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Abstract 

This thesis develops a deep learning based method for vision-based navigation 

and state estimation of class 8 vehicles without relaying on GPS/GNSS. The novel 

deep learning system is compared to a vehicle-model-based system and a traditional 

inertial navigation system (INS). For the model-based method, a dead reckoning nav-

igation flter is developed around a tractor-trailer dynamics model. To address the 

limitations of the model-based system, a deep learning neural network was designed 

as a data-driven dead reckoning and state estimation system. 

First, a detailed derivation of a tractor-trailer bicycle model is given. Then, a nav-

igation extended Kalman flter is designed around the vehicle states. Given that a 

unique challenge for autonomous trucking is high model variability from the trailer unit, 

accurate parameter knowledge of the vehicle model cannot be assumed. To address 

this issue, a deep learning neural network is designed to ingest camera and inertial 

sensor data to produce relative motion and trailer hitch angle predictions. The cam-

eras are mounted on the rear-facing mirrors to monitor the trailer and the vehicle’s 

motion over time. The proposed deep learning network is inspired from classical vi-

sual inertial odometry systems, but does not require information about the system or 

sensor models. The proposed network model is a transformer based model that uses a 

combination of convolutional neural networks, vision transformers, self-attention, and 

cross-attention. It is shown through various Monte Carlo simulations that the proposed 

deep learning system often outperforms the model-based system. Signifcant benefts 

are especially evident in cases where the vehicle model is not well known which causes 

the traditional model-based solutions to degrade. Experiments conducted further val-

idate the benefts of the deep learning approach showing consistent improvements 

over the model-based method in positioning, orientation, and hitch angle accuracy, 

even when the model is known accurately. Furthermore, it is shown that the deep 
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learning network is able to maintain accurate positioning for signifcantly longer peri-

ods of time than the model-based system and the INS which is highly valuable for any 

dead reckoning system. 
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Chapter 1 

Introduction 

1.1 Background and Motivation 

Heavy semi-trucks account for more miles on US roads than any other vehicle 

type. A survey conducted in 2024 by the Department of Energy (DOE) indicates that 

class 8 trucks account for nearly 30% of the average annual miles traveled among 

major vehicle classes [1]. Furthermore, an analysis on 2023 traffc accidents by the 

National Highway Traffc Safety Administration (NHTSA) reports that while large trucks 

are less involved in fatal traffc accidents (9% of all fatal crashes), over 80% of these 

fatalities were occupants in other vehicles or pedestrians [2]. To this end, autonomous 

technologies that aim to improve safety systems for class 8 vehicles are highly valu-

able. 

Autonomous trucking presents challenges that are unique from other autonomous 

ground vehicle applications. In particular, the trailer unit introduces additional dynam-

ics and high model variability. Trailers often change parameters such as payload mass, 

payload distribution, hitch point location, tire stiffness, and axle locations. Trailers may 

be interchanged between operations making it impractical to equip them with sensors. 

As a result, navigation and control systems designed for tractor-trailers must be ro-

bust to unknown model confgurations. Furthermore, class 8 vehicles must operate 

in a variety of urban and rural environments. This is problematic since over reliance 

on Global Navigation Satellite Systems (GNSS) such as the Global Positioning Sys-

tem (GPS) can cause critical positioning and navigation failures in contested environ-

ments. Robust autonomous trucking systems must have reliable navigation methods 

in the absence of these signals. 
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The motivation for this thesis is to address the above challenges from a naviga-

tion and state estimation context. Specifcally, this research aims are to address GNSS 

independent navigation, and tractor-trailer state estimation. Although navigation and 

state estimation are closely related, the addition of a trailer unit requires further ad-

dressing. This thesis seeks to develop and compare two systems. The frst is a clas-

sical fltering system that is designed around a tractor-trailer dynamics model. The 

second is a data-driven deep learning network designed to ingest inertial and image 

data for GNSS independent navigation and trailer hitch estimation. 

1.2 Prior Art 

GNSS-alternative navigation is a very broad area of research, as most modern 

position, navigation and timing (PNT) systems rely on satellite navigation. As such, 

several different methods that leverage a variety of sensor alternatives have been 

explored. Additionally, most navigation systems designed for a tractor unit will not 

account for the trailer unit without additional sensors. To recover trailer information, 

this thesis focuses on estimating the trailer hitch angle, which is the relative angle 

between the tractor and trailer headings. This section will discuss prior research for 

GNSS-independent navigation in the areas of inertial, ground vehicle, and perception 

navigation, and independently, trailer hitch angle estimation. 

1.2.1 Inertial Navigation 

The traditional “Gold Standard” for navigation systems applies fusion of GNSS 

and inertial navigation systems (INS) referred to as GNSS/INS fusion. The benefts 

and drawbacks of each system are complementary. GNSS provide long-term position 

solutions but have relatively low bandwidth and are prone to outages, whereas INS 

have high bandwidth with short-term accuracy but the solution degrades over time 

[3]. Detailed coverage of GNSS/INS systems are omitted here, but several fusion 

methods are practiced. Most of which generally involve recovering position, velocity, 

and attitude (PVA) from an error state Kalman flter (KF) or extended Kalman flter 
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(EKF) where the INS propagates states through time and the GNSS provides aiding 

measurements when available [3–7]. Naturally, in GNSS denied scenarios, the INS 

will provide a stand-alone navigation solution. However, the limitation with stand-alone 

INS is that it is a purely integrated or dead-reckoned solution that degrades over time 

due to sensor errors. Moreover, INS that use low-cost inertial measurement units 

(IMUs) typically have higher solution errors. For ground vehicles, lower quality, micro-

electro-mechanical systems (MEMS) IMUs are often deployed to conserve costs, and 

driving induced vibrations, dynamics, or disturbances could further compromise an 

INS solution [8,9]. 

1.2.2 Ground Vehicle Based Navigation 

For ground vehicle applications, vehicle dynamics can be exploited to improve 

navigation systems. This process typically involves computing dynamic states or con-

straints from a vehicle model to replace or aid an INS [10–12]. The main challenges 

with vehicle model based systems are model parameter uncertainty and unmodeled 

disturbances which can lead to large errors if unaddressed. Nevertheless, a well con-

fgured vehicle-based system can be much more accurate than stand-alone INS. Ar-

ticulating tractor-trailer models are much more complicated than typical ground vehicle 

models. However, lateral dynamic models for tractor-trailers have been present for 

decades. Modern lateral models are heavily akin to classical bicycle models used for 

single unit vehicles. Jindra developed a linear state-space model for a tractor and 

double trailer combination in 1968 [13]. This was adopted as the standard for trailer 

stability analysis and control, and extended by other researchers for various applica-

tions [14]. Similar principles and assumptions from Jindra’s model were adopted in 

more recent works by Luijten in 2010 [15] and Wolfe in 2014 [16] which aim to model 

more typical systems with a single articulated trailer. Wolfe also fused the dynamics 

model with IMU measurements which greatly outperforms the stand-alone model for 

navigation without GNSS. 
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1.2.3 Perception Based Navigation 

Perception sensors are also widely used for navigation. They allow for scene un-

derstanding and feature extraction capabilities that INS lack at the cost of additional 

computational complexity. GNSS fusion with LiDARs and cameras have been ex-

plored in [17] and [18]. Perception-based navigation algorithms that are completely 

independent of GNSS are also widely used. Several algorithms use a variety of per-

ception sensors such as monocular, stereo, time-of-fight (ToF), event-based, and ther-

mal cameras, LiDARs, or camera-LiDAR hybrids [19]. Most modern perception-based 

navigation systems can be categorized as Simultaneous Localization and Mapping 

(SLAM) or Visual Odometry/Visual-Inertial Odometry (VO/VIO). SLAM enables both 

navigation and scene mapping capabilities from detected and tracked features over 

time [20–23]. Upon revisiting points in the mapped environment, loop closure tech-

niques can be used to correct accumulated drift. While SLAM is very powerful, it is 

often computationally expensive to maintain a 3D reconstruction of a scene, though 

modern SLAM algorithms have shown viable real-time performance [22]. However, for 

extended, outdoor ground vehicle applications, loop closures may be extremely sparse 

or nonexistent entirely, and scene reconstruction becomes added overhead. Alterna-

tively, VO and VIO are the foundation of most modern SLAM, but focus on navigation 

without mapping [24–26]. The principal difference between VO and VIO is that VIO ad-

ditionally fuse INS with the vision system and often outperforms VO alone. Research 

for SLAM and VO/VIO algorithms using neural networks have also been explored and 

show promising results [27–30]. Neural network approaches are able to combine fea-

ture extraction and sensor fusion all within a single model making it very powerful, 

although the literature for such approaches is sparse compared to classical SLAM and 

VO/VIO. It is important to mention that both SLAM and VO/VIO are still dead reckon-

ing systems since they solve for relative motion. However, they are often much more 

capable than low-cost IMUs at the expense of computational complexity. 
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1.2.4 Trailer Hitch Angle Estimation 

Traditional navigation systems designed for a tractor unit are unlikely able to re-

cover any information about the trailer without additional sensors on the trailer unit. 

However, equipping sensors to a trailer is not practical for maintaining trailer inter-

changeability. As such, independent methods to estimate the trailer articulation an-

gle are required, and prior research have explored several methods to do so. When 

model parameters are known well, model-based methods are largely successful for es-

timating hitch angle. Kinematic and dynamic tractor-trailer models coupled with state 

observers have been used to estimate trailer articulation [16,31–33]. However, model-

based methods are heavily dependent on parameter knowledge, and ever-changing 

trailer parameters make using such methods diffcult. 

Alternatives to model-based methods are stand-alone, sensor-based algorithms, 

and multiple sensor suites have been investigated to estimate trailer hitch angle. Ultra-

sonic sensors were used in [34, 35], and RADARs in [36, 37]. Although both sensors 

are viable options, cameras can be much more cost-effective and apply to several 

other perception tasks [38, 39]. Several works have explored using cameras algo-

rithms, including both classical and neural network approaches. Non-neural-network 

approaches such as template matching and trailer fducial tags have been used in [40] 

and [41], respectively. However, template matching performance is limited by its 

database and trailer fducial tags require markers on the trailer. Works that lever-

age neural networks are detailed in [42–45]. The methods used in [42] and [43] apply 

convolutional neural networks (CNNs) to detect a trailer face and other components 

of the vehicle but use classical image processing to compute articulation angle. The 

approach in [44] uses a unifed CNN to estimate hitch angle directly from simulated 

RGB images, combining feature extraction and hitch angle computation entirely from 

a neural network. The research conducted in [45] extends this idea and investigates 

multiple pretrained CNN models on much more diverse simulated data, showing each 
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neural network’s capability against real-world challenges such as lighting, shadows, 

occlusions, time diversity, and scene diversity. 

1.3 Contributions 

The present research aims to address several challenges of autonomous truck-

ing through the design of a unifed, navigation and state estimation algorithm for class 

8 vehicles. This thesis seeks to design, evaluate, and compare a system designed 

around a tractor-trailer dynamic model, and a data-driven deep learning network with-

out reliance on GNSS. The contributions in this thesis are: 

• The use of a limited sensor suite consisting of the SAE J1939 CAN bus sensors, 

a tractor mounted IMU, and mirror-mounted, rear-facing monocular cameras for 

GNSS independent navigation and state estimation. 

• The design and evaluation of a navigation Kalman flter built around a modern 

tractor-trailer dynamics model. 

• The design and evaluation of a transformer based neural network trained for 

visual-inertial navigation and trailer hitch angle estimation. 

• A comparison of the model-based and deep learning methods for dead reckoned 

positioning, orientation, and hitch angle estimation. 

• A validation of the proposed deep learning model through various simulation 

studies and through experimental data. 

1.4 Thesis Outline 

The rest of this thesis is organized as follows. Chapter 2 discusses the technical 

background of relevant GNSS-independent navigation methods that the proposed al-

gorithms are based upon. Chapter 3 introduces the tractor-trailer model derivation and 

the model-based navigation flter design. Chapter 4 provides a background of deep 
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learning and the core architectures used. Chapter 5 discusses the navigation neural 

network design and training procedure. Chapter 6 presents the simulation and exper-

imental results which evaluates and compares the performance of the model-based 

system and the deep learning system. Finally, Chapter 7 closes with conclusions and 

future work. 
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Chapter 2 

GNSS-Independent Navigation Technical Background 

A common method for maintaining a GNSS-independent position solution is dead 

reckoning whereby a position solution is propagated over time using information about 

a unit’s motion [3]. Although there are several techniques to dead reckon a position, 

the general process involves using motion information to estimate a change in posi-

tion from a known or estimated prior position. A limitation held by all dead reckoning 

methods is that inherent integration of unknown errors and noise causes the solution 

errors to grow over time, which is often referred to as solution or position drift. A 

simple schematic of position dead reckoning is illustrated in Figure 2.1. This chapter 

discusses the basic foundations of three dead reckoning techniques: an inertial navi-

gation system, vehicle model based odometry, and a classical visual-inertial odometry. 

Figure 2.1: Position Dead Reckoning 
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2.1 Coordinate Frames 

Before discussing a navigation approach, a fundamental understanding of coordi-

nate frames is required. For navigation applications, multiple viable coordinate frames 

are available and often determined by the specifc application or a user’s preference. A 

brief discussion of these frames and their relationships to each other and the Earth are 

provided in this section. Note that for this work, the most relevant coordinate frames 

are a local tangent or navigation frame, and the body frame. 

2.1.1 Earth-Centered Earth-Fixed and LLA Frames 

The Earth-Centered Earth-Fixed (ECEF) frame is a common frame to defne a 

navigation solution relative to the Earth [3]. An illustration of the ECEF frame is shown 

in Figure 2.2 denoted by axes (x, y, z). The ECEF frame is a Cartesian coordinate 

system with its origin fxed to the Earth’s center. The axes of the ECEF frame are fxed 

to the Earth where the z-axis lies along the Earth’s axis of rotation (i.e., from the center 

to the true North Pole), the x-axis points from the center along the prime meridian 

(i.e., zero-degree longitude), and the y-axis completes the orthogonal set (i.e., points 

from the center to the 90-degree east meridian) [3]. In Figure 2.2, geodetic latitude 

is denoted by Φ and longitude by λ. This is also a commonly used Earth coordinate 

frame but is instead a curvilinear coordinate system described by latitude, longitude, 

and altitude (LLA). 

2.1.2 Local Tangent Frame 

The local tangent frame is a tangential frame fxed to Earth’s surface and is used in 

this work as the primary reference frame for navigation. The point of origin is arbitrary 

and may represent the coordinate where the system loses GPS/GNSS positioning and 

begins to dead reckon. An illustration of a local tangent frame is shown in Figure 2.2 

denoted by East, North, and Up (ENU) axes. An alternative axis orientation is North, 
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East, Down (NED), and this selection is typically made based upon application, sensor 

orientation, or user preference. 

Figure 2.2: Earth-Centered Earth-Fixed (ECEF) and Local Tangent Coordinate Sys-
tems 

2.1.3 Body Frame 

The body frame represents a Cartesian coordinate system that is fxed to a body 

of interest such as a vehicle or sensor body. For ground vehicle applications, the origin 

is typically set at the center of gravity (CG) of the vehicle, and axes orientation can 

vary. This work uses a right-handed system with x as positive forward, y as positive 

left, and z as positive up. For angular motion, x is the rolling axis, y is the pitching axis, 

z is the yawing axis with positive counterclockwise rotation. A representation is shown 

in Figure 2.3. 
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Figure 2.3: Right-Handed Body Frame 

2.1.4 Frame Transformations 

Information resolving in one coordinate frame can be expressed in another using 

rotation matrices. A rotation matrix is a 3 × 3 matrix which relates Cartesian position, 

velocity, acceleration, and angular rate from one frame to another as shown in Equation 

(2.1), 

a a b x = Cb x , x ∈ r, v, a, ω ∈ R3 (2.1) 

awhere a and b represent arbitrary coordinate frames. Reconversion (i.e., x to xb) can 

be done by a similar operation using the transpose of the rotation matrix such that 

b = CaTC .a b 

This research is concerned with three frame transformations: Body frame (b) to lo-

cal tangent frame (t), local tangent frame to ECEF frame (e), and ECEF frame to LLA. 

