
Tube MPC for Robust Lateral Control of a Class 8 Tractor-Trailer with Parameter 
Uncertainty 

by 

Evan Ellison 

A thesis submitted to the Graduate Faculty of 
Auburn University 

in partial fulfllment of the 
requirements for the Degree of 

Master of Science 

Auburn, Alabama 
August 8, 2026 

Keywords: Autonomy, ADAS, Model Predictive Control 

Copyright 2026 by Evan Ellison 

Approved by 

David Bevly, Bill and Lana McNair Professor 
Scott Martin, Professor of Mechanical Engineering 
Ehsan Taheri, Professor of Aerospace Engineering 



Abstract 

This thesis presents a Model Predictive Control (MPC) design for motion planning and con-

trol of a fve axle tractor-trailer vehicle. The targeted use case for this design is for Society of 

Automotive Engineers (SAE) Level 3-4 features which may include automated highway driving 

and lane change or obstacle avoidance maneuvers. Autonomous control of commercial tractor 

trailer vehicles, specifcally class 8 trucks, presents unique challenges due to the need for specifc 

safety guarantees and lack of accurate knowledge of all of the model parameters, such as the mass 

and yaw inertia of the payload in the trailer. These challenges can be handled in part by MPC 

due to its ability to enforce constraints and fnd optimal trajectories with respect to an objective. 

Additionally, many techniques for ensuring constraints are satisfed under uncertainty exist which 

can prove useful for this application. In this thesis, a commonly used dynamic model for tractor-

trailers is frst presented. Next, a full prediction model for use in the MPC is developed, which 

combines the equations for propagating position with respect to the road and a model for the steer-

ing actuator with the lateral dynamic model of the vehicle. An MPC design is then introduced 

by defning the optimal control problem and solving it as a Quadratic Program (QP). The MPC is 

able to plan and execute a trajectory that ensures constraints related to the vehicle’s position and 

trailer states such as the hitch angle can be met. A higher update rate feedback controller is used to 

aid the tracking of the latest solution between MPC updates. A constraint tightening technique is 

also applied which constructs an error tube around the planned trajectory based on the uncertainty 

of model parameters. An analysis of the total accuracy and performance in different scenarios is 

presented. The combined online planning and control scheme is validated in simulation, and the 

MPC performance with and without constraint tightening is compared for several relevant scenar-

ios, and improvements in the number of scenarios that satisfy the lateral position and hitch angle 

constraints is demonstrated. Finally, the real-world capability of the design is demonstrated on 
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an autonomy capable Peterbilt 579 with a trailer attached. The experimental testing demonstrates 

the feasibility of the concept for real-time control through lane keeping tests, resulting in absolute 

tracking errors with at most a mean of 18.9 cm and a standard deviation of 11.9 cm. 
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Chapter 1 

Introduction 

1.1 Background and Motivation 

Full and partial autonomous driving features for commercial vehicles are currently an active 

area of product development and research due to the proposed benefts of these features. The 

potential benefts of these features include enhanced safety and reduction of driver fatigue, which 

in turn can increase the amount of time that a trucking feet is safely operating [1]. The currently 

available Advanced Driver Assistance Systems (ADAS) features vary in function and in how they 

are implemented, but are typically classifed into six levels of autonomous driving, as defned by 

the SAE Levels of Automated Driving J3016 standard, and summarized by the graphic shown in 

Figure 1.1 [2]. 

SAE Level 1-2 features such as Adaptive Cruise Control (ACC), lane centering, and automatic 

emergency braking have become common on commercial trucks. In particular, truck manufactur-

ers have included systems that provide limited lateral control of the vehicle. Daimler Truck has 

equipped some of their vehicles with the Detroit Assurance 5.0 ADAS system. This system in-

cludes Lane Keep Assist (LKA), which uses ”micro-steering movements” to assist the driver in 

maintaining their lane, and a Side Guard Assist (SGA) system which can warn the driver of an 

impending collision with a vehicle to its side but does not steer to avoid a collision [3]. Volvo 

Truck’s Pilot Assist system provides lane centering in a similar way to aid the driver [4]. 

Development of more advanced autonomy features is also an area of active interest. PlusAI 

has partnered with Bosch to develop what is described as a Level 2++ feature which is intended 
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to control the vehicle for extended periods of time without driver intervention and can handle 

scenarios such as traffc jams or merging autonomously [5]. Additionally, companies such as 

Aurora and Kodiak have begun testing full autonomy systems [6, 7]. 

