’s and Cauchy-Schwarz inequalities, noting that ||e”+1||1 <1+ c1)||Ve”+1||0 due

to (4.67), the first term on the right-hand side of (4.81) is bounded by
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tn+1 tn+1 il
f [gell—y dt + 2¢,M f [wello dt + 2c0esM[ello + cocalldl? | e+

tn
2
t t
(1 + 01)2 n+1 n+1
e lugell—1 dt + 2CzM lagllo dt + 2cocaMletillo + Coczlleﬁll%
tn
— el t1)2
2(1+ 1)?
2 2
t t
su 1+402M2+4ch2+cc usl|l-1de)] + u|lo dt
) 0“2 0“2 tt tlo
tn tn
4 1
+ llettIg + ||eﬁ||i‘] + 5 IVed
tn+1 tn+1 p
1
< (Ar |7 g ar e [ e + gegid + IIeGIIi‘) + Zpvety,
In n
(4.82)
where c3 = a +2i1) (1 + 4¢3 2 M2 +4coczM2 + cocz) It follows from (4.81) and (4.82) that
1,2 1 2
R 1|2 — ez [left! - e)12 L 2 et
2At 2At 2 tru o
fn+1 2 fn+1 21+l n+1
<o A f lweell2 i + At f gl de + €13 + el ) + coM2el e o,
tn tn
(4.83)

Summing (4.83) overi = 0,1,...,n and multiplying the resulting estimate by 2At, we deduce

that

1 1 1
eqt ||0 + Z ||el+ —eu”o + Aty Z ||Vel+ ||o

i=0

T n ) n )

< 25t (At f lugel2, de + At f B de+ S ez + 3 ||eh||‘f)
+ 2c,M2At Z e lles o
i=0

1 i+1

< 2c3At <2MAt + Z leb 1 + Z ||eu||1> + 2c,M2At Z el ek o,
i=0 i=0 i=0

where we have used the regularity assumption (4.72) in the last estimate. By Young’s inequality,
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the last summation on the right-hand side of (4.84) is bounded by

n n
2e,M2At Y legtllew™ lo = 2e2M2Atleg+ [llefi+ llo + 2c2M%At Y legllleqllo

i—0 i=0
11 no = ' (4.85)
< 5||e{}+1||g +23MAA2 (B2 + aM2AL Y Jeh|? + caM2AL Y leh 3.

From (4.84) and (4.85), we arrive at
1 n n
1 i+1 i i+1
Sled g + > lew™ —eull§ + Aty 3 [ Veu™ |13
i=0 i=0

n n
< 4c3MAF + (2c3 + aM2)AL Y Jleh |13 + 2c3At Y [lehill (4.86)
i=0 i=0
n .
+aM2AL Y [eh|? + 2c3MA A2 2.
i=0
Step 2: Estimates for the Lagrange multiplier. Since the right-hand side of (4.86) involves the
n+1 |2

error term |eg of the Lagrange multiplier, we proceed by estimating this term based on the

dynamic equation (4.51c). This can be achieved by bounding |(g"*1)% — 1

, hoting that the exact
value of gis 1and q° = 1. Observe that (4.51c) can be written as follows

(qn+1)2 _ (qn)z _ ”un+1 _ un”(z) .\

0 At 2At

¢"Flb, u utth), (4.87)

Taking the I? inner product of (4.51a) with u”*1 —u" and using the properties b(u”, u”,u’) = 0
and (Vp"*t1 u"+l _y") = 0, we find
+1 2
[u”*t —u|[§
At

4
+ 5 (IVa"™ 13 — [ Va3 + | V@™ —um)|F) + ¢+ b, u", u™+h)
= (f(tn4) 0" —u").

(4.88)

It follows from (4.87) and (4.88) that

(@"H? — (¢")?
At

2
~ ”un+1 _ un”0

2At (4.89)
v
=5 (IVu™ 1§ = Ve[ + V@™ —u™)]3).

6 = (f(tp41), w1 —u")
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Notice that q0 =1, the sum of (4.89) overi = 0,1, ...,n leads to

n

= > (f(ti4)ut —ul) - 2Athu‘+1 uf|2

i=0 (4.90)
V

’)} . .
SUVa™ g — [Vu®|) - 5 >, V(! DR,
i=0

e( n+1)2 -1

Recalling cg = ”f”Loo(O,T;LZ(Q))’ the first term on the right-hand side of (4.90) can be bounded
by

n

n
> (ftigr), ut —ul)| < 37 I lollai™ —ulllg

n
< 3, epat- vi_nui+1 ~ uflo

+1 _ i
—ZcAt+2AtZ|lu 'l

2 L i+1 _ i 2
£T + 2At Z lut+! — a3,

(4.91)

I/\

I/\

Observing thatuit1 —ul = (u(t; 1) —u(t)) + (el — el)) and using the inequality |Ju +V||% <
2(||u||% + ||V||(2)), we can estimate the second term on the right-hand side of (4.90) (as well as (4.91))

as follows

n
i 1 1 .
) Z Ju ! —ulf < = Z [u(tip1) = u(Ig + Z e —ehll3

2
1 .
P ( f ||ut||odt) + Z el - b3

T
L
e |G e + 5 Z et — ehl

L
+1 i 112
A_Z el 3111”0-

(4.92)

IA
S—

I/\

Similarly, for the term §||Vu”+1||% and the last summation on the right-hand side of (4.90), we
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have

% 2 n+1,2
§||Vu"+1||0 < | Vu(ty1 DI + vIVed 13

(4.93)
< vM? + || Vel T2,
and
‘V n . .
2 D Iv@tt —ud)d <v Z IV(a(tiy1) — )G + v Z Vet — eI
i=0
T .
< VAt f IVug||2 dt +v Z IV (el — eby))2 (4.94)
0 i=0
< VMAt +v Z ||V(elil‘"1 - eﬁ)ll%.
i=0
Combining (4.90)-(4.94), we obtain
(@"*H2-1] _|< P41 _ i i+1_ yif2
O—— < i:ZO(f(tiH),u —ul)[ + 2At Z lui+! — ul|2
‘V ‘V . .
+ 5 (IVa™ g + 1 Va® ) + 5 Z IV(u™*! — b))
i=0 (4.95)
1, 2 1 Yiva0)2
< chT +2M + vM~“ + §||Vu g + vMAt
1 1 1 i
t Al Z et — ebal + VIVl I3 +v ZO Vel - el
1=
Notice that ef *1 = ¢"*+! — 1 > —1, which implies
@21 _ legt + 1% - 1]
At B At
1 1
_ g™ +2eg™ | (4.96)
At
emax{lei’l+1|2 |el’l+1|}

At
In the last estimate of (4.96), we have used the fact that |x + 2| > max{|x|,1} for all x > —1.

From (4.95) and (4.96), we deduce

emax{lel’l+1|2 |el’l+1|}

< cg + YMAt + SPH (4.97)

At
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wherecy = —ch +2M +vM? + ||Vu0||% and
1 1 1 _ ol
=N Z e = bl + vIVel 3 + v Z V(e - et

Step 3: Estimates for St 1, By taking the 12 inner product of (4.73) with en+1 et and using

similar arguments as in the estimates (4.75)-(4.82), we obtain

n+l1

llew eﬁllo

1,2 +1 2
0+ 2 (IVed I3 — IVeRI3 + 1V (eE™ - eI3)
1

= (RETL et — oty + b(u(tyg1), ultng1), edtt —eff) — "+l u”, it — o)

fn+1 fn+1 ntl  n
< f lugell—1 dt + 2eM j gl de + 2cocaMliefilo + cocallel | ettt — el

tn t

1 1

+ M2 el — 2o

fn+1 2 fn+1 2 ni2 nu4 N+l ny2
< 2¢; (At f [wecl2 ; dt + At f el e + 13 + 112 ) + 21Vt — efi3

tn In
n+1 n2 2ar4
2At 2 ’
which implies that
lea™ —€dlE | v (oontipz _ pyen nL_ 2
0+ 2 (Ve 3 — 1VelIB) + Z IV (et - eI
tn+1 tn+ 1 cEM*At
2 1
< 2¢3 (At f el de + At f 1§ dt + leGlG + ||eﬁ||i‘) + Tle’“ 2
tn tn
(4.98)
The sum of (4.98) overi = 0,1, ..., n gives us
1 [ 1,2 1 i
= Z left! — el + S1vel ™ I3 + Z Vel - el
(4.99)

L i e i), ML
< 2c3 (ZMN + > lleqlly + D ||eh||1> + = > leg™?
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By multiplying both sides of (4.99) by 4, we can bound S"**1 as follows

s < = Z et — ebilf +2v| Vel + v Z V(e ~ el
(4.100)

n
< 8¢c3 (ZMAt + > llehld + Z ||e§1||‘1‘) +2c3M4At Z lebH 2.

Step 4: Simultaneous estimates for the velocity and Lagrange multiplier. In light of Step 2
and Step 3, let us first simplify the estimate for 6|e3+1 |2. From (4.97) and (4.100), we find
n+1 |2 |e51+1 1}

max{|ef
6 ! < cq + YMAL + STH1

At (4.101)

n n
<ca+ (1603 + VMAL +8c3 D [lehl|d +8c3 Y. ekl + 2c3M*At Z leGHL 2.
i=0 i=0 i=0

Since XX y < max{x, y}forallx,y € R, multiplying (4.101) by 2At yields
n .
Olef 12 + 6lef ™| < 2c4At + (32¢3 + 20)MAL? + 16c3At Y [leh|12

i=0
, (4.102)

n
+16c3At Y flebllt + 43M4Ar2 Y [ebt1 (2.
i=0 i=0

If Olef 1| > 2c4At then (4.102) reduces to

n n
6|e€ll""1|2 < (32c3 + 2V)MA? + 16c3At Y. el |& + 16c3At D [leh || + 4c3MA AL Z |el""1|2
i=0 i=0 i=0

2
4c
If@le"+1| < 2c4At then 6|e”"'1|2 < T“Atz. In both cases, we have

402
Bleg ™| < (32c3M +2M + — )Atz 16341 Z bl

=0 (4.103)
+ 16c3At Z lebll3 + 4c3M*A¢? Z |el"'1|2
i=0 i=0

Taking the sum of (4.86) and (4.103), we obtain
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l’l+1”0 + Z ”el+1 —eu”o + Aty Z ||Vel+1||0 + 9|€n+1|2
i=0

4c 2
(36C3M +29M + )Atz + (18c3 + cM?)At Z leh 12 + 18c3At Z lehllt  (4.104)
i=0 i=0

+ (M2 + 4c3MAADAL Z |e}1|2 + 6C%M4At2|€3+1|2.
i=0

If At satisfies 6C%M4At2 < g, or

6
At < L (4.105)
2\/§C‘2M2
then multiplying (4.104) by 2 yields
lef* 12 + 2 Z leb™ — elyl|Z + 2atw Z Ve 2 + 6lef 1
i=0
8c2 no. h
< <7ZC3M +49M + 74) Af2 + (36c3 + 25M2)AL Y. [lebilIg + 36c3At D [leh |1
n
+ (20,M2 + 8AMAADAL Y Je§|? (4.106)
i=0

, 2oM? +8c3M*Ar) 2
< maxy36c¢3 + 2coM<,

3 At ga (lleklI + 6leg1?)

8c2 " ;
+ <7ZC3M + 4vM + 74) At? +36c3At ) Jleh 1§
i=0

From (4.105) and the fact 6 > 1, we know that

20,M? + 8c3MAAt 51+ dc;M2At

= 2¢,M < 2c,M?— Y-
) 2 ) = <2

2
< 2c,M? (1 + T> < 5¢,M2.
3

Therefore, (4. 106) can be simplified as

1,2 1 1,2 1
ledtt)2 +2 Z e — elyl|Z + 2atv Z IVeh2 + 6legtt|2

i=0
n

. . 802 h .
< (36c3 + 5c;M2)AL Y (|leh g + 6leh]?) + (7ZC3M +49M + 74) Ar? + 360341 Y [leh 1T

(4.107)

Applying the discrete Gronwall’s inequality in Lemma 4.15 to (4.107), with @, = ||eﬁ||% + 6|e3|2

194



for0 < n < N, we obtain
1,2 1 1,2 1
ledtt)2 +2 Z e — elyl|Z + 2atv Z IVel2 + 6legtt|2
i=0

8c2 }
<7ZC3M + 4vM + T4> At? + 36c3At Z lebllt | exp (T(36¢c3 + 5¢,M%))  (4.108)
i=0

< (2esM + < 2) A% + cst Z [EXGe
i=0

where c5 = (36¢3 + 2v) exp (T(36¢3 + 5c2M?)) and ¢ = 8¢2 exp T(36¢3 + 5¢c,M2)).
4

n .
Step 5: Estimates for )’ ||e{1||‘11 by induction. It follows from (4.108) and Poincaré inequal-

i=0
ity (4.67) that
2
—(1 e )2 éu 1 & 0 5 e 5 P u 1 s

which leads to

n+l1

3 leblf < (”Cl) [z M+—+—(Z||eu||l)] (4.109)

Using (4.109), we will prove by induction that, for sufficiently small At, the following holds for

0<n<N:

+ c c
Z ||eu||1 a 1) (205M + 56 + 05> At =: alAt. (4.110)

Clearly, (4.110) holds for n = 0 since e = 0. Suppose it is true for some nonnegative integer

n < N. In light of (4.109), for At satisfying

2
At < 12 hid - (4.111)
(04 C,
1+ (cs + 2csM + 56)

we find that
n+l1 2
1+ l1+c C
Z le)1? < ( 1) (2 M+ 8 2 S+ csa?At) At < %(205M+ 66 +c5)At = aAt,

which verifies the statement (4.110), provided that At < %. Therefore, we have the following
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estimate
2

N N
D ekl < (Z ||e{1||%> < a?At? < At (4.112)
i=0 i=0

Step 6: Optimal convergence rates for the velocity and Lagrange multiplier. Combin-
ing (4.108) and (4.112), we end up with

lef 112 + 2 Z leh — elyl|Z + 21w Z Ve 2 + 6lef 12 < (c5 +20sM + 2

2
> )At

¢

(4.113)

provided that At satisfies the following condition (cf. (4.105) and (4.111) and the fact 6 > 1)

: 1 492
AtSmln{ , id 2,T}=ZT0.
24/3¢2M2 (1 + ¢1)% (5 + 2¢5M + ¢g)

Setting c; = max{cs + 2c5M, cg}, we obtain from (4.113) that for0 < n < N,

1
1t Y2 + 2 2 leb! — ely 12 + 2t Z IVeltl|2 < ¢ (1 + 5>At2, (4.114)

and
n+l2 o (1 i) At2. 4.115
leg |—C7e+ez (4.115)

In light of (4.112), (4.114), and (4.115), the bound for |e3+1| can be further improved (especially

when 6 > 1) using (4.101) as follows

1 n
| Cl+ | 4 i+1)2
£ < ¢4+ (16c3 +v)MAE + 8c3 Z leh 13 + 8c3 Z lebl|t + 2c3M* At Z leg|
i=0 i=0 i=0
1 20pdo (1,1 2
< c4 + (16c3 + vV)MAL + 8c3cy (1 + 5) TAt + 8c3At + 2c5M ¢y <5 + §> TAt

< cgq + cgAt + 09At2,

where cg = (16¢3 + v)M + 16¢c3¢7T + 8c3 and cg = 4c3M*c; T. This means that

At,

2
|en+1| < C4q + cgAt + cgAt
- G

and the proof of Theorem 4.16 is completed with C; = ¢y and C; = ¢4 + cg79 + 0918. O

196



Remark 4.17. It is necessary to follow Steps 2-6 in the proof above to bound the Lagrange multi-
plier error e3+1 from both above and below, especially the latter. Note that an upper bound for

e&’“ can be easily obtained by combining (4.90) and (4.91) which yields

(ql’l+1)2 -1

0 At

IA

n
v v 4 i i
GGT + 5[ VuOl§ = SIVu™ g = 2 3 V(! —ud)3
i=0 (4.116)

IA

2 4 2 _. a4
cfT + §||Vu0||0 =: ¢

Recall that g"t1 —1 = egH and ¢"t1 +1 > 1, (4.116) implies

egz+1 o
A : n+1
0 A7 < ¢, orequivalently,eqg™ " < éAt.

Optimal error estimates for the pressure We begin with a key lemma on the discrete derivative
of the Lagrange multiplier error, which is crucial for the pressure error estimate. For any sequence

{g"} >0, let us define

n+1 n

dtgn+1 - 8 —8

22  foran > 0.
At yn=

Lemma 4.18. Under the regularity assumptions (4.71) and u; € L*(0, T; 12(Q)), there exists a

positive constant C3 independent of At and 6 such that for all At < min{z, %}, we have
2
N-1
n+12 . C3
D ldeeg ™ < A0
n=0
where the constants gy and C; are defined in Theorem 4.16.

T
Proof. Let M be a constant such thatf lullg dt < M. Since "1 —q"* = e 71 —elt, it follows
0
from (4.89) that

2
~ ”un+1 _ ul’lllo
2At

G(q”"'l + qn)dteg-'-l — (f(tn+1),u”+1 _ un) _ v(Vu”"‘l, V(u”"’l _ un)).

(4.117)

Recalling that cg = ”f”LOO(o,T;Lz(Q))’ the first term on the right-hand side of (4.117) is bounded
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|(ftps1), 0™ —u")| < £t D)lolu™ L —u"o

< cgu™*1 —u| (4.118)

1, 1 n+1 n)2
< ScgAt + 2At”u —u”|5.
Itisimplied from (4.117) and (4.118) that

1 1
8(q" 1 + qM)|dgel Y| < EC%N + A_t||un+1 —u"3 + vV o[V —u™)|. (4.119)

To estimate the right-hand side of (4.119), we observe from Theorem 4.16 that

2
2 +1
a1 — a3 < (lleg*! — elillo + ultn41) —ultn)lo)

tn+1 2
< (\/ 2C1 At + f latllo dt)

tn

In+l
<(C1+1) At + At/ agl|3 dt |,

tn
4.120
Va1 < [Vel+ o + [Vultnslo (4120
2C1At
< J2A L < ATy
V v
IV@™t —uM)|o < [Vl — el + IV(ultnt1) —ultn))lo
n+1 n fnt1
<|[Veu""llo + [IVeullo +f [uglly dt.
tn
When At < %, we have |e3| < %foro < n < N. Therefore, it holds% <q'< %foro <n<N,
2
and thus q”‘"1 + g™ > 1. Collecting (4.119) and (4.120) yields
Oldiegt!| < 6("*! + q™)|def ™|
1 ) In+1 )
< <§cf +2Cy + 1> At + (2Cy + 1)ft [l dt (4.121)
n

In+1
+ (V2C1 Tv + Mv) (nVeﬁ“no + [ Velillo + f lagly dt).

tn
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Squaring both sides of (4.121) and applying the Cauchy-Schwarz inequality, we find

2 2
02|deel T2 < Gc% +2Cy + 1) +(2C1 +1)? + 3(V2C1 Tv + Mv) l

2 fntl n+l1y2 ny2 fn+l
Ate + Atf ||ut||0 dt + ||Veu ||0 + ||Veu||0 + Atf ||ut||1 del.

tn tn
(4.122)
By the regularity of u and Theorem 4.16, we have
T T N 20
/ lagl|d dt < M, f la$de <M, > |Veli|d < TlAt. (4.123)
0 0 n=0

The proof of Lemma 4.18 is completed by summing (4.122) overn = 0,1,...,N — 1 and us-

ing (4.123), where the resulting constant C3, given by

1 2 2
Cs = [(Ec% +2C1+1) +QC; +1?+3 (V2 Tv + Mv)

(T +M+M+ %) ,
isindependent of At and 6. ]

Next, we state the main result in this subsection and present a detailed proof of the
pressure error estimate. In addition to (4.71), the following extra regularity assumptions are

imposed (cf. Remark 4.20):

u; € I2(0, T; H2(Q)) n L*(0, T; HY(Q)) N L®(0, 79; HL(Q)),

(4.124)
u;; € 200, T; I2(Q)) N LP(0, 70; I2(Q)),  wuyys; € L2(0, T; H-LH(Q)).
Let M be a constant such that
T T
max{ sup il [ wiga [ ||ut||‘fdt}SM,
te O,TO 0 0
. . (4.125)
max{ sup  usello, / ugel d, f ||uttt||2_1dt}SM.
tE[O,To] 0 0

Theorem 4.19. Let{u},{p"}, and {q"} be generated by the first-order DRLM scheme (4.51). There

exist positive constants 7y and C4 dependingon Q, T, v, M, M, ug, and fbut independent of At,
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6, and n such that the following error estimate holds for all At < min{z, 7y, 22 }:

1
Atz e 125 <C4(1+5>At2, 0<n<N-1,

where the constants tp and C; are given in Theorem 4.16.