Again, transformations between the body and the local tangent frames are most im-

portant for this work. Irrespectively, the other two conversions are shown as a method 

to retrieve a position relative to an Earth reference system. 

The body frame to tangent frame rotation matrix can be formulated using three 

successive elementary rotations as a function of the body’s roll (ϕ), pitch (θ), and yaw 
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(ψ). The resulting rotation matrix relating the body frame to a local NED frame is given 

in Equation (2.2). 

 
cos θ cos ψ sin ϕ sin θ cos ψ − cos ϕ sin ψ cos ϕ sin θ cos ψ + sin ϕ sin ψ 

cos θ sin ψ sin ϕ sin θ sin ψ + cos ϕ cos ψ cos ϕ sin θ sin ψ − sin ϕ cos ψ 

Ct 
b = (2.2) 

− sin θ sin ϕ cos θ cos ϕ cos θ 

Next, the rotation matrix relating the tangent frame to the ECEF frame is given in 

Equation (2.3). 

 

Ce 
t = 


− sin Φo cos λo − sin λo − cos Φo cos λo 

− sin Φo sin λo cos λo − cos Φo sin λo 

 (2.3) 

cos Φo 0 − sin Φo

The matrix is a function of a reference or origin latitude, Φo, and longitude, λo of the 

body which can represent the last available coordinate received from GNSS. This con-

version can be used to project tangent frame states to and from an Earth referenced 

system, which is useful for geolocating positions resolved in an arbitrary tangent plane. 

Finally, conversions to and from the ECEF frame and LLA are briefy discussed. Un-

like the previous conversions, LLA descsribes a curvilinear position instead of a typical 

Cartesian coordinate system. A rotation matrix therefore cannot describe the relation-

ship between ECEF and LLA. However, conversions can be solved for trigonometri-

cally. ECEF position can be calculated from LLA using Equation (2.4), 

x = (RE(Φ) + h) cos(Φ) cos(λ) 

y = (RE(Φ) + h) cos(Φ) sin(λ) (2.4) 

z = ((1 − e 2)RE + h) sin Φ 

where h is equivalent to the body’s altitude, e is the eccentricity of the Earth, and 

RE (Φ) is the transverse radius of curvature as a function of latitude, Φ. Their formal 

equations are not included here but can be accessed in [3] and [46], along with other 
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World Geodetic System 1984 (WGS 84) standards. Converting from ECEF to LLA 

is more diffcult and care must be taken to avoid divergence. An iterative approach 

presented in [3] is shown in Equation (2.5). 

z 
Φ = sin−1( )

(1 − e2)RE (Φ) + h 

λ = tan−1(
y 
) (2.5) 

xp 
2x2 + y

h = − RE (Φ)
cos(Φ) 

Note that for longitude, tan−1 refers to a four-quadrant arctangent [3]. Additionally, 

since RE is a function of latitude, latitude and height must be solved iteratively with 

RE = R0 (WGS84 defned equatorial radius) on the frst iteration. Alternate closed-

form solutions are presented in [47] and [48]. 

2.2 Inertial Navigation System 

An inertial navigation system (INS) involves using the motion of a body described 

by measurements from an inertial measurement unit (IMU) to calculate the body’s 

orientation, velocity, and position. An IMU is typically composed of a three-axis ac-

celerometer which measures 3-DOF specifc force, and a three-axis gyroscope which 

measures 3-DOF angular velocities in the sensor’s body frame. These measurements 

are used in a process called IMU mechanization which is discussed in detail in this 

section. 

2.2.1 IMU Mechanization 

IMU mechanization refers to processing measurements received from an inertial 

measurement unit to calculate the attitude, velocity, and position of the sensor body 

relative to a tangential or global frame. The process to mechanize an IMU is distinct 

depending on the resolving frame. Again, the main reference frame targeted for this 

thesis is the local tangent frame, thus the appropriate equations are defned here. 
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Additional equations for IMU mechanization resolving in different coordinate frames 

may be found in [3]. A diagram of the mechanization process is shown in Figure 2.4. 

Figure 2.4: IMU Mechanization Process 

In the fgure, ωb and f b represent a vector of angular rate measurements and a vector ib ib 

of specifc force measurements in the IMU’s body frame. In this thesis, the IMU is con-

sidered rigidly mounted to the tractor’s body frame with their appropriate axes aligned. 

As such, ωb and f b measurements are considered valid for describing the tractor’s ib ib 

body frame motion. Furthermore, the previous position, velocity, and attitude (PVA) 

(i.e., Ct(−), vt (−), and rt (−)) are required to estimate the current PVA. Regarding b tb tb 

the initialization process for this thesis, the initial PVA is considered known from the 

last available GNSS or INS/GNSS solution. 

Attitude Update 

The frst step to mechanization is the attitude update where the angular rate mea-

surements, ωib
b , are used to calculate the current attitude rotation matrix, Cb

t(+). The 

discretized approximation of this step is given in Equation (2.6), 
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Cb
t(+) ≈ Cb

t(−)(I3 + Ωb
ib∆t) − Ωt

ieCb
t(−)∆t (2.6) 

where Ωb
ib is the skew-symmetric matrix of the angular rates given in Equation (2.7). 

 

Ωb
ib = Skew(ωib

b ) = 


0 −ωb ωbib,z ib,y 

ωb 0 −ωbib,z ib,x 

 (2.7) 

−ωb ωb 0ib,y ib,x 

Ωt
ie is the skew-symmetric matrix of the of the Earth-rotation rate resolved in the tan-

gent frame given in Equation (2.8). 

 

Ωt 
ie = Skew(ωie


cos(ϕ) 

0 

) ω ∗= ie 


0 sin(ϕ) 0 

− sin(ϕ) 0 − cos(ϕ) 

 (2.8) 

− sin(ϕ) 0 cos(ϕ) 0

The above equation is a function of the Earth’s rotation rate, ωie = 7.2921 × 10−5 rad . 
s 

Additionally, it is a function of latitude, ϕ, which can be converted from the calculated 

tangent frame position. For simple applications, especially within local tangent frame 

(e.g., indoor navigation, simple simulations), the contributions from the Earth’s rotation 

rate are negligible. Thus, an alternative, simplifed attitude update follows Equation 

(2.9). 

Cb
t(+) ≈ Cb

t(−)(I3 + Ωib
b ∆t) (2.9) 

Specifc Force Transformation 

The IMU’s accelerometer measures the specifc force, fib
b , acting along the sen-

sor’s body axes. Before it is processed in the velocity update step, a transformation is 

required to resolve this measurement in the tangent frame. The discretized approxi-

mation using the average of the prior and current attitude rotation matrices is given in 

Equation (2.10). 
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fib
t ≈ 

1
(Cb

t(−) + Cbt(+))fibb (2.10)
2 

Velocity Update 

Next, the current velocity vector can be updated using the prior velocity and the 

current acceleration vector. The acceleration vector is calculated from the newly trans-

formed specifc force, fib
t , by accounting for gravity components measured by the ac-

celerometer. This compensation is shown in Equation (2.11). 

t = f t t atb ib + gb (2.11) 

where gb
t is the gravity model. For this application, where large errors are accumulated 

from other error sources, the simplifed gravity model in Equation (2.12) is suffcient. 

� �T 

gb
t = 0 0 −9.81 (2.12) 

A more accurate but complex gravity model as a function of current LLA position and 

standard defnitions from WGS84 is detailed in [3]. The velocity vector can then be 

updated using Equation (2.13). 

t t t t vtb(+) = vtb(−) + (atb + 2Ωt
ievtb(−))∆t (2.13) 

Again, for simple applications, the contributions from the Earth’s rotation rate can be 

ignored giving Equation (2.14) which is simply an Euler integration. 

t t t v (+) ≈ v (−) + a ∆t (2.14)tb tb tb 

Position Update 

Finally, the position can be updated using the current velocity vector. Equation 

(2.15) shows the discrete position update. 

32



     
 

 

 

   
  

  
 

   
 

 
    

   

t t t t rtb(+) = rtb(−) + (vtb(−) + vtb(+))
∆t

(2.15)
2 

Note that alternative updates for position can be accessed in [3], and represent vari-

ations of numerical integration methods. For simple applications, an Euler integration 

may be suffcient. 

2.3 Ground Vehicle Odometry 

For ground vehicle navigation, a complimentary or alternative option to INS is 

to leverage vehicle dynamics and constraints. A representative example is a 2-DOF 

bicycle dynamics model with lateral velocity and yaw rate states. A free-body diagram 

of the system is shown in Figure 2.5. 

Figure 2.5: Classical Bicycle Free-Body Diagram 

This work assumes that readers are familiar with the classical bicycle model, so a 

detailed derivation is omitted but readers are referred to [11] for detailed derivations. 

However, the state-space representation of the system is described in Equation (2.16). 

   v̇y =  −C1+C2 −aC1−bC2
mvx mvx

− vx  
vy+  C1

m  δ (2.16) 
¨ −aC1−bC2 −a2C1+b2C2 ˙ aC1ψ ψ

Jvx Jvx J 
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In the above equation, vy is the lateral velocity, ψ̇ is the yaw rate, m is the mass of 

the vehicle, J is the yaw moment of inertia, a and b are distances from the front and rear 

wheel centers to the CG, respectively, and C1 and C2 are the tire cornering stiffnesses 

of the front and rear tires, respectively. Note that it is a common assumption that the 

longitudinal velocity vx is available through onboard sensors and the tire steer angle 

at the road δ can be computed using a hand wheel steer angle reported by onboard 

sensors and a known steering ratio. 

Using this dynamics model, the yaw angle of the vehicle can be integrated from 

yaw rate and lateral velocity can be directly used to solve for a tangent frame position 

as shown in Equation (2.17), 

Xk+1 = Xk + (vx,k cos (ψ̂ k) − v̂y,k sin (ψ̂ k))∆t 
(2.17) 

Yk+1 = Yk + (vx,k sin (ψ̂ k) + v̂y,k cos (ψ̂ k))∆t 

where X and Y are arbitrary tangent frame positions of the vehicles’s CG, ∆t is the 

integration interval, and the accentˆdenotes states that are computed from the vehi-

cle model. Using the model to determine navigation states is contingent on having 

reasonable knowledge of the model’s parameters. Poor model knowledge can lead to 

large errors that grow quickly since position is computed from an integrated yaw angle. 

In practice, it is often insuffcient to use a dynamics model alone for navigation without 

external measurements. Furthermore, the 2-DOF system makes a planar assumption 

and is unable to recover vertical position, roll angle, and pitch angle. Nevertheless, in 

the context of ground vehicles, planar information can be used for dead reckoning, and 

a well confgured vehicle model can outperform INS that use poor IMUs. 

2.4 Classical Visual Inertial Odometry 

This section introduces the problem space that most classical visual inertial odom-

etry (VIO) systems seek to solve. As there are multiple distinct VIO algorithms, this 

section does not detail any one algorithm in particular but aims to describe the general 
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approach for most VIO. Figure 2.6 illustrates a camera-IMU system moving through 

time and observing a single feature with an unknown global position, pf
G . 

Figure 2.6: Visual-Inertial Odometry Problem Space 

In Figure 2.6, the system pose is defned by coordinate frame B and the fxed global 

frame is defned by coordinate frame G. As the system translates and rotates through 

the global frame, bearings z to a feature are captured by the camera at each step 

k and inertial measurements i are recorded continuously in between. The general 

pipeline for VIO algorithms applies an INS using the inertial measurements and a 

camera system to detect and track features to reduce drift. The two systems are 

typically fused using a Kalman flter (KF) where the INS propagates states forward in 

time and the camera system updates the states using feature information. 

Generating a measurement model from features is a complex process, but the 

core approach for many VIO is to use the camera’s intrinsic and extrinsic parame-

ters [26]. Doing so enables the creation a measurement model that relates the pixel 

point of a feature in the image frame to the state vector which is typically represented 

in the global frame. Specifcally, intrinsic parameters include distortion coeffcients, 

35



focal lengths, and principal points which are parameters that defne an individual cam-

era system. Extrinsic parameters defne the position and orientation of the physical 

camera to the global frame or another reference frame and is often expressed with a 

rotation matrix and a lever arm. Intrinsic parameters map raw pixel points from a dis-

torted image onto an undistorted image and represent the newly rectifed points in the 

camera’s frame. Extrinsic parameters can then project those points onto the desired 

resolving frame. A simplifed diagram of this pipeline is shown in Figure 2.7 which fol-

lows a typical VIO setup where features are frst represented in the IMU sensor frame 

before projecting to the global frame. This is what allows measurements to directly 

relate to evolving states from the INS, and also accounts for various mounting confg-

urations. For more details about intrinsic and extrinsic parameters or the projection of 

pixel coordinates to a 3D world frame, readers are referred to [38] and [49]. 

Figure 2.7: 2D Pixel Point To 3D World Frame Pipeline 

Then, a single nonlinear measurement model that combines the above opera-

tions can be derived to relate feature pixel points to the selected state vector [26]. 

Although various VIO algorithms handle this process in different ways, most methods 

fundamentally require a known camera model (i.e., intrinsic and extrinsic parameters). 
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These parameters can be calibrated and measured prior to operation. However, the 

requirement to have knowledge of the system and sensor models is a fundamental 

limitation of modern VIO. 

37



 

   
   

 

Chapter 3 

Tractor-Trailer Model-Based Navigation 

This chapter introduces the tractor-trailer dynamic model and a complementary 

navigation flter that is designed around the model. First, a detailed derivation of the 

dynamic model is presented, highlighting all assumptions. Second, the navigation flter 

design is presented. Third, and fnally, the limitations of the system are discussed. 

3.1 Tractor-Trailer Lateral Bicycle Model 

As previously discussed, prior research has documented derivations for a lat-

eral tractor-trailer system [13, 15, 16]. Although the methodology among these works 

slightly differ, their models make the same core assumptions which this chapter will 

discuss. Additionally, the previously documented models share similar state vectors 

despite having slight variations, but the principal states that are used in this work that 

represent the tractor-trailer system are defned by Equation (3.1), 

� �T 

x = vy ψ̇ ψ γ̇ γ (3.1) 

where 

vy: Tractor lateral velocity 

ψ̇: Tractor yaw rate 

ψ: Tractor yaw angle 

γ̇ : Trailer hitch rate 

γ: Trailer hitch angle 
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The model derived in this thesis closely follows the Wolfe model [16]. Wolfe makes 

multiple revisions testing different assumptions and deriving multiple models. The 

model derived here follows Wolfe’s Revision 4 model which assumes cos(γ) = 1 and 

sin(γ) = 0, where γ is the hitch angle. This assumption is close to the small angle 

approximation (SAA) with sin(γ) = 0 instead of sin(γ) = γ. In [16], various approxi-

mations are made to study which model estimates the hitch angle well. Although this 

rendition is the simplest of Wolfe’s revisions, it was demonstrated that this model per-

formed equivalently or better than more complex versions [16]. There is no comparison 

of model performance in this thesis, however, the interested reader is referred to [16] 

to access the other revisions and their assumptions. Additionally, the analysis done 

in [14] compares model performance of different tractor-trailer models under various 

maneuvers. 

The frst core assumption is in regards to the selection of degree of freedom (DOF) 

states. The tractor-trailer mechanical system is complex and in reality has multiple de-

grees of freedom. In the works discussed earlier, and the derivation performed in this 

thesis, a simplifed single-track bicycle model is adopted and illustrated in Figure 3.1. 