Automated control of these vehicles presents a variety of unique challenges compared to 

passenger cars. These include the need to account for the position of the trailer with respect to 

the road, objects, and other vehicles. Other challenges include the unknown quantities introduced 

by the fact that trailers can be exchanged and may have different confgurations, cargo can be 

added or removed, and the tire parameters can vary. These challenges make model-based control 

techniques more diffcult due to the fact that many parameters cannot be assumed to be known a 

priori. Instead, they must be estimated or bounds on them are assumed. The challenges related to 

the modeling of the vehicle are exacerbated by the diffculty of directly measuring the hitch angle 

of the trailer without equipping it with sensors. 

The focus of this thesis is on the design of a lateral control system for on-road driving of a 

commercial tractor-trailer vehicle. In particular, this system is designed to be part of an SAE Level 

2-3 ADAS feature which is capable of performing an autonomous avoidance maneuver to avoid 

objects or vehicles in the road. The method presented could also be used as a subsystem of a feature 

which is capable of extended periods of autonomous driving on highways. The system presented 

in this thesis aims to accomplish online planning and control for autonomous lane-keeping and 

avoidance tasks using a Model Predictive Control (MPC) design combined with a higher update 

rate feedback controller. This design is able to constrain the states of the vehicle, including the 

position of the tractor and hitch angle of the trailer, to ensure lateral maneuvers are executed in a 

way that is safe for avoiding collisions during on-road driving. Additionally, the algorithm aims to 

ensure these constraints are satisfed even when some of the vehicle parameters may be estimated 

or are not known exactly. 
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Figure 1.1: SAE J3016 Levels of Driving Autonomy [2] 

1.2 Prior Work 

While systems for automated control of tractor trailer vehicles exist in various forms in indus-

try, the control techniques used are not always available to the public. However, MPC has recently 

emerged in the research literature as a popular method for control of ground vehicles. MPC is a 

form of optimal control that operates on the receding horizon control principle. This means that the 

control action consists of solving an Optimal Control Problem (OCP) over a fnite horizon and then 

enacting the frst predicted optimal control input. At each update, the horizon is shifted forward 

and the process is repeated [8]. MPC has become a popular method for ground vehicle control in 

part due to its ability to explicitly place constraints on the states and control variables throughout 

the prediction horizon. 
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A variety of MPC implementations using a kinematic model of an articulated vehicle have 

been proposed in the literature. Earlier work on this topic demonstrated an implementation of 

MPC using a kinematic model of a tractor trailer for path tracking applications, showing improved 

lateral error performance compared to LQR [9]. The method proposed in [9] also demonstrated 

the ability to control the trailer position. In [10], a kinematic model was used in the MPC and a 

method of adapting the parameters of the controller was implemented to improve performance. The 

control method was validated in the commercial simulation software TruckSim, and experimental 

tests were carried out on an autonomous semi-trailer truck at speeds of approximately 18 mph 

[11]. While an MPC based on a kinematic model of the vehicle can produce reasonable results, as 

speeds increase and the vehicle is experiencing more slip a dynamic model produces more accurate 

predictions. An MPC design using a kinematic model would be best suited for low speed driving 

tasks, and using a dynamic model in the design would be needed for accurate prediction at higher 

speeds. 

Approaches using a dynamic model within an MPC framework have also been proposed. Lin-

ear MPC using a dynamic model of a tractor and semi-trailer was demonstrated in [12]. The author 

also compared MPC using the dynamic model against a design based on a kinematic model. Fur-

thermore, a dynamic model that included roll and non-linear tire models was compared against 

a model that neglected these effects. The techniques compared in this study are referred to as 

Nonlinear Model Predictive Control (NMPC) due to the use of nonlinear dynamic models. The 

authors conducted a comparison in simulation, and found that NMPC performed better than LQR 

at aggressive driving tasks. They also found that the use of the dynamic model, even without 

inclusion of roll and nonlinear tire models, showed improvement over the kinematic model. How-

ever, the authors cited implementation of Robust Model Predictive Control (RMPC), specifcally 

to handle parameter uncertainty, as a necessary area of exploration for future work on this prob-

lem. Furthermore, although the NMPC designs that were presented showed promising real-time 

capability, the analysis was conducted in simulation only. In [13], a design of an SAE Level 2 lane 

keeping system was presented which used a dynamic model within an NMPC scheme. While this 
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method demonstrated the capabilities of NMPC for this application through experimental testing 

on a truck, it operated as a path tracking controller which followed pre-defned waypoints given 

by a lead vehicle. The controller minimized squared error to the set of provided waypoints, but 

was not intended for standalone planning and execution of maneuvers given a set of constraints. 