Proof. To obtain optimal error estimates for the pressure, we first apply the inf-sup condition
to derive an upper bound for the pressure error that involves only the velocity and Lagrange
multiplier. This leads to estimating the discrete time derivative of the velocity error - the main
step in the proof, which can be carried out using Lemma 4.18 and the regularity assumptions

onu. Finally, the desired estimate is obtained using Gronwall’s inequality in Lemma 4.15.

Step 1: Estimates for the pressure. A standard approach to estimating the pressure error is to
apply the inf-sup (or LBB) condition after establishing the velocity error bound (cf. [123, 124]).
Equivalently, we note from [13, Lemma IV.1.9] that there exists a constant 8 > 0 such that for all

¢ € I2(Q)/R, we have
1
E”Vg"”—l <llelz2/p < BIVel-1. (4.126)

In order to bound ||eﬁ||L2/R for1 < n < N, it suffices to estimate ||Veg||_1. From (4.73), we have

n+l _

Ve”+1 % +vAelt £ REM 4+ (u(tyh1) - Vu(tngr) — ¢ - vyu”t. (4.127)

Foranyv € H} 0(Q), the L2 inner product of (4.127) with v leads to

(Vefth,v) = - (el = el v) = v (Velit], vv) + (REH., v)

+ b (Ultn41). ultns1).v) — gD (w0, v)

n+1 n+1 fn+1
||e —egl-1lvll1 + Ve o[Vl + (/ [agel—1 dt
tn

tn+1
2 n+l
+ 202Mf latllo dt + 2coeaMllelillo + cocallel | + caM? (el |)||V||1,

(4.128)
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where in the last inequality, we have used estimates (4.75)-(4.80) with e""‘1 replaced by v. By

the definition of H~1-norm, we know that

IVeptti—y =infle>0: (Veptl,v) <clvlly, Vv € H{(@)}.

Therefore, (4.128) gives us

n+1 n+1 n+1 fn+1
[Vep™ -1 < Atlle —egill—1 + vIIVed o +/ lagell—1 dt
t fn (4.129)
n+l 21,n+1
+ ZCsz lagllo dt + 2coeaMleltllo + coczlled]? + oM leg™ |-

Squaring both sides of (4.129) and applying the Cauchy-Schwarz inequality, we deduce that

||Velrjl"'1||2_1 < (1 + v+ 1+4c3M? + 4c3cEM? + c3c3 + 02M4)

t
L n+l n)2 Vel 112 & At ntl 2 dt
a2 — e —edl2; +vIVertI + t lwgell=4 (4.130)
n
fntl n+1,2
+Af/ e l5 de + ledlg + el + leg ™| )
tn

Letcijop =2+7v+ 402M2 + 4(:0ch2 + c0c2 + c2M4 The sum of (4.130) overi = 0,1, ..., nyields

T
i+1,2 i+1 2 i+12 2
Z IVep 2 < clo<A 3 Z lelt! — b2, +v Z IVeat 13 + Atf [agellZ; de
i=0 O

12
+ Atj g |G de + Z leqalls + Z letllf + Z e )
0

(4.131)

By using Theorem 4.16, the regularity assumption (4.72), and the estimate (4.112), we obtain

from (4.131) that

n
> Iveptt2, < 10|52 Z leb™t — b2, + C1 (1 + 5) At + 2MAt
i=0 (4.132)

+C (1+1)TAt+At+C—22TAt
1 6 92 .

n+1

Step 2: Estimates for |le;” " — elt||o. It remains to estimate ||e""'1 —ell_1for0<n<N-1.

n+1 n+1 n+1

Since |leq™ —elt|l—1 < lled™ —etillo, we will bound |lefy ™ — elt||o instead. Taking the difference
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of (4.73) between two consecutive time steps yields

deet! — dyell (W(ty+1) - VIu(tn41) — ity) - Viulty,)

— vAdeelt! + Vdeeptt = 4, RET +

At At
qn+1(un . V)un _ qn(un 1. V)un_l
At :
(4.133)
Taking the 12 inner product of (4.133) with dte”Jrl gives us
ldeel 12 — Idelt|d Idelitt — dteﬁno Ve
2At 2At t 0
o ontl o onely |, btnin),ultn 1), deedth) — b(u(ty), ulty), dreith)
= (diRy" ,diey” )+
At (4.134)

q”+1b(u”, u”, dteﬁ+1) _ qnb(u”_l,un_l, dteﬁ+1)
At

= (d;RETL, diell ) + 51 + Sy,

where S1 and S, are defined as

b(u(ty41), ultny1), deeft ™) — 2b(u(ty), ulty), deel™) + bu(t,_1), u(ty_1), drelith)
At
b, u", dieldth) — b(u(ty), ulty), dieft™)
At
q"bu L u"" L, deltt) — b(u(ty_1), u(ty_1), drel ™)
At )

S1=

Sy =—

By noting that d;eft*! € H{(Q) and

fn+1 tn
f (¢t — tp)ug(H)de — / (t— tn—l)utt(t)dt]

tnh th—1

tn r+At r+At
At2 f f uy(§) d§ dsdr,

1

n+l _
ARG =

we obtain

t
dRE dpeltt) < Ry ldeelt < [ [ dt | ldelt? 4.135
(d¢ req ) < |ld; [—1lldien™ "|l1 < [ageell—1de | ldeen™ “|l1. (4.135)
tp—1
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Due to the linearity of the operator b, S can be written as follows

_b(u(tnt1) = 2u(tn) + ultn—1), u(tn—1). dre )

51 At
| bultn), ultn 1) - 2u(tn) + u(tn-1), deeltt!)
At
. bultni1) — ultn), ultns1) - ultn—1), deei +1>
At

Using the properties of b in (4.68)-(4.69) and the regularity assumption (4.72), we find

51 < ||u(tn+1) 2u(ty,) + u(tn_Dloluatn—Dll2ldee

||u(tn)||2||u(tn+1) 2u(ty) + ultn-Dlolldred 1y

- (4.136)
1

2 Ju(t41) = ) Pt 1) = )l Ikl
tn+1 tn+1 ) n+l
<(2e,m / Jugello de + 2¢5 f el dt | ideeli .
t tn—1

On the other hand, S, can be expressed as

—d e”“b(u”, u”, dte{’ll+l)
_ el b(u(ty),u(ty) —u(ty—1), dte{ll_'_l) + b(u(ty) —u(ty—1), ulty_1), dteu+1)
q At

_ qn b(eﬁ_l’ u(tn) — u(tl’l—l)’ dtel’}_*-l) + b(u(tn) — u(tn—l), eu, dteu+1)
At

— q"*|b(dsel}, ulty), dietth) + b(u(ty—1), drell, dieth) |

— q" | b(dsel}, el ™, drelit ) + b(ell, dpell, dre )]

By using (4.68)-(4.69) and (4.72) again, along with Lemma 4.14, one arrives at

tn
1 1 202M
Sy < coldge |3l dselt Il + —2—lef| (j
t

n—1
C()Cz tn
1
02 e~ + lleflo) f
t

n—1

n+l
Ihagllo dt) ldreq™ Il

4,137
||ut||zdt) et (4.137)

+1 1 +1
+2cocaM|dreqillolideen™ Il + coca(lled™ Il + lledtlldeetillr idrea™ -

203



Collecting (4.134)-(4.137), we find

+1)2 2 +1
ldeeit* 15 — dsetilly  Ideeq —dteﬁllo

n+1,2
2At 2At +v[Vdeq™ |3
tn+1 n+1 n+1
< [ f Mgeell—rde +26M [ ugelo di + 2¢; f uel? dt
th—1 tn—1 tn—1

tn In
+1 2, ZCzM 002 -1
+ cpldgeg™ | [lu"|y + leg| f lagllo dt + = (|| o+ IIeullo) ||“t||2 dt

-1 1
+ 2cocM|dsenllo + cocz(llen™ [l + ||eﬁ||1)||dteﬁ”1]||dteu+ -

(4.138)

Using similar arguments as in (4.82) and the facts (cf. Theorem 4.16) that for0 < n < N,

¢ 1 2(1 +¢1)%C
< 2an, e <o (14 5)a, ey < XED T,

0
2(1+¢1)?C1T
o1 < (el + )2 < 2 (2 + 202020T)

b

we obtain from (4.138) that

+1)2 2 +1 2
ldeeit 15 — lideetilly | Ideett! — dredil3

v n+1,2
§||theu ||o

2At 2At
tn+1 fn+1 fn+1
< cu[At f Pagee 2yt + At f gl dt + At f gl de
th—1 . | ttn—l (4.139)
At 1 n
syl 4 A f g2 de + (1 + 5>Atf |2 dt
0 th—1 th—1

+ el + Arndteﬁn%],

with
(1 + cp)? 2 2, 2(1+ )2y T ? 2 2712 2.2
8c2c2(1 + ¢q)%C
+4coczM2 0 2( v 1].
V

It should be noted that the term At||dteﬁ||% on the right-hand side of (4.139) introduces additional

complexity to the analysis, which does not occur in the 2D case [124]. Taking the sum of (4.139)
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overi =1,2,...,nand multiplying the resulting inequality by 2At¢ yields

1,2 1 1
ldeelt 13 + Z ldsel! — deely|I3 + Aty Z IVdel)2
i=1 i=1
T

T T
< |\deedil|3 + 2c11At[2At f [agee |2 1 dt + 24t f [agel|3 dt + 2At f || dt
0 0 0

T T
1
+ X P+ f fuctf e+ (14 3)ac [l d
0

(4.140)
+ Z Idsehy]|3 + At Z ||dteh||%]
C: At  MAt 1\ ~
< lldgel] + 2¢11 A2 dyel 2 + ZcuAt[6MAt + 2 o (1 + 5)MAt
n . n .
£ Ideeh B+ A Y ||dteh||%],
i=1 i=2

where we have used Lemma4.18 and regularity assumptions (4.72) and (4.125) in the last estimate.
Note that, by convention, the last summation on the right-hand side of (4.140) is set to zero when
n = 1. Tobound ||dsed |13 + 2c11 A% || dsely |3 in (4.140), we let n = 0in (4.74) and obtain

12
||eu||o
At

+ v Veh|id = Rh. eh) + b(u(ty), u(tr), edy) — q'b(u(to), ulto), ). (4.141)
Using similar arguments as in (4.75)-(4.80) and the regularity of win (4.125), we deduce
ledul§ L2 1 g 21\ ot
80 vebl < ( [ uuddode+ 260 [l de + exM?leh ) ebo
0 0

(4.142)

~ ~ . CepM? 1
<At (M + 26, MM + %) lehlo < ez (1+5) Atlieblo.

where c15 = max{M + 2¢;MM, Cyc,M?}. By dropping the non-negative term | Ve |3 on the

left-hand side of (4.142), we find
1 I\ 12 1 1.1 1
leblo < erz(1+5)a2 and Jdrebilo = - llebllo < 12 1+ 3) A (4.143
It follows from (4.142) and (4.143) that

1+ c)? 1
A2 d;eb)? = lehl < (1 +er?|Vehl3 < =, (1+ e) Af. (4.144)
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From (4.140), (4.143), and (4.144), one obtains
1 1 1
ldreqt 13 + Z ldeel — deel|3 + Aty Z IVdeel |3
i=1

n
1 1 . .
<ers(L+5+53) a2 + 20t 21 IdeelylZ + 2¢1,A12 ZZ Idee?.
1= 1=

(4.145)

4(14¢1)2cq1¢2,T ~
wherecy3 = 20%2 + { l)v 11712 +2c11(C3 + M + 7TM). If

v
S—F5 =1,
2C11(1 + 01)2 0

the last summation in (4.145) can be bounded using Poincaré inequality (4.67) by
2c11At2 Z Idseh |3 < 2¢11(1 + c1)?Af2 Z IVdseh |2 < Atv E IVdgeltt|2. (4.146)
i=2 i=2 i=1

In light of (4.146), we derive from (4.145) that

n

1 1 ;

Ideelt Y2 < 13 (1 +3+ @)Atz +2e1At Y dsehyl2, n> 1. (4.147)
i=1

By applying Gronwall’s inequality in Lemma 4.15 to (4.147), noting from (4.143) and the definition

of ¢13 that |dseb |2 < c13 (1 + >+

2 .
5 ez)At , we end up with

1 1
et el = el < ers (14 g+ 55)PnTAZ, nzo. (a149

At2 6 062

Step 3: Optimal convergence rate for the pressure. Finally, the combination of (4.132), (4.148),

and the fact [leif ! — ely[_1 < [lei! — el results in

1 1
Z ||Vel+1||2 < ClO[CIS <1 + = 9 + 52 ) TezcllT +C (1 + 9) +2M
i=0

1 C5 (4.149)
+cl(1+ 6>T+1+§T]At

1
<14 <1 + §> At,

provided that At < mln{To,To, } wherecy4 = c19 (2c13Te2011T +C1+2M + 1T +1+C5 T)

(note thate— < ) The proofofTheorem4 19isthus completed by combining (4.126) and (4.149)

206



with Cq = 01462. O

Remark 4.20. (i) The pressure error estimate in Theorem 4.19 requires higher regularity on the
exact solution than the velocity error estimate in Theorem 4.16. The main reason is that we
estimate ||eﬁ+1 —eft||lo in Step 2 of the above proof, rather than directly bounding ||eﬁ+1 —eft|l—1.
As discussed in [159, 160], the desired estimate ||eﬁJrl —elt||_; < CAt? cannot be obtained using
standard techniques involving Stokes operator A: D(A) =V N H2(Q) — H dueto the following

incorrect inequality [160]:

YIvi2; < (A7tv,v), VveH, (4.150)

for any constanty > 0.

(ii) Extension of the presented semi-discrete analysis to fully discrete schemes could be carried
out with inf-sup stable finite elements (e.g., Taylor-Hood elements) for spatial discretization.
The key difference is the use of mathematical induction to first derive suboptimal convergence
results, which serve as a basis for bounding the numerical solutions via inverse inequalities. Then
optimal error estimates for velocity and pressure can be obtained, provided with the uniformly

bounded numerical solutions. We refer to [110] for some related technical details.

(iii) Error analysis for high-order DRLM schemes, in both semi-discrete and fully discrete settings,
is highly challenging. Unlike the first-order DRLM scheme (4.51) where the Lagrange multiplier is
uniquely determined from the quadratic equation (4.55), the second-order DRLM scheme [48]
leads to a more complicated quadratic equation for the Lagrange multiplier whose unique
positive solution is not always guaranteed. This is beyond the scope of this work and will be part

of our future investigation.

4.2.4 Numerical results

We first verify the convergence in time of the DRLM scheme (4.51) and demonstrate

the role of the regularization parameter 6 via a manufactured solution. Then we apply the
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scheme to simulate the well-known lid-driven cavity flow; additional tests on energy stability
and benchmark problems in two and three dimensions, such as the Kelvin-Helmholtz instability,
can be found in [48]. Note that various spatial discretization techniques, such as finite difference,
finite element, or finite volume methods, can be used to construct fully discrete DRLM schemes.
For simplicity, we adopt the finite difference approximation on a Marker-and-Cell (MAC) staggered

grid with a uniform mesh size in both x- and y-directions, i.e., h = hy = h,,

Convergence test The external force fis computed from the following analytic solution, in

which the velocity field satisfies homogeneous Dirichlet boundary conditions:

5sin?(7x) sin(2my)e™t .
u= , p = cos(mx)sin(my)et.
—5sin(27x) sinz(ﬂy)e‘t

We set the computational domain Q = (0,1)2, the terminal time T = 1, and the viscosity
coefficient v = 0.1. We vary both the time step size At and the spatial mesh size h with At = 2h
so that spatial errors are negligible compared to temporal errors. The I2 and H! errors of the
velocity, I? errors of the pressure, and absolute errors of the Lagrange multiplier at the final time
with different values of 6 are reported in Table 4.1. We clearly observe first-order convergence for
all variables. As @ increases, errors of the Lagrange multiplier (see the last column in Table 4.1)
decrease roughly proportionally, with a tenfold increase in 8 resulting in nearly a tenfold decrease
in the Lagrange multiplier error. Consequently, the velocity and pressure errors are improved
when 6 becomes larger, especially from 6 = 0.1 to & = 1. These observations agree well with the

theoretical results in Theorems 4.16 and 4.19.