For this model, the system tracks yawing motion of the tractor and trailer bodies and 

neglects pitching and rolling dynamics. This is a common assumption of the bicycle 

model and allows for a derivation which is decoupled from those neglected states. As 

such, the degrees of freedom for the system are tractor lateral motion, y, tractor yaw 

motion, ψ, and trailer hitch motion, γ. Additionally, while the longitudinal motion of the 

system is not restrained, it is not part of the state vector. This is another classical 

bicycle model assumption where the longitudinal velocity is assumed to be non-zero 

and constant between integration periods. 
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Figure 3.1: Tractor-Trailer Bicycle Model Free-Body Diagram 

The tractor and trailer bodies have independent coordinate frames (denoted by 

subscripts 1 and 2, respectively) fxed to their CGs. Each body frame is a right-handed 

coordinate system with positive forward x, positive left y, and positive counterclockwise 

rotation. To derive the equations of motion (EOMs) of the system, all dynamics must 

resolve in a common frame. As such, the trailer’s velocity vector, V⃗ 
2, is resolved in the 

tractor’s frame using Equation (3.2), 

V⃗ 
2 = V⃗ 

1 + ⃗ṙ 2/1 + (ω⃗ × ⃗r2/1) (3.2) 

where V⃗ 
1 is the tractor’s velocity vector, ω⃗ is the angular velocity vector acting on the 

reference body (i.e., tractor), r⃗2/1 is the lever arm from the tractor’s coordinate frame 

to the trailer’s coordinate frame, ṙ⃗ 2/1 is the rate of change of the lever arm, and (×) 
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denotes the cross product. The trailer’s longitudinal and lateral velocity components 

resolved in the tractor’s frame are given in Equations (3.3) and (3.4), respectively. 

vx,2 = vx,1 + (ψ̇ + γ̇)d sin(γ) ≈ vx,1 (3.3) 

vy,2 = vy,1 − (c + d cos(γ))ψ̇ − d cos(γ)γ̇ (3.4) 

Equation (3.3) indicates the trailer’s longitudinal velocity, vx,2, is approximately the trac-

tor’s longitudinal velocity, vx,1, since in most cases vx,1 dominates the remaining terms 

(vx,1 >> (ψ̇+γ̇)d sin(γ)). The same assumption cannot be applied to the trailer’s lateral 

velocity, vy,2. In the remainder of this thesis, the trailer’s velocity components, vx,2 and 

vy,2, will be considered resolved in the tractor’s coordinate frame. 

3.1.1 Lateral Tire Forces 

The second core assumption is another bicycle model assumption regarding tire 

forces. All lateral forces acting through the tires are assumed to stay within the linear 

tire region as described in Equation (3.5), 

Fj = Cα,j αj, ∀j (3.5) 

Nwhere Cα is the tire cornering stiffness in 
rad , and α is the tire slip angle in rad of 

the jth tire. The tire slip angles are defned as the angle between the instantaneous 

velocity vector at the tire and the tire’s longitudinal axis which is shown in the kinematic 

diagrams in Figure 3.2. The tire slip angle expressions for each axle are given in 

Equations (3.6 - 3.8). 

Figure 3.2: Kinematic Slip Angle Diagrams 
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vy,1 + aψ̇ vy,1 + aψ̇ 
α1 = δ − arctan( ) ≈ δ − ( ) (3.6) 

vx,1 vx,1 

vy,1 − b1,2ψ̇ vy,1 − b1,2ψ̇ 
α2,3 = − arctan( ) ≈ −( ) (3.7) 

vx,1 vx,1 

vy,1 − (c + f1,2 cos(γ))ψ̇ − f1,2 cos(γ)γ̇ 
α4,5 = γ − arctan( ) 

vx,1 (3.8) 
vy,1 − (c + f1,2 cos(γ))ψ̇ − f1,2 cos(γ)γ̇ ≈ γ − ( ) 

vx,1 

Again, in most scenarios, vx,1 dominates the other terms so a SAA can be applied. 

3.1.2 Lagrangian Derivation 

Once dynamics are resolved in a common frame, and lateral tire forces are de-

fned, the system’s EOMs can be derived using Langrange’s equation given by Equa-

tion (3.9). 

d δL δL 
( ) − = Qqi (3.9)

dt δq̇i δqi 

The Langrangian, L, given in Equation (3.10). 

L = T − V (3.10) 

The above equation is the difference between a system’s kinetic and potential energies 

and the expression for this system is given in Equation (3.11). 

1 2 2 1 ˙2 1 2 2 1 
γ)2L = T = m1(vx,1 + vy,1) + J1ψ + m2(vx,2 + vy,2) + J2(ψ̇ + ˙ (3.11)

2 2 2 2 

Note that for this system, the potential energy, V , is zero, thus the Lagrange, L, is 

composed of the kinetic energy term, T , only. 
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The generalized coordinates, qi, correspond to the degrees of freedom such that 

q1 = y, q2 = ψ, and q3 = γ. To complete Langrange’s equation, the correspond-

ing generalized forces, Qqi , must be calculated. The generalized forces of a system 

are forces or moments corresponding to the generalized coordinates and represent 

the work done on the system by external forces. The general expression is given in 

Equation (3.12), 

WqiQqi = (3.12)
δqi 

where Wqi , shown in Equation (3.13), is the virtual work of the forces, Fj , acting on 

particles, pj , j = 1, . . . , n, induced by a virtual displacement, δqi. 

nX 
Wqi = Fj · δqi (3.13) 

j=1 

To derive the generalized forces, Qqi , each corresponding generalized coordinate, 

qi, is displaced while holding all other DOFs in place. For each confguration, the sum 

of forces or moments that contribute to the displacement defnes the virtual work and 

generalized force expressions. Equations (3.14 - 3.16) give the generalized forces for 

this system. 

Qy = F1 cos(δ) + F2 + F3 + F4 cos(γ) + F5 cos(γ) (3.14) 

Qψ = F1a cos(δ) − F2b1 − F3b2 − F4(c cos(γ) + f1) − F5(c cos(γ) + f2) (3.15) 

Qγ = −F4f1 − F5f2 (3.16) 

Note that these expressions simply state how the forces or moments induced by the 

lateral tire forces acting on the system work to displace individual degrees of freedom. 

With all the elements in Equation (3.9) defned, the EOMs of the system can be 

derived. The derivations are performed using Python’s symbolic library, SymPy, and 

three EOMs corresponding to each generalized coordinate are derived. It is important 
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to note that the resulting lateral acceleration terms of the tractor, ÿ, do not account for 

the contribution from the forward velocity and yaw rate. Thus, the lateral acceleration 

terms are augmented accordingly as given by Equation (3.17). 

ÿ = v̇y,1 + vx,1ψ̇ (3.17) 

As described previously, an approximation on hitch angle terms is applied such that 

cos(γ) = 1 and sin(γ) = 0. This assumption creates quasi-linear EOMs as described 

in [16]. Nonlinearities as a function of the steer angle, δ, are still present, but can 

be easily accounted for as δ is assumed to be known. Due to the complexity of the 

EOMs, they are not listed in this section and a state-space representation is presented 

instead. 

3.1.3 State-Space Representation 

Due to the complexity of the EOMs, they are rearranged into a state-space repre-

sentation with respect to the states, x, as described in Equation (3.18). 

M ̇x = Kx + Fu (3.18) 

The continuous-time dynamics of the system are given by Equation (3.19) and can be 

rewritten in a more common form as shown in Equation (3.20), 

ẋ = M−1Kx + M−1Fu (3.19) 

ẋ = Ax + Bu (3.20) 

where M is the mass/inertial matrix, K is the stiffness matrix, and F is the force matrix, 

A is the system’s state transition matrix, and B is the system’s input matrix. The input, 

u, to the system is the steer angle of the front tires with respect to the longitudinal axis 

given in Equation (3.21). 
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u = δ (3.21) 

The compounding matrices, M, K, and F, which make up the state transition 

and input matrices are formulated by grouping common terms across each EOM. M 

organizes terms on the left-hand side of each EOM with respect to the time derivative 

of the state vector, ẋ , K organizes terms on the right-hand side with respect to the 

state vector, x, and F organizes terms on the right-hand side with respect to the input, 

u. Furthermore, to track the yaw angle, ψ, and the hitch angle, γ, the matrices must

be augmented with integrators. For the continuous-time matrices, the augmentations 

are carried out by appending rows such that ψ̇ = ψ̇ and γ̇ = γ̇ . When discretized, the 

augmentations give Equations (3.22) and (3.23), which are Euler integrations. 

ψk+1 = ψk + ψ̇ k∆t (3.22) 

γk+1 = γk + γ̇k∆t (3.23) 

Each matrix is defned in Equations (3.24 - 3.26). 

 
m1 + m2 m2 (−c − d) (m1 + m2) vx,1 −dm2 0 

m2 (−c − d) J1 + J2 + m2(c2 + 2cd + d2) m2 (−c − d) vx,1 J2 + m2(cd + d2) 0 

0 0 1 0 0 

−dm2 J2 + m2(cd + d2) −dm2vx,1 J2 + d2m2 0 

0 0 0 0 1 


M = 


(3.24) 

  

K11 K12 K13 K14 K15 

K21


K22 K23 K24 K25 

K = (3.25)0 1 0 0 0 

K41 K42 K43 K44 K45 

0 0 0 1 0 
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Where: 

1 = − (C1 cos (δ) + C2 + C3 + C4 + C5)K11 vx,1 

1K12 = (−C1a cos (δ) + C2b1 + C3b2 + C4(c + f1) + C5(c + f2))vx,1 

K13 = 0 

= 1 (C4f1 + C5f2)K14 vx,1 

K15 = C4 + C5 

1K21 = (−C1a cos (δ) + C2b1 + C3b2 + C4(c + f1) + C5(c + f2))vx,1 

1 2K22 = − (C1a
2 cos (δ) + C2b1 + C3b2

2 + C4(c2 + 2cf1 + f1
2) + C5(c2 + 2cf2 + f2

2))vx,1 

K23 = 0 

1K24 = − (C4(cf1 + f1
2) + C5(cf2 + f2

2))vx,1 

K25 = −(C4(c + f1) + C5(c + f2)) 

1K41 = vx,1 (C4f1 + C5f2) 

1K42 = − (C4(cf1 + f1
2) + C5(cf2 + f2

2))vx,1 

K43 = 0 

K44 = − 1 (C4f1
2 + C5f2

2)vx,1 

K45 = −C4f1 − C5f2 

 

F = 

 

C1 cos (δ) 

C1a cos (δ) 

0 

0 

0 

 

(3.26) 

Note that different revisions of the matrices can be accessed in [16] or manually de-

rived from the full nonlinear EOMs. 
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The required model parameters for this system and their descriptions are given in 

Table 3.1. 

Table 3.1: Tractor-Trailer Bicycle Model Parameters 

Parameters Description Units 
C1 First axle tire cornering stiffness N/rad 
C2,3 Second and third axle tire cornering stiffness N/rad 
C4,5 Fourth and ffth axle tired cornering stiffness N/rad 
ms1 Tractor sprung mass kg 
mus,A1 First axle unsprung mass kg 
mus,A23 Second and third axle unsprung mass kg 

a Distance from the frst axle to tractor CG m 
b1 Distance from the second axle to the tractor CG m 
b2 Distance from the third axle to the tractor CG m 
c Distance from the tractor CG to the hitch point m 
Rz1 Tractor Yaw radius of gyration m 
ms2 Trailer sprung mass kg 

mus,A45 Fourth and ffth axle unsprung mass kg 
d Distance from the hitch point to the trailer CG m 
f1 Distance from the hitch point to the fourth axle m 
f2 Distance from the hitch point to the ffth axle m 
Rz2 Trailer Yaw radius of gyration m 

The sprung and unsprung masses are summed to compute the total masses of the 

tractor and trailer as shown in Equations (3.27) and (3.28). 

m1 = ms1 + mus,A23 (3.27) 

m2 = ms2 + mus,A45 (3.28) 

Furthermore, the yaw radius of gyration is used to compute the yaw moment of inertia 

as shown in Equations (3.29) and (3.30). 

J1 = m1R
2 
z1 (3.29) 

J2 = m2R
2 
z2 (3.30) 
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3.2 Navigation Extended Kalman Filter Design 

To navigate using the dynamic model, errors from model uncertainty and unknown 

disturbances must be addressed. Therefore, the tractor-trailer model is fused with yaw 

rate measurements from an onboard IMU in a navigation flter architecture. The nav-

igation flter is an extended Kalman flter (EKF) which is similar to the Kalman flter, 

but does not require the state transition and observation models to be linear. Instead, 

nonlinear functions that represent the states and observations may be used to prop-

agate states forward in time and compute the predicted measurements. Then, their 

Jacobians are evaluated around the current state estimate, and used for the Kalman 

flter equations. Furthermore, the EKF does not require that both the state dynamics 

and all measurement observation models be nonlinear, and the algorithm may handle 

an arbitrary combination of linear and nonlinear models. A diagram of the EKF algo-

rithm is shown in Figure 3.3. This thesis assumes that readers are familiar with the KF 

and EKF algorithm, and omits detailed derivations and discussions of the standard KF 

equations, but more information may be found in [50] and [51]. The next subsections 

detail the design, implementation, and limitations of the navigation flter. 
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Figure 3.3: Extended Kalman Filter Algorithm 

3.2.1 State Propagation 

First, the flter states are defned by the state vector in Equation (3.31). 

� �T 

x = N E vx vy ψ̇ ψ γ̇ γ bψ̇ (3.31) 

Note that this state vector is similar to the tractor-trailer model state vector with the 

addition of tangential positions (i.e., North N and East E positions), the tractor’s longi-

tudinal velocity, vx, and a yaw rate bias, bψ̇ , from the gyroscope. 

The North and East positions are estimated using the most recent vehicle states 

as described in Equations (3.32) and (3.33). 

h i 
N̂ k+1 = N̂ k + v̂x,k sin (ψ̂ k) + v̂y,k cos (ψ̂ k) ∆t (3.32) h i 
Ê k+1 = Ê k + v̂x,k cos (ψ̂ k) − v̂y,k sin (ψ̂ k) ∆t (3.33) 
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The calculation is essentially an Euler integration of body velocities rotated into the 

tangential frame. Since the states contain nonlinear sines and cosines of the yaw state, 

they are propagated using the nonlinear functions and their Jacobians are used to 

propagate their covariances. The longitudinal velocity, vx is modeled as constant within 

integration periods as described in Equation (3.34), and is provided as a measurement 

in the measurement correction stage. 

v̂x,k+1 = v̂x,k (3.34) 

Unlike the tractor-trailer dynamics model, the longitudinal velocity is incorporated as a 

state and a measurement which allows for advantages such as covariance tracking, 

measurement error modeling, and measurement rejection capabilities. 

The lateral velocity, yaw rate, yaw, hitch rate, and hitch states are propagated 

using the discretized tractor-trailer state-transition matrix, Ad, and input matrix Bd as 

described by Equation (3.35), 

xveh,k+1 = Ad,kxveh,k + Bd,kuk (3.35) 

where xveh is equivalent to Equation (3.1), and u is the steer angle of the tires. The 

discretized system is computed from the continuous-time matrices that are detailed in 

the previous section using Zero-Order Hold (ZOH) discretization. The discrete state 

transition matrix is given in Equation (3.36). 

Ad = e 
A∆t (3.36) 

The discrete input matrix is given in Equation (3.37). 

Bd = A
−1(e A∆t − I)B (3.37) 

50



      

  
         

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   

 

 

  
 

     

     

           

     

      

          

Finally, the yaw rate bias, is modeled as a constant bias as in Equation (3.38). 

Additionally, since yaw is directly integrated from yaw rate, the bias term affects the 

yaw estimate as described by Equation (3.39). 

b̂ ˙ = b̂ ˙ (3.38)ψ,k+1 ψ,k 

ψ̂ k+1 = ψ̂ k + ψ̇̂ k∆t + b̂ ˙ ∆t (3.39)ψ,k 

Each state is propagated using their respective equations and the complete Jaco-

bian of the state dynamics is constructed as shown in Equation (3.40), 

 

Φk = 



1 

0 

0 

0 

1 

0 

Φ13 

Φ23 

1 

Φ14 

Φ24 

0 

0 

0 

0 

Φ16 

Φ26 

0 

03×3

0 

0 

05×3 Ad,k Φ69 

0 

0 

01×8 1 



(3.40) 

where 

• Φ13 = sin (ψ̂ k)∆t

• Φ14 = cos (ψ̂ k)∆t

• Φ16 = (v̂x,k cos (ψ̂ k) − v̂y,k sin (ψ̂ k))∆t

• Φ23 = cos (ψ̂ k)∆t

• Φ24 = − sin (ψ̂ k)∆t

ˆ• Φ26 = (−v̂x,k sin (ψk) − v̂y,k cos (ψ̂ k))∆t
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• Φ69 = ∆t 

Since Ad is already a linearized representation of the vehicle state dynamics, the 

Jacobian is constructed around it, and only the North and East positions are linearized. 