Additionally, waypoint following performance at a speed of 25 mph was demonstrated, achieving 

a lateral RMSE of approximately 27 cm. However, avoidance maneuvers with position constraints 

on the tractor and trailer were not considered, and the effect of parameter uncertainty was not 

analyzed. 

MPC has shown potential to be a powerful control technique for control of ground vehicles 

including tractor-trailers. However, the effect of parameter uncertainty is a major concern for any 

model-based design. A wide range of techniques for managing uncertainty have been proposed that 

fall under the broad category of RMPC. A basic form of tube-based RMPC, sometimes referred to 

simply as constraint tightening, assumes a feedback controller is active throughout the horizon and 

constructs an error bound around the nominal prediction. Tightened constraints are then calculated 

such that every trajectory that stays within the error bounds will satisfy the original constraints 

[8, 14]. For a Linear Time Invariant (LTI) system with an additive disturbance, the error bound is 

constructed offine because the tube will be the exact same size regardless of the trajectory. For 

cases where the system is not LTI or the uncertainty is not an additive disturbance, constructing an 

accurate error tube becomes more complicated. Recent work has used the concept of closed loop 

state sensitivity to model the error around a predicted trajectory caused by error in the parameters. 

This concept was demonstrated for offine trajectory planning of a quadrotor in [15]. In that work, 

the sensitivity matrix itself was included in the cost so that a trajectory was chosen that was in-

herently robust to parameter error. In [16], the concept of closed loop state sensitivity was used to 

explicitly construct an error tube around the predicted trajectory for use in an RMPC method. The 

method proposed by the authors was tested in simulation and in real experiments on a quadrotor 

and showed improvements in constraint satisfaction. The tube propagation method was extended 

in [17] to account for uncertainty in the initial state estimate and estimates of obstacle locations 
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as well as the model parameter estimates. One of the most popular methods for handling param-

eter uncertainty has been Scenario MPC, in which multiple versions of the model are sampled. 

Constraints are then enforced on every realization of the model. However, this can lead to a large 

increase in the number of decision variables, increasing computation time [18, 19]. The sensitivity 

based method, denoted by the authors of [16] as Sensitivity-aware Tube MPC (ST-MPC), aims to 

account for parameter uncertainty while maintaining computational effciency. 

RMPC has also seen some success in ground vehicle applications. In [20], the authors demon-

strated a tube MPC approach for a passenger car. The disturbances were modeled as an additive 

disturbance and a constant tube radius was used in the design. The authors demonstrated cases 

of high speed obstacle avoidance in simulation and in experimentation, with the RMPC method 

showing improved robustness. RMPC methods have also been applied to tractor-trailer vehicles. 

In [21], the authors applied tube MPC to a small agricultural tractor trailer vehicle and demon-

strated trajectory tracking capabilities. An additive disturbance model was used in that work, with 

tightened constraints computed offine. More recently, a robust MPC method was demonstrated 

for a combination vehicle with two trailers in simulation by Han et al. [22]. The authors applied a 

constraint tightening method based on the effect of varying trailer mass on the hitch angle transfer 

functions. The constraint tightening method ensured that the geometric lane-keeping constraints 

were satisfed on curved roads, and improved performance was demonstrated compared to con-

trollers which did not account for the uncertainty in trailer masses and other parameters which are 

affected by trailer masses. 

In addition to the control techniques available in the literature, there has been a signifcant 

amount of research on state estimation, parameter estimation, and rollover prevention. Contribu-

tions in these areas are relevant to this thesis because they inform the design of the control system. 

Most importantly, feedback of trailer hitch angle and hitch rate is assumed to be available. Despite 

this assumption, obtaining measurements of the trailer states is not a trivial task because adding 

sensors to the trailer itself is not viable for commercial trucking. However, recent work has demon-

strated the potential for obtaining measurements of trailer angle without the need for adding sensors 
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to the trailer [23]. This is accomplished through the use of a Convolutional Neural Network (CNN) 

in combination with rear facing cameras on the cab and was demonstrated in simulation. Estima-

tion of the model parameters is another important component. The authors of [24] demonstrate the 

ability to estimate the vehicle’s mass to within 10 percent. Considering that approximate values 

of some parameters can be assumed given the mass, and other parameters can be estimated using 

this quantity, knowledge of the mass provides a valuable starting point for obtaining other model 

parameters. Finally, rollover is a major concern when automating lateral control of tractor trailer 

vehicles. State of the art methods for automated rollover prevention using data-driven techniques 

are described in [25], which could be combined with different control methods. These develop-

ments are not alternatives to the work presented in this thesis, but are relevant background material 

which demonstrate how the control methods presented in this thesis may ft into automated driving 

features for tractor-trailers. 