Lid-driven cavity flow We consider the lid-driven cavity flow [65, 100, 122, 124] to validate the
long-time performance of the proposed DRLM scheme. The computational domain is the unit
square Q = (0, 1) where the top lid moves with a tangential unit velocity and the remaining three
walls satisfy no-slip boundary conditions. We run the simulation with parameters v = 1/5000

(i.e., the Reynolds number Re = 5000), 6 = 100, and h = 2At = ﬁ until the steady state is
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Table 4.1: Errors and convergence rates of the velocity, pressure, and Lagrange multiplier with

11 Yand 6 € {0.1,1,10, 100}

1 1 1
At=2]’l€{—,—,—,—,_
8 16 32" 64 128

6 At h leullo lewlly lepllo legl
1/8 1/16 6.38e-02 9.78e-01 9.78e-01 5.51e-01
1/16  1/32  1.66e-02[1.94] 2.42e-01[2.01] 6.47e-01[0.60] 4.51e-01[0.29]
01 1/32 1/64 9.64e-03[0.78] 1.50e-01[0.69] 3.50e-01[0.89] 2.66e-01[0.76]
1/64  1/128 4.99e-03[0.95] 7.94e-02[0.92] 1.81e-01[0.95] 1.44e-01[0.89]
1/128 1/256 2.56e-03[0.96] 4.11e-02[0.95] 9.27e-02[0.97] 7.53e-02[0.94]
1/8  1/16 3.48e-02 3.56e-01 4.21e-01 9.99e-02
1/16 1/32  1.29e-02[1.43] 1.29e¢-01[1.46] 2.08e-01[1.02] 5.77e-02[0.79]
1 1/32 1/64 5.51e-03[1.23] 5.82e-02[1.15] 1.02e-01[1.03] 3.04e-02[0.92]
1/64 1/128 2.51e-03[1.13] 2.75e-02[1.08] 5.05e-02[1.01] 1.55e-02[0.97]
1/128 1/256 1.20e-03[1.06] 1.34e-02[1.04] 2.51e-02[1.01] 7.84e-03[0.98]
1/8 1/16 3.39e-02 3.12e-01 3.08e-01 1.06e-02
1/16 1/32 1.26e-02[1.43] 1.13e-01[1.47] 1.50e-01[1.04] 5.95e-03[0.83]
10 1/32 1/64 5.28e-03[1.25] 4.94e-02[1.19] 7.34e-02[1.03] 3.09e-03[0.95]
1/64 1/128 2.38e-03[1.15] 2.29e-02[1.11] 3.63e-02[1.02] 1.56e-03[0.99]
1/128 1/256 1.12e-03[1.09] 1.10e-02[1.06] 1.80e-02[1.01] 7.87e-04[0.99]
1/8  1/16 3.38e-02 3.08e-01 2.96e-01 1.07e-03
1/16  1/32  1.26e-02[1.42] 1.12e-01[1.46] 1.44e-01[1.04] 5.97e-04[0.84]
100 1/32 1/64 5.26e-03[1.26] 4.86e-02[1.20] 7.04e-02[1.03] 3.09e-04 [0.95]
1/64 1/128 2.37e-03[1.15] 2.25e-02[1.11] 3.48e-02[1.02] 1.57e-04[0.98]
1/128 1/256 1.12e-03[1.08] 1.08e-02[1.06] 1.73e-02[1.01] 7.87e-05[1.00]
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reached, defined by |[u” — u” 1|, <107,

Figure 4.11 illustrates the evolution of the velocity magnitude at times ¢t = 4, 6, and 10.
The steady state contours for velocity magnitude, vorticity, and stream function are shown in
Figure 4.12. We observe that the DRLM scheme accurately captures the expected flow structures
(cf. the benchmark results in [65]), including the primary vortex, the secondary vortices near
the bottom corners, and the tertiary vortex in the upper left region. Moreover, these results

demonstrate strong agreement with those obtained by the second-order DRLM scheme in [48].

1 1 1

0.8 2 0.8 0.8 L5 0.8

0.6 - 0.6 0.6 0.6
. —

0.4 0.4 0.4 04
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. . . . . 1
Figure 4.11: Contour plots of the velocity magnitude at times t = 4, 6,and 10 with h = 2At = TR
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Figure 4.12: Contour plots of the velocity magnitude, vorticity, and stream function at the steady

state with h = 2Ar = ——.
256
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4.3 DRLM method for the Cahn-Hilliard-Navier-Stokes system

4.3.1 The Cahn-Hilliard-Navier-Stokes model and equivalent formulation

Let Q c RY (d = 2,3) be an open and bounded domain, and T > 0 be the terminal time,

we consider the following coupled Cahn-Hilliard-Navier-Stokes system:

aa—f +u-Ve¢ =MA, inQ x (0, T], (4.151a)
u=2(=Ap +F'(¢)), inQ x (0,T], (4.151b)
%—ltl +u-Va—vAu+ Vp=uVe, inQ x(0,T], (4.151c)
V-u=0, inQ x (0, T], (4.151d)

subject to the initial conditions
¢lt=0 = $0, U|t=0 =ug, InQ, (4.152)

and suitable boundary conditions. Throughout this section, we consider either the periodic

boundary conditions for all variables or the following no-flux/no-slip boundary conditions:

op _ ou _ _
a—n = a—n = 0, u= 0, on dQ X (0, T], (4153)

where n denotes the outward unit normal vector to Q. In (4.151), the unknown quantities ¢,
U, u, and p represent the phase variable, the chemical potential, the velocity vector field, and
the pressure, respectively. The given positive parameters are M (the mobility constant), 4 (the

mixing coefficient), and v (the viscosity). The nonlinear free energy density is given by

F($) = 4—12@2 ~1)2,

with € denoting the thickness of the diffuse interface. The system (4.151) describes the motion of
two incompressible, macroscopically immiscible Newtonian fluids with matched density (which
is taken to be 1) and viscosity v. We refer to [75, 5, 129] for the derivation of the model (and its
extensions to other cases, e.g., with variable density and variable viscosity) and to [57, 1, 66] for

the existence and uniqueness of the solution to the model.
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It is well-known that the system (4.151) admits an energy dissipation law and is mass

conservative. In particular, the total energy associated with (4.151) is defined as
E(¢,u) = Ecpy($) + Ens(un)
= /1/ (%|v¢|2 +F(¢)> dx+%f uf? dx.
Q Q

By taking the IZ inner product of (4.151a), (4.151b), and (4.151c) with , %, and u, respectively,

(4.154)

and using the incompressibility condition (4.151d), we obtain the energy dissipation law:

d

;B¢ w) = —M||Vulg - v|Vul§ <o, (4.155)

where || - || denotes the standard L? norm on Q. The mass conservation property holds by taking

the L2 inner product of (4.151a) with 1 which yields

%fc[)dx:M Vu-nds— $u-nds =0, (4.156)
Q oQ o0Q
whereu - V¢ = V - (¢u) due to (4.151d).

The goal of this section is to construct efficient, linear, decoupled numerical methods
that preserve the two intrinsic properties (4.155) and (4.156) at the discrete level and accurately
capture the dynamics of the model, especially when ¢ is small. To that end, by introducing
two time-dependent Lagrange multipliers n(t) and q(t) with n(0) = q(0) = 1, we reformulate

the CH-NS model (4.151) into the following system, subject to the same initial and boundary
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conditions:

aa—(f +nu-V¢ = MAy, inQ x (0, T], (4.157a)
u=A(=A¢ +3F (¢)), inQx(0,T],  (4.157b)
g—‘;+qu-Vu—vAu+ Vp=nuVe, inQ x (0, T], (4.157¢)
V-u=0, inQx(0,T], (4.157d)
d dn? _ , 0P .
I QF(qb) dx + 6,)? = nLF (¢)§ dx, in(0,T], (4.157€)
d (1, , dq?
a A §|U| dax + qu

= f [u; + g(u-Vu)] -udx + nf [((a-VP)u — (uVo) - u]dx, in (0, T]. (4.1571)

o) Q

where 6, and ; are two positive regularization parameters associated with the CH and NS parts,
respectively. We remark that the role of  and q is to enforce dissipation of the total energy while
the regularization parameters 8, and 6y are crucial for relaxing time step size constraints caused
by explicit treatment of nonlinear functions in the proposed DRLM schemes derived later in the
next section. Moreover, 6, guarantees the uniqueness of the Lagrange multiplier g, so that the

following lemma holds.

Lemma 4.21. The system (4.157) is equivalent to the original CH-NS model (4.151).

Proof. 1f ¢, u,u, and p solve the original model (4.151), then they, together withn = 1andq =1,
satisfy the reformulated system (4.157). Conversely, if (4.157) admits a solution ¢, u,u, p, 7, and

q, we observe that
f (u-Vu)-udx =0, (4.158)
Q
JRCRDAD RS (4.159)
Q

From (4.157f), (4.158) and (4.159), along with q(0) = 1, we find that q(¢) = 1 forallt > 0. On the
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other hand, (4.157e) can be simplified as

1 = a(y - 1),
where o = 1 d F(¢>) dx is a time-dependent function. It follows that
26y, dt
d t
4 [(n(t) - Dexp (n(t) - a(s)ds)]
0
— exp (n(t) f oc(s)ds) [ﬂ O = 1) (d"( ) oc(t))] (4.160)

= exp (n(t)— f a(s)ds) |02 dn(t) ~ a0 - )| = 0.
0

Since n(0) = 1, we obtain from (4.160) that n(¢) = 1 for all t > 0. Consequently, ¢, u,u, and p

satisfy the system (4.151), which completes the proof of the lemma. O

4.3.2 Dynamically regularized Lagrange multiplier schemes

We consider a uniform partition of the time interval [0, T]: 0 =ty <t; < .- <tnN=T
with the time step size At = T/n for the time discretization of the system (4.157) with the two La-
grange multipliers. In the following, we derive the first- and second-order dynamically regularized

Lagrange multiplier (DRLM) schemes, along with their efficient numerical implementation.

The first-order DRLM scheme Fory € {¢,u,u, p,n,q}and 0 < n < N, let " be an approx-
imation of 1(t;,). By applying the first-order BDF (i.e., backward Euler) scheme to the system
(4.157) with explicit treatment of the coupling termu - V¢ and nonlinear terms F’(¢) andu - Vu,
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we obtain the following first-order (in time) DRLM scheme: for0 <n < N — 1,

¢n+1 ¢n

n+1 n.yen
At ut-ve

#nH — A(—A¢”+1 +nn+1p/(¢n))’

un+1 —u”
A + qn+1un .vu?
V. u}’l+1 =0,

f [F(¢n+1) _ F(¢n)] dx + 677 [(77”+1)2 _ (nn)Z] — 7')”+1 f F/(¢n) (¢n+1
Q Q

|un+1|2 _ |un|2
f ———dx+§,

= MAu"*1, (4.161a)
(4.161b)

— pAut! + Vp”‘” — 77n+1/in+1v¢n+l, (4.161c)
(4.161d)

—¢")dx, (4.161e)

[(qn+1)2 _ (qn)Z] — f (un+1 —u+ Atqn+1un . Vun) . un+1dX
Q

+ Atnn+1f [(un . V¢n)ﬂn+1 _ (;,{"+1V¢n+1) . un+1] dx. (4.l6lf)
Q

We note that the right-hand side of (4.157c¢) is treated implicitly in (4.161c) because the

CH variables at t;,; 1, namely ¢"**1, "+

1 and 77”"‘1, can be computed from (4.161a), (4.161b),

and (4.161e) before solving the NS equations (4.161c), (4.161d), and (4.161f) for uttl pn+l and

q™*1. In particular, let us decompose each of the unknown quantities p"*+1, ;+1 yn+l and

p"**1into two components as follows:

<ﬁn+1 — ¢{l+1 + nn+1¢£1+1’ (4.162a)
phtl = iy gl L (4.162b)
uttl = uttl gy gl (4.162¢)
ptl = pittl 4 gt H1phtL, (4.162d)

Plugging (4.162a)-(4.162b) into (4.161a)-(4.161b), we obtain the following two linear equations

inQfor ("1, ulMth),i = 1,2:

¢n+1 ¢n n+1 n+1 n+l.
—— =MauT, ul — AP (4.163)
¢g+1 n n+1 n+ n+1 '

where qb”"'l and ,u”"'l (i = 1,2) satisfy the same boundary conditions as $"*1 and "1, re-
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spectively, i.e., either periodic or no-flux boundary conditions.
With (¢{1+1,y?+1), i = 1,2, determined from the above equations (4.163) and (4.164), we
compute the Lagrange multiplier n”*1 from (4.161e) by solving the following nonlinear algebraic

equation:
f F@UH + gl hdx + A7 D2 +B) o Cf =0, (4.165)
Q

where the quadratic coefficients are given by

A” -0, — | F'(eMme"tlg

1,n+1 = Y (¢™)¢; X,
Q
B == [ @M (# - 97)ax
Q
i = =650 = [ F@ax.
Q

The complexity of the nonlinear equation (4.165) depends on the potential function F(¢). In this
section, we focus on the commonly used double-well potential; hence, (4.165) is a fourth-order
algebraic equation. Given that the exact value of n is 1, we solve (4.165) using Newton’s iterative
method with an initial guess of 1. Once 7"**1 is known, we update " +1 and "1 from (4.162a)
and (4.162b), respectively.

Regarding the NS equations, substituting (4.162c)-(4.162d) into (4.161c)-(4.161d) yields

the following two linear systems of generalized Stokes equations in Q for (u?“, pi”+1), i=1,2:

u’11+1 —u” n+1 n+l _ n+l,n+lyn+l n+l _ Q.
"~ vAu; T+ Vpy T =ttt iveiT Veouym =0 (4.166)
u51+1 n n n+1 n+1 n+1

A7 +u” - va" —vAu, " + Vpy T =0, V.uy,7" =0, (4.167)

where uf'*1 and u*! satisfy the same boundary conditions as u”**1, i.e., either periodic or

no-slip boundary conditions.

n+1

Onceu; ™" and p?“ (i = 1,2) aredetermined from the above systems (4.166) and (4.167),

the Lagrange multiplier "1 is computed from (4.161f) by solving the quadratic equation:

A} @2+ B @+ O =0, (4.168)
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where the quadratic coefficients are defined as:

1
q 1,2 12
Ajps1 =63+ §||u£‘+ I + Aty Vad ™5,

B;I,n+1 = _/‘(“?H —u")-uftldx + Atf [+ (u+1VenH) cuft! — (- Vu) - ult] dx,
Q Q

1
Cﬁn+1 = —Gq(qn)Z — §||ui’+1 _ u"||% _ Amn+1f [(u” . V(ﬁ”),u”"'l _ (Mn+lv¢n+l) . u?”] dx.
Q

Note that in the derivation ofAcll’n_H, we have used the fact that
1 1 1
At /Q (u” - vu') - ufttdx = —[uf 2 — Aty Vul T3

obtained from (4.167) and integration by parts. Since Acll’m_1 > 0forall 6 > 0, (4.168) has

n+l1

two solutions, and g™+ is chosen as the one closer to 1. Finally, we update u and p""*1 via

(4.162c) and (4.162d), respectively.

The second-order DRLM scheme Let us denote by $"+1 = 2¢" — ¢"~1 and a"**1 = 2u”" —
u"~1 the second-order extrapolations to approximate u - Vo, F’(¢), and u- Vu at th+1- Applying

the BDF2 scheme to the system (4.157) yields the following second-order (in time) DRLM scheme:
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fori<n<N-1,

3¢n+1 _ 4¢n + ¢n—1

= 4t ygntl = Ayt (4.169a)
U+l = 1 (AL 4 LR (G, (4.169b)
3u"+ _242: +u! + @ HE L Varttl - At 4 Vpttl = ety gl (4.169¢)
V.u'tl =0, (4.169d)

f [3F(¢n+1) _ 4F(¢n) + F(¢n—1)] dx + 677 [3(77n+1)2 _ 4(77;1)2 + (77”_1)2]
Q

=7f“*t/ Fx$"+b(3¢"+1—-4¢“+—¢"-1)dx, (4.169€
Q

n+12_4 n|2 n-1,2
[ AT g 3t - e + @)
Q

2

— j (3un+1 —4u + un—l + 2Atqn+1ﬁn+l . Vﬁn+1) . un+1dX
Q

+ 2At77n+1 f [(ﬁn+1 . V$n+1>lun+1 _ (lun+1v¢n+1) . un+1] dx. (4.169f)
Q

In order to initialize the second-order DRLM scheme (4.169), we use {¢9,u%,7° = 1,¢° = 1} from
theinitial conditions (4.152) and {¢1, ul, »!, g1} computed by the first-order DRLM scheme (4.161).

It should be noted that the pressure p and chemical potential i at t,,_; and t,, are not required

1

to compute the solution {¢p"+1, y+1 pn+l yn+l pntl i+ attime t, 4 1. We now describe

how to efficiently implement the second-order DRLM scheme (4.169). Similarly to the first-order
case, we again consider the decomposition (4.162) for the unknown quantities ¢”+1, ,u”"‘l,
u**t1 and p"*1. By substituting (4.162a)-(4.162b) into (4.169a)-(4.169b), we get the following

two linear equations for solving (¢ +1, uft+1) i = 1,2:

1 _
2At
3¢£l+1

5t atloventl = Maug Tt Ut = 2(—aght 4+ FI(EM)). (4.171)

= MAL, pttt = _Japitl; (4.170)

Next, we update the Lagrange multiplier n”**1 from (4.169e), which can be written as:

1 1
3/QF(¢{‘+ + et Y dx + AL Y2+ B T+ C) =0, (4172)
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where
AD 4y =363 fQ F(@n+1)ph+ldx,
B p1 = fQ F/(§™) (37 — 49" + 9" 1) dx,
CF ps1 = Oy [-40™? + (" D?] + fQ [—4F(¢") + F($"~1)] dx.

Note that (4.172) can be solved iteratively using Newton’s method with an initial guess of 1. After
determining 7™+ from (4.172), we update ¢"**1 and "1 according to (4.162a) and (4.162b),
respectively. The combination of (4.162¢)-(4.162d) and (4.169c¢)-(4.169d) results in the following
two linear Stokes systems for (uf'+?, p"*1),i = 1,2:

3u{""1 — 4u" + w1

24t
3un+1
ZZN +a+l vartl —pautl 4 vpiitl = o, V.ultl =0, (4.174)

Given (u’i“'l, p?"‘l) fori = 1,2 from (4.173)-(4.174) and simplifying (4.169f), we find that g"**1

satisfies the following quadratic equation:
AL @2+ B+ Oy =0, (4.175)
where

q 312 +1)2
Az a1 = 30g + ST IG + 2800 Vuy ™5,

Bg,n+1 =— /Q (3u’11"'1 —4u” + u”_l) . ug"'ldx
+ zAtf [77”+1 ('un+lv¢n+1) . u12f1+1 _ (ﬁn+1 . Vﬁ”"‘l) . ull’l.+1] dx,
Q

- 1 1 1 _
CF 1 = 6 [-4(@™? + (@"1?] - 2}t — w3 + Sl ™ —u” Y3

_ 2At77n+1/ [(ﬁn+1 . Van"'l),un"'l _ (,u”"'chp""'l) . u§1+1] dx.
Q

To derive Ag,n+1’ we have used (4.174) and integration by parts. Since Ag,n+1 > 0 for all

Oq > 0, equation (4.175) has two solutions, with q"*1 selected as the one closer to 1. Finally, we
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determine u”**1 and p"*1 from (4.162c) and (4.162d), respectively.

4.3.3 Properties of the time-discrete solutions

In the following, the first- and second-order DRLM schemes (cf. (4.161) and (4.169), re-
spectively) are shown to be mass conserving and unconditionally energy stable. We remark
that, differently from existing studies on SAV-based schemes, our energy stability results are

established with respect to the original variables rather than the modified ones.

Mass conservation We verify that, under the prescribed boundary conditions, the proposed

time-discrete DRLM schemes conserve mass over time.

Theorem 4.22. The proposed first-order (4.161) and second-order (4.169) DRLM schemes satisfy

mass conservation:

j ptldx = f $"dx, n=0,1,...,N—1. (4.176)
Q Q
Proof. For the first-order scheme (4.161), taking the integral of (4.161a) over Q gives us
1
E/ (¢n+1 _ ¢n) dx + nn+1f u. V¢n dx = Mf A/x”"‘ldx. (4.177)
Q Q Q
Since u"**1 satisfies either periodic or homogeneous Neumann boundary conditions, integration
by parts yields
/ Au”"‘ldx:f Vutl.nds=o0. (4.178)
Q oQ

In light of the incompressibility condition (4.161d) and the boundary conditions of u” and ¢,

we observe that

f u’. Voldx = f V- (¢"u")dx = (¢"u")-nds=0. (4.179)
Q Q oQ
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The combination of (4.177)-(4.179) results in
/ (¢I’l+1 _ ¢n) dx =0,
Q

which indicates the mass conservation of the first-order scheme (4.161).