Again, this navigation flter is generally intended to take over during GNSS out-

ages. Therefore, it is assumed that this flter can be initialized with accurate state 

estimates from high-grade sensors or a preceding navigation flter where positioning, 

velocity, and attitude measurements are available. It is imperative that the flter be 

initialized this way since it provides a dead-reckoned position solution, and poor ini-

tialization, especially for the heading state, will immediately cause large and unrecov-

erable position errors. The states can be propagated using their respective equations 

and their covariances can be extrapolated as shown in as shown in Equations (3.41 -

3.43), respectively. 

x̂k 
− = f(x̂k 

−
−1, uk−1) (3.41) 

P− = Φk−1P
+ ΦT

k−1 + Q (3.42)k k−1 

3.2.2 Measurement Correction 

Because small errors in yaw estimates lead to large position errors, the yaw rate 

measurements from a tractor-mounted IMU serves to further reduce yaw drift induced 

by model uncertainty and unknown disturbances. The yaw rate measurement is mod-

eled as shown in Equation (3.43), 

ψ̇̃ = ψ̇ + bψ̇ + ν (3.43) 

where ψ̇ is the true yaw rate signal, and bψ̇ is the yaw rate bias, and ν ∼ N (0, σ2˙ )ψ 

is additive, zero-mean, Gaussian white noise (GWN). Additionally, as discussed pre-

viously, the tractor’s longitudinal velocity, vx is also provided as a measurement. For 

most ground vehicle platforms, including the tractor unit tested in this work, this signal 

is readily available from reasonably accurate onboard measurements such as wheel 
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speed sensors used for the Anti-lock Break System (ABS). As such, this measurement 

is modeled with white noise and no bias as shown in Equation (3.44), 

ṽx = vx + ν (3.44) 

where vx is the true longitudinal velocity signal and ν ∼ N (0, σv 
2 
x 
) is additive, zero-

mean GWN. The measurement vector can then be expressed by Equation (3.45). 

 

zk = 
ṽx,k 

˜̇ψk 

 (3.45) 

Thus, the corresponding measurement observation matrix can be written by Equation 

(3.46). 

 0 
0 0 0 0 1 0 0 0 1 

Finally, the measurement correction equations can be applied. This includes comput-

ing the Kalman gain, updating state estimates and updating state covariances which 

are represented by Equations (3.47 - 3.49) respectively. 

Kk = P
−HT (HkP

−HT + R)−1 (3.47)k k k k 

+ − − x̂ = x̂ + Kk(zk + Hkx̂ ) (3.48)k k k 

P+k = (I − KkHk)P
− 
k (3.49) 

3.2.3 Zero Velocity Updates 

Because the tractor-trailer bicycle model requires that vx be non-zero, a zero ve-

locity update (ZUPT) can be used. For this implementation, a simple approach is used 

which exploits basic ground vehicle constraints. First, a velocity threshold is set and a 

ZUPT is implemented if the measured velocity falls below the threshold. For the time 

0 0 1 0 0 0 0 0 
H = (3.46) 
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update, all rate states are set to zero and position states are held over from the previ-

ous time step while the yaw rate bias state is still modeled as a constant bias. This is 

achievable by augmenting the state transition matrix as shown in Equation (3.50), 

�� 

Φzupt,k = diag 1 1 0 0 0 1 0 1 1 (3.50) 

where the diagonal elements shown represent the ZUPT dynamics and the upper and 

lower triangular elements are zeros. For the measurement update, the same observa-

tion matrix H is applied, however the measurements themselves are augmented. The 

longitudinal velocity measurement is set to zero, while the yaw rate measurements are 

still use as a measurement as shown in Equation (3.51). 

 

zzupt,k = 
 0 
ˆ̇ψk 

 (3.51) 

This selection allows for the observability of the yaw rate bias during ZUPTs. 

3.2.4 Limitations 

The limiting factor of the model-based navigation approach lies in having to know 

the model’s parameters. When parameters are well known, this approach can out-

perform INS, especially when using a low-cost IMU. However, model parameters are 

often not known perfectly and for tractor-trailer systems, the model uncertainty prob-

lem is very common. Referring again to Table 3.1, several of the required parameters 

may not be known accurately as they may vary between operations. For example, 

several of the trailer distances require knowledge of the trailer’s CG location which is 

often not known and will likely change with payload confgurations. Similarly, the trailer 

mass may not be known accurately and is likely to change depending on payloads. 

To reliably use the model-based method, the system parameters must be measured 

prior to operation or estimated online. Otherwise, the navigation and state estimation 

performance may severely degrade. To address this limitation, this thesis proposes an 

54



alternative, data-driven method that only uses sensor inputs. This is achieved through 

modern deep learning network design, and is discussed next in Chapters 4 and 5. 
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Chapter 4 

Deep Learning Background 

To address the limitations of classical dead reckoning systems for tractor-trailers, 

a deep learning approach is proposed. The goal of using deep learning methods 

is to recover navigation and state estimation solutions purely from sensor data which 

eliminates the reliance on a vehicle model. In this chapter, a brief technical background 

of modern deep learning methods and architectures are presented. First, the general 

foundations of deep learning are discussed. Lastly, relevant network architectures 

used for the fnal proposed model are detailed. 

4.1 Deep Learning Background 

The term “deep learning” simply refers to a machine learning method that lever-

ages a neural network or combinations of networks which are composed of multiple 

layers. Deep learning has become an incredibly popular tool used for many distinct 

applications in data analysis, language processing, image processing, and multimodal 

fusion [52]. Deep learning models are parametric models which may include multilayer 

perceptrons (MLPs), convolutional neural networks (CNNs), recurrent neural networks 

(RNNs), generative adversarial networks (GANs), and transformers. This section aims 

to discuss the basic foundations for deep learning. 

4.1.1 Single Neuron Model 

First, the model of a single neuron is introduced which will act as a platform to 

discuss the entire learning process. Consider an arbitrary vector of inputs, x, from 

56



   

 

 

 
      

 

the (L − 1)th layer that are entering a single neuron. These inputs may represent 

the input data to the network or outputs from previous neurons. The input vector has 

a corresponding vector of learnable weights, wL , unique to that neuron. Within the 

neuron, a weighted sum of the inputs and weights is taken and a learnable bias, bL , 

is optionally added to the result. Finally, the output is passed to an optional activation 

function, f , where the fnal activation value, aL, of the neuron is computed. The generic 

model of a single neuron is represented in Equation (4.1), and a visual diagram is 

illustrated in Figure 4.1. 

X 
a L = f(bL + xiwi

L) (4.1) 
i 

Figure 4.1: Single Neuron Model 

Activation functions are nonlinear functions that enable a network to learn complex 

patterns. They determine whether the result of the weighted sum inside the neuron 

should cause that neuron to activate and by what scale. Although, activation func-

tions are considered optional, they are often included between network layers. Cases 

where an activation function is omitted may be any layer where unrestricted output 

values are desired. There are several activation functions, and it is generally a design 

choice when constructing the network architecture [53]. However, modern deep learn-

ing models most often use the rectifed linear unit (ReLU), which is simply max(0, x), 
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or its variants as they often promote better gradient fow than other activation func-

tions [54]. ReLU variants are not defned formally in this section, however several 

common variants are shown in Figure 4.2. Note that the main distinction among the 

variants is how they handle negative input differently from each other, promoting dif-

ferent types of gradient fow for those inputs. 

Figure 4.2: ReLU Activation and Its Variants 

4.1.2 Backpropagation 

Backpropagation is the fundamental process behind network learning. At its core, 

backpropagation is used to determine gradients from a cost function to update the 

learnable parameters such as the weights and biases of a network. Before discussing 

backpropagation in detail, it is important to understand the role of cost functions for 

neural networks. There are several cost functions, each appropriate for the network’s 

main task whether it be regression, classifcation, or generative modeling [55]. As 

such, Equation (4.2) shows the generic representation of a cost function, C, which 

takes the output from the neural network, x, and a target truth, y, as inputs. 
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cost = C(x, y) (4.2) 

A cost value is calculated measuring the network’s ability to predict the target truth. 

To better understand how this value is used to update the network parameters, it is 

more common to consider the cost as a multidimensional function where the network’s 

weights and biases are its inputs. The learning process involves minimizing this cost 

function across all its dimensions by updating the network’s parameters appropriately. 

This process is achieved by an iterative method called gradient descent (GD) 

where the negative gradient of the cost function is used to take steps towards a mini-

mum. Traditional GD is often too computationally complex since it requires the full cost 

to be computed over an entire training set before updating the network parameters. 

Alternatively, stochastic gradient descent (SGD) approximates the full cost as an aver-

age of costs across each training sample, k, in a batch of random training samples, n. 

The SGD approximated cost is represented by Equation (4.3). 

Xn−1 
C ≈ Ck 

n 
k=0 

1 
(4.3) 

Likewise, the gradient of the cost function with respect to the network parameters can 

be approximated similarly as shown in Equation (4.4). 

  

∂Ck 
∂w0 

∂Ck 
∂b0 

. . . 

∂Ck 
∂wL 

∂Ck 
∂bL 

 

(4.4) 
Xn−1 

∇C ≈ ∇Ck 

Xn−1 
n n 

k=0 k=0 

1 1 
= 

The chain rule is used to calculate the gradient of the cost with respect to to the 

network’s parameters and the inputs or activations from previous layers. A reillustration 

of gradients present in a single neuron model is shown in Figure 4.3. For this single 
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neuron example, the equations representing these gradients are shown in Equations 

(4.5 - 4.7). 

∂Ck 

∂wi
L

∂Ck 

∂bL

∂Ck 

∂xi

= 

= 

= 

∂zL

∂wi
L

∂zL

∂bL

∂zL

∂xi

∂aL

∂zL

∂aL

∂zL

∂aL

∂zL

∂Ck (4.5)
∂aL

∂Ck (4.6)
∂aL

∂Ck (4.7)
∂aL

Figure 4.3: Gradients in a Single Neuron 

The gradients with respect to weights and biases are used to update each weight 

and bias in the network. The standard SGD update is shown in Equations (4.8 - 4.9), 

n−1 
+ 1 X ∂Ck 

w = w − − γ (4.8) 
n ∂w 

k=0 

n−1
1 X ∂Ck

b+ = b− − γ (4.9) 
n ∂b 

k=0 

where γ represents the learning rate. Then, the gradients with respect to the inputs are 

used to compute the previous layer’s gradients, and this process repeats for all layers. 

This idea of retrieving gradients along each layer to update learnable parameters is 

backpropagation. 
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Outside the trivial single neuron example, network architectures are often much 

more complex. Backpropagation computations are unique for each network and scales 

with the network’s complexity. However, the core algorithm detailed using a single 

neuron model captures the core idea of deep learning. Additional variations to the 

backpropagation algorithms for distinct architectures, or a vectorized representation 

is out of scope for this background section. Modern deep learning libraries such as 

PyTorch and TensorFlow handle backpropagation computations, so backpropagation 

is rarely done manually. Nevertheless, intuitions on the learning process and network 

design can be built from understanding the fundamental backpropagation concepts. 

4.1.3 Optimizers 

The SGD update is considered the simplest optimizer. Modern optimization meth-

ods apply additional techniques that often improves convergence and overall perfor-

mance for deep learning networks [56]. First is momentum, where parameters are 

updated from a pseudo velocity component. Inspired from a real physics perspective, 

this concept is similar to the concept of integrating a velocity to solve for position. In 

this case, the network’s parameters can be considered the position and the gradients 

of these parameters only infuence the velocity component. The most basic implemen-

tation of a momentum update is shown in Equations (4.10 - 4.11), 

v + = µv − − γ∂x (4.10) 

+ − + x = x + v (4.11) 

where v is the pseudo velocity term, x generically represents the network parameters, 

∂x is the parameter gradients, µ is a dampening constant that is typically set as a 

decimal value between 0 and 1, and γ is the learning rate. The key contribution for 

momentum is allowing x to still update even when ∂x is near zero, potentially escaping 

local minima. If gradients remain near zero over several iterations, the updates will 

gradually decay from the dampening term µ. 
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Another feature of modern optimizers is per-parameter adaptive learning rates. 

SGD uses a constant learning rate for all parameters, but optimizers that are able 

to use adaptive learning rates show signifcant gains over SGD [56]. The Adagrad 

optimizer is the frst to propose per-parameter learning rates [57]. The Adagrad update 

is shown in Equations (4.12 - 4.26), 

c + = c − + ∂x2 (4.12) 

+ − − γ √x = x 
∂x 

(4.13) 
c + ϵ 

where c represents a cache of the squared gradients, and ϵ is a numerical stability 

term to avoid division by zero and is typically set to a low value. The cache term is 

used to normalize the incoming gradients element-wise which effectively reduces the 

learning rate for parameters that receive large gradients, and increases the learning 

rate for parameters that receive small gradients. 

There are several different optimizers that apply momentum and adaptive learn-

ing rates either jointly or independently [56]. Distinct optimizers implement different 

variations of momentum and adaptive learning rates, but they are built on the ba-

sic implementations discussed in this section. This work uses the AdamW optimizer 

which is an adaptation of the Adam optimizer [58, 59]. AdamW applies both momen-

tum and adaptive learning rates while decoupling weight decay regularization, showing 

improved performance over Adam [58]. 

4.1.4 Schedulers 

Adaptive learning rates are powerful, but global learning rate schedulers have also 

been established to improve training stability and convergence [56]. A scheduler man-

ages the global learning rate over training iterations or epochs and generally seeks to 

decrease the learning rate throughout training. This often stabilizes late-stage training 

and prevents large update steps while the network is in a stable condition. Some of 

the most commonly used schedulers include step decay, exponential decay, cosine 
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decay, and cosine decay with warm restarts [60]. Each of these schedulers are shown 

in Figure 4.4. 

Figure 4.4: Common Learning Rate Schedulers 

The schedulers shown are confgured arbitrarily but have individual hyperparam-

eters that defne each of their dynamics. The desired behavior of each scheduler can 

be tuned using these hyperparameters, and the most optimal scheduler choice is gen-

erally dependent on the model, task, or data. The most appropriate selection is often 

unknown but can be made using hyperparameter optimization or manual trials. 

4.1.5 Additional Design Techniques 

Deep networks are a very active area of research and nuanced designs are con-

stantly emerging. As such, this section briefy discusses additional techniques that are 
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relevant to the network design proposed in this thesis. These methods are consid-

ered standard practice and have been established to improve training stability, prevent 

overftting, or improve network performance. For brevity, they are introduced in the 

following list with resources for additional reading: 

• Data preprocessing are methods to manipulate the input data to account for

biases and mismatched scales using the training data statisics. The two most

common types for preprocessing are mean subtraction and z-score normalization

[55].

• L2/L1 regularization is a technique to prevent overftting by penalizing large

weights through adding penalty terms to the loss value. L2 adds the sum ofP P
squared weights, λ w2 , and L1 adds the sum of absolute weights, λ |w|,

where λ is the regularization factor [55].

• Batch and layer normalizations are methods to normalize activations between

network layers and have been shown to produce more stable gradients and

keep activation distributions more consistent across layers. Batch normalization

applies normalization along the batch dimension, and layer normalization ap-

plies normalization along the feature dimension. Each of these two techniques

have their own appropriate use case depending on goals and network architec-

tures [61,62].

• Dropout is another powerful and complementary regularization technique that

sets random neuron activations to zero during training. Intuitively, this forces the

network to learn with limited resources during training. It is defned by a prob-

ability hyperparameter that dictates the percentage of neurons that will return

zero [63].
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4.2 Core Network Architectures 

This section introduces the core architectures used in the main proposed naviga-

tion network. The main network has a transformer backbone but also includes multi-

layer perceptrons (MLPs) as projection layers and predictions heads, and convolutional 

neural network (CNN) for image processing. Thus, these three core architectures are 

detailed in this section. Other network architectures such as recurrent neural networks 

(RNNs) or generative adversarial networks (GANs) are not discussed in this thesis 

since they are not used in the proposed navigation network. Readers are referred 

to [52] and [64] for additional resources on these types of networks. 