1.3 Contributions 

While NMPC techniques have been demonstrated for control of tractor-trailers, this thesis 

presents a Linear Time Varying (LTV) MPC design that can be solved as a QP and is experimentally 

validated on a Class 8 truck with trailer attached. Additionally, a real-time suitable implementation 

of a robust MPC method to account for parameter uncertainty is presented. The method used to 

account for parameter uncertainty used in Sensitivity-aware Tube MPC is adapted for this thesis, 

and provides a computationally effcient way of improving robustness to parameter uncertainty. 

Specifcally, the contributions in this thesis are: 

• An LTV MPC design for tractor trailers that uses a dynamic model of the vehicle and can be 

solved as a quadratic program (QP). 

• An implementation of a constraint tightening method based on the sensitivity of the dynamic 

model to its parameters, and an analysis of the scenarios in which it can improve constraint 

satisfaction. 
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• A validation of the proposed methods for obstacle avoidance in simulation, and experimental 

demonstration of the real-time capability in lane keeping tests on a Class 8 truck with a trailer 

attached. 

1.4 Thesis Outline 

There are fve remaining chapters in this thesis. Chapter 2 contains the derivation of the lateral 

dynamic model for a fve axle tractor-trailer vehicle, along with a model that uses road curvature 

to mechanize position of the vehicle with respect to the road. The full prediction model used in 

the MPC is presented, which also includes a steering actuation model. Chapter 3 includes the 

model from Chapter 2 into the design of the control strategy. First, the MPC design is introduced. 

Then, a method of creating error bounds on the MPC prediction based on parameter uncertainty is 

presented. Finally, the procedure used for real-time implementation is detailed, which incorporates 

the error bounds on the prediction and includes a higher update rate feedback controller used to 

maintain tracking of the MPC trajectory between updates. Chapter 4 presents simulation results 

which validate the approach presented in Chapter 3 with analysis of several relevant scenarios. 

Chapter 5 presents results from a real-time implementation on a test vehicle to demonstrate the 

capability of the proposed method. Finally, Chapter 6 includes the conclusions and summary of 

this work, and provides suggestions for future work. 
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Chapter 2 

Vehicle Modeling 

2.1 Lateral Dynamic Model 

The lateral dynamic model for tractor-trailers used in this thesis is a single-track fve axle 

model which was derived in [26] and further validated in [27]. Core assumptions associated with 

the single track nature of the model are that there is a single effective steer angle at the front axle 

and the cornering stiffnesses of the tires are combined for each axle. The free body diagram is 

shown in Figure 2.1, where the states are labeled and include tractor yaw ψ, tractor yaw rate ψ̇, 

tractor lateral velocity vy, hitch rate γ̇ , and hitch angle γ. Masses and yaw inertias of the tractor 

and trailer are labeled m1, J1, and m2, J2 respectively. The body frame is fxed to the center of 

gravity of the tractor and the y axis is positive out of the driver side while angular rates, yaw and 

hitch angle are counter-clockwise positive. 

The model is derived in [26] using the Lagrange method because this provides a straight 

forward way to account for the relationship between the tractor and trailer. The frst step in deriving 

the equations of motion is to write the Lagrangian, which in this context is defned as the difference 

between kinetic energy, T, and potential energy, V, and is shown in Equation (2.1). 

L = T − V (2.1) 

Equation (2.2) shows the Lagrangian for this model, which is made up of translational and 

rotational kinetic energies of the tractor and trailer. 
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Figure 2.1: 5 Axle Tractor-Trailer Diagram [26] 

1 1 1 12 2 2 2ψ̇2 ψ̇2L = m1(vx + vy ) + J1 + m2(vx,trailer + vy,trailer) + J2 trailer (2.2)
2 2 2 2 

The next step in the derivation is to choose a set of generalized coordinates, q, that represent 

the problem well. For this model these coordinates are the y coordinate in the body frame of the 

vehicle, yaw, and hitch angle, and are shown in Equation (2.3). 