For the second-order counterpart (4.169), it is clear that (4.176) holds for n = 0. The proof is

completed by induction, noting from (4.169a) that

%f (3¢n+1 _ 4¢n + qb”_l)dx — Mf A,un"'ldx _ 77n+1v[ V- (qﬁ”"'lfl”"'l)dx =0,
24 Jg Q Q

n+1 n

where we have used the fact that i = 2u"" — u"""lis divergence-free. O

Energy stability Our goal in this subsection is to show that the two proposed DRLM schemes

satisfy energy stability with respect to the original energy functional (4.154).

Theorem 4.23. The first-order DRLM scheme (4.161) is unconditionally energy stable in the sense

thatfor0 < n < N —1,we have

E(¢"*,uth) + £,(n" L, ") < E(¢™,u™) + £1(0", ¢™), (4.180)

where
E1(0™,q") 1= 26y (") — 1] + 64 [(@)* - 1].
Proof Taking the L% inner product of (4.161b) with ¢"**1 — #" and (4.161a) with At yields
/1/‘ (—A¢n+1 + 77}’l+11_—,v/((;blfl)) (¢n+1 _ ¢n) dx
Q
— f ,“n+1 (¢I’l+1 _ ¢n) dx
Q (4.181)

— —At??n+1 f (un . V¢”)/,L”+1dx _ AtM||V,u”+1||(2)
Q

< _Amn+1 / (u" . Van),un"'ldX.
Q
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It follows from integration by parts that

/ (_A¢n+1)(¢n+1 _ ¢n) dx = f V¢I’l+1 .V (¢n+1 _ ¢n) dx
Q Q
1 1
= S (1o 113 — IV¢™I3) + 5IV(gm+! - gmyg (4182
1
> > (IV4™15 = 1IV"I13) -
The combination of (4.181) and (4.182) results in
1
|5 (IVe™+g = IV Ig) + 7+ f F/(¢™) (¢"* - ¢")dx]
Q
< —Atnn+1 f (un . V¢”),un+1dx.
Q
This, together with (4.161e), implies that
Eca(@"*Y) — Eca(¢™) + 46, [(n"*1)2 — (™)?] < —am™+! f (u - V¢ Hldx. (4.183)
Q

On the other hand, taking the I? inner product of (4.161c) with Atu”+1 gives us

f (un+1 —u + Atqn""lun A Vu”) . un+1dX _ Amn+1 f (,un+1V¢n+l) . un+1dX

Q Q (4.184)

= Atvf Aut " Hldx = —an|va L2 <o,
Q

where we have used the fact that (Vp"*+1, u**t1) = 0 due to the incompressibility condi-

tion (4.161d) and integration by parts. From (4.161f) and (4.184), we obtain
Ens(™1) — Exg(u™) + 64 [(¢"F1)? — ()] < Ay / (" - V¢Mutldx. (4.185)
Q

The sum of (4.183) and (4.185) leads to

E(¢n+1,un+1) +/1977(77n+1)2 + @q(qn+1)2 < E(¢n’un) +/1677(77n)2 + eq(qn)z,

which completes the proof of Theorem 4.23. O
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Remark 4.24. From Theorem 4.23, we deduce that

E(@",u™) + 16,(n")* + 6¢(q™)? < E(¢°,u°) + 26,(n°)? + 64(q")? ( )
4.186
= E(¢%,u’) + 16, + 6,

for0 < n < N. Therefore, the discrete energy sequence {E(¢", u”)}lr\[=0 is uniformly bounded.

Remark 4.25. Energy stability of the first-order DRLM scheme can also be proven for the CH-NS
system with a forcing term f (cf. [129] and (4.217)), i.e., the momentum equation (4.151c) is

replaced by

%—l:+u-Vu—vAu+Vp=/xV¢+f. (4.187)

In particular, the counterpart of (4.186) takes the following form
2 2 . 2T 0,0 L e
E(@",u") + 26,012 + 6(a")? < €T (B0, u0) + 20 + 6 + 51812 0 112027
(4.188)

provided that At < % andf € L®(0, T; I2(Q)). Furthermore, under the no-flux/no-slip boundary
conditions (4.153), the scheme is unconditionally energy stable if f € L®(0, T; H~1(Q)); that

is, (4.186) becomes
n ..n n\2 n\2 0 ,,0 Cé T 2
E($",u") + 26y(n™)? + 64(q™)? < E@®.u®) + 20y + 6 + <~ 112 0 75110y

(4.189)

for some constant Cq > 0 only depending on Q.

To prove (4.188), we first use similar arguments as in the proof of Theorem 4.23 to obtain

E(¢n+1,un+1) +/1677(77n+1)2 + eq(qn+1)2
(4.190)
< E@"u") + 16,(n™)? + 6¢(q")* — Arv|| Va'"FL|E + At fQ f(tp41) - utldx.

223



Itis implied by Young’s inequality and the definition of E in (4.154) that

At At At
At f fltn11) - 0" dx < (f(ta DI + 5 0" HG < IR + AP, uH ).
Q

(4.191)
Combining (4.190) and (4.191), we end up with
(1- At)E(gb”"’l,u”"'l) +/197)(77n+1)2 + eq(qn+l)2
At
< E(¢",u™) + 26,(n™)? + 63(q™)* + 7||f(tn+1)||%,
or
E(¢n+1,un+1)+/16,7(77n+1)2 + eq(qn+1)2
1 n . n ny2 n\2 At 2 (4.192)
< —_— .
< T [B@ ) + 26 (? + 80(a"?| + 57—z 1t DI
By repeatedly applying (4.192), one arrives at
E(¢",u™) + 26,(n™)* + 64(¢")*
1 At
0,0 ] . 2
. . 1 n 2T /s l n—-1.
This leads to (4.188), noting that At < (1 +2A0)" <e“” (since At < 2) and At Zizo (1

A< 1.

For the proof of (4.189), we use the Poincaré inequality foru”*1 H(l)(Q) (due to the no-flux/no-

slip boundary conditions (4.153)):

[u 11 < CqllVa™lo. (4.193)

Therefore, the integral term on the right-hand side of (4.190) can be estimated as follows

f ftyr ) - wPHdx < st [u™ 1y
Q

, (4.194)

C
Q
< Calftn+Dl-1 Va1 < 4_V||f(tn+1)”2—1 + v Va3,
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From (4.190) and (4.194), we obtain

E(¢n+1,un+1) +/16n(nn+1)2 + eq(qn+1)2

2 , | CHAt
< E@", ")+ A8, + 64(q"? + —

[tn 4112

Theorem 4.26. The second-order DRLM scheme (4.169) is unconditionally energy stable in the

sense thatforl1 < n < N —1,we have
3 1 A
SE@MLumh) — SE@g"u) + V(T - MG + 200" gL )

1 _ _ A _ _ _
< E(¢I’l’ul’l) - EE(¢H l’un 1) + E”V(an - ¢l’l 1)”%) + 82(77n’ 77” 1’ qn’ qI’L 1)’

N W

(4.195)

where
3 1 3 1
E201 1, g, q") 1= 26y | 302 = S — 1]+ 0 [ 5@ - 5a? -1

Proof. By taking the 2 inner product of (4.169b) with 3¢"**t1 — 4¢" + $"~1 and (4.169a) with

2Atu"+1 e obtain
l\/ (_A¢n+1 + 77l’l+11_7/(q”5}’l+1)) (3¢n+1 _ 4¢n + ¢n_1)dX
Q

— f ,u”+1 (3¢n+1 _ 4¢n + ¢n_1)dx

Q (4.196)

— —2Al’77n+1 / (ﬁl’l+1 ) Vqsn"'l),u“"'ldx _ ZAI’M”V,L{YH-l”%
Q

< _ZAmn+1 f (ﬁn+1 . V$n+l)lul’l+1dx.
Q

We observe from integration by parts that

f (_A¢n+1) (3¢l’l+1 _ 4¢n + ¢n—1)dx — / V¢n+1 .V (3¢n+1 _ 4¢n + ¢n—1)dx
Q Q
> = (3| Vet — 4| Ve |E + [V TB) + V(@™ — g™ — V(" — ¢ D)2,

(4.197)

N
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where in the last estimate, we have applied the following inequality
a(3a—4b+c) > %(3612 —4b?2+ A +(a—b2—(b—-c)% Vab,ceR.
Combining (4.196) and (4.197), we arrive at
A[% (3IVe™ 15 — 4IV™Ig + 1V¢"H3) + V@™ = ¢™Ig — IV(¢" — " ilg

+ nn+1f F/(qgn+1)(3¢n+1 _ 4¢n + ¢n_1)dx
Q

< —2At77n+1 / (ﬁn+1 ) V$H+I)Mn+ldx.
Q

This, together with (4.169¢), leads to

3Ecy (@) — 4Ecy(¢™) + Ecy(¢™™1) + 4| V("L — ¢™M)|Z — 2| V(9" — ¢ )|13

+ /19;7 [3(77n+1)2 — 4(771’1)2 + (nn—l)Z] < —2At77"+1 f (ﬁn+1 . Van+1)’un+ldx'
Q
(4.198)

Taking the L2 inner product of (4.169¢) with 2Atu”+1 yields

f (3un+1 —qu" +u 1 4+ 2Atq"+1ﬁn+1 . Vﬁn+1) ™t ax
Q (4.199)
— 2Aty"ttl L(u”“Vcﬁ”H) ~utldx = —2A0v|| Va2 < o.

From (4.169f) and (4.199), we deduce that

3Ens(u™) — 4Eng(u™) + Ens(u™ 1) + 64 [3(¢" )% — 4(¢™)? + (" H?]

< 2Atp"tt1 f @tl. venthyntlgy  (4.200)
Q

Adding (4.198) and (4.200) results in

3E(PHL, ul ) — 4E(¢" u™) + E(@" L u ) + 4| V(@ — ¢M))|2 — A V(9" - ¢ D)3

+16, [30™1)2 — 4™ + (12| + 64 [3(gHH? — 4@ + (@1 <o,

which concludes the proof of Theorem 4.26. O
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Remark 4.27. It follows from Theorem 4.26 that

3 1 _ _ A —
SE@"u) — ZE(@" L") + 2 V(" — ¢" D3 w201
4.201
3 1, 3 |
+28, [5072 = 302 |+ 6 | 5@ - 5@ )| < e,
for1 < n < N, where C* is given by

C* 1= SE@ uh) — SE@0.u0) + SIV@! — 4013 + 26, [ 2612 - 3] + 6 [ 3@ - 3 .

(4.202)
For0 < n < N, we define
z" 1= E@",u") + 26,(n™)? + 64(q™)>. (4.203)
We obtain from (4.201) that
zn < %Z”_l + %C*, 1<n<N,
which implies that
2N < CF 4 3in(z0 _C*), 0<n<AN. (4.204)

Thus, {z”}%’:0 and, consequently, {E(¢”,u”)}2]:0 are uniformly bounded.

Remark 4.28. For the CH-NS system with an extra forcing term f (cf. (4.187) in Remark 4.25), the

energy stability result (4.204) of the second-order DRLM scheme becomes

~ 1
ZN<C+ 3—n(z0 —0), 0<n<N, (4.205)

provided that At < g and f € L®(0, T; 12(Q)), where

A~ 15 2T 1 1 0y)2 ! 2
€ := 5T |G- 28021 + 21V - ¢O)I3 + §||ﬂ|Loo(o,T;L2(Q))]'

Moreover, the second-order DRLM scheme is unconditionally energy stable with no-flux/no-slip
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boundary conditions if f € L% (0, T; H~1(Q)):
z"g5+%ﬂﬂ—€m 0<n<N, (4.206)
- C2T
. _ % Q 2
whereC :=C +t ||f||L°o(O,T;H_1(Q)),
constant defined in (4.193).

C* is given in (4.202), and Cg, denotes the Poincaré

The proof of (4.206) is done in the same manner as in Remarks 4.25 and 4.27 and thus omitted.
To derive (4.205), we follow the proof of Theorem 4.26 and obtain
BE(¢" 1wt —4E(¢", u) + E(¢" L u ) + 2 V(" — ¢M)IF — V(" - " DI
+ 207 [367™1)? = 40 + ("] + 6 [3("D? - 4(a™ + (@1
< —2Aty| Va2 + 2At/ f(tp1) - utldx.

Q
(4.207)

Recalling the definition of {z"}in (4.203) and Young’s inequality (4.191), we deduce from (4.207)

that

(3 —2A0)z"L — 4z 4+ 2L L V(@ — ¢M)[3 — A V(" — ¢ D)2 < At 1113,

which implies
(3 - 2802+ — 2 = V1 +2802" + A V(" — ¢
2+41+2At B _
< |3 2802" — 2= V14280277 + V@™ - ¢ DIF] + AtlEn DI
< (14280 |3 - 24021 — 2 = V1 + 280271+ AV($" = $" |3 | + At I3
(4.208)

Note that in the last inequality, we have used the fact that At < %. Repeatedly applying the
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estimate (4.208) yields
2
(3 =240z — (2 = V1 +240)2" + || V(" — ™)) 2

< (142801 (3 = 24021 — (2 = V1 + 24020 + 2| V(p! — ¢0)|2

(4.209)

n
+ At Y1+ 2807 f(t41)1F
i=1

1 N
< 7| - 28021 + AV = $OI3 + 31020 g 1p 20y | =+ Co-

By dropping the non-negative term 4| V(¢"*t1 — ¢”)||(2) on the left-hand side of (4.209), we obtain

nil o 2= V1424t Co
= 3-2At 3 —2At
C 1
0 <§Z

! z" +
2++/1+2a0 372407

Since At < g, we have 3 — 2At > % Hence, we deduce from (4.210) that

zZ
(4.210)

G
n 0 >0
t3 oA 29

With € = %é\o, the estimate (4.205) is thus proved.

Remark 4.29. While the convergence analysis of the first-order DRLM scheme for the incompress-
ible NS equations is established in Section 4.2.3, the corresponding analysis of the proposed
DRLM schemes (cf. (4.161) and (4.169)) for the coupled CH-NS system remains an open question
and is left for future research. The main challenges arise from (i) the explicit treatment of non-
linear terms F'(¢) and u - Vu, (ii) the complicated coupling between primary variables (¢, u, u,
p) and scalar Lagrange multipliers (7, q), and (iii) the presence of quadratic terms involving the
Lagrange multipliers, such as (n**1)% and (q"+1)2. We note that for numerical schemes where
the nonlinear terms are treated fully implicitly or semi-implicitly, error analysis can be carried out
as in [44, 22]. For SAV-based schemes with explicit treatment of nonlinear terms [206, 93, 118],
although energy stability is obtained with respect to a modified energy, certain error estimates

can be derived due to the linear structure of auxiliary variables. We refer to [198] for the analysis
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of a fully discrete SAV scheme that incorporates both a semi-implicit treatment of the nonlinear

convection term u - Vu and an explicit treatment of F/(¢) via a suitable auxiliary variable.

4.3.4 Numericalresults

We carry out various numerical experiments to illustrate the performance of the two
proposed DRLM schemes (4.161) and (4.169). In the first test case, a manufactured solution is
considered to verify the temporal convergence of both first- and second-order DRLM schemes and
to compare their performance with the SAV-based schemes. We also investigate the role of the
regularization parameters in DRLM schemes to ensure the accuracy of the Lagrange multipliers
while allowing for large time step sizes (cf. Tables 4.6 and 4.7). The mass conservation and
energy stability of the DRLM schemes are confirmed in the second test case. We then apply the
second-order DRLM scheme for more realistic test cases, including shape relaxation, spinodal
decomposition, and dripping droplet in two and three dimensions, to demonstrate its robustness
and ability to capture the interface dynamics of two-phase systems.

For spatial discretization, different methods such as finite difference, finite element,
or finite volume methods, can be applied. For simplicity, we consider the Marker-And-Cell
(MAC) discretization on a staggered grid, where scalar variables such as the phase variable,
chemical potential, and pressure are located at the cell centers, while the velocity components
are positioned at the cell faces. We refer to [123, 48] for the details on MAC discretization. In
the following, we consider no-flux boundary conditions for the phase variable and chemical
potential, and no-slip conditions for the velocity (cf. (4.153)); similar results can be obtained
with periodic boundary conditions. The spatial mesh sizes are uniform, h = hy = hy in 2D and
h=hy = hy = hzin3D.

Note that the two DRLM schemes involve solving the following type of fourth-order linear

equation (cf. (4.163)-(4.164) and (4.170)-(4.171)):

(af +AMA%) ¢ = f, (4.211)
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and the generalized Stokes system (cf. (4.166)-(4.167) and (4.173)-(4.174))
au—vAu+Vp=g, V.u=0, (4.212)

where f and g are given functions, o = é for the first-order DRLM scheme (4.161) and o = %
for the second-order counterpart (4.169). With the MAC spatial discretization, (4.211) can be
solved via the Discrete Fourier Transform (for periodic boundary conditions) and the Discrete
Cosine Transform (for homogeneous Neumann boundary conditions (4.153)); we refer to [104]
and [103] for an overview of Fast Fourier Transform-based algorithms for the Allen-Cahn and
Cahn-Hilliard equations. On the other hand, the Stokes system (4.212) can be transformed into
a saddle point problem, where various effective preconditioners [8, 105, 48] are available to
enhance the performance of iterative solvers such as GMRES.

For comparison purposes, we consider the multiple scalar auxiliary variables (MSAV)

approach introduced in [124], which is briefly summarized as follows. Let k¥ > 0 be a stabilization

constant, and define

6 = @)~ 58 and 5@ = [ o@ix

The two extra space-independent variables are defined by

r(t) = v/ Ey(¢) + 6, s(t) =e /T, (4.213)

for some constant § > 0 to ensure that E;(¢) + & > 0. In light of (4.213), the original CH-NS

231



system (4.151) is reformulated into the following equivalent form

0 r _ .
E + m u- V¢ = MAu, in Q X (0, T], (4.214a)
u=Aa (—Aqb +xp + S — G’(qb)) , inQ x(0,T], (4.214b)
VE(¢) +6

aa—l: + et/Ts(t)u -Vu—vAu+ Vp = ﬁu%ﬁ, inQ x(0,T], (4.214c¢)
V-u=0, inQ x (0, T], (4.214d)
G- [o®3
dt 2\/E1(¢) +6

+ /—1/ (- VP)u — (uVe) -u)dx|, in(0,T], (4.214e)

Q
% = —%s + et/Tf (u-Vu) - udx, in (0, T], (4.2141)
Q

with the initial conditions for the scalar variables: r(0) = v/ E1(¢|t=¢) +  and s(0) = 1. From
(4.214), the first- and second-order MSAV schemes can be derived based on the associated BDF

methods, as detailed in [124].

Convergence test By adding suitable forcing terms to the right-hand sides of (4.151a) and
(4.151c), we suppose that the exact solution of the CH-NS equations (4.151) is given by:
d(x,y,t) = cos(mx) cos(my) sin(t),
p(x,y,t) = cos(zx) sin(ry) sin(t), (4.215)
u(x,y,t) = [7[ sinz(ﬂx) sin(2zry) sin(t), —m sin(27rx) sinz(ﬂy) sin(t)]T

We take the domain Q = (0,1)%,e = 0.1, M = 1,4 = 0.001, v = 0.1, 8, = 100/¢, 65 = 100 and

vary the time step size and spatial mesh size such that h = @ for the first-order DRLM scheme
and h = At for the second-order one, where At € {i i L L } The I2 and L errors
2 16’ 32’ 64’ 128’ 256

of all variables, along with the absolute errors of the Lagrange multipliers at the finaltime T' = 1,
are reported in Table 4.2 for the first-order DRLM scheme and in Table 4.3 for the second-order

counterpart. The results confirm the expected order of convergence for all quantities. We note
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that, in contrast to other approaches that employ projection methods [77, 124, 200], which often
result in a lower convergence order for pressure due to artificial boundary conditions, our DRLM

schemes maintain consistent convergence for pressure and other variables.