4.2.1 Multilayer Perceptrons 

Multilayer perceptrons (MLPs) are considered the simplest deep learning archi-

tectures. The architecture involves grouping neurons together in a layer and stacking 

multiple layers. Each layer in an MLP, otherwise known as a Fully-Connected layer 

(FC), linear layer, or Feed-Forward layer (FFW), can be classifed as the input layer, 

a hidden layer, or the output layer. The input layer represents the input data in a vec-

torized form, hidden layers are any subsequent layers succeeding the input layer, and 

the output layer is the fnal layer of the MLP. Figure 4.5 illustrates an arbitrary MLP 

network. 

65



  

      

  
     

   
 

 

Figure 4.5: General MLP Architecture 

Although not illustrated, activation functions, f , and dropout may be present between 

each layer. Similar to the single neuron example, activations, aL , from the Lth layer 

can be computed by Equation (4.14), 

L + bL)a = f(xW L (4.14) 

where x ∈ RNL−1 is the input from the (L−1)th layer, W L ∈ RNL−1×N L and bL ∈ RNL are 

the weights and biases in the current layer, and N represents the number of neurons. 

The main MLP hyperparameters are the number of neurons for each layer, the 

activation functions between layers, and the total number of layers. Additional hyper-

parameters may include normalization layers and dropout layers. It is important to note 

that the main limitation of MLPs is that the input data is ingested in vectorized form. 

This can create major bottlenecks for multidimensional data structures such as images 

or point clouds. While it is possible to process multidimensional data with an MLP, it 

requires a fattening process, which converts the data into a single vector. This pro-

cess can create extremely large input layers and corresponding initial layers, leading 

to computationally ineffcient structures. A more suitable option for multidimensional 

data structures is a convolutional neural network which is discussed next. 
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4.2.2 Convolutional Neural Networks 

Convolutional Neural Networks (CNNs) are very similar to MLPs. They include 

weights and biases as learnable parameters, compute a forward pass, and backprop-

agate from a computed loss as discussed in the previous section. The key difference is 

how CNNs process inputs and activations with multidimensional data structures. CNNs 

typically process data that can be described by two spatial dimensions and one depth 

dimension. The core CNN layers include convolutional, pooling, and fully-connected 

layers. A generic illustration of an arbitrary CNN architecture is shown in Figure 4.6. 

Figure 4.6: General CNN Architecture 

Each layer has unique hyperparameters, operations, and purposes. The con-

volutional layer is the core building block of a CNN and is where the majority of 

the network’s learnable parameters are computed. Given an arbitrary input, x ∈ 

RW L−1×HL−1×CL−1 from the (L − 1)th layer, convolutional operations are defned by K 

flters, f ∈ RF ×F ×CL−1 , a stride, S ∈ R≥0, and padding, P ∈ R≥0. Filters act as learn-

able parameters including weights and biases, the stride defnes the increment which 

flters move or stride across the input, and padding, which is typically zero-padding, 

defnes the number of borders to pad the input. These hyperparameters defne the 

dimensions of the Lth layer which are given in Equations (4.15 - 4.17). 

67



         

       

   

     
     

 
   

          
      

 
 

   
  

   

 
 

 
 

      

   

W L = (W L−1 − F + 2P )/S + 1 (4.15) 

HL = (HL−1 − F + 2P )/S + 1 (4.16) 

CL = K (4.17) 

At a single stride instance, an output neuron from a convolution operation can be 

computed by Equation (4.18), 

CL−1−1 F −1 F −1X XX 
z L = bL + (x 

′ ⊙ w L 
′ ′ , ∀k ∈ K (4.18)i,j,k k c c,k)i ,j

c=0 ′ ′ i =0 j =0 

where: 

• xc 
′ is a specifc window of the padded input that is defned by the size of the flter.

• wL and bL are the weights and biases of the kth flter.c,k k 

• i, j are the row and column indices of the output corresponding to the kth flter.

• i ′ , j ′ are the row and column indices of the resultant matrix from the Hadamard 

product, ⊙, of the input and the weights. 

Although the above expression may seem complex, it is very similar to the forward 

pass for an MLP. The convolution still involves taking a weighted sum using the inputs 

and weights and adding biases. The key difference is that this operation happens 

over windows across the input along all of its channels [65]. With this architecture, 

multidimensional data is processed much more effciently than the fattening method 

required by an MLP. 

Another typical layer type in a CNN is a pooling layer. A pooling layer’s main 

purpose is to reduce the spatial size of an input while preserving its channels. Pooling 

layers are defned by a spatial extent, F , a padding, P ∈ R≥0 and a stride, S ∈ R≥0. 

These F × F layers stride across an input similar to convolutional layers, but work to 

reduce spatial information. This is typically done by taking the max or average of the 
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numerical elements within the pooling window. These operations are known as max 

pooling and average pooling. Since pooling layers directly manipulate the input, they 

do not require learnable parameters. Given the same arbitrary input as before, the 

dimensions of the Lth output layer following a pooling operation are given in Equations 

(4.19 - 4.21). 

W L = (W L−1 − F )/S + 1 (4.19) 

HL = (HL−1 − F )/S + 1 (4.20) 

CL = CL−1 (4.21) 

Finally, fully-connected layers are often included to create an MLP at the top of the 

CNN called the network head as shown previously in Figure 4.6. The network head 

often acts as a projection that transfers features from the fnal CNN layer to process 

the downstream task or for continual processing in other network architectures. 

There are several design choices and considerations when constructing a CNN. 

For example, a network could stack several sequential convolutional layers before 

pooling or it could alternate between the two more frequently. A general practice is 

to minimize pooling in the earlier layers to maximize feature extraction potential from 

convolutional layers. Pooling is a destructive operation so pooling too often or early 

can cause excessive loss of information. Many state-of-the-art CNNs design convo-

lutional and pooling layers to reduce spatial dimensions while increasing channels as 

layers progress [66–68]. 

4.2.3 Transformers 

The transformer is the core backbone of the network architecture proposed in this 

thesis. Transformers are capable of effciently processing sequential and multimodal 

data through its attention mechanism which is essential for fusing camera and IMU 

data. Transformers were originally designed to challenge traditional CNN-RNN based 
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sequence processing models. The original transformer model was introduced in 2017 

by Vaswani et al. to propose a model that only uses the attention mechanism on ma-

chine translation tasks [69]. The model showed improved performance and effciency 

over its CNN-RNN counterparts. Today, transformers are the foundational architec-

tures for many popular large language models (LLMs) and vision language models 

(VLMs). Examples include GPT [70], BERT [71], Gemini [72], Stable Diffusion [73], 

among several others. A diagram of a transformer encoder using pre-layer normaliza-

tion (Pre-LN) [74] is shown in Figure 4.7. 

Figure 4.7: Transformer Encoder Block 

Before discussing the transformer encoder, is important to understand how input 

data is processed. First, consider an input, x ∈ Rs , where its elements may represent 

some arbitrary data, and s represents the sequence length of the data. A process 

70



   

   

    

      

  

      
  

called input embedding is performed where each element is projected into vectors of a 

defned embedding dimension, d. For simple 1-dimensional, numerical inputs, a fully-

connected layer can achieve this. For more complex inputs such as images, a CNN 

may be used to project them into the embedding space. Vision transformers (ViTs) 

propose splitting an image into spatial patches where each patch gets projected into 

the embedding space [75]. This thesis applies ViT patching to image inputs which is 

discussed in more detail in the network design section. The embedding processed is 

defned generically in Equation (4.22), 

Eraw = Embed(x) (4.22) 

where Eraw ∈ Rs×d are the embedding vectors that represent each sequence element 

in the original input. Learned positional encodings are then added to the raw em-

bedding vectors which allows the model to determine the sequence location of each 

embedding. Equation (4.23) represents this process, 

= Eraw + EposE (4.23) 

where Epos ∈ Rs×d are the positional encodings, and E ∈ Rs×d are the fnal embedding 

vectors that are inputs into the transformer. These embeddings are then processed by 

an attention mechanism which is the core operation of a transformer block. 

Transformer attention involves updating the values in each embedding vector us-

ing information from the other embedding vectors. For multi-head, self-attention, each 

embedding from the same input attend to themselves, capturing and contextualizing 

the meaning and importance of each element in the sequence [69]. The output of 

multi-head attention is described in Equation (4.24), 

H QhKh
T

z = ∥ (softmax( √ )Vh) (4.24) 
h=1 dk 
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where Qh ∈ Rs×dk , Kh ∈ Rs×dk , Vh ∈ Rs×dv are the query, key, and value for each head, 

h, and ∥ denotes the concatenation of the output from each head along the value 

dimension dv. Note that although the query/key dimension and the value dimension 

may differ, they are often both set equal to the defned embedding dimension divided by 

the number of heads such that dk = dv = d/H as in [69]. Thus, the fnal concatenated 

output will yield the same dimensions as the input embeddings such that z ∈ Rs×d . 

The query, key, and value are computed from learned weight matrices and the input 

embeddings as shown in Equations (4.25 - 4.27), 

Qh = EWh
Q (4.25) 

Kh = EWh
K (4.26) 

Vh = EWh
V (4.27) 

where Wh
Q ∈ Rd×dk , Wh

K ∈ Rd×dk , and Wh
V ∈ Rd×dv are the query, key, and value weight 

matrices, respectively. Furthermore, the softmax operation in Equation (4.24) converts 

raw attention scores from the normalized query-key dot product into a probability distri-

bution. This allows the model to determine relevant information from each embedding 

vector through probability scores. The softmax function is defned generically with an 

arbitrary vector, x ∈ Rn, in Equation (4.28). 

exi
softmax(xi) = Pn exj

(4.28) 
j=0 

Note that softmax is applied to the normalized query-key dot product along the key 

sequence dimension, thus operates on each individual raw attention score vector. 

In addition, it is common to stack several transformer encoder blocks sequentially 

[69]. This is defned by a depth hyperparameter, D. In practice, the depth defnes the 

number of sequential transformer blocks. The frst transformer encoder receives the 

embeddings directly from the input and all subsequent encoders receive outputs from 

the previous transformer block. 
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For multimodal applications, such as the targeted IMU/camera fusion, a cross-

attention transformer encoder can be used. The cross-attention encoder is very similar 

to the original encoder design except different modalities are used for the query, key 

and value. Specifcally, one modality is used to compute the query input, while the 

other modality is used as the key and value inputs. An example diagram of the cross-

attention process is shown in Figure 4.8. 

Figure 4.8: Cross-Attention Pipeline 

Notice that the encoder block remains unchanged, and the only change is how the 

query, key, and value are determined from each modality. Furthermore, an additional 

learned modality encoding, which is similar to the positional encoding, is added to the 

embeddings to allow the model to learn which embeddings belong to which modality. 

The input embedding process for cross-attention can be described by Equation (4.29), 

+ EmodE = Embed(x) + Epos (4.29) 
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   where Emod ∈ Rd is the learned modality encoding vector that is added to all the 

embeddings from an input source. Finally, it is important to note that each input will 

act as the query input while the others act as the key and value. As such, there is 

a cross-attention block dedicated to each modality where its outputs are embeddings 

that are contextualized from the other modalities. 

Cross-attention is not the only method for fusing modalities, and multiple fusion 

methods have been explored [76]. Moreover, this section discusses a transformer en-

coder block, but omits the transformer decoder block. The decoder block is designed to 

autoregressively generate outputs such as text, audio, speech translations, or images, 

which is more commonly used for LLMs or VLMs [69]. Since the targeted downstream 

task for this work is to predict measurements, a decoder is unnecessary and is not 

discussed. 
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Chapter 5 

Deep Learning, Vision-Based Dead Reckoning Network 

This chapter presents a deep learning model that is designed to ingest sensor 

inputs and directly predict the navigation and state estimation outputs. This is a data-

driven alternative that seeks to overcome the limitations of the previously discussed 

dead reckoning systems. First, an extension to the sensor suite is proposed. This work 

selects rear-viewing, side mirror cameras for several key reasons. First, this sensor se-

lection does not violate the previous constraints to maintain a fully GNSS-independent 

navigation algorithm, and it avoids equipping sensors to the trailer. Second, cameras 

have a wide range of capabilities which can be leveraged to provide both navigation 

measurements and trailer hitch angle predictions. Finally, rear-viewing, side mirror 

cameras are increasingly being equipped on class 8 vehicles to enhance driver vi-

sion beyond traditional mirrors [77, 78]. The measurements from the full sensor suite 

thus includes the longitudinal velocity and steering angle available through the J1939 

CAN bus, linear accelerations and angular rates a tractor-mounted IMU, and images 

from two tractor-mounted, rear-facing, side-mirror cameras. A simple schematic of the 

target sensor suite is illustrated in Figure 5.1. 
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Figure 5.1: Proposed Sensor Suite 

The deep learning network is heavily inspired from classical VIO systems, and 

is designed to simultaneously predict the relative motion of the tractor and the trailer 

hitch angle using camera and inertial data. Unlike the traditional methods discussed 

previously, the proposed network can handle the fusion and prediction pipeline without 

requiring knowledge of the system or sensor models. First, the proposed network 

design is presented. Second, the training paradigm for the network is discussed. Third, 

and fnally, construction of navigation measurements during inference is covered. 

5.1 Deep Learning VIO Network Design 

This section discusses the full deep learning VIO network design. The model 

design is inspired from the classical VIO problem and previous deep learning VIO net-

works [29,79]. As a result, the inputs to the network are consecutive images from the 

mirror cameras along with the IMU and CAN measurements taken in between the cam-

era measurements. The outputs to the network are relative body-frame translations, 

∆x, ∆y, the relative yaw rotation, ∆ψ, and the trailer hitch angle γ. The network archi-

tecture is summarized in the diagram shown in Figure 5.2. The network is composed 

of individual phases that process or fuse the data for the VIO task. The hitch angle is 

predicted separately using a pretrained MobileNetV2 [68] that is fnetuned during train-

ing. The individual phases of the network are detailed in the following subsections. 
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Figure 5.2: The Tractor-Trailer VIO Network Architecture. 

Data Setup 

Before the embedding phase, the raw data from the cameras, IMU, and J1939 

CAN sensors are set as inputs into the network. First, the left and right mirror cameras 

are synchronized in time and the images from each camera are concatenated horizon-

∈ R2Wo×Ho×Cotally. This creates a single visual input, xvis , where Wo, Ho, and Co are 

the width, height, and channels of the original images. The visual input is then resized 

to a defned spatial size, W , H. Similarly, the J1939 CAN measurements, which in-

clude the tractor’s longitudinal velocity and the tire steer angle are synchronized with 

the IMU, and their measurements are concatenated to create a single inertial input, 

xinert ∈ RN . Where N = 8 is the total number of individual sensors, and represents 

sensor readings of the 6-DOF IMU and the two J1939 CAN sensors at a single point 

in time. 

To add temporal context, consecutive visual inputs and inertial inputs from times 

tk−n and tk are grouped and used as the inputs into the model, where n is a defned 

look back parameter. This creates a temporal dimension for each input, The fnal 

representation of visual and inertial inputs are described by Equations (5.1 - 5.2), 

xvis ∈ RTvis×W ×H×C (5.1) 

xinert ∈ RTinert×N (5.2) 
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where Tvis and Tinert are the temporal dimensions of the visual and inertial inputs, 

respectively, and represent the sequence dimension for each input. It is important to 

note that the hitch angle is predicted using only the most current visual input, and a 

separate copy of the visual input at tk is used for hitch angle predictions. 

Embedding Phase 

Each modality enters an embedding phase that projects the visual and inertial 

inputs into the embedding space, d. For the hitch angle task, this work follows [45] 

and uses a pretrained CNN with an augmented MLP head. The selected CNN is 

MobileNetV2 [68] pretrained on a popular classifcation dataset, ImageNet [80]. Mo-

bileNetV2 was selected as it was shown to be the best performing network despite 

being the smallest out of all other CNNs that were surveyed to predict hitch angle on 

a diverse simulated dataset [45]. The CNN weights are not frozen, and are fnetuned 

during training. The entire pipeline for hitch angle predictions is described by Equation 

(5.3). 