� �T 

q = y ψ γ (2.3) 
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Relationships between the tractor and trailer velocities can also be defned, which relate the 

trailer translational and angular velocities to the generalized coordinates. The frst relationship is 

between longitudinal velocities and is given in Equation (2.4). 

vx,trailer = vx + dsin(γ)(ψ̇ + γ̇) (2.4) 

In [26], the assumption is made that vx,trailer ≈ vx, which follows from the assumption that the 

hitch angle, γ, remains small. The second relationship is between the tractor and trailer lateral 

velocities given by Equation (2.5). 

vy,trailer = vy − (c + dcos(γ))ψ̇ − dcos(γ)γ̇ (2.5) 

Using the above two relationships, Equation (2.2) can be expressed in terms of only the masses, 

inertias, and the generalized coordinates. Once in this form, the Lagrange equation, shown in 

Equation (2.6), can be applied, where Qq represents the generalized force for each generalized 

coordinate [28]. � � 
d ∂L ∂L − = Qq (2.6)
dt ∂q̇i ∂qi 

The generalized forces represent how external forces and moments are applied to the system, which 

in this case are due to the forces at the tires. Once it is evaluated, Equation (2.6) produces three 

equations of motion for vy, ψ̇, and γ̇ . 

The equations resulting from Equation (2.6) are not evaluated here because they are most 

easily evaluated in software with a symbolic math toolbox, although a more detailed derivation is 

provided in [26]. These equations of motion are augmented with integral states for yaw and hitch 

angle and result in the full form of the model found in [26] and shown in Equation (2.7), where M 
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is the mass matrix, K is the stiffness matrix, and F is the input matrix. 

M ẋ w = Kxw + Fδ (2.7) 

ẋ w = M−1Kxw + M−1Fδ (2.8) 

Aw = M−1K, Bw = M−1F (2.9) 

The M, K, and F matrices used in this thesis are provided in full in Appendix A. Note that although 

Aw and Bw depend on the steer angle and hitch angle, in this thesis these matrices are always 

constructed around δ = 0 and γ = 0. This results in a linear model which has vx as a parameter. 

The states of this model are shown in Equation (2.10) and are denoted with a subscript w to avoid 

confusion. 

 

xw = 

 

vy 

ψ̇ 

ψ 

γ̇ 

γ 

 

(2.10) 

2.2 Road Representation 

A way of mechanizing the position of the vehicle is also needed in the prediction model. 

The position can be mechanized in a local cartesian frame by numerically integrating Equations 

(2.11-2.12), where xl and yl are the position in the local frame. 

ẋl = vxcos(ψ) − vysin(ψ) (2.11) 

ẏl = vxsin(ψ) + vycos(ψ) (2.12) 
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However, a curvilinear coordinate frame, commonly referred to as a Frenet frame, can be con-

structed that follows a reference curve instead [29]. Because the application of this work is for 

on-road driving, this coordinate system can be constructed along the centerline of a lane and pro-

vides a useful way to mechanize position with respect to the road. Equations (2.13)-(2.15) are 

used to mechanize the position of the vehicle with respect to this curvilinear frame, where s is 

the distance moved along the reference curve (along track), e is the cross track distance from the 

reference curve, and ψrel is the relative yaw from the reference curve [29]. 

vxcos(ψrel) − vysin(ψrel) 
ṡ = (2.13)

1 − κe 

ė = vxsin(ψrel) + vycos(ψrel) (2.14) 

ψ̇ 
rel = ψ̇ − κṡ (2.15) 

The curvature of the road, κ is also needed, and is a function of the along track distance if the 

curvature of the road is not constant. The along track coordinate, s, is considered to be positive in 

the direction of travel, lateral position is positive to the left of the curve, and relative heading is 

positive counter-clockwise. Road curvature is also considered to be positive for left turns. Figure 

2.2 illustrates the curvilinear and cartesian coordinate frames and sign conventions used throughout 

this thesis. 

Use of the curvilinear frame provides several benefts in the MPC design. Most importantly, 

it allows for simple calculation of lateral distance from the reference curve and allows linear con-

straints to be placed on the cross-track (lateral) distance state, e. Furthermore, the linearization 

of these equations is simple because, for on-road driving, relative heading and lateral position re-

main small. Therefore, linearizing about zero for these variables in Equations (2.13-2.15) is an 

appropriate assumption. The linearization is discussed in more detail in Section 2.4. 
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+e
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+y

Figure 2.2: Curvilinear and Cartesian Coordinate Frames 

2.3 Steering Actuator 

Steering actuation on the vehicle used in this thesis is achieved by a motor which receives a 

commanded steer angle from the user and acts on the steering column of the vehicle. However, 

in systems such as these, an internal control loop handles the actual tracking of the desired steer 

angle sent by the user. The action of this internal control loop is hidden from the designer, but 

some assumptions can be made on how the entire steering actuation system operates. At some 

point in the actuation, a voltage is supplied to the motor which produces a torque that moves the 

wheel to the desired position. However, there is a limit on how much torque can be used by the 

motor and there can also be limits on the steer rate the motor is allowed to achieve. Figure 2.3 

shows a block diagram of the steering actuation system, where V is the voltage at the motor and 

saturation is shown at both of the possible locations. G(s) represents the lumped dynamics from 

voltage at the motor to angular velocity of the steering column. 
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V
G(s)

Figure 2.3: Steering Actuation System Block Diagram 

The entire steering system model is simplifed to a frst order model, shown in Equation (2.16), 

for inclusion in the MPC design. The response of this model is defned by the time constant, τδ, 

but is shown in Equation (2.16) with aδ which is equal to 
τ 
1 
δ 
. 