Table 4.2: Errors and convergence rates of the CH-NS variables and Lagrange multipliers by the

first-order DRLM scheme (4.161) with h = @.
At gl legllzoo lewl 2 legllLoo N -1
1/16 1.45e-01 2.30e-01 7.05e-03 1.71e-02 3.56e-05
1/32 5.27e-02[1.46] 8.31e-02[1.47] 2.31e-03[1.61] 5.54e-03[1.63] 1.16e-05[1.62]
1/64 2.25e-02[1.23] 3.84e-02[1.11] 9.17e-04[1.33] 2.02e-03[1.46] 4.95e-06[1.23]
1/128 1.06e-02[1.09] 1.87e-02[1.04] 4.12e-04[1.15] 8.62e-04[1.23] 2.37e-06[1.06]
1/256 5.21e-03[1.02] 9.21e-03[1.02] 1.96e-04[1.07] 4.08e-04[1.08] 1.17e-06[1.02]
At eullf2 leullLoo lepli;2 lepllz.oo g™ -1
1/16 8.95e-03 1.51e-02 2.95e-01 9.50e-01 4.28e-04
1/32 4.41e-03[1.02] 7.53e-03[1.00] 1.47e-01[1.00] 4.89e-01[0.96] 2.12e-04[1.01]
1/64 2.38e-03[0.89] 4.08e-03[0.88] 7.41e-02[0.99] 2.44e-01[1.00] 1.06e-04[1.00]
1/128 1.22e-03[0.96] 2.10e-03[0.96] 3.71e-02[1.00] 1.23e-01[0.99] 5.27e-05[1.01]
1/256 6.00e-04[1.02] 1.03e-03[1.03] 1.85e-02[1.00] 6.13e-02[1.00] 2.63e-05[1.00]

Table 4.3: Errors and convergence rates of the CH-NS variables and Lagrange multipliers by the

second-order DRLM scheme (4.169) with h = %
At legllr2 legll Loo llewlly 2 llexll . c0 N — 1]
1/16 3.93e-03 9.23e-03 3.84e-04 7.79e-04 4.27e-06
1/32 9.54e-04[2.04] 2.09e-03[2.14] 6.47e-05[2.57] 1.36e-04[2.52] 1.14e-06[1.91]
1/64 2.67e-04[1.84] 5.98e-04[1.81] 1.69e-05[1.94] 3.81e-05[1.84] 2.95e-07[1.95]
1/128 6.98e-05[1.94] 1.58e-04[1.92] 4.31e-06[1.97] 9.95e-06[1.94] 7.53e-08[1.97]
1/256 1.78e-05[1.97] 4.06e-05[1.96] 1.09e-06[1.98] 2.54e-06[1.97] 1.90e-08[1.99]
At leullr2 leullz.o0 leplly2 lepllLoo g™ — 1]
1/16 4.05e-03 6.35e-03 4.13e-03 9.07e-03 3.11e-05
1/32  1.02e-03[1.99] 1.59e-03[2.00] 1.19e-03[1.80] 2.56e-03[1.82] 7.46e-06[2.06]
1/64 2.55e-04[2.00] 3.99e-04[1.99] 3.14e-04[1.92] 6.70e-04[1.93] 1.83e-06[2.03]
1/128 6.38e-05[2.00] 9.99e-05[2.00] 8.04e-05[1.97] 1.71e-04[1.97] 4.52e-07[2.02]
1/256 1.59e-05[2.00] 2.50e-05[2.00] 2.03e-05[1.99] 4.32e-05[1.98] 1.12e-07[2.01]

Next, we compare DRLM schemes with the MSAV schemes [124] derived from the reformu-
lated system (4.214); for consistency, the velocity and pressure are coupled via a Stokes system

rather than the original pressure-correction approach [124]. The parameters ¢, M, 4, v, T, as well
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as the mesh size h and time step size At, are chosen as before, while the stabilization constant
x and the positive constant & are given by ¥ = 5/¢% and § = 35/(4¢2) as in [124]. Errors by the
first- and second-order MSAV schemes are reported in Tables 4.4 and 4.5, respectively; expected
order of convergence is confirmed for all quantities. We observe that DRLM schemes provide
significantly improved accuracy for the CH-related variables compared to MSAV counterparts,
as DRLM schemes require no stabilization. Both DRLM and MSAV schemes provide comparable

results for the NS-related variables.

Table 4.4: Errors and convergence rates of the CH-NS variables and scalar auxiliary variables by

the first-order MSAV scheme with h = @.
At legliz2 llegllzoo llewllz2 llegll oo ler|
1/16  2.40e-01 4.59e-01 2.91e-02 4.65e-02 5.94e-02
1/32 1.51e-01[0.67] 3.14e-01[0.55] 1.50e-02[0.96] 2.76e-02[0.75] 1.64e-01[-1.47]
1/64 7.77e-02[0.96] 1.69e-01[0.89] 6.08e-03[1.30] 1.28e-02[1.11] 1.31e-01[0.32]
1/128 3.57e-02[1.12] 8.16e-02[1.05] 2.29e-03[1.41] 5.13e-03[1.32] 6.64e-02[0.98]
1/256 1.66e-02[1.10] 3.91e-02[1.06] 9.74e-04[1.23] 2.16e-03[1.25] 3.22e-02[1.04]
At eall 2 feullLoo lepl 2 fepllzoo es|
1/16 1.02e-02 1.70e-02 2.17e-01 7.20e-01 1.00e-02
1/32 4.17e-03[1.29] 6.90e-03[1.30] 1.04e-01[1.06] 3.58e-01[1.01] 5.42e-03[0.88]
1/64 2.05e-03[1.02] 3.25e-03[1.09] 5.29e-02[0.98] 1.80e-01[0.99] 2.80e-03[0.95]
1/128 1.07e-03[0.94] 1.68e-03[0.95] 2.66e-02[0.99] 9.08e-02[0.99] 1.42e-030.98]
1/256 5.45e-04[0.97] 8.51e-04[0.98] 1.32e-02[1.01] 4.49e-02[1.02] 7.14e-04[0.99]

Table 4.5: Errors and convergence rates of the CH-NS variables and scalar auxiliary variables by

At

the second-order MSAV scheme with h = -

At legllz2 legllLoo lewll 2 lleg oo ler|

1/16 7.54e-02 1.35e-01 7.93e-03 1.69e-02 2.14e-01
1/32 1.05e-02[2.84] 2.16e-02[2.64] 7.16e-04[3.47] 1.43e-03[3.56] 2.59e-02[3.05]
1/64 2.25e-03[2.22] 4.73e-03[2.19] 1.20e-04[2.58] 2.62e-04[2.45] 6.91e-03[1.91]
1/128 5.78e-04[1.96] 1.19e-03[1.99] 2.99e-05[2.00] 6.76e-05[1.95] 1.78e-03[1.96]
1/256 1.47e-04[1.98] 3.01e-04[1.98] 7.53e-06[1.99] 1.72e-05[1.97] 4.50e-04 [1.98]
At eullr2 lewll Lo lepll; 2 lepllzoo les|

1/16 2.92e-03 4.39e-03 4.92e-03 9.45e-03 6.91e-04
1/32  9.32e-04[1.65] 1.41e-03[1.64] 1.67e-03[1.56] 3.86e-03[1.29] 1.56e-04[2.15]
1/64 2.43e-04[1.94] 3.72e-04[1.92] 4.96e-04[1.75] 1.18e-03[1.71] 3.80e-05 [2.04]
1/128 6.11e-05[1.99] 9.35e-05[1.99] 1.27e-04[1.97] 3.05e-04[1.95] 9.41e-06[2.01]
1/256 1.53e-05[2.00] 2.34e-05[2.00] 3.20e-05[1.99] 7.69e-05[1.99] 2.35e-06 [2.00]
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To investigate the effect of the regularization parameters on the proposed DRLM schemes,
we vary 6, and 6; and compute absolute errors of the Lagrange multipliers at the final time
T = 1. These errors are presented in Tables 4.6 and 4.7 for the first- and second-order DRLM
schemes, respectively. We observe that as 6, and 6 increase, the errors in both Lagrange multi-
pliers become much smaller, resulting in better accuracy of the numerical solutions, especially
with large time step sizes. Hence, we will choose sufficiently large values for 6, and € in the

subsequent numerical experiments.

Table 4.6: Errors of the Lagrange multipliers by the first-order DRLM scheme (4.161) with h = @

and different regularization parameters. :
6y =0.1/e%, 63 =01 6)=1/e%, ;=1 | 6, =10/c?, 6; = 10
N -1 1N -1 [V -1 N -1 [N -1 gV -1
1/16 | 2.77e-02  3.65e-01 | 3.46e-03 4.20e-02 | 3.55e-04 4.27e-03
1/32 | 8.54e-03 1.94e-01 | 1.13e-03 2.10e-02 | 1.16e-04 2.12e-03
1/64 | 3.63e-03  1.0le-01 | 4.80e-04 1.05e-02 | 4.93e-05 1.05e-03
1/128 | 1.75e-03  5.14e-02 | 2.30e-04 5.25e-03 | 2.37e-05 5.27e-04
1/256 | 8.71e-04  2.60e-02 | 1.14e-04 2.63e-03 | 1.17e-05 2.63e-04

At

Table 4.7: Errors of the Lagrange multipliers by the second-order DRLM scheme (4.169) with
h = % and different regularization parameters.

6, =0.1/c*, 6, =0.1| 6,=1/c*, 6;=1 | 6y =10/e%, 6 =10
N -1 eV -1 [N -1 1V -1 [V -1 gV -1
1/16 | 3.22e-03  3.09e-02 | 4.15e-04 3.11e-03 | 4.26e-05 3.11e-04
1/32 | 8.41e-04 7.45e-03 | 1.10e-04 7.46e-04 | 1.13e-05 7.46e-05
1/64 | 2.18e-04  1.83e-03 | 2.86e-05 1.83e-04 | 2.94e-06 1.83e-05
1/128 | 5.54e-05 4.52e-04 | 7.30e-06 4.52e-05 | 7.51e-07 4.52e-06
1/256 | 1.40e-05 1.12e-04 | 1.84e-06 1.12e-05 | 1.90e-07 1.12e-06

At

Mass conservation and energy dissipation test Next, we test the properties of mass conser-

vation and energy dissipation by the proposed DRLM schemes. Let us consider the CH-NS system
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(4.151) in the domain Q = (0, 1)% with the following initial conditions [77]:

bo(x,y) = 0.24 cos(27x) cos(2mry) + 0.4 cos(rrx) cos(3my),
(4.216)

.2 . . .2 T
ug(x,y) = [— sin“(7rx) sin(27y), sin(2zrx) sin (ny)] .
The parameters are set as follows:

€e=01, M=1, A=0.01, v»=0.01, 9,7 = 1000/€2, Gq = 100.

The evolution of mass, original energy, and error functions £; and £, associated with the La-
grange multipliers (cf. Theorems 4.23 and 4.26) up to T = 10 is shown in Figure 4.13 for
both DRLM schemes with different spatial mesh sizes and time step sizes, where h = At €
{4 x1073,2 x 1073}. We clearly observe the conservation of mass and dissipation of energy by
the numerical solutions along the time. Additionally, the error functions €1 and &, in the energy
stability results (4.180) and (4.195) are negligible compared to the energy functional, with their

magnitudes getting closer to zero as h and At are refined.

Shape relaxation We now simulate the evolution of a square-shaped fluid bubble in the
domain Q = (0,1)2. The phase variable is initialized with a value of 1 inside the square bubble
[0.25,0.75]% and —1 outside. The initial velocity is set to be zero and other parameters are given
by

£€{0.01,0.02}, M=0002, A=001, v=1, 6y=1000/e2, 64 =100.

We perform the simulation until T = 1 using the second-order DRLM scheme with h = 4 x 1073,
At =2 x 1073 fore = 0.02, and At = 2 x 10~% for £ = 0.01. The evolution of the phase variable
at different times for ¢ € {0.01, 0.02} is shown in Figure 4.14, where the dashed circles, centered
at (0.5,0.5) with radius %, indicate the interface at steady state. Under the effect of surface
tension, the initial square shape eventually transitions into a circle that closely matches the
dashed one, with the circle forming at an earlier stage for ¢ = 0.01 than for e = 0.02. Our second-

order DRLM scheme accurately captures this dynamic within a short time interval. Figure 4.15

confirms the energy decay property of the numerical solutions, with the total energy stabilizing
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Figure 4.13: Evolution of mass, original energy, and error functions &; (i = 1, 2) produced by the
DRLM schemes with h = At € {4 x 1073, 2 x 1073}. Left column: the first-order scheme (4.161);
Right column: the second-order scheme (4.169).

at approximately t = 1 fore = 0.02 and near t = 0.6 for ¢ = 0.01. In contrast, existing stabilized
schemes (e.g., [169, 123]) allow for relatively larger time step sizes but require significantly longer
times for the shape relaxation process due to artificial dissipation introduced by stabilization

constants.
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Figure 4.14: Shape relaxation of surface tension-driven flow at t = 0.1,0.2,0.4,0.6, 1 (from left
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Figure 4.15: Evolution of the original energy during the shape relaxation by the second-order
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DRLM scheme (4.169) with ¢ = 0.02 (left) and € = 0.01 (right).

Spinodal decomposition The CH-NS system (4.151) can serve as a model for spinodal de-
composition in a binary fluid mixture [14, 107, 77, 200]. This decomposition begins with a small
perturbation to the initial concentration field, set as ¢g(x,y) = 50 + 0.001 rand(x, y), where
rand(x, y) denotes a random number in [—1, 1] following the normal distribution, and the vol-

ume fraction 50 € {0,0.5}. The initial velocity is set to zero, i.e., ug = 0. We take the domain

Q = (0,1)2 with the following parameters:

0.4 0.6

Time

0.8 1

€=0.01, M=0.001 1=0.01, v=1, 9,7 = 1000/¢2, Gq = 1000.

We perform the simulation until T = 25 for 50 =0and T = 50 for 50 = 0.5 using the second-
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order DRLM scheme with h = 4 x 1073 and At = 4 x 10~4. Snapshots of the phase variable
at different times are shown in Figure 4.16 for 50 = 0 and in Figure 4.17 for EO = 0.5. Both
simulations exhibit the phase separation process, with the later (i.e., 50 = 0.5) requiring a longer
time to reach the equilibrium state. At equilibrium, a pipe-like phase structure is observed in the
case ofa0 = 0 while a circular phase structure is observed in the case ofao = 0.5. Figure 4.18
displays the original energy evolution for each case, where the energy functional decreases

significantly at the early state before gradually stabilizing as it approaches the final time.

N

Figure 4.16: Snapshots of the phase variable during the spinodal decomposition at t = 0.25, 1,
2,6, 10,15, 20, and 25 (from left to right and top to bottom) by the second-order DRLM scheme
(4.169) with ¢, = 0.

Dripping droplet We finally perform two-dimensional and three-dimensional simulations
of the dripping dynamics of a droplet falling from the top wall under the gravitational force
[200, 131]. By assuming the density difference of the liquid drop and the ambient fluid is small,
we reformulate the momentum equation (4.151c) using Boussinesq approximations 71,111, 168]

as follows:

g—‘; +u-Vu—vAu+ Vp=uVe + yo(d)g, (4.217)
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Figure 4.17: Snapshots of the phase variable during the spinodal decomposition at t = 0.25, 1,
2,6,10,15, 20, and 50 (from left to right and top to bottom) by the second-order DRLM scheme

(4.169) with ¢, = 0.5.

P =0 ¢y = 0.5
30 T 5T T y 16 j 14r
251 20 14 12
12 10
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< 5 c 8
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5} ar
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0 5 10 15 20 25 0 10 20 30 40 50
Time Time

Figure 4.18: Evolutiogofthe total energy during the spinodal decomposition by the second-order
scheme (4.169) with ¢ = 0 (left) and ¢, = 0.5 (right).

where yo(¢)g s a buoyancy term with yo(¢) = x(¢ — ¢), g = [0, —1]Tin2D and g =10,0, =
in 3D.
For the two-dimensional case, we set the computational domain Q = (0,1) X (0, 2), the

initial conditions:

0.32 —/(x — 0.5)2 + (y — 2.1)2
&

do(x,y) = tanh( ), up(x,y) =0, (4.218)
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Figure 4.19: Evolution of the 2D droplet falling at different times with Re = 1, 10, and 50 (from
top row to bottom row) by the second-order DRLM scheme (4.169).

and the parameters:

€=0.01, M=0.01, 4=0.001, 9,7 = 1000/€2, Qq =1000, xy =10, ¢ =0.

The spatial mesh size and time step size are given by i = 4 x 1073 and At = 4 x 1074, re-

spectively. Snapshots of the phase evolution with different Reynolds numbers Re € {1, 10, 50},
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corresponding to v € {1,0.1,0.02}, by the second-order DRLM scheme are presented in Fig-
ure 4.19. In all cases, the droplet first elongates under the effect of gravity, then pinches off and
moves downward to the bottom of the domain. As the Reynolds number increases, the pinch-off
behavior occurs earlier, and the droplet descends more quickly. Moreover, a circular shape for
the droplet is observed at Re = 1, while a bean-like shape appears at Re = 50, as illustrated in
the last subfigure of each row in Figure 4.19.

We further extend the simulation in three dimensions with the domain Q = (0,1) X

(0,1) x (0,2) and the initial conditions:

0.32 —4/(x — 0.5)2 + (y — 0.5)2 + (z — 2.1)2
1

¢o(x,y,Z)=tanh< ) ug(x,y,z) = 0. (4.219)

We fix ¢ = 0.025 and Re = 50 (i.e., v = 0.02), with other parameters chosen as in the two-
dimensional case. Isosurface snapshots of the droplet (i.e., {¢ = 0}) at different times by the
second-order DRLM scheme with i = 1.25 x 1072 and At = 2 x 1073 are shown in Figure 4.20.
An elongated liquid filament gradually forms and pinches off at around t = 0.7, resulting in a
bowl-shaped droplet. This behavior is consistent with the two-dimensional simulation, where a

similar process produces a droplet with a comparable concave shape.
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Figure 4.20: Evolution of the 3D droplet falling at different times with Re = 50 by the second-
order DRLM scheme (4.169).
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Chapter 5

Generalized Transferable Neural Networks for the Cahn-Hilliard Equation

This chapter is devoted to a structure-preserving neural network-based framework with a
mass-conserving projection for the Cahn-Hilliard equation. We employ generalized transferable
neural networks (GTransNet) for spatial approximation and stabilized backward differentiation
formulas (BDF) for temporal discretization of the equation written in the mixed formulation.
The resulting first- and second-order GTransNet-BDF schemes are shown to conserve mass and
satisfy energy stability at the time-discrete level. The schemes are implemented by a collocation-
based method, in which a least-squares system with constant coefficient matrix needs to be
solved at each time step. Since the solution of this system, which determines the output-layer
weights of the network, violates mass conservation due to the expected nonzero least-squares
residual, we introduce a novel post-processing mass-conserving projection that enforces the
mass constraint through a minimization problem, whose solution can be computed at negligible
computational cost. A key advantage of the proposed method lies in its predetermined hidden
layers and mesh-free nature, making it applicable to complex domains, variable mobility, and
long-time simulations. Numerical experiments in two and three dimensions verify convergence,
mass conservation, and energy dissipation as well as demonstrate the accuracy and robustness

of the proposed methods. The material in this chapter is based on the work in [51].