γ = MLP(MobileNetV2(x vis 
k )) (5.3) 

Next, the visual and inertial inputs for the VIO pipeline must be embedded. The 

visual inputs for the VIO task undergo an embedding process that closely follows the 

ViT patch embedding process [75]. Each image is sliced into non-overlapping spatial 

patches of a defned size, P , where patches are represented by xp ∈ RP ×P ×C , and 

p = 1, ..., Np is the spatial location of each patch. The resulting number of patches, Np, 

is a function of the visual input’s spatial dimensions and the patch size as shown in 

Equation (5.4). 

WH 
Np = 

P 2
(5.4) 

Each patch is then linearly projected into the embedding space, but the additional 

temporal dimension requires special handling of the embedding process. This work 
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follows the patch embedding process in [81] which handles temporally batched images 

for video understanding. For this process, each frame undergoes the original ViT patch 

embedding. The ViT patch embedding may be achieved by using a CNN with a flter 

size and stride that are equal to the patch size, and the number of flters equal to the 

embedding dimension, d. This process applies to all frames and each patch may be 

represented by xp,t =∈ RP ×P ×C where p = 1, . . . , Np and t = 1, . . . , Nt are the spatial 

and temporal locations of the patch, respectively. Lastly, learnable spatio-temporal 

positional encodings and modality encodings are added to the projected patches as 

shown in Equation (5.5), 

+ EmodEvis = CNN(xvis) + Epos (5.5)vis 

∈ R(Tvis·Np)×d ∈ R(Tvis·Np)×dwhere Evis is the fnal visual embedding, Epos is the spa-p,t 

tiotemporal positional encodings, and Emod ∈ Rd is the visual modality encodings. It is vis 

important to note that the sequence dimension of Evis is the number of frames times 

the number of patches and careful selection of these parameters is necessary to avoid 

large sequence dimensions. 

For inertial inputs, a simple fully connected layer is used to project all sensor 

readings into the embedding space, and learned positional and modality encodings 

are added to the embeddings as shown in Equation (5.6), 

+ EmodEinert = FC(xinert) + Epos (5.6)inert 

where Einert ∈ RTinert×d is the fnal inertial embedding, Epos ∈ RTinert×d is the spatiotem-

poral positional encodings, and Emod ∈ Rd is the inertial modality encodings. For theinert 

remaining phases, these embeddings are processed by various transformer encoders 

and retain their dimensionalities. 
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Table 5.1: Spatial and Temporal Attention Descriptions 

Attention Type Embedding Reshape Time Complexity 
Spatial 

Temporal 
 Evis 

 Evis 

 ∈ 
 ∈ 

 RTvis×Np×d 

 RNp×Tvis×d 
O(TvisN

2).  p 
 2  O(T Np). vis 

    

    

Self-Attention Phase 

The next phase applies self-attention to the visual and inertial embeddings. The 

purpose of this phase is to let the network learn internal relationships within each 

modality. For visual embeddings, because each embedding represents a spatiotem-

poral patch within the entire visual input, this thesis follows [81] and applies divided 

space-time self-attention. The core idea of divided space-time attention is to decom-

pose self-attention into two sequential steps which independently apply to the embed-

ding’s spatial and temporal dimensions. This approach reduces the time complexity 

from O(T 2 2) to O(TvisN2 + T 2 ), where the former would be the time complexity visNp p visNp 

of regular self-attention. Divided space-time attention is achieved by simply rearrang-

ing the dimensions of the visual embeddings and sequentially applying independent 

self-attention encoders [81]. Table 5.1 details the required embedding shapes and 

time complexities for each attention type. It is important to note that after the visual 

embedding is processed in the space-time attention block, it must be reshaped to its 

original dimensions, Evis ∈ R(Tvis·Np)×d . 

For the inertial embeddings, regular self-attention is applied since the sequence 

dimension is simply Tinert. The process of the Self-Attention Phase for each visual and 

inertial embeddings are generically described by Equations (5.7 - 5.8). 

Evis = Space-Time-Attention(Q(Evis), K(Evis), V (Evis)) (5.7) 

Einert = Self-Attention(Q(Einert), K(Einert), V (Einert)) (5.8) 

Of note, the general Self-Attention expressions in these equations refer to the full 

transformer encoder previously described in Chapter 4. 

80



 
    

     

      
  

   
 

   

Modality Fusion Phase 

Next, each modality embedding cross-attends to the other in the modality fusion 

phase. The purpose of this phase is to fuse information between the visual and inertial 

embeddings. This is done using cross-attention encoders where each modality acts 

as the query while the other modality acts as the key and value. This process yields 

visual and inertial embeddings that are contextualized with respect to each other by 

having embeddings from each modality attend to each other. Equations (5.9) and 

(5.10) represent this process. 

Efused 
vis = Cross-Attention(Q(Evis), K(Einert), V (Einert)) (5.9) 

Efused = Cross-Attention(Q(Einert), K(Evis), V (Evis)) (5.10)inert 

Again, the general Cross-Attention expressions in the following equations refer to the 

full cross-attention encoder previously described in Chapter 4. 

Pooling Phase 

Following modality cross-attention, the pooling phase aims to prepare the individ-

ual visual and inertial embeddings for target prediction. This phase applies average 

pooling to each modality embedding along the sequence dimension. This yields the 

and Epooled pooled embeddings Epooled ∈ Rd ∈ Rd . The pooled embeddings are thenvis inert 

concatenated to a single vector, Epooled ∈ R2d . Finally, an MLP ingests this vector and all 

maps it back into the embedding space, d. The fnal result is the complete, fused 

embedding, Eall,fused ∈ Rd that is used as an input in the prediction phase. 

Prediction Phase 

Finally, the body frame longitudinal and lateral translations, and yaw rotation, are 

predicted by individual MLP prediction heads. A single head is used for both translation 
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predictions since they are related tasks, and a separate head is used for the rotation 

prediction. This is represented by Equations (5.11 - 5.12) 

(∆x, ∆y) = MLP(Efused 
all ) (5.11) 

∆ψ = MLP(Efused 
all ) (5.12) 

Network Construction In PyTorch 

The proposed network and all its components are constructed using the Python 

deep learning library, PyTorch [82]. PyTorch includes tools for building each of the 

phases discussed, where a user can defne all components and their necessary hy-

perparameters. Moreover, the training process uses PyTorch tools to handle back-

propagation computations and parameter updates, given user defned learning rates, 

optimizers, and schedulers. In this thesis, the specifc hyperparameters vary depend-

ing on the simulation or experimental design. Therefore, the parameters that are used 

for each network rendition are detailed later in Chapter 6. 

5.2 Training Paradigm 

The training paradigm used for this network is augmented from the trivial training 

approach to effciently improve VIO performance. Regarding the temporal look back 

parameter, n, it was found that larger look backs naturally improve VIO performance 

because it provides broader temporal context. Consequentially, applying a larger look 

back increases inference time which is not ideal for real-time performance. 

As an alternative approach, a larger temporal look back is handled in the train-

ing loop while the model only uses a look back parameter of n = 1. This exposes 

the model to a larger temporal window through the training process while keeping 

the model architecture minimal. This augmentation requires special handling in the 

data loading process and an internal loop within the original training loop that iter-

ates through a temporal window. Inside the internal loop, regular forward passes and 
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loss computations are performed, and the average of the losses computed are taken 

and used to backpropagate through the network. Furthermore, an additional loss is 

computed for the accumulated yaw angle from delta yaw rotations at the end of the 

temporal window to further enforce reliable yaw predictions. The full training loop is 

described in Algorithm 1. 

Algorithm 1 Training Loop 
1: for epoch = 0 in epochs do 
2: Ltrans ← ∅ {Initialize loss accumulators}
3: Lrot ← ∅ 
4: ψaccum ← 0.0 {Initialize accumulated yaw}

6: (∆x, ∆y), ∆ψ, γ ← model(inputs(n)) {Forward pass and compute losses}
7: ltrans = MSE((∆x, ∆y), ((∆xtarget, ∆ytarget)))
8: lrot = MSE(∆ψ, ∆ψtarget)
9: Ltrans ← Ltrans ∪ {ltrans} {Populate accumulators}

10: Lrot ← Lrot ∪ {lrot}
11: ψaccum = ψaccum +∆ψ 
12: end for 
13: = MSE(ψaccum, ψtarget) {Compute additional loss for resultant yaw angle}Lψaccum PN PN14: Ltotal = N 

1 Ltrans + N 
1 Lrot + Lψaccum 

15: backpropagate(Ltotal)
16: end for 

5.3 Inference 

During inference, the network ingests two consecutive images and all IMU and 

CAN measurements in between the image measurements. In this work, images are 

received at 10 Hz while IMU and CAN measurements are received at 40 Hz. Given 

these sensor rates, two images and fve IMU and CAN readings are processed at every 

0.1 second interval. The outputs of the VIO network represent the change in translation 

and heading orientation over the 0.1 second interval. Given accurate initialization, the 

absolute North, East, and yaw measurements can be computed from the changes in 

motion. Equations (5.13 - 5.14) defne the construction of the North position, East 

position, and yaw angle, respectively. 

Ñ k+1 = Ñ k + sin (ψ̃ k)∆x̃ + cos (ψ̃ k)∆ỹ (5.13) 
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˜ ˜ ˜ ˜Ek+1 = Ek + cos (ψk)∆x̃ − sin (ψk)∆ỹ (5.14) 

˜ ˜ ˜ψk+1 = ψk +∆ψ (5.15) 

The inference time were also computed as an average of inference times over 

1000 samples. This was computed on a PC with an AMD Ryzen 5 3600X 6-Core 

Processor and an NVIDIA GeForce RTX 2060. Note that for the sensor rates used in 

this work, the network must run at least 10 Hz for real-time performance. The average 

inference time when running the network entirely on the processor is approximately 

0.03 second which supports a 29 FPS image stream. The average inference time 

when running the network on the GPU is approximately 0.028 second which supports 

a 35 FPS image stream. Note that the hardware used to compute these times are 

not considered low-cost hardware. Depending on the hardware components, these 

fndings may vary. Ultimately, the network is able to run at real-time speeds on the 

CPU or the GPU given the tested hardware. 
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Chapter 6 

Simulation and Experimental Results 

In this chapter, the performance of an INS, model-based EKF, and deep learning 

VIO (DL-VIO) network are evaluated and compared in simulations and experiments. 

The INS is used only as a baseline to better compare the two alternative dead reck-

oning systems. Simulation studies cover the performance of each system using a 

controlled and customized simulation dataset designed to capture realistic scenarios. 

Then, experiments are performed to evaluate and compare the model-based EKF and 

the DL-VIO on a collected dataset which features both rural and urban environments 

around Auburn and Opelika, Alabama. The proceeding sections discuss the simulation 

and experimental setup and results in detail. 

6.1 Simulations 

The simulation studies aim to evaluate and compare an INS, model-based EKF, 

and DL-VIO network without GNSS through a series of Monte Carlo simulations. The 

Monte Carlo simulation studies were chosen to fully evaluate the performance of each 

dead reckoning system given realistic error sources. This section discusses the sim-

ulated data generation, the DL-VIO training and validation results for simulated data, 

and the Monte Carlo simulation setup and results 

6.1.1 Simulation Data Generation 

The simulation environment is built upon TruckSim® [83], RoadRunner [84], and 

Simulink® [85]. TruckSim is a professional simulation environment designed to confg-

ure and simulate high-fdelity vehicle dynamics for heavy truck models, and it is used 
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to generate ground truth signals and IMU and CAN measurements. RoadRunner is 

an MathWorks® application to generate traffc environments, and is used to generate 

custom scenes for diverse image data. Finally, Simulink connects these applications 

and produces the simulated data. A diagram of the simulation setup is shown in Figure 

6.1. 

Figure 6.1: Simulation Application Setup 

The simulated camera data are rendered in Simulink using scenes from Road-

Runner and Simulink’s 3D Animated Toolbox. Each mirror camera is simulated inde-

pendently at a resolution of 1080 × 1280. Examples of the simulated camera data is 

shown in Figure 6.2. 
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Figure 6.2: Simulated Camera Data Examples 

For the purpose of training the DL-VIO network, the dataset is composed of indi-

vidual sequences, each with unique trajectories and scene conditions. The sequences 

are split among a training set, a validation set, and a testing set. The training set in-

cludes approximately 17K data samples, the testing set includes approximately 13K 

data samples, and the validation set is a random 1.5K subset of the testing set. Fur-

thermore, each sequence is designed to incorporate both time variations (e.g., day, 

night, and mixed) and environment variations (e.g., rural, urban, and mixed). Mixed 

tags represent ambiguous time and environment classifcations (e.g., sunsets, over-

cast, rain, and mixed rural and urban scenes.). The variations for each category are 

represented in Figure. 6.3. 
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Figure 6.3: Time and Setting Variations. Left: Training Set. Right: Testing Set. 

6.1.2 Simulation DL-VIO Parameters and Training Results 

This section presents the DL-VIO model and training parameters, and its results 

over the simulation set. The training procedure follows the methods discussed in the 

previous chapter with the parameters detailed in Table 6.1. The selected learning rate 

warmup and scheduler produces the learning rate shown in Figure 6.6. 

Table 6.1: Simulation DL-VIO Model and Training Parameters 

Model Parameters 
Image Size 224 × 224 
Patch Size 16 

Embedding Dimensions 384 
Heads 8 
Depth 8 

Training Parameters 
Epochs 30 

Temporal Training Window 2 
Batch Size 6 

Learning Rate 3 × 10−5 

Loss Function MSE 
Optimizer AdamW (β1 = 0.9, β2 = 0.999, γ = 0.05) [58] 
Warmup Linear (2 Epochs) 

Scheduler Cosine Decay with Warm Restarts (2× Decay after restarts) 
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Figure 6.4: Simulation VIO Learning Rate 

The training and validation RMSEs of the DL-VIO’s translations and rotation out-

puts are shown in Figure 6.7. The results show that the training and validation RMSEs 

decay at approximately the same rates and magnitudes, which indicates that the net-

work is able to learn necessary patterns from the training data with minimal overftting. 

Furthermore, the dynamics of the RMSEs over the course of training follows a similar 

pattern to the learning rate dynamics. This is expected and is the intention of cosine 

decays and warm restarts where errors may periodically increase with each restart but 

decrease over the entire training period. 
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Figure 6.5: The training and validation RMSEs of the VIO network’s outputs on simu-
lation data. 

6.1.3 Monte Carlo Simulations 

Simulation Setup 

Several Monte Carlo simulations are evaluated to test the performance of each 

dead reckoning system. For each case study and individual system, 100 Monte Carlo 

runs are performed. To capture the effects of various error sources each system may 

be subjected to, the stochastic variables for the simulations are vehicle model param-

eters, and IMU errors. Two sequences with distinct dynamics are selected from the 

testing set to be evaluated. 

Vehicle parameters may vary up to defned percentage of their true values. Each 

parameter is then randomly sampled from a uniform distribution within their respective 

ranges. For a highly uncertain vehicle model, all parameters were varied up to 50% of 

their true values, and for a well known vehicle model, parameters were varied up to 5% 
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of their true values. Table 6.2 shows the nominal vehicle parameter values and their 

ranges. 