δ̇ = aδ(δcmd − δ) (2.16) 

Even though a simplifed model for the steering control system is used in the design, an under-

standing of the full actuation is helpful to understand the behavior of the steering actuator and 

demonstrates the need for hard constraints on steering rate in the MPC. 

2.4 Full Prediction Model and Linearization 

Combining the position mechanization equations, the lateral dynamic model, and the steering 

dynamics, the full prediction model can be defned in state space form by Equation (2.17), where 
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ẋ is a function of the states x, control input u, and the model parameters p. 

 
1 

1−κe (vxcos(ψrel) − vysin(ψrel))ṡ 

ė 

 

 

 

 

sin(ψrel) + vycos(ψrel)vx 

ψ̇rel 

v̇x 

ẋ w 

ψ̇ − κṡ 

0 

Awxw + Bwδ 

(2.17)= 

δ̇ aδ(δcmd − δ){z| {z } | } 
ẋ f (x,u,p) 

Note that the dimension of ẋ w from the lateral dynamic model given previously by Equation (2.8), 

is 5x1, but the lateral dynamic model has been inserted as a block for simplicity. The longitudinal 

velocity of the vehicle, vx, was also included as a state to complete the mechanization equations. 

However, since longitudinal control is not considered in this design, v̇x is always assumed to be 

zero, and vx is instead updated each time the model is linearized. 

The model now includes all of the parameters shown in Table 2.1. These include the positions 

of each axle, trailer hitch and center of gravity locations, total cornering stiffness at each axle, 

curvature of the road, and the time constant of the steering actuator. A linearized model was 

created by taking the partial derivatives of each component of Ẋ with respect to each component 

of X , resulting in the continuous time A and B matrices of the linearized model given by Equation 

(2.18) [30]. 

Ac = 
∂f |x0,u0 ,∂x

Bc = 
∂f |x0,u0∂u

(2.18) 
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Table 2.1: Model Parameters 

Parameter Description Units 
Cα,1 Total cornering stiffness of axle 1. N/rad 
Cα,2 Total cornering stiffness of axle 2. N/rad 
Cα,3 Total cornering stiffness of axle 3. N/rad 
Cα,4 Total cornering stiffness of axle 4. N/rad 
Cα,5 Total cornering stiffness of axle 5. N/rad 
m1 Mass of the cab. kg 
m2 Mass of the trailer. kg 
J1 Yaw inertia of the cab. 2kg ∗ m
J2 Yaw inertia of the trailer. 2kg ∗ m
a Distance from cab’s center of gravity (CG) to axle 1. m 
b1 Distance from cab’s CG to axle 2. m 
b2 Distance from cab’s CG to axle 3. m 
c Distance from cab’s CG to hitch point. m 
d Distance from hitch point to trailer’s CG. m 
f1 Distance from hitch point to axle 4. m 
f2 Distance from hitch point to axle 5. m 
κ Road curvature. −1m
aδ Steering actuator parameter. −1sec

Equation (2.19) shows the structure of the continuous A and B matrices in the full linearized model. 

  

ṡ 

ė 

ψrel ˙ 

v̇x 

v̇y 

¨ ψ 

ψ̇ 

γ̈ 

γ̇ 

 

= 

 

0 A12 A13 A14 A15 0 0 0 0 0 

0 0 A23 A24 A25 0 0 0 0 0 

0 0 A33 A34 A35 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 
. . 

0 0 0 0 . . . . 0 

0 0 0 0 . . . Aw . . . Bw 0 

0 0 0 0 
. . . . . . 0 

0 0 0 0 0 

 

 

s 

e 

ψrel 

vx 

vy 

ψ̇ 

ψ 

γ̇ 

γ 

 

+ 

 

0 

0 

0 

0 

0 

0 

0 

0 

0 

 

�� 

δcmd (2.19) | {z } 
u 

δ̇ 0 0 0 0 0 0 0 0 0 −aδ δ aδ | {z } | {z } | {z } | {z } 
ẋ Ac x Bc 
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These matrices must be evaluated at reference values of the states and control variables, x0 and 

u0. The interaction between vx and the lateral dynamics were not considered in this work, so the 

partial derivatives of ẋ w with respect to vx were neglected in the linearization. 