5.1 Generalized transferable neural networks

5.1.1 Original TransNet

For simplicity of presentation, we describe TransNet on the unit ball B;(0); the general
case follows by an affine shift (see Remark 5.2 below). The idea of transferable neural net-

works [201] is to fix the hidden layer parameters in advance, without relying on any PDE-specific
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information, and to optimize only the output weights, with the tanh activation function. The

resulting approximate solution uyy to a time-dependent PDE takes the following form:

N N
UNNGK D) = D am(t) tanh(Whx + b)) = Y ap(t) tanh(m(ad,x + ny)), (5.1)
m=1 m=1

where N denotes the number of hidden neurons, wy, and b, are the weight and bias of the
m-th hidden neuron, respectively, and aj, ay, ..., an are the time-dependent weights of the
output layer. Note that the decomposition of (W, by;,) into the location parameter (ay;, 1y,)

with [|a,,[|;2 = 1 and the shape parameter y,, > 0in (5.1) is based on the following relations:

w b
Ym = Wmll2, am=—2, hm=-2, 1<m<N.
Ym Ym

Geometrically, a,, represents the normal direction of the partition hyperplane, defined by a%x +
rm = 0, while r;, denotes its distance from the origin. The shape parameter y,, determines the
steepness of the pre-activation value w,x + by, along the normal direction a,,. We refer to [201]
for a geometric visualization of these parameters.

To measure the density of hidden neurons within a specific region, we recall the partition

hyperplane density function DITV(X), defined as

N
1
va(x) =N Z X{dm(x)<r}(x)’ where d;,(x) = |a;";lx + 1yl
m=1

Here d,;,(x) measures the distance from x to the m-th partition hyperplane, and y denotes the
standard indicator function. The following theorem (cf. [201, 133]) shows that uniform sampling
of the location parameters distributes the partition hyperplanes evenly throughout the domain,

ensuring that the basis functions provide balanced resolution everywhere.

Theorem 5.1. If{am}%:1 are i.i.d. and uniformly distributed on the d-dimensional unit sphere,

and {rm}%=1 are i.i.d. and uniformly distributed in [0, 1], then for any 7 € (0, 1),
E[Df(x)] =1,
forall x € R such that ||x]|,, < 1 - 7.
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Once the location parameters {(ay;,, rm)}%=1 are determined as in Theorem 5.1, we use
Gaussian random fields [201] to tune the shape parameters {ym}%zl, which are assumed to be
uniform (i.e.,y = 11 = ... = ¥N). The neural feature space is then defined by

PNN = span {tanh(y(a{x +n)),... ,tanh(y(a}\}x + rN))}
=1 span{1(x), ..., PN(X)},

where ¥,,(x) = tanh(y(a;";,x +1ny))for1 <m<N.

Remark 5.2. For a general domain Q C Bg(x.), the m-th hidden neuron is defined as

Ym(x) = tanh(y(al(x —x.) + Rry,)), 1<m <N,

where {am}%=1 and {rm}%=1 are sampled as in Theorem 5.1. Equivalently, the TransNet approx-

imation can be written compactly as
P(x) = tanh(y(A(x — xc) + Rr)),

unn(x, t) = a(t) Tp(x),

where A = [aj,ay, ... ,aN]T e RNXd = n,n, ... ,rN)T € [RN,zp = (Y1, 92, ... ,z,bN)T e RN,

and a = (a1, ay, ... ,ocN)T e RN,

5.1.2 Generalized TransNet

Although the original TransNet performs well for problems with relatively smooth solu-
tions, its accuracy may degrade when dealing with problems exhibiting sharp interfaces, steep
gradients, or high-frequency features. As discussed in [24], when the shape parameter y increases,
the activation values of the single hidden layer tend to cluster in the saturation regions of the
tanh function, thereby limiting the network’s expressive capacity. To address this limitation,
we adopt the generalized TransNet (i.e., GTransNet) framework [24] to augment the original
TransNet with additional hidden layers while preserving the interpretable feature-generation

mechanism.
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Network architecture Let N; denote the number of neurons in the I-th hidden layer. The

GTransNet with L > 2 hidden layers takes the following form

(1) = tanh(/(A(x — %) + Rr)),

191(x) = tanh(Wpp;_1(x)), [=2,...,L, (5.2)

[unn(x, 1) = a() TP (),

where A and r are defined as in Remark 5.2 with N replaced by Ny, ¢; = (¢§l)’ ,1,01(\2)T e rRM
forl <I<L,W;= (Wé”) e RN*Ni-1for2 <1< L,anda = (ag, ... ,ocNL)T € RNL collects
the time-dependent output-layer weights. Note that no bias terms are used in the second and
subsequent hidden layers.

The first hidden layer of GTransNet follows the same sampling strategy as in TransNet
for the direction vectors {am}ln\]ql:1 (cf. Theorem 5.1), but the neuron biases are drawn from a

centrally symmetric distribution, i.e.,
hn~ U[-1,1], m=1,...,Ny, (5.3)

instead of ,;, ~ U0, 1] in the original TransNet. This symmetric choice makes the first-layer
activations zero-mean (cf. Theorem 5.3), which the one-sided distribution of TransNet does
not, and this property propagates through the deeper hidden layers (cf. Theorem 5.4). For the
subsequent hidden layers, the weight matrices {WZ}IL:2 are predetermined through a variance-

controlled sampling strategy inspired by the Xavier initialization [67]:
D 2 ith N .
W ~N(0,0f) with o= N

where 0 < § < 1is avariance control parameter.

Theoretical properties

Theorem 5.3 (Zero mean of the first hidden layer). For any fixed x € R4, the random variable
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%)(x) defined by (5.2) with the sampling (5.3) satisfies

1 d 1
W = —l,b,(»n)(X), m=1,...,Np,
d
where = denotes equality in distribution. Consequently, E[$;(x)] = 0.

Theorem 5.4 (Zero mean propagation). The means of the neuron pre-activations and activations

in the subsequent hidden layers of GTransNet (5.2) are all zeros, i.e.,

E[Wi$;_1]=0 and E[¢;]=0, [=2,.., L

Theorem 5.5 (Controlled variance propagation). Assume that each component of ¥; has a
variance at most Ug. Then the variances of the neuron activations in the subsequent hidden

layers of GTransNet (5.2) satisfy

varlp] < 61162, i=1,..,N, 1=2,..,L.

Theorem 5.5 shows that by properly choosing the parameter 0 < § < 1, the variance of
neuron values in the deeper hidden layers can be effectively reduced, preventing them from
clustering in the saturation regions. This mechanism is particularly beneficial for capturing sharp

interfaces and steep gradients that arise in the solutions of the CH equation.

5.2 GTransNet-BDF schemes for the Cahn-Hilliard equation

5.2.1 Model problem

For a bounded domain Q c R4 (d < 3)and aterminal time T > 0, we consider the

following CH equation:

ou

i DA(—2Au + fw), x,t)eQax(,T], (5.4)

subject to the initial condition u(-,0) = ug and periodic or homogeneous Neumann boundary

conditions. In (5.4), u(x, t) denotes the order parameter defined as the concentration difference
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between the two phases, € represents the interfacial thickness, D is the diffusion coefficient, and
f(u) = F'(u), where F(u) is a double-well potential. In the mixed formulation, the fourth-order

CH equation (5.4) is split into a system of two second-order equations:

a_u = DApu, inQ x (0, T],

ot (5.5)
u=—e2Au+ f(u), inQx(,T],
where i denotes the chemical potential. Note that (5.4), or equivalently (5.5), can be viewed as

an H~1 gradient flow with respect to the Ginzburg-Landau free energy functional:

E(u) = f (§|Vu|2+F(u)>dx. (5.6)
Q

Under the prescribed boundary conditions, the CH equation possesses two intrinsic properties,

namely mass conservation and energy dissipation:

d d
a A u(x,t)dx =0, EE(u) <0, Vte(o,T]. (5.7)

Next, we construct the GTransNet-BDF schemes for the mixed system (5.5) and establish discrete

analogues of both properties (5.7) in Section 5.3.

5.2.2 GTransNet-BDF schemes

We now develop time-stepping schemes that combine the GTransNet basis from Sec-
tion 5.1 for spatial approximation with first- and second-order BDF for time integration. Consider
a uniform partition of the time interval 0 = ¢y < t; < --- < tg = T with the time step size
At = T/K. Let ¥ > 0 be a stabilization constant and f,.(u) = f(u) — xu, then (5.5) can be written

equivalently as

du _ DA, inQ x (0, T],
ot (5.8)

U =—*Au+xu+ fi(u), inQx(,T].

In what follows, let {¢j(x)}j1\gi denote the components of the last hidden layer 1, of the GTransNet

(5.2); thatis, ¢ := z,bj(L) for j =1,...,Nr. The approximate solutions uyy and uyy for the order
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parameter u and the chemical potential i are then expressed as

N, N7,
u(x,t) x unn(x,t) = Z aj(t) gj(x),  u(x, 1) ~ unN(X,t) = Z Bj(t) ¢j(x). (5.9)
j=1 j=1

Substituting the GTransNet approximations (5.9) into the stabilized mixed system (5.8) and
discretizing in time by the BDF method with explicit treatment of the nonlinear term, we obtain

the first-order GTransNet-BDF1 scheme

n+1 an

Z J ¢J(X) D Z ﬁ’"“AcﬁJ(X) (5.10a)
Ny,
Zl 51400 = Zl af (=2 + 0800 + fulufiy(x).  (5.10b)
J= Jj=

and the second-order GTransNet-BDF2 scheme

Np 30(}1"'1 — 4o + ocj’-"_l NL
2At $j(x) =D Y Bl agi(), (5.11a)
Jj=1 j=1
NL NL
2 B0 = Y al (=2 + 10¢(0) + fe2ufy () — ufly (30),
Jj=1 j=1

(5.11b)

where u’N‘N(x) = zfzﬁ oc}c ¢j(x) fork € {n—1,n}. The schemes are initialized by fitting the initial
condition ug in the least-squares sense to obtain {oc;)}jl\ifi, and for the GTransNet-BDF2 scheme,
the solution {a}}}iﬁ att = t; is computed using the GTransNet-BDF1 scheme (5.10). We note
that the nonlinear term in (5.11b) is treated as f,(2ult — ully1), rather than by the standard
extrapolation 2fi(ufy) — fK(uVN’ﬁl), to relax the time step size restriction in the energy stability
analysis (cf. Remark 5.9).

For homogeneous Neumann boundary conditions, we impose
L Ny,
D, af'Vej(x) -n = Z BV(x)-n=0, Vx€9Q, 1<n<K, (5.12)
i=1 ]_

where n denotes the outward unit normal vector to dQ. For periodic boundary conditions, we
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take Q = (0, l)d for the purpose of presentation and impose
NL
> o (3K ¢jlx=0 — djlx=1) =0, 1<n<K,

i=1
N (5.13)

L
2 A (a§i¢j|xi=0 - 3§i¢j|xi=1) =0, 1<n<Kk,
j=1

for each coordinate directioni € {1,2,...,d}and k € {0, 1}, here x = (x1, x5, ... ,xd)T € 0Q.

5.2.3 Implementation

Next, we describe how the GTransNet-BDF schemes (5.10)-(5.11) are implemented in

Kint bdKbd
1

practice. Let {x;}; _" and {x; G'}i=1 denote the sets of interior and boundary collocation points,

respectively. We then define the interior basis matrices and the boundary basis matrix as

® = (¢j(x;)) € REnt*NL, @ = (Agj(x;)) € REint*NL,
B = (Gnpi(x0) € REbdXNL, where dngj 1= V¢ - m,
in the homogeneous Neumann case (and analogously, ®y,4 collects the value and first-derivative
differences across paired faces in the periodic case). With &’ = (af, ... ,oclr(,L)T and g =
B ... ,6]’\‘,L)T the coefficient vectors of ult and ull, respectively, the unknown vector ¢ +1 =

((tHT, (,6”+1)T)T € R2NL is obtained for both schemes by solving the linear least-squares

system
Acttl = pntl (5.14)

For the GTransNet-BDF1 scheme (5.10), the system matrix and right-hand side are

P —DAt ®p ®a'
2 n
e“Pp — kP P fre(®a™)
A = AppF; = , bn+1 = bggFll =
Py 0 0
0 Py 0
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For the GTransNet-BDF2 scheme (5.11),

%(IJ _DAt®, 20a" — %qmn—l
2 n n—1
e“Pp —xd P P — P )
) 1.
A = Appp := , b =bggs =
Ppqg 0 0
0 P4 0

In both cases, the third and fourth block rows of A impose the boundary conditions on a/**1
and g1 respectively. Since the coefficient matrix A in (5.14) (that is, Agpr1 Or Agpra) is

independent of n, we precompute its reduced QR factorization A = QR once and then solve
ch+1 — QTbn'l'l (515)

via back substitution at each time step. Consequently, the per-step cost is dominated by the
matrix-vector product Qb1 which is more efficient than directly solving the least-squares
system (5.14) at each time step.

Att = 0, the initial condition ug(x) is projected onto the GTransNet basis by solving the

least-squares problem

0

. 2
a’ =arg min || ®jpiter —uoll}2 »

acRL

where @it = (qu(x;”it))i,j is the basis matrix evaluated at a set of initialization points {xil-“it},

which includes both interior and boundary points, and ug = (uo(xii”it))i.
5.3 Properties of the GTransNet-BDF schemes

In this section, we establish the mass conservation and energy stability of the first- and
second-order GTransNet-BDF schemes (5.10)-(5.11). To that end, we define the time-discrete

mass and free energy (cf. (5.6)) as

&.2
M(uﬁN):f ugn(x) dx, E(uﬁN):/ (?|VuﬁN|2+F(u’N‘N))dx.
Q Q
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Throughout this section, (-, -) and | - || denote the standard I2(Q) inner product and associated
norm, respectively. We shall restrict our attention to potential functions F(u) whose derivative

f(u) = F'(u) satisfies the following condition
Ly:= erg\ﬁ If'(w)| < oo, (5.16)

which holds under a truncation of F (and hence f) outside a bounded interval; we refer to [166, 62]
for the explicit form of a truncated double-well potential with quadratic growth at infinity. For
the analysis of the GTransNet-BDF2 scheme, we further recall the inverse Laplacian operator

(—A)~1 defined on the mean-zero subspace
3(Q) := {u e I2(Q) : fQudx = 0}.

Forv € L%(Q), we define (—A)"1v = pwithp € HY(Q)n L%(Q) solving the Poisson’s equation
—A¢ = v under either periodic or homogeneous Neumann boundary conditions. The associated

H™l-normis given by ||[v|_1 := \/m One easily verifies the interpolation inequality
Ioll§ < IVullo - lvl—1, Vv € HY(Q) n LH(Q).
As a consequence, applying Young’s inequality yields
alv2, + b Vol > 2Vab |v]3, Va,b>0, Vo e H(Q)nIA(Q). (5.17)

Finally, we denote §;v"**1 : = v+ — v and 6,07+ 1= v+ — 20" 4 v~ 1 for any sequence
{v"}.

By integrating the first equations (5.10a) and (5.11a) of the GTransNet-BDF1 and
GTransNet-BDF2 schemes over Q, applying the divergence theorem, and invoking the boundary

conditions (5.12) or (5.13) on /x’,\ml, we obtain the following discrete mass conservation.

Theorem 5.6 (Mass conservation). The first- and second-order GTransNet-BDF schemes (cf. (5.10)

and (5.11)) conserve mass unconditionally, i.e., for any time step size At > 0, we have
MEh = M@ly), 0<n<K-1.
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Following the standard energy-estimate technique for the stabilized BDF1 discretization

of the CH equation developed in [166], we have the following result.

Theorem 5.7 (Unconditional energy stability of GTransNet-BDF1). If the stabilization constant
satisfies x > Lf/2, then the GTransNet-BDF1 scheme (5.10) is unconditionally energy stable, that

is,

Eupth <E@Ry), 0<n<K-1.

For the GTransNet-BDF2 scheme, the analysis is more involved and yields only conditional

energy stability under a time step size restriction, as stated in the following theorem.

Theorem 5.8 (Conditional energy stability of GTransNet-BDF2). If the stabilization constant and

the time step size satisfy

2
k>Lg Af< ;%, (5.18)

f

then the GTransNet-BDF2 scheme (5.11) is energy stable in the sense that

Bith <E@l), 1<n<K-1, (5.19)

where the modified energy is defined by

K+Lf
E(uly) 1= E@iy) + o 18eufinlZy + —5—=18eufiylI3.

Proof. By the mass conservation of GTransNet-BDF schemes in Theorem 5.6, 5tu"+1 L%(Q),
so (—A)~18ulttl is well-defined. Taking the L? inner product of (5.11a) with (—A)~18,ulttL,
applying the divergence theorem together with the boundary conditions, and dividing both sides

by D, we obtain

+1 1 1 +1 n+1 +1
2DAt(3un —dufty Fufin > (A TSl ) = —(uNy s Seunn - (5.20)
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Note that (5.11b) can be rewritten, using f,,(u) = f(u) — xu, as

ulttl = _e2AltE L 4 poulty — ulls ) + w8, ultt e, (5.21)

Taking the I? inner product of (5.21) with S;uft¥1 and applying integration by parts, we obtain

n+l s n+l +1 +1 1 +1 5 n+l
(ki B ) = E2(Vu t VEa ) + (fQufly — ufin . Seufif ) + w(Seupiy - Seui

(5.22)
Combining (5.20) and (5.22) yields

2DA ——(BulSt — 4ulty + ullyL (—A) 7 1Sult ) + 2(Vultt, veulit!
t (5.23)

1 1 — 1
+1(Seupy b Seupn ) = —(fQufly — ufin D, Srup )

n+1 1

For the first term in (5.23), by decomposing 3ulti! — 4ulty + ully! = 26,ultt! + 6;ultt! and

applying the identity a(a — b) = E[a — b2 + (a — b)?] inthe H L inner product, we obtain

2DAt(3un+1 4ugy + uﬁgl,(—A)_létuﬁﬁl)
(5.24)
1 1 1
16ult 12 1 + == (18:ult 121 — I8l 1 + 8¢l t125)-

DAt Dat! 4DAt

For the remaining two terms on the left-hand side of (5.23), we again apply the identity a(a—b) =

%[a2 — b2 + (a — b)?], with 8;ulti! = Sl — s,ully , to deduce that

e2(Vultl, veultil) = —(||V L2 — VUl 12 + [VSultt2), 529

n+1 +1 +1)2 2 +1)2
x(SerunN > StuNN ) §(||5tuﬁN 15 — ISeuminlg + oerunn I)-

For the right-hand side of (5.23), we apply the Taylor expansion of Faround 2ulty, — ulty 1. Noting
that u”"'l — Qufty —ullyh) = 5ttuﬁﬁl and ufty — Qufty — ultyl) = —8;ully, the bound (5.16)
onF” = f'yields

Ly
Fulth) < FQulty — ullyD + fQulty — ullyh) 8 ulttt + —|5 ulttli2, 526
5.26

Ly
Flly) = FQulty — ullyh — fQulty — ultyh) spulty — 7|5tuﬁN|2.
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Subtracting the second inequality from the first in (5.26) and using 5ttuNN + Srufy = 5tu”+1

yields

— Ly
Fup( ") = Flufiy) < fQufiy = ufiy D seufft + - (18§12 + 16 1). - (5.27)
Integrating (5.27) over Q and rearranging gives

L
- 1 1 S 1
~(f Quly — wigV. Sl Y) < —(PGEY) = Faafh), 1) + =L (1810 113 + 18y 1)

(5.28)
Substituting (5.24), (5.25), and (5.28) into (5.23) yields
1 1 1 1
B — E@ly) + 5 = veudiR + ey I2,
1 1
+ o (1 12y = 18I + 18t 12,) (5.29)

K +1,2 n+1g2y _ Lf +1,2
+ §(||5t”ﬁN ||0 ||5tuNN||0 + ||5tt“NN ||0) < (||5tt“ﬁ|\| ||o + ||5tuNN||o)

Finally, applying the inequality (5.17) with a = 1/(DAt) and b = £2/2 yields, under the time step

constraint (5.18),

2 L
€ 1 1 1 f 1,2
SIVE 3 + I8t IR 2 ey ) s 1 B = LIsadi 3. (530)
Combining (5.29) and (5.30) with x > Ly, we arrive at (5.19). O
Remark 5.9.