Table 6.2: Vehicle Parameter True Values and Ranges 

Parameters Nomial Low Uncertainty High Uncertainty Units 
C1 4 × 105 (4.2 × 105 - 3.8 × 105) (6 × 105 - 2 × 105) N/rad 
C2,3 2.25 × 105 (2.138 × 105 - 2.362 × 105) (1.125 × 105 - 3.375 × 105) N/rad 
C4,5 1.2 × 105 (1.14 × 105 - 1.26 × 105) (6 × 104 - 1.8 × 105) N/rad 
ms1 6493 (6168 - 6818) (3246 - 9740) kg 
mus,A1 570 (541.5 - 598.5) (285 - 855) kg 
mus−A23 785 (745.8 - 824.2) (392.5 - 1178) kg 

a 1.384 (1.315 - 1.453) (0.692 - 2.076) m 
b1 3.616 (3.435 - 3.797) (1.808 - 5.424) m 
b2 4.886 (4.642 - 5.13) (2.443 - 7.329) m 
c 4.251 (4.038 - 4.464) (2.126 - 6.377) m 
Rz1 1.74 (1.653 - 1.827) (0.87 - 2.61) m 
ms2 3196 (3036 - 3356) (1598 - 4794) kg 

mus,A45 665 (631.8 - 698.2) (332.5 - 997.5) kg 
d 7.303 (6.938 - 7.668) (3.651 - 10.95) m 
f1 13.124 (12.47 - 13.78) (6.562 - 19.69) m 
f2 14.412 (13.69 - 15.13) (7.206 - 21.62) m 
Rz2 7.505 (7.13 - 7.88) (3.752 - 11.26) m 

The IMU measurements are simulated using true linear accelerations and angular 

velocities reported from TruckSim® and adding a frst-order Gauss-Markov (FOGM) 

bias and additive zero-mean white noise as shown in Equation (6.1), 

z̃k = zk + bk + νk (6.1) 

where z̃k represents the accelerometer and gyroscope measurements, zk represents 

the true signals, νk ∼ N (0, σ2 ) is additive GWN. The FOGM bias is defned in GW N 

Equation (6.2). 

τbk = e 
∆t 
bk−1 + wk (6.2) 
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Where ∆t is the measurement interval, τ is the correlation time of the bias, and wk ∼ 

N (0, σ2 ) is the driving white noise of the bias defned by the Gauss-Markov variance GM 

shown in Equation (6.3). 

σ2 −2∆t/τ )= σ2 (1 − e (6.3)GM ss 

Where σss 
2 is the steady-state variance. 

The simulated IMU errors parameters are chosen to emulate a low-cost IMU that 

represent common consumer-grade or automotive grade IMUs which are typically in-

stalled on ground vehicles. The simulation parameters are shown in Table 6.3. Note 

that these parameters apply across all accelerometer and gyroscope axes. 

Table 6.3: Simulated IMU Parameters 

Parameters Automotive Grade Values Units 
τa 300 s 
σss,a 5 × 10−3 m/s2

σGW N,a 8 × 10−3 m/s2

τg 300 s 
σss,g 1.75 × 10−3 rad/s 
σGW N,g 7 × 10−4 rad/s 

Low Dynamic Scenario Results 

First, a low dynamic scenario is studied. A short sequence of approximately 20 

seconds performing two sharp turns is selected. The average driving speed for the 

sequence is approximately 8.3 m/s or 18 mph. Figure 6.6 shows the sequence trajec-

tory, and Figure 6.7 shows the input steering angle, longitudinal velocity, yaw angle, 

and hitch angle for the maneuver. 
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Figure 6.6: Low dynamic sequence North and East trajectory. 

Figure 6.7: Low dynamic sequence steering angle, longitudinal velocity, yaw Angle, 
and hitch Angle 
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The frst case study that is evaluated is the high uncertainty model parameters 

case. Figure 6.8 shows the North and East position errors from each system. Since 

the INS position errors are likely much greater than the other systems, the position 

errors from the model EKF (referred to as EKF) and the deep learning VIO (referred to 

as DL-VIO) are isolated and shown in Figure 6.9. Lastly, the yaw angle and hitch angle 

errors are shown in Figure 6.10. For this test case, the results show that the DL-VIO 

signifcantly outperforms the other systems in positioning, orientation, and hitch angle 

estimates. It is shown, that in the presence of model uncertainty, the EKF solutions are 

highly inaccurate. This is shown in the estimate errors for all of the states, and is espe-

cially evident in Figure 6.10 where the yaw and hitch angle errors are much larger than 

the other systems. The EKF is still able to outperform INS in positioning, but this is ex-

pected since low-cost, INS-based position errors are expected to be large from double 

integration of errors. The DL-VIO shows the lowest positioning errors with maximum 

errors falling below 5 and 10 meters for North and East positions, respectively. 

(a) North Error (b) East Error

Figure 6.8: Low dynamics sequence with high model uncertainty: North and East 
position errors 
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(a) North Error (b) East Error

Figure 6.9: Low dynamics sequence with high model uncertainty: EKF and DL-VIO 
North and East Position Errors 

(a) Yaw Error (b) Hitch Error

Figure 6.10: Low dynamics sequence with high model uncertainty: Yaw and Hitch 
Angle Errors 

Next, the results are reevaluated for the case of low model uncertainty. These 

results represent a case where model parameters are known reasonably well. Note 

that since model parameters only affect the EKF solution, the only expected changes 

are for the EKF solution. Figure 6.11 shows the North and East position errors for the 

three systems, Figure 6.12 shows positions errors from the EKF and DL-VIO only, and 

Figure 6.13 shows the yaw and hitch angle errors. As expected, the performance of 

the EKF signifcantly improves. Position and yaw errors become more similar to those 

of the DL-VIO, reducing by tens of meters between the North and East positions, 
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and by over 10 degrees for yaw angle. However, Figure 6.13b shows that the DL-

VIO is still able to predict the trailer hitch angle better than the EKF even with low 

model uncertainty. This highlights that even with a reasonably well known model, 

small parameter errors may cause large navigation and state estimation errors for the 

EKF. 

(a) North Error (b) East Error

Figure 6.11: Low dynamics sequence with low model uncertainty: North and East 
position errors 

(a) North Error (b) East Error

Figure 6.12: Low dynamics sequence with low model uncertainty: EKF and DL-VIO 
North and East Position Errors 
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(a) Yaw Error (b) Hitch Error 

Figure 6.13: Low dynamics sequence with low model uncertainty: Yaw and Hitch Angle 
Errors 

High Dynamic Scenario Results 

Next, a high dynamic scenario is studied. For this scenario, the longest and most 

dynamic sequence from the simulation testing set is selected. The sequence is ap-

proximately one and a half minutes and includes high dynamic lane changes with an 

average driving speed of 12.5 m/s or 28 mph. The sequence trajectory is shown in 

Figure 6.14. The input steering angle, longitudinal velocity, and the resultant yaw and 

hitch angles for the sequence is shown in Figure 6.15. 
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Figure 6.14: High dynamic sequence North and East Trajectory 

Figure 6.15: High dynamic sequence steering angle, longitudinal velocity, yaw angle, 
and hitch angle 
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The case studies evaluated for the high dynamic scenario follow those conducted 

for the low dynamic scenario. First, the results using high model uncertainty are as-

sessed. Figure 6.16 shows the North and East position errors for the three systems, 

Figure 6.17 shows positions errors from the EKF and DL-VIO only, and Figure 6.18 

shows the yaw and hitch angle errors. It is shown that similar fndings from the low 

dynamic scenario hold for the high dynamic scenario. The DL-VIO remains the supe-

rior dead reckoning navigation system compared to the other two systems evaluated. 

The errors induced by high model uncertainty for the EKF are amplifed in the high 

dynamics case. This is especially evident in Figure 6.18b where it can be seen that 

the magnitude of maximum hitch angle errors directly correspond to the dynamics. Ad-

ditionally, it is shown in Figure 6.17 that the maximum North and East position errors 

of the EKF exceeds the maximum position errors of the DL-VIO by approximately 100 

meters. Furthermore, it is shown that the INS solution drifts signifcantly over time, 

reaching up to over 1000 meters of position error between the North and East posi-

tions. This is a common result for INS with low-cost sensors. It is important to highlight 

that the EKF is still able to maintain much better positioning than an INS even given 

poor model knowledge. 

(a) North Error (b) East Error 

Figure 6.16: High dynamics sequence with high model uncertainty: North and East 
Position Errors. 
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(a) North Error (b) East Error 

Figure 6.17: High dynamics sequence with high model uncertainty: EKF and DL-VIO 
North and East Position Errors. 

(a) Yaw Error (b) Hitch Error 

Figure 6.18: High dynamics sequence with high model uncertainty: Yaw and Hitch 
Angle Errors. 

Lastly, the fnal case study evaluates the performance of the systems in the high 

dynamic scenario with low model uncertainty. Again, the only improvements expected 

are for the EKF. Figure 6.19 shows the North and East position errors for the three sys-

tems, Figure 6.20 shows positions errors from the EKF and DL-VIO only, and Figure 

6.21 shows the yaw and hitch angle errors. The results indicate a signifcant improve-

ment for the vehicle model EKF, showing a reduction in maximum position errors by 

approximately 100 meters compared to the previous case. The resultant yaw esti-

mates from the EKF is also more closely aligned with the INS since the majority of 
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the errors for the system is due to the IMU’s quality. Furthermore, the hitch angle esti-

mates from the EKF is more accurate compared to the previous case, but remains less 

accurate than the hitch predictions from the DL-VIO. Moreover, the magnitude of the 

hitch angle errors correspond to the high dynamic maneuvers as observed in the low 

dynamic case. Overall, these results directly refect the fndings shown in the low dy-

namic scenario. The most signifcant discovery through the high dynamic evaluations 

is that the EKF errors for certain states, such as orientation and hitch angle, can be 

amplifed in high dynamic maneuvers, especially if the model is not known accurately. 

(a) North Error (b) East Error

Figure 6.19: High dynamics sequence with low model uncertainty: North and East 
Position Errors. 

(a) North Error (b) East Error

Figure 6.20: High dynamics sequence with low model uncertainty: EKF and DL-VIO 
North and East Position Errors. 
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(a) Yaw Error (b) Hitch Error 

Figure 6.21: High dynamics sequence with low model uncertainty: Yaw and Hitch 
Angle Errors. 

Ultimately, the simulation results show that the proposed DL-VIO consistently out-

performs the model-based EKF with signifcant performance gains. Both systems are 

still able to maintain superior positioning when compared to the INS, but in the pres-

ence of model uncertainty, the solutions from the model-based EKF begin to degrade. 

Furthermore, the EKF errors are amplifed at higher dynamics, especially if parame-

ters are not known accurately. The DL-VIO shows the best performance of the three 

systems while being completely agnostic to perturbed vehicle parameters or higher 

dynamics. 

6.2 Experimental Results 

6.2.1 Experimental Setup 

To validate the feasibility of the proposed tractor-trailer DL-VIO network, experi-

mental evaluations are also performed. Experimental data is collected on a GAVLab 

class 8 test vehicle which is shown in Figure 6.22. Additional sensors equipped to 

the vehicle are a VN-100 IMU, two Triton 3.2 MP RGB monocular cameras, and two 

Honeywell eTALINs for the tractor and trailer units. The VN-100 IMU is mounted inside 

the tractor unit, and reports specifc forces and angular rates at 40 Hz. The Triton 
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monocular cameras are mounted to the side mirrors facing backwards and are syn-

chronized to record images at 10 Hz. The eTALINs are mounted in the tractor and 

trailer to provide ground truth measurements from both units. The eTALIN is a high 

performing navigation sensor which provides full PVA solutions at 150 Hz. Moreover, 

the vehicle’s CAN bus reports the vehicle longitudinal velocity from wheel speeds, and 

the hand wheel angle, which is converted to the tire steer angle by a steering ratio. 

All sensors are recorded on a OnLogic Ubuntu PC using the Robot Operating System 

(ROS). Figure 6.23 shows the experimental setup. 

Figure 6.22: GAVLab Class 8 Test Vehicle 
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Figure 6.23: Test Vehicle Equipment Setup 

The experimental data was collected throughout Auburn and Opelika, AL. All data 

was collected within the same day starting at the National Center for Asphalt Tech-

nology (NCAT) facility near Opelika, AL. Figure 6.24 shows the geographic plot of the 

collected data. In the fgure, the vehicle travels in a clockwise direction over the entire 

loop trajectory. Six individual sequences are recorded throughout the course of the 

collection spanning approximately 20 minutes per sequence. The purpose of collect-

ing individual sequences is to generate training and testing data from sequences that 

are completely unique. Furthermore, the data collected spans a variety of driving envi-

ronments including rural roads, urban roads, and highways. All data is collected during 

daytime and no nighttime data was collected. Examples of camera data collected is 

shown in Figure 6.25. It is shown in the fgure that the image data captures a variety 

of urban and rural environments and small lighting variations. 
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Figure 6.24: The six experimental sequences across Auburn and Opelika, AL. 

Figure 6.25: Examples of the collected camera data across each sequence. 
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6.2.2 Experimental DL-VIO Parameters and Training Results 

For the results presented in this chapter, the DL-VIO is trained on sequences one, 

three, and fve, and tested on sequences two, four, and six. Note that the testing 

and training sequences are swapped for comparison and the results are shown in 

Appendix B. The results produced by swapping the datasets are slightly worse than 

those presented in this chapter, but the main contributions of the DL-VIO are mostly 

similar. For more details on the swapped dataset results, see Appendix B. 

Figure 6.26 shows the training and testing sequences. A small validation set is 

randomly sampled from the testing set. The training and testing sets are organized this 

way so that each dataset contains diverse camera data and a wide range of dynamics. 

The network and training parameters for the experimental data are similar to those 

of the simulation network, but increases the temporal training window, and learning 

rate. Through manual tuning, these adjustments were found to improve the perfor-

mance for the experimental data. Table 6.4 details these parameters. The training 

and validation RMSEs of the DL-VIO’s outputs are shown in Figure 6.27. The training 

results show similar patterns to the simulation training results. The training and valida-

tion RMSEs are shown to be minimized throughout training at similar magnitudes and 

rates. Of note, the hitch angle training and validation RMSEs in Figure 6.27 are seen 

to slightly diverge throughout training. However, the actual performance on the testing 

set is shown to be reasonable, and this divergence is most likely due to a distribution 

mismatch in the training and validation sets due to their distinct sample sizes. 
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Figure 6.26: The experimental training and testing sequences for the DL-VIO network. 

Table 6.4: Experimental DL-VIO Model and Training Parameters 

Model Parameters 
Image Size 224 × 224 
Patch Size 16 

Embedding Dimensions 384 
Heads 8 
Depth 8 

Training Parameters 
Epochs 30 

Temporal Training Window 8 
Batch Size 4 

Learning Rate 1 × 10−4 

Loss Function MSE 
Optimizer AdamW (β1 = 0.9, β2 = 0.999, γ = 0.05) [58] 
Warmup Linear (2 Epochs) 

Scheduler Cosine Decay with Warm Restarts (2× Decay after restarts) 
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Figure 6.27: The training and validation RMSEs of the DL-VIO network’s outputs on 
experimental data. 

6.2.3 Experimental Results on Testing Sequences 

This section presents the experimental results. For brevity, only the results for the 

the sequences in the testing set are shown in this section, and the remaining results for 

sequences in the training set are shown in Appendix A. The INS solution is also omitted 

to focus on the model-based EKF and the DL-VIO solutions, but the INS drift times are 

included for each sequence for comparison. Furthermore, a single GNSS correction 

update providing North position, East position, and yaw corrections is applied for each 

system approximately halfway into each sequence, and are indicated by a cyan dot in 

the presented fgures. Given an accurate initialization and the GNSS correction, two 

distinct dead reckoning phases are created, each at approximately 10 minute intervals. 

The intent of the added correction is to better observe the solution drift characteristics 

of the dead reckoning systems over two distinct instances. The vehicle parameters 

used for the model-based EKF are the same as the nominal values defned in Table 
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6.2. These parameters are considered the nominal parameters of the experimental 

test vehicle and the results shown for EKF represents the system’s performance given 

low model uncertainty. 

Sequence 2 Results 

Sequence 2 takes place mostly in Auburn, AL where the test vehicle exits US In-

terstate 85 (I-85) and enters through south Auburn. The trajectory then travels through 

the city towards north Auburn. The position, heading, and hitch angle estimates and 

errors for this sequence are shown in Figure 6.28, Figure 6.29, and Figure 6.30, re-

spectively. The results show a beneft of the DL-VIO over the EKF for all states. For 

this sequence, the DL-VIO errors remain lower than the model-based EKF with nomi-

nal parameters across several metrics. Figure 6.31 shows the error statistics of each 

system for this sequence. The data suggests the DL-VIO network produces consis-

tently lower RMSE, error STD, and max errors than the EKF. Of note, the maximum 

error of the hitch angle is higher for the DL-VIO. This is due to a specifc spike for a 

single instance where the network is unable to make a reliable hitch angle prediction. 