Because the lateral dynamic model is already linearized, Aw and Bw can just be inserted into 

Ac. However, the terms that result from linearizing the mechanization equations also have to be 

calculated by taking the partial derivative of each equation with respect to each state, and these 

calculations are shown in Equations (2.20-2.30). 

∂ṡ κ(vxcos(ψrel) − vysin(ψrel))
A12 = = (2.20)

∂e (1 − κe)2 

∂ṡ −vxsin(ψrel) − vycos(ψrel)
A13 = = (2.21)

∂ψrel 1 − κe 
∂ṡ cos(ψrel)

A14 = = (2.22)
∂vx 1 − κe 
∂ṡ −sin(ψrel)

A15 = = (2.23)
∂vy 1 − κe 
∂ė 

A23 = = vxcos(ψrel) − vysin(ψrel) (2.24)
∂ψrel 
∂ė 

A24 = = sin(ψrel) (2.25)
∂vx 

∂ė 
A25 = = cos(ψrel) (2.26)

∂vy 

∂ ψ̇rel 
A33 = = −κ(−vxsin(ψrel) − vycos(ψrel)) (2.27)

∂ψrel 

∂ψ̇ 
rel κsin(ψrel 

A34 = = (2.28)
∂vx 1 − κe 

∂ψ̇ 
rel −κcos(ψrel)

A35 = = (2.29)
∂vy 1 − κe 

∂ ψ̇rel 
A36 = = 1.0 (2.30)

∂ψ̇ 
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2.5 Discretization 

Once the continuous time A and B matrices have been constructed, they must be discretized 

for use in the MPC design. The discrete time A and B matrices are defned by Equations (2.31-

(2.32)) where Ts is the sample time [30]. 

Ad = e AcTs (2.31) Z Ts 

Bd = e Aτ dτBc (2.32) 
0 

The discrete time matrices can be computed exactly, assuming a zero order hold on the in-

put, by placing Ac and Bc into a larger zero padded matrix, multiplying by the sample time, and 

calculating the matrix exponential. The discrete time matrices can be extracted from the resulting 

matrix. This method, known as the Van Loan method, is shown in Equations (2.33-2.34 )[31]. 

  

Ac Bc 
S =   (2.33) 

0 0 

  

Ad BdSTs   
e =   (2.34) 

0 I 

In the real-time implementation, the matrix exponential was computed using the C++ library 

Eigen [32]. The discrete time system is defned by Equation (2.35), where fd denotes the discrete 

state space equation. 

xk+1 = Adxk + Bduk (2.35)| {z } 
fd(xk,uk,p) 
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Chapter 3 

MPC Design 

3.1 Optimal Control Problem 

The frst step in the design of the MPC is to defne the Optimal Control Problem (OCP) that 

is to be solved. The OCP is made up of the cost and constraints that are applied over a certain 

horizon, and is shown in Equation (3.1). 

Z tf 

min cmd + w ˙ δ̇
2]dt+[(x − xref )

T Q(x − xref ) + Rδ2 
δ

δ∈[δmin,δmax] 0 

(x(tf ) − xref )
T Qtf (x(tf ) − xref ) (3.1) 

subject to: 

ẋ = Acx + Bcδcmd 

x(t0) = x0 

emin ≤ e ≤ emax 

γmin ≤ γ ≤ γmax 

ay,min ≤ ay ≤ ay,max 

δmin ≤ δ ≤ δmax 

δ̇ min ≤ δ̇ ≤ δ̇ max 

For this implementation, the cost consists of a quadratic function of the error between states and 

reference states and control variables integrated over the horizon, with a terminal cost applied to 
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the difference between states and reference at the fnal time in the horizon. A cost is also applied to 

steer rate, δ̇, to penalize aggressive changes in steering. The constraints include equality constraints 

for the dynamics and inequality constraints on the state and control variables, as well as a constraint 

on steer rate. The Q matrix is composed of the cost associated with the state error for each state on 

its diagonal. The structure of Q is shown in Equation (3.2). 

 

Q = 

 

q1 

q2 

. . . 

q10 

 

(3.2) 

The lateral acceleration, ay, is defned as the derivative of body frame velocity with respect to 

the inertial frame as shown in Equation (3.3). 

d2y 
ay = ( )inertial (3.3)

dt2 

Therefore, the ay constraint must be defned using the sum of v̇y and the yaw rate multiplied by 

longitudinal velocity, shown in Equation (3.4) [33]. 

ay = v̇y + ψv˙ x,ref (3.4) 

The reference longitudinal velocity is used to compute this equation so that the constraint remains 

a linear function of the states. Constraining lateral acceleration is necessary so that the MPC will 

only plan trajectories that don’t exceed the handling or rollover limits of the vehicle. 