(i) The proof of Theorem 5.8 partially adapts the energy-estimate framework developed
n [179], which analyzes a more general family of stabilized second-order semi-implicit BDF
schemes for the CH equation. Particularly, in addition to the stabilization term 1<(u”+1

2ugy + u',(ml), the schemes proposed in [179] incorporate an additional Laplacian-type

stabilization of the form —RAtA(ufiH ! -

—ugy) with® > 0in the chemical potential equation.
This extra term contributes to the left-hand side of (5.29) an amount of 1€At||V5tu”+1||0,

yielding unconditional energy stability with an appropriate choice of %.
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(ii) If the second-order extrapolation f(2u’,(‘|N — uﬁﬁl) in the GTransNet-BDF2 scheme (5.11) is
replaced by the standard linearization 2f (ulty) — f(uly1), an analogous energy stability
result holds only under the more restrictive time step constraint At < 882/(9DL30) (cf. [166,
179]). Moreover, this constraint cannot be relaxed by increasing the stabilization constant
x. The form f(2ugy — u’N’ﬁl) adopted here produces the term ||5ttu,’\ml||% in the nonlinear
estimate (5.28), which can be absorbed by the corresponding stabilization term in (5.29)

provided that x > Ly, thereby relaxing the time step constraint by a factor of 9.

5.4 Discrete mass-conserving projection

While Theorem 5.6 guarantees mass conservation in the space-continuous sense, the fully
discrete mass computed from cﬁ,}"cl = R‘lQTb”+1 (cf. (5.15)) may not be conserved exactly,
since the over-determined least-squares system (5.14) generally has nonzero residuals at the
collocation points. In this section, we describe a post-processing projection that enforces exact
discrete mass conservation with minimal perturbation of the least-squares approximation, and
establish the key properties of this projection that justify its use in long-time simulations.

For all numerical computations and for the projection introduced below, we denote by

M™ an approximation of M(ugjy), i-e.,
q

where {Xg, wg} denotes a set of quadrature points and weights; in the numerical experiments,
we use the tensor-product two-point Gauss-Legendre quadrature rule. Substituting the basis
expansion ugjy(x) = Zj:L1 ocjnqu(x) into the definition of M gives the following identity

m" = gTa”, whereg = (g1, ... ,gNL)T € RNL and g = qucpj(xq), 1<j<Ng.
q

With g := (gT, oHT ¢ R2NL, the discrete mass-conservation requirement M1 = 0

becomes the single linear constraint
chn+1 — MO, where c"*1 = ((“l’l+1)T’ (ﬁn+1)T)T. (5.31)
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5.4.1 Constrained least-squares formulation

The unconstrained solution cﬁ,?'cl approximates the discretized PDE in the least-squares

sense and satisfies (5.31) up to a small residual at the level of the least-squares error. We therefore
correct cf},}"cl by the smallest perturbation, in the weighted norm induced by RTR, that exactly
restores (5.31):

"+l = arg min e — Cﬁﬁrclll%{TR subjectto  gTc = M9, (5.32)

ceR“'L

where ”V”f{TR =vIRTRv = ||Rv||122 forallv € R*VL. The choice of the RTR-norm is natural
for least-squares problems: |R(c — cﬁrfcl)lllz measures exactly the increase in the least-squares
residual norm caused by the correction, so among all feasible coefficient vectors the minimizer

c"*1is the one that least perturbs the discretized-PDE fit. The associated Lagrangian

1 N
£(e,2) = Sl — el I3 rg +A(8Tc — M)

yields the Karush-Kuhn-Tucker (KKT) system RTR(c — 4 Ag = 0 together with the mass

constraint ch = M9, from which the closed form

5T n+1 0
C -M
entl = it - B e z, z:=RIR)Ig (5.33)
gz

follows. In (5.33), the vectorz € RZNL is computed once for all time steps by two triangular
solves (one with RT and one with R); and the projection then requires only one inner product and
ascalar correctionalong z, adding O(Ny,) operations per time step. Since this costis dominated by
the matrix-vector product QTb"*! and back substitution when computing cﬁr}"cl, the projection

adds negligible computational cost.

5.4.2 Properties of the projection

Let Hyo := {c € R2NVL : gTc = MO} denote the affine hyperplane of coefficient

vectors that satisfy the discrete mass constraint (5.31), and define the projection operator 2 :
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R2NL HMO by

_gle-m°

———z, Vce R, (5.34)
gz

P(c) :=c

so that ¢t = 2(c/HD) (cf. (5.33)). Note that §7z = gT(RTR)~1g > 0since RTR is symmetric

positive definite and g # 0, so P is well defined. The map P possesses the following properties:

(P1) Exact discrete mass conservation. A direct computation gives

8T2(c) = gTc — (gTc — MO) = MO, VeeRL,

n+1

Therefore, the projected coefficient vector ¢ satisfies mass conservation M"t1 = ch”"‘l =

gTp(cl1) = MO at every time step.

(P2) Idempotency. Ifc € H, 0, then ch = M9, so P(c) = c due to (5.34). Since P(c) €

Hy 0 forallc € R2NL by (P1), we have P o P = P.

(P3) Non-expansiveness in the RTR-norm. Forallc,c’ € [RZNL,

[7(e) — P(lgT < lle— €' IgTg. (5.35)

Indeed, P(c) — P(c’) is the RTR-orthogonal projection of ¢ — ¢’ onto the linear subspace gl =
{ve RZNL . gTV = 0}, and the standard Pythagorean identity for orthogonal projections gives

2 (gT(c ~ C’))z.

112 _ _ ’
lo =€/l 7, = 170) = P(larg +

RTR
In particular, taking ¢ = c/}! and ¢’ = ¢ in (5.35), noting that ¢ = P(c/%,c) € H, 0 by (P1)

and 2P(c) = ¢ by (P2), we obtain

n+1 n+l

e - cn”RTR < [leunc — cn”RTR-

(P4) Bounded perturbation. Substituting (5.33) into the objective function of (5.32) and using
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the identity zIRTRz = gTz (which follows from z = (RTR)‘lg), the optimal value is

~T . n+1 0\2
nel _ ontl2 (8 Cune —M°)
— Cunc ||

Ie RTR ~ &T7 :

i.e., the perturbation [ c**1 — cﬁerclnRTR is proportional to the absolute mass error [gLc/tF! —

MP| of the unconstrained solution, and vanishes when cﬁ’,}"cl already satisfies the mass constraint.

Together, properties (P1)-(P4) show that the projection (5.33) enforces exact discrete mass
conservation while introducing the smallest possible correction in the RTR-norm. In contrast
to a global a posteriori approach that uniformly shifts the solution to match the target mass
and ignores the PDE residual, the proposed projection (5.33) corrects c’&rfcl along the optimal
direction z that minimizes the disturbance to this residual. The projection is applied at every
time step in the numerical experiments of Section 5.5. We refer to [112] for a maximum-bound-

principle-preserving and mass-conservative projection method for the conservative Allen-Cahn

equation and to [151] for a mass-projection strategy for the CH equation on surfaces.

5.5 Numerical experiments

In this section, we demonstrate the performance of the proposed GTransNet-BDF2
scheme (5.11) coupled with the mass-conserving projection (cf. Section 5.4) on a range of
test cases. For the two-dimensional CH equation, we verify the temporal convergence of the
scheme via a manufactured solution and illustrate its ability to capture the correct dynamics
while preserving mass conservation and energy dissipation through the shape relaxation and
coarsening dynamics tests. The method is further applied to solve the CH equation on irregular
domains, including circular and amoeba-shaped ones. In three dimensions, the temporal
convergence of the GTransNet-BDF2 scheme is confirmed, followed by a coarsening dynamics
test that demonstrates the robustness of the scheme in preserving the two intrinsic properties
for long-time simulations. Finally, we extend the GTransNet-BDF framework to the CH equation
with variable mobility (see Appendix C for the detailed formulation and implementation) and

show its numerical performance for the degenerate mobility M(u) = |1 — u2|.
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Unless otherwise stated, we consider the standard double-well potential F(u) = %(u2 —
1)2, with f(u) = F'(u) = u3 — u and wells at u = +1. The interior collocation points {xi}ﬁqt
are chosen according to the boundary condition: a uniform vertex grid on Q in the periodic
case, and the cell centers of a uniform partition of Q in the homogeneous Neumann counterpart;
forirregular domains, we apply the same uniform partition to a bounding box of Q and retain
only the cell centers inside Q. The boundary collocation points {X'i[’d}libld are equally spaced for
rectangular domains, and are placed at equally spaced parameter values along the parametrized
boundaries of irregular domains. In addition, the GTransNet hidden-layer neurons are generated
on a covering ball BgR(x.) D Q (cf. Remark 5.2), where X, is the center of Q (or of its bounding
box), and the radius R, specified for each example, is chosen so that Br(x,) is slightly larger than
Q.

We employ the GTransNet basis with L = 2 hidden layers in most test cases. As discussed
in [24], this choice achieves a favorable balance between accuracy and computational efficiency.
Adding more hidden layers (e.g., L = 3) may offer some accuracy improvements, but at the
expense of increased computational cost in assembling the least-squares system due to the

evaluation of higher-order derivatives via the chain rule. The case L = 3isincluded only in the

selected convergence tests for comparison.

5.5.1 Two-dimensional Cahn-Hilliard equation

Convergencetest We setthe domain Q = (—0.5,0.5)? and the terminal time T = 1. By adding
an external forcing term to the right-hand side of the first equation in (5.8), we take the exact

solution to be
u(x, y, t) = sin(2rx) cos(2y) cos(t),

subject to the periodic boundary conditions. We fix D = 0.5,x = 0,8 = 0.5, R = 0.75, and
vary the interfacial width ¢ € {0.2,0.1}. The collocation points are sampled from a uniform

ny X ny, mesh, and the test data consist of 4n.n,, uniformly distributed random pointsin Q. The
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parameters used for each value of ¢ are listed in Table 5.1.

Table 5.1: [2D convergence test] Parameter settings for ¢ € {0.2,0.1}.
(a) L = 2 hidden layers (b) L = 3 hidden layers

€ N N, |7y |hx=ny € N N, Ny Y | nx=ny
0.2 | 600 | 500 |3 50 0.2 | 600 | 500 | 500 | 2.8 50
0.1 | 1500 | 1000 | 4 80 0.1 | 1500 | 1000 | 1000 | 4 80

Table 5.2 presents L™ errors of the phase variable at the final time by the GTransNet-BDF2
scheme with L = 2 and L = 3 hidden layers for e € {0.2,0.1}. In all cases, the scheme achieves
the expected second-order convergence in time. Moreover, the errorsfor L = 2and L = 3 are
nearly identical, indicating that the spatial approximation error with two hidden layers is already
negligible relative to the temporal error. We note that similar convergence results hold for the
homogeneous Neumann boundary conditions; a corresponding three-dimensional convergence

test under the same boundary conditions is presented in Section 5.5.2.

Table 5.2: [2D convergence test] L™ errors of the phase variable at the final time for e € {0.2,0.1}.

(a)e=0.2 (b)e=0.1
At GTransNet-BDF2 GTransNet-BDF2 N GTransNet-BDF2 GTransNet-BDF2
L = 2 hidden layers | L = 3 hidden layers L = 2 hidden layers | L = 3 hidden layers

1/10 1.01e-03 1.01e-03 1/10 5.87e-03 5.87e-03

1/20 2.40e-04 [2.07] 2.40e-04 [2.07] 1/20 1.54e-03 [1.93] 1.54e-03 [1.96]
1/40 5.82e-05 [2.04] 5.83e-05 [2.04] 1/40 3.84e-04[2.00] 3.84e-04[2.00]
1/80 1.44e-05 [2.02] 1.44e-05 [2.02] 1/80 9.54e-05 [2.01] 9.54e-05 [2.01]
1/160 3.60e-06 [2.00] 3.64e-06[1.98] 1/160 2.37e-05[2.01] 2.38e-05[2.00]
1/320 9.09e-07 [1.99] 9.32e-07 [1.97] 1/320 6.08e-06 [1.96] 6.18e-06 [1.95]

Shape relaxation We next apply the GTransNet-BDF2 scheme with 2 hidden layers to a shape
relaxation test case [76, 49] under homogeneous Neumann boundary conditions. We set Q =
(0,1)2,D = 0.05,x = 2,8 = 0.5, R = 0.75, and ¢ € {0.02,0.01}. The initial condition has a value
of 1 inside the square [0.25,0.75]% and —1 outside.

For e = 0.02, we run the simulation until T = 1.5 using N; = 2000, N, = 1000, y = 12,

At =1 x 1072, Kit = 1502 interior and Kp,q = 600 boundary collocation points. For ¢ = 0.01,
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we run until T = 3 with N; = 3000, N, = 1500, 7y = 16, At = 5 x 1073, Ki,t = 200%, and

K4 = 800.

0.5

-0.5

-1

0.5

-0.5

-1

Figure 5.1: [Shape relaxation] Snapshots of the phase variable by the GTransNet-BDF2 scheme.
Top: € =0.02att = 0.1,0.5,and 1.5. Bottom: ¢ = 0.01 att = 0.5,1.5,and 3.

Snapshots of the phase variable at different times for ¢ € {0.02,0.01} are shown in Fig-
ure 5.1, where the dashed circles, centered at (0.5, 0.5) with radius %, indicate the interface at
steady state. We observe that the initial square gradually transitions into a circle that closely
matches the dashed reference, with the circular shape forming at an earlier stage for ¢ = 0.02

than fore = 0.01. Figure 5.2 confirms mass conservation and energy dissipation of the numerical

solutions, with the former ensured by the projection introduced in Section 5.4.

Coarsening dynamics We simulate the long-time coarsening dynamics of the phase separation
process with different volume fractions in Q = (0, 1) under homogeneous Neumann boundary

conditions. The initial condition is a small random perturbation of the uniform state

ug(x,y) = u+ 0.05rand(x, y),
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Figure 5.2: [Shape relaxation] Evolution of the absolute mass error and free energy by the
GTransNet-BDF2 scheme with ¢ = 0.02 (top) and € = 0.01 (bottom).
where rand(x, y) is uniformly distributed in [-1,1]. We fixe = 0.02, D = 0.05,x = 2,8 = 0.5,
R = 0.75,Kint = 2502, Kpg = 1000, and consider i € {0,0.5}. The simulation is run until T = 40
using the GTransNet-BDF2 scheme with Nj = 2000, N = 1000,y = 12, At =1 x 1073 foru = 0,
and Ny = 3000, N, = 1500,y = 14, At = 5 x 103 foru = 0.5.

Evolution of the phase variable at t = 5,20, and 40 foru € {0, 0.5} is reported in Figure 5.3.
As expected, for u = 0, the two phases separate into large interconnected regions, whereas
foru = 0.5, the minority phase forms isolated circular droplets within the majority phase.
Additionally, the discrete mass is conserved over time while the free energy decays monotonically,

as shown in Figure 5.4.

Cahn-Hilliard equation on irregular domains A key advantage of the proposed GTransNet-
BDF method is its mesh-free nature, as the hidden-layer neurons are generated from a single

domain-covering ball, allowing the method to be applied directly to domains of arbitrary shape.
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-1

Figure 5.3: [2D coarsening dynamics] Snapshots of the phase variable by the GTransNet-BDF2
scheme with u = 0 (top) and u = 0.5 (bottom) at t = 5, 20, and 40.
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Figure 5.4: [2D coarsening dynamics] Evolution of the absolute mass error and free energy by
the GTransNet-BDF2 scheme with u = 0 (top) and u = 0.5 (bottom).
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To highlight this flexibility, we simulate the coarsening dynamics governed by the CH equation
on three computational domains - a square, a disk, and an amoeba-shaped region with non-
convex boundary - under homogeneous Neumann boundary conditions. We use the double-well
potential F(u) = iuz(u —1)2 with wells at u = 0 and u = 1 and consider the following initial

condition for all three domains [41, 42, 18]:
ug(x,y) = 0.5+ 0.17 cos(rrx) cos(2ry) + 0.2 cos(37x) cos(rry).

We fix the common parameterse = 0.01, D = 0.25,x = 2,5 = 0.5, N; = 2000, and N, = 1000.

Other domain-specific parameters are listed below.
« Square domain: Q = (0,1)2,R = 0.75,y = 12, Kint = 2002, Kpq = 800, At = 2 x 1073,

« Circular domain: Q = {(x,y) : (x —0.5)% + (y — 0.5)%> < 0.25, R = 0.6,y = 12,

Kint = 31428, Kpq = 800, At = 2 X 1073,

+ Amoeba-shaped domain with boundary

90 = {(x,y) L x= %p(@) cos(6) + % y= %p(@)sin(@) + % 0<0< 2n},

p(6) = esin(6) sin2(29) + ec0s(9) cos2(209),

and x, = (0.53,0.48), R = 0.65,y = 13.76, Kint = 31259, Kpq = 800, At = 5 x 10™4.

Figure 5.5 illustrates the phase variable at t = 0.3, 0.7, and 1.5. In all three cases, the
GTransNet-BDF2 scheme captures the early-stage spinodal decomposition and subsequent
coarsening, producing smooth and well-resolved interfaces that conform to the domain geometry.
The results for the square and circular domains are in strong agreement with those of the radial
basis function (RBF) methods in [41, 42]. For the amoeba-shaped domain, the GTransNet-BDF2
solution remains much closer to the physical range [0, 1] than the one reported in [18]. Figure 5.6
further confirms mass conservation and energy dissipation of the numerical solutions across all

three domains.

266



0.75

0.25

t=07 t=15

0.75
0.5
0.25

0 0 0

0.75 0.75

0.25

Figure 5.5: [Regular and irregular domains] Snapshots of the phase variable by the GTransNet-
BDF2 scheme att = 0.3,0.7, and 1.5 for the square, circular, and amoeba-shaped domains (top
to bottom).
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Figure 5.6: [Regular and irregular domains] Evolution of the absolute mass error (top) and free
energy (bottom) by the GTransNet-BDF2 scheme for the square, circular, and amoeba-shaped
domains (from left to right).