The behavior is observed across all sequences for both hitch angle and yaw angle 

predictions. This is a common symptom of a pure measurement system such as the 

DL-VIO, where outliers may be more common than a smoothed solution from a flter.

In addition, the times it takes for each system to reach 1 meter, 5 meters, and 10

meters of absolute position error from the initial starting point are evaluated. Viewing 

these times reveals the system’s performance from a much tighter scope. In reality, a 

solution with 1000 meters of error and one with 100 meters of error are both considered 

unusable for precise control and guidance applications. This metric observes how long 

each system is able to maintain a certain positioning accuracy from the initial point that 

a position fx becomes unavailable. Figure 6.32 shows the drift times for Sequence 2, 

and it is shown that the DL-VIO is able to maintain accurate positioning for much longer 

periods than the EKF. Improvements are on the scale of tens-of-seconds which may 
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be crucial for high precision control and guidance systems to leverage. This highlights 

a signifcant beneft of the DL-VIO over the EKF. 

Figure 6.28: The position and position errors of the model-based EKF and DL-VIO 
network over Sequence 2. 

Figure 6.29: The yaw and yaw errors of the model-based EKF and DL-VIO network 
over Sequence 2. 
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Figure 6.30: The hitch and hitch errors of the model-based EKF and DL-VIO network 
over Sequence 2. 

Figure 6.31: Error Statistics for Sequence 2 

Figure 6.32: Drift Times for Sequence 2  
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Sequence 4 Results 

Sequence 4 takes place entirely on US Highway 280 and contains no stops, un-

like the other sequences. The test vehicle travels southeast-bound towards Columbus, 

GA, with relatively low dynamics. The position, heading, and hitch angle estimates 

and errors for this sequence are shown in Figure 6.33, Figure 6.34, and Figure 6.35, 

respectively. In this sequence, the DL-VIO greatly outperforms the model EKF, espe-

cially in the frst dead reckoning phase. In the frst phase, a small initial heading error 

of approximately two degrees causes the EKF position error to grow linearly, while the 

DL-VIO is able to maintain signifcantly lower position errors. It is noted that the DL-VIO

solution does begin to drift quicker than the EKF from the 400 second to 600 second 

time interval. After the GNSS correction, it is shown that the EKF slightly outperforms 

the DL-VIO in both magnitude and drift rate, however, both system errors remain below 

200 meters in the second dead reckoning phase. Figure 6.36 reinforces the benefts 

of the DL-VIO showing consistent and signifcant reductions in RMSE, error STD, and 

max errors compared to the EKF system. In addition, Figure 6.37 shows the position 

drift times for Sequence 4. Again, improvements over the EKF are shown on the scale 

of tens-of-seconds. For this sequence, the DL-VIO is able to maintain a position below 

1 meter of absolute error for approximately 10 seconds, and remain below 10 meters 

of absolute error for over one minute. 
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Figure 6.33: The position and position errors of the model-based EKF and DL-VIO 
network over Sequence 4. 

Figure 6.34: The yaw and yaw errors of the model-based EKF and DL-VIO network 
over Sequence 4. 
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Figure 6.35: The hitch and hitch errors of the model-based EKF and DL-VIO network 
over Sequence 4. 

Figure 6.36: Error Statistics for Sequence 4 

Figure 6.37: Drift Times for Sequence 4  
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Sequence 6 Results 

Sequence 6 is the fnal sequence of the collection and mostly follows Alabama 

Highway 169 (AL-169) traveling back towards the NCAT facility. This sequence con-

tains mostly rural features, and includes several sharp cornering turns as the test 

vehicle returns to the facility. The position, heading, and hitch angle estimates and 

errors for this sequence are shown in Figure 6.38, Figure 6.39, and Figure 6.40, re-

spectively. Again, the DL-VIO produces superior positioning solutions compared to 

the EKF. However, for this sequence, larger errors are observed in the yaw estimate, 

especially during sharp turning scenarios. As shown in Figure 6.39, there are sev-

eral instances where the DL-VIO yaw errors are large, especially towards the end of 

the sequence. These errors directly correspond to sharp turning scenarios such as 

90-degree slow turns, and are most likely caused by the network overestimating or 

underestimating yawing motion under these scenarios. Since the yaw solution from 

the DL-VIO is constructed directly from changes in rotations, high errors in rotation 

predictions are added directly in the resulting yaw estimate. This was observed for 

this particular sequence, where the direct ∆ψ predictions from the network had ap-

proximately 3 to 5 degrees of error during these maneuvers. Irrespectively, the error 

statistics shown in Figure 6.41 suggest that overall the DL-VIO remains superior in 

positioning compared to the DL-VIO. However, the appropriate system under these 

circumstances may be dependent on a priority to reduce position drift or to maintain 

reasonable state estimates. Lastly, Figure 6.42 shows the drift times for Sequence 6. 

For this sequence, the DL-VIO is again shown to maintain accurate position for sub-

stantially longer periods than the EKF. Specifcally, the DL-VIO is able to remain below 

1 meter of absolute position error for over 40 seconds and below 10 meters of absolute 

error for over two minutes. 
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Figure 6.38: The position and position errors of the model-based EKF and DL-VIO 
network over Sequence 6. 

Figure 6.39: The yaw and yaw errors of the model-based EKF and DL-VIO network 
over Sequence 6. 
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Figure 6.40: The hitch and hitch errors of the model-based EKF and DL-VIO network 
over Sequence 6. 

Figure 6.41: Error Statistics for Sequence 6 

Figure 6.42: Drift Times for Sequence 6  
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Chapter 7 

Conclusions and Future Works 

7.1 Conclusions 

In this thesis, a vehicle model based dead reckoning system, and a deep learning 

based dead reckoning system were designed and evaluated for GNSS independent 

navigation and state estimation of class 8 vehicles. A derivation for a tractor-trailer 

model was detailed and a navigation EKF that uses the model’s state estimates was 

designed. Then, a deep learning alternative was proposed to address the shortcom-

ings of the model-based method. A brief background on modern deep learning tech-

niques was discussed, and these concepts were extended towards the design and 

evaluation of a deep learning model that ingests only sensor data to predict changes 

in vehicle odometry and hitch angle estimates. The proposed deep learning model 

is similar to traditional VIO, but it is able to ingests image, IMU, and CAN bus data to 

produce predictions without requiring direct information of the vehicle model, or sensor 

models (e.g., camera intrinsic and extrinsic parameters, IMU error model, camera to 

IMU orientation, etc.). 

The navigation and state estimation performance of the model based method and 

deep learning method were evaluated through various Monte Carlo simulations. The 

Monte Carlo simulations reinforced the limitations of the model based method, show-

ing large errors in both navigation and hitch angle states in the presence of model 

uncertainty. Furthermore, the simulations highlighted the effectiveness of the deep 

learning approach, and showed that the network was able to consistently outperform 

traditional INS and the model-based EKF given the same IMU errors. 
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Finally, the model-based EKF and DL-VIO network were evaluated and compared 

on experimental data. Data was collected throughout Auburn and Opelika, AL and split 

into sequences for training and testing purposes. Through experiments, the DL-VIO 

was shown to be a superior dead reckoning system to the model-based EKF, even 

when model parameters are well known. The neural network was able to often predict 

the position, orientation, and hitch angle with signifcantly lower errors than the EKF. 

However, it was found that under certain maneuvers such as sharp turns, the DL-VIO 

may struggle to produce accurate estimates and the EKF solution then becomes more 

reliable. It was found that perhaps the most valuable beneft of the DL-VIO was that the 

system showed signifcantly slower drift times than the EKF and was able to maintain 

reasonably accurate positioning for much longer periods of time. 

Overall, the proposed deep learning method proves to be a benefcial dead reck-

oning alternative through the simulations and experiments conducted in this thesis. 

The deep learning approach shows potential to be powerful by design as it does not 

require specifc knowledge about the system or sensors, unlike traditional dead reck-

oning systems. For changes in sensor setup or quality, the network may always be ex-

tended by retraining on new data. Nevertheless, the proposed deep learning approach 

is not without faults. At its core, it is still a dead reckoning system that will degrade over 

time. Additionally, the tested system produces pure measurements which are prone to 

outliers and erroneous errors. This is especially true for deep learning systems where 

it may fail to generalize to unseen data. Some methods to overcome these challenges 

are discussed next as areas of potential future work. 

7.2 Future Works 

The frst approach to smooth out the measurements from the neural network is to 

fuse them in a flter context. Although, the network model was designed to fuse the 

different modalities internally, the system is a black box by design and users have little 

control over the quality and accuracy of the network’s predictions beyond the training 

data and different training approaches. With a classical flter such as the KF or EKF, 
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measurements can be weighted, and the flter can facilitate how much infuence it has 

over the states depending on the measurement uncertainty. This allows additional 

control of the measurements which can be critical to eliminating the outliers and high 

errors from the pure DL-VIO measurements. However, given the current predictions 

from the DL-VIO, creating a measurement model that relates to the states of the EKF 

used in this thesis is not trivial. The hitch angle prediction can be mapped directly to 

the state, but the changes in odometry are functions of the current state and a pre-

vious state which requires special handling. Furthermore, the absolute North, East, 

and yaw measurements that are constructed from the DL-VIO’s predictions may not be 

mapped directly to the states without violating the Kalman flter’s assumptions. This is 

because the absolute measurements are computed by accumulating the motion pre-

dictions over time, thus its errors are correlated in time. A simple approach to use 

the outputs from the DL-VIO is to convert the changes in motion to velocity and rate 

measurements. However, the benefts of this may be limited as the DL-VIO runs at a 

lower rate than most IMUs. Further investigations to developing a correct measure-

ment model that effectively relates the DL-VIO outputs to the states would be greatly 

valuable. 

Another possible research avenue is to extend the deep learning network’s capa-

bilities. While the best attempts were made to train and evaluate the network on di-

verse data, an extension to the dataset would almost always improve robustness. For 

example, no nighttime data was collected or evaluated experimentally, and it is most 

likely that the present network would struggle to produce accurate measurements un-

der these conditions. In addition, the inputs from each modality were used in whole 

and no quality corruption or modality dropout was investigated. This makes the current 

trained network sensitive to sensor corruption and outages. 

Finally, an extension to the sensor suite may also be explored. This work uses a 

limited sensor suite to predict changes in odometry and hitch angle, but additional sen-

sors may extend what the network is able to observe and predict. A core contribution 

of the neural network approach is that it is able to ingest sensor data directly without 
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any external information about the system, thus adding additional sensors would only 

require redesigning how the input data is ingested and fused. Overall, given that the 

direct measurements from DL-VIO presented in this thesis shows promising results, 

developing additional features are likely to lead to performance gains. 
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Appendix A 

Experimental Results on Training Sequences 

In this Appendix, the results from the training sequences (i.e., Sequences 1, 3, 

and 5) are shown. The results match closely with those of shown for the experimental 

testing sequences (i.e., Sequences 2, 4, and 6). 

Sequence 1 Results 

Figure A.1: The position and position errors of the model-based EKF and DL-VIO 
network over Sequence 1. 
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Figure A.2: The yaw and yaw errors of the model-based EKF and DL-VIO network 
over Sequence 1. 

Figure A.3: The hitch and hitch errors of the model-based EKF and DL-VIO network 
over Sequence 1. 
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Figure A.4: Error Statistics for Sequence 1 

Figure A.5: Drift Times for Sequence 1 
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Sequence 3 Results 

Figure A.6: The position and position errors of the model-based EKF and DL-VIO 
network over Sequence 3. 

Figure A.7: The yaw and yaw errors of the model-based EKF and DL-VIO network 
over Sequence 3. 
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Figure A.8: The hitch and hitch errors of the model-based EKF and DL-VIO network 
over Sequence 3. 

Figure A.9: Error Statistics for Sequence 3 

Figure A.10: Drift Times for Sequence 3 
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Sequence 5 Results 

Figure A.11: The position and position errors of the model-based EKF and DL-VIO 
network over Sequence 5. 

Figure A.12: The yaw and yaw errors of the model-based EKF and DL-VIO network 
over Sequence 5. 
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Figure A.13: The hitch and hitch errors of the model-based EKF and DL-VIO network 
over Sequence 5. 

Figure A.14: Error Statistics for Sequence 5 

Figure A.15: Drift Times for Sequence 5 
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Appendix B 

Swapped Training and Testing Results 

In this Appendix, the training and testing datasets used for the main results are 

swapped for comparison. For the following results, the training set is composed of 

Sequences 2, 4, and 6 and the testing set is composed of Sequences 1, 3, and 5. 

It was observed that by swapping the datasets, the overall performance of the 

DL-VIO became worse for several of the sequences. This is especially evident in the 

position and orientation error statistics. The hitch angle results vary depending on 

the sequence but is mostly similar to the results shown using the original datasets. 

However, it is important to note that although the overall position and orientation per-

formance generally degraded, the DL-VIO is still able to maintain positioning accuracy 

for much longer periods of time than the EKF. For certain sequences (e.g., Sequences 

2, 3, and 5), it was found that the times to reach certain positioning errors increased 

despite the overall position and orientation solutions degrading. The observed dif-

ferences in the results are most likely due to a distribution mismatch between the 

datasets. Further investigation is necessary to determine the source of the mismatch, 

and what representations in the training data is required to optimally train the model. 
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B.1 Results on Testing Sequences 

Sequence 1 Results 

Figure B.1: The position and position errors of the model-based EKF and DL-VIO 
network over Sequence 1. 
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Figure B.2: The yaw and yaw errors of the model-based EKF and DL-VIO network 
over Sequence 1. 

Figure B.3: The hitch and hitch errors of the model-based EKF and DL-VIO network 
over Sequence 1. 
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Figure B.4: Error Statistics for Sequence 1 

Figure B.5: Drift Times for Sequence 1 
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Sequence 3 Results 

Figure B.6: The position and position errors of the model-based EKF and DL-VIO 
network over Sequence 3. 

Figure B.7: The yaw and yaw errors of the model-based EKF and DL-VIO network 
over Sequence 3. 
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Figure B.8: The hitch and hitch errors of the model-based EKF and DL-VIO network 
over Sequence 3. 

Figure B.9: Error Statistics for Sequence 3 

Figure B.10: Drift Times for Sequence 3 
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Sequence 5 Results 

Figure B.11: The position and position errors of the model-based EKF and DL-VIO 
network over Sequence 5. 

Figure B.12: The yaw and yaw errors of the model-based EKF and DL-VIO network 
over Sequence 5. 
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Figure B.13: The hitch and hitch errors of the model-based EKF and DL-VIO network 
over Sequence 5. 

Figure B.14: Error Statistics for Sequence 5 

Figure B.15: Drift Times for Sequence 5 
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B.2 Results on Training Sequences 

Sequence 2 Results 

Figure B.16: The position and position errors of the model-based EKF and DL-VIO 
network over Sequence 1. 
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Figure B.17: The yaw and yaw errors of the model-based EKF and DL-VIO network 
over Sequence 2. 

Figure B.18: The hitch and hitch errors of the model-based EKF and DL-VIO network 
over Sequence 2. 
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Figure B.19: Error Statistics for Sequence 2 

Figure B.20: Drift Times for Sequence 2 
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Sequence 4 Results 

Figure B.21: The position and position errors of the model-based EKF and DL-VIO 
network over Sequence 4. 

Figure B.22: The yaw and yaw errors of the model-based EKF and DL-VIO network 
over Sequence 4. 
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Figure B.23: The hitch and hitch errors of the model-based EKF and DL-VIO network 
over Sequence 4. 

Figure B.24: Error Statistics for Sequence 4 

Figure B.25: Drift Times for Sequence 4 
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Sequence 6 Results 

Figure B.26: The position and position errors of the model-based EKF and DL-VIO 
network over Sequence 6. 

Figure B.27: The yaw and yaw errors of the model-based EKF and DL-VIO network 
over Sequence 6. 
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Figure B.28: The hitch and hitch errors of the model-based EKF and DL-VIO network 
over Sequence 6. 

Figure B.29: Error Statistics for Sequence 6 

Figure B.30: Drift Times for Sequence 6 
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