5.5.2 Three-dimensional Cahn-Hilliard equation

Convergence test We next examine the temporal convergence of the GTransNet-BDF2 scheme
in Q = (0,1)3 under homogeneous Neumann boundary conditions, using a manufactured

solution
u(x,y, z,t) = cos(mx) cos(my) cos(rz) sin(t),

WesetT =1,D=0.1,x=0,5 = 0.5,R = 0.9, Kint = 303, Kpq = 5402, and ¢ € {0.2,0.1}, with
the number of neurons in each hidden layer and the shape parameter listed in Table 5.3 for each

€. The test data consist of 8K, uniformly distributed random pointsin Q.

Table 5.3: [3D convergence test] Parameter settings for ¢ € {0.2,0.1}.

(a) L = 2 hidden layers (b) L = 3 hidden layers

12 Nl N2 V4 & Nl N2 N3 Y
0.2 | 2500 | 1500 | 1 0.2 | 1500 | 1500 | 1500 | 1
0.1 | 3000 | 1500 | 3 0.1 | 1500 | 1500 | 1500 | 3

Table 5.4 reports the L errors of the phase variable at the final time by the GTransNet-
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BDF2 scheme with L = 2 and L = 3 hidden layers for € € {0.2,0.1}. As in the two-dimensional

case, we observe second-order convergence of the scheme, with comparable errors for L = 2

andL = 3.

Table 5.4: [3D convergence test] L™ errors of the phase variable at the final time fore € {0.2,0.1}.

(a)e=0.2 (b)e=0.1
N GTransNet-BDF2 GTransNet-BDF2 At GTransNet-BDF2 GTransNet-BDF2
L = 2hidden layers | L = 3 hidden layers L = 2 hidden layers | L = 3 hidden layers

1/10 8.58e-03 8.58e-03 1/10 8.19e-02 8.19e-02

1/20 1.99e-03[2.11] 1.99e-03[2.11] 1/20 2.33e-02[1.81] 2.33e-02[1.81]
1/40 4.90e-04 [2.02] 4.89e-04 [2.02] 1/40 6.18e-03[1.91] 6.18e-03 [1.91]
1/80 1.23e-04 [1.99] 1.22e-04 [2.00] 1/80 1.58e-03 [1.97] 1.58e-03 [1.97]
1/160 3.09e-05[1.99] 3.11e-05[1.97] 1/160 3.98e-04[1.99] 3.97e-04[1.99]
1/320 7.48e-06 [2.05] 8.47e-06[1.88] 1/320 1.05e-04 [1.92] 9.66e-05 [2.04]

Coarsening dynamics We proceed to consider the three-dimensional coarsening dynamics
in Q = (0,1)3 under homogeneous Neumann boundary conditions, a natural extension of the
two-dimensional case. The initial condition is again a small random perturbation of a uniform

state

ug(x,y,z) =u+0.05rand(x, y, z),

with rand(x, y, z) uniformly distributed in [—-1,1]. We takee = 0.04,u = 0,D = 0.05,x = 2,
§ = 0.5,R = 0.9, Kipt = 503, and Kpq = 15002. The simulation is run until T = 20 using the
GTransNet-BDF2 scheme with N; = 4000, N, = 2000,y = 7, and At = 5 x 1073,

Isosurface snapshots of the phase variable (the zero level set {u = 0}) at different times
by the GTransNet-BDF2 scheme are shown in Figure 5.7. Starting from the random initial con-
figuration, the interface coarsens over time, with the fine, highly connected structure att = 2
progressively simplifying into a smoother surface with fewer features by t = 20. Figure 5.8

reports the corresponding evolution of the absolute mass error and free energy, confirming the

preservation of the two intrinsic properties.
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Figure 5.7: [3D coarsening dynamics] Zero-isosurfaces of the phase variable by the GTransNet-
BDF2 scheme att = 2, 5,10, and 20.

x1071°

(3]

0.25

Mass
o

0 5 10 15 20 0 5 10 15 20
Time Time

Figure 5.8: [3D coarsening dynamics] Evolution of the absolute mass error and free energy by
the GTransNet-BDF2 scheme.

270



5.5.3 Cahn-Hilliard equation with degenerate mobility

Finally, we extend the proposed GTransNet-BDF framework to the CH equation with
variable mobility M(u), for which the corresponding first- and second-order schemes are derived
in Appendix C. We consider the symmetric degenerate mobility M(u) = |1 — u2|, which vanishes
atthe pure phases u = +1 and attains its maximum I' = max,,c1_ ;) M(u) = 1atu = 0. The
degeneracy suppresses diffusion in the bulk regions and confines mass transport to the thin
interfacial layers, so that coarsening proceeds mainly through surface diffusion and the late-stage
dynamics are considerably slower than in the constant-mobility case (i.e., M(u) = 1).

We solve the CH equation in Q = (0, 1) under homogeneous Neumann boundary condi-

tions, with the following initial data [103]:
ug(x,y) =u+0.2rand(x, y),

where rand(x, y) is uniformly distributed in [—1, 1]. We takeu = 0.5, = 0.02,x = 2,5 = 0.5,
R =0.75,Kjnt = 2502, and Kpg = 1000, and run the simulation until T = 5 using the GTransNet-
BDF2 scheme with Nj = 4000, N5 = 2000, y = 16, and At = 5 x 1074,

The phase variable at t = 0.2,0.5,1,2.5,and 5 is plotted in Figure 5.9. The off-critical mix-
ture (u = 0.5) rapidly separates into circular droplets of the minority phase, which subsequently
coarsen over time. Figure 5.10 verifies mass conservation and energy dissipation of the numerical

solution, demonstrating that the framework extends robustly to the degenerate-mobility regime.
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Figure 5.9: [Degenerate mobility] Snapshots of the phase variable by the GTransNet-BDF2 scheme
with % = 0.5and M(u) = |1 — u?|att = 0.2,0.5,1,2.5, and 5.
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Figure 5.10: [Degenerate mobility] Evolution of the absolute mass error and free energy by the
GTransNet-BDF2 scheme with i = 0.5 and M(u) = |1 — u?|.
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Chapter 6

Conclusions and Future Work

In this dissertation, we have developed and analyzed four novel classes of efficient and
structure-preserving time-stepping methods for nonlinear evolution equations and multiphysics
systems: low regularity integrators for phase field models, noniterative localized exponential
time differencing methods for hyperbolic conservation laws, dynamically regularized Lagrange
multiplier methods for incompressible fluid flows, and generalized transferable neural networks
for the Cahn-Hilliard equation.

In Chapter 2, we constructed first- and second-order LRI schemes for the Allen-Cahn and
conservative Allen-Cahn equations by iteratively applying Duhamel’s formula. The proposed
schemes were shown to preserve the maximum bound principle and energy stability under mild
time step size constraints. Optimal temporal error estimates were derived under the minimal
assumption that the exact solution is only continuousin time for the classical Allen-Cahn equation
and Lipschitz continuous for the conservative variant. We also carried out the fully discrete error
analysis of the first-order LRI schemes by utilizing fundamental properties of the discrete system
and Duhamel’s principle, establishing optimal error estimates in both time and space under the
same low regularity assumption. For the conservative Allen-Cahn equation, the LRI schemes
were further shown to unconditionally preserve mass. Numerical experiments confirmed the
theoretical findings and demonstrated the outperformance of LRI schemes compared to classical
ETD schemes, particularly when the interfacial parameter approaches zero.

In Chapter 3, we developed global and localized ETDRK2 schemes for scalar hyperbolic
conservation laws with DG spatial discretization. The proposed schemes are fully explicit and
require no nonlinear or linear solver while allowing much larger time step sizes than standard
SSP-RK methods. To reduce the cost of computing products of matrix exponentials and vectors, a

noniterative localized ETDRK2 scheme was proposed via nonoverlapping domain decomposition
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with interface conditions defined by the numerical flux. The localized scheme requires no overlap
and no iterations between subdomains while preserving the accuracy and stability of the global
method. Rigorous semi-discrete temporal error analysis was carried out for both schemes, and
mass conservation was proved under periodic boundary conditions.

In Chapter 4, we proposed the DRLM method for the incompressible Navier-Stokes equa-
tions. By introducing a dynamic equation involving the kinetic energy, a Lagrange multiplier,
and a regularization parameter, the NS equations were reformulated into an equivalent system.
First- and second-order DRLM schemes based on the BDF method with explicit treatment of
the nonlinear convection term were derived and shown to unconditionally satisfy the energy
dissipation law with respect to the original variables. Fully discrete energy stability was also
established with the Marker-and-Cell spatial discretization. Unlike existing Lagrange multiplier
methods, the regularization parameter enables the use of large time step sizes while ensuring
the unique solvability of the Lagrange multiplier. We then established rigorous temporal error
estimates for the first-order DRLM scheme, deriving optimal convergence rates for the velocity,
Lagrange multiplier, and pressure. All error constants exhibit the desired dependence on the
regularization parameter, and the analysis is valid in both two and three dimensions. Finally,
we extended the DRLM framework to the coupled Cahn-Hilliard-Navier-Stokes system, where
the proposed schemes are fully decoupled, mass-conserving, unconditionally energy stable,
and require no stabilization term. Numerical experiments in 2D and 3D verified the theoretical
findings and demonstrated the accuracy and robustness of the proposed methods.

In Chapter 5, we proposed the first- and second-order GTransNet-BDF schemes coupled
with a mass-conserving projection for solving the Cahn-Hilliard equation. The method combines
the GTransNet architecture for spatial approximation with stabilized BDF for time integration; the
first hidden layer is predetermined as in the original TransNet with a symmetric bias distribution,
followed by a variance-controlled weight sampling strategy for the subsequent hidden layers. The
schemes preserve two important properties of the Cahn-Hilliard equation at the time-discrete

level, namely mass conservation and energy stability. By employing a collocation-based method,
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a least-squares system for the unknown output-layer weights is solved at each time step, which
can be implemented efficiently using a precomputed QR factorization. To mitigate the effect of
least-squares error, we introduced a mass-conserving projection that corrects the least-squares
solution along a single direction with minimal perturbation so that the discrete mass is conserved
exactly. Numerical experiments in two and three dimensions confirmed the theoretical findings
and illustrated the performance of the GTransNet-BDF methods for the Cahn-Hilliard equation
with both constant and degenerate mobility.

Several directions for future research naturally arise from this dissertation:

1. Regarding the low regularity integrators, we plan to develop new LRI schemes for the
Cahn-Hilliard equation. The current LRI formulations for the Allen-Cahn equation are
not directly applicable to the Cahn-Hilliard equation due to the presence of fourth-order
spatial derivatives. Constructing LRI schemes that preserve the energy dissipation law and
mass conservation for the Cahn-Hilliard equation, together with rigorous error analysis
under low regularity, is an interesting and challenging problem. In addition, extension
of the fully discrete error analysis to the second-order LRI scheme for the Allen-Cahn
equation is still an open question. Further investigations include the energy stability of
LRIs for the conservative Allen-Cahn equation on general domains with the homogeneous
Neumann boundary conditions and the development of high-order LRIs for the Navier-

Stokes equations [120] and the coupled Navier-Stokes/Allen-Cahn system [95].

2. Forthe localized ETD methods, we are currently extending the global and localized ETDRK
schemes to the shallow water equations. Compared to the scalar conservation laws studied
in Chapter 3, solving the shallow water equations is more involved as one has to employ
the well-balanced numerical flux [190] to preserve the still water steady-state solution,
leading to more complicated linear operators at each time step. Preliminary results in
one dimension indicate that the ETDRK2 methods allow for a much larger CFL number

than SSP-RK2 while still achieving comparable accuracy. Other future directions include
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nonlinear stability analysis of ETDRK schemes, their convergence to the entropy solution,

and extension to systems of hyperbolic conservation laws in higher spatial dimensions.

. For the DRLM methods, error analysis of the second-order DRLM scheme for both the
incompressible NS equations and the coupled CH-NS system, in both semi-discrete and
fully discrete settings, remains highly challenging and will be a subject of our future studies.
Unlike the first-order scheme where the Lagrange multiplier is uniquely determined from
a quadratic equation, the second-order scheme leads to a more complicated algebraic
equation for the Lagrange multiplier whose unique positive solution is not always guar-
anteed. Extension of the current approach to higher-order DRLM schemes using the BDF
method will also be investigated; we refer to [40] for a discussion of high-order BDF schemes
with time filters and to [99] for the development of energy stable SAV-BDF schemes up
to fifth-order accuracy in time. Other research directions include error analysis of the
DRLM methods for the incompressible magnetohydrodynamic (MHD) equations [181] and
the extension of the DRLM approach to more complex interfacial flow problems, such as
the phase field elastic bending energy model [195] and the binary fluid-surfactant phase
field model [196]. Although it has been observed numerically that large regularization
parameters guarantee the uniqueness and accuracy of the Lagrange multipliers, providing
theoretical lower bounds for these parameters is still challenging and requires further

investigation.

. Forthe GTransNet-BDF methods, two limitations of the current framework deserve further
investigation. First, the collocation-based implementation requires a sufficiently large
number of collocation points, making the QR factorization and matrix-vector products
in the least-squares solver computationally expensive. The development of GTransNet-
BDF variants that retain comparable accuracy with significantly fewer collocation points
would therefore be highly desirable. Second, an explicit formula for the optimal shape

parameteryinthe GTransNet activation is not yet available; numerical experimentsindicate
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that it depends on the number of neurons in the first hidden layer Ny, the interfacial
thickness ¢, and is sensitive to the time step size At, especially when At <« 1. Establishing
a precise relationship between y and these parameters is therefore an important direction
for future work. We also plan to extend the proposed framework to other complicated time-
dependent PDEs, such as the incompressible Navier-Stokes equations [48] and the coupled
Cahn-Hilliard-Navier-Stokes system [49]. Other future directions include the combination
with domain decomposition techniques [133] for improved computational efficiency on

large-scale problems, and rigorous convergence analysis of the GTransNet-BDF schemes.
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Appendix A

Proof of energy stability for the first-order pressure-correction DRLM scheme

Proof. Adding equations (4.18a) and (4.18b) together, noting that f = 0, yields

n+l _ .n
% — 'VAﬁn+1 + qn+1(un . V)un + Vpl’l+1 =0.

This implies that

n+l _ n
(u - ul Lt ln V)u”,ﬁ”“) _ (vAﬁ"H B Vp”“,ﬁ"“)
2
[ e ).

where in the last identity, we have used integration by parts and the fact that (Vp"*+1,u"*1) = 0
due to the incompressibility condition (4.18c). From (4.18b), we have attl — ol o

AtV(p"t1 — p™). Therefore, (A.1) can be written as
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+ qn+1(un . V)u",ﬁn'H) -y ”Vﬁn+1”(2) _ At (Vpn'H, V(p""'l _ p”))
2
= v |v@™| = S (VPHI - IVR"E + 19 - pIR)

At
< == (IVP"* g = IVP™I3)- (A2)

Combining (4.18d) and (A.2) gives us
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which leads to
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Thus, (4.23) holds truefor0 < n < Ny — 1. O
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Appendix B

Proof of energy stability for the second-order rotational pressure-correction DRLM scheme

n .
Proof. Lets" :=V . > u' forn > 1, we have V Attt il _gn By taking the sum of
i=1

equations (4.19a) and (4.19b), we obtain

3ultl — gy + w1
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It follows that
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where in the last equality, we have used integration by parts and the fact that
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due to (4.19¢). Itisimplied from (4.19b) that
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The combination of (B.1) and (B.2) results in
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Since V-u"! = sn+1 _ ¢ and |V-u +1||0 < ||Vﬁn+1||0, the second term on the right hand

side of (B.3) can be estimated as

(Vs un+1) —p(s", VvV -ﬁ"“) = —p(s", s — 1)

2
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<=3 (Is"™ 13 - Is™13) + S Iva" 3. (B.4)

Using the inequality a(a — b) > %(a2 — b2), the last term on the right hand side of (B.3) can be
bounded by

2§t (V(p"*1 + ps™H1), v (ph+L 4 psn+1 — pit — ysn))
<=5 (|vert w4, ). 53

From (B.3), (B.4), and (B.5), we derive
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Combining (4.19d) and (B.6) yields
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Thus, we obtain (4.24) for1 <n < Ny — 1. O
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Appendix C

GTransNet-BDF schemes for the Cahn-Hilliard equation with variable mobility

We extend the GTransNet-BDF framework to the CH equation with variable mobility, which

takes the following form

g_l: = V-(M(w) V), inQx(0,T],
(C.1)

u=—e2Au+ f(u), inQx(0,T],
subject to the same initial and boundary conditions as in Section 5.2. We remark that a direct
application of the GTransNet-BDF method to (C.1) leads to solution-dependent coefficients in
the least-squares matrix (5.14). To recover the one-time factorization of the coefficient matrix for
efficient implementation, we adopt the mobility splitting strategy introduced in [103]. Toward

that end, let ' : = maxy M(u) and consider the decomposition
Mw)Vu=TVu+ (Mu)—T)Vp,
so that the first equation in (C.1) can be written equivalently as
ou
S =Tau+ V-[(M(u) - r)w]. (C.2)

Thefirst term on the right-hand side of (C.2) carries a constant coefficient and is treated implicitly;
the second term, in which M(u) — I < 0, is treated explicitly via extrapolation. As in Section 5.2,
we let ¥ > 0 be a stabilization constant, set f,,(1) = f(u) — xu, and approximate both u and u by

their GTransNet expansions (5.9) in the basis (5.2).
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C.1 GTransNet-BDF schemes

Applying the backward Euler method to (C.1)-(C.2) with explicit treatment of the nonlinear

term and the variable mobility correction term yields the first-order GTransNet-BDF1 scheme

n+1 an

Z I VS Z B AG() + V- (MGfiye) ~ TV ®], (€39)
Z B gi(x) = Z &g T (=e28 + 1080 + fiupiy(x)), (C3b)
where i3t = —e2Aulty + f(uly,). Similarly, the corresponding second-order GTransNet-BDF2

scheme is given by

g 305}”'1 B 40(}1 + ajn ' & n+1 n+1 n+1
| — B =T Y G ag0+ - | (Mt 00 - D)V o0,
j=1 j=1
(C.4a)
& 1 & 1 1
Z Bl 1gi(x) = Z o T (=20 + 1)) + ey (), (C.4b)
j=1 =1
where it = 2ulty — ulty! and /lﬁf\l"l = —2Aaltl + f(@l). For the initialization step,

{ocjl}j:1 is computed by the GTransNet-BDF1 scheme (C.3).

C.2 Implementation

The least-squares systems for the schemes (C.3) and (C.4) retain the structure of (5.14)
with two modifications: the diffusion coefficient D in the implicit term is replaced by I, and the
first block of the right-hand side vector includes an explicit variable-mobility contribution. For

the GTransNet-BDF1 scheme (C.3), we solve for c**1 e R2NL the following least-squares system

2 n
e“Pp — xdP P P
A cn+1 — fK( ) ’ (C.S)
Py 0 0
0 Ppq 0
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where gl € RKint collects the values of V- [(M(uﬁN) -D) VMK,(,’\,n] at the interior collocation

points. For the GTransNet-BDF2 scheme (C.4), the least-squares system reads

%fb _TAt®p 20" — %fboc”_l N v
2 n n—1
e“Pp — kP b 2da" — dox
A cn+1 — fK( ) , (C,6)
Ppq 0 0
0 Py 0

where gl5k! € RKint collects the values of V-[(M(altt1) — T') Vialti1] at the interior collocation

points. The systems (C.5)-(C.6) are solved exactly as in Section 5.2.3, where the QR factorizations

are precomputed once and each time step requires only a matrix-vector product followed by

back substitution.
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