3.2 Reference Trajectory Construction and Model Evaluation 

Some additional assumptions are used to evaluate the linearized model used at each time in 

the MPC horizon. To accurately model the problem while still allowing for the resulting OCP to 

be solved as a quadratic program, the model was linearized about a reference trajectory at discrete 
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points in the prediction horizon. This procedure results in a linearized model for each discrete 

point in the horizon that can be used to set linear dynamics constraints. Because the longitudinal 

velocity is known a priori, the longitudinal position along the road at the given time in the horizon 

can be calculated. Additionally, the longitudinal velocities throughout the prediction horizon are 

assumed to be known a priori, and the longitudinal velocity profle is denoted vx,ref (t). As a result, 

the longitudinal position sk is used to look up the curvature of the road. Figure 3.1 illustrates the 

information that is calculated along the reference line and is assumed to be known at each time in 

the horizon a priori. Equation (3.5) shows the values that are used to construct the reference states, 

which are used in the evaluation of the cost. 

 R t(k)(k) 
vx,ref (t)s 

 

= 

 

) 

 

ref 0 

(k)
eref eref 

0 

vx,ref (t) 

0 

(k)
ψrel,ref 

(k)
vx,ref 

(k)
vy,ref (k) (3.5)x = ref 
ψ̇

(k) 
ref 

(k)
ψref 

(k) 
ref vx,ref (t)κ(s 

0 

0 

0 

(k)
γ̇ref 

(k)
γref 

(k)
δ 0ref 

The reference states and control variables at each point in the horizon are now used to evaluate 

the cost. Additionally, the road curvature at each time is used to create the linearized discrete A 

and B matrices, Ad and Bd. Note that for some states such as heading, the cost weighting in the Q 

matrix can also be set to zero, so the reference value has no impact. Furthermore, some states such 

as hitch angle and hitch rate may have a reference value of zero but can be constrained to some 

bounds instead. In these cases, the cost on these states is applied to favor these values remaining 

close to zero. 
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Figure 3.1: A Priori Information Along the Reference Curve 

3.3 Formulation as a Quadratic Program 

The OCP presented by Equation (3.1) is solved using direct methods in this work. This means 

the original OCP, which is defned in continuous time, is frst discretized and then solved using 

numerical optimization methods [34]. The decision variables of this new optimization problem are 

the states and control variables at each discrete time in the horizon. The dynamics constraints are 

applied as linear equality constraints relating the states and control at each time step to the states at 

the next time. The discrete version of the problem is given by Equation (3.6), where J is the cost, 

and g(z) is the function containing all the constraints. 

N 
(k) (k) (k)

J(z) = 
X 
[(x(k) − x )T Q(xk − x ) + Rδ 

2 
+ w ˙ δ̇

(k)2 
] +ref ref cmd δ 

k=0 

(N ) (N)
(x(N) − x )T Qtf (x

(N ) − x )ref ref 

Subject to: 

l ≤ g(z) ≤ u (3.6) 
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The vector of decision variables, shown in (3.7) is denoted by z and is made up of the states and 

control variables at each time step labeled with a superscript from 0 to N . 

� �T 

(0)T (0) (k)T (k) (N)T (N)z = x δ . . . x δ . . . x δ (3.7)
cmd cmd cmd 

When the objective function is a quadratic function of the decision variables, and all equality 

and inequality constraints are linear functions of the decision variables, the optimization problem 

can be solved as a Quadratic Program (QP) [35]. A QP is a type of constrained optimization 

problem that is quadratic in the decision variables and has linear equality and inequality constraints. 

Solving the OCP as a QP provides computational benefts because there are algorithms for solving 

QP’s that are computationally effcient, making them suitable for real-time implementation. In 

general, a QP takes the form defned in Equation (3.8), 

min z T Hz + bT z (3.8) 

subject to: 

l ≤ Gz ≤ u 

where H is the hessian of the cost, b is the gradient of the cost, and G is the gradient of the 

constraints function [36]. 

To form the QP, frst the gradient and hessian of the cost are constructed. The gradient is frst 

taken for a single time step, k, which is shown in Equation (3.9). 
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 
∂Jk 

= 

 

∂s 

∂Jk 
∂e 

∂Jk 
∂ψrel 

∂Jk 
∂vx 

∂Jk 
∂vy 

∂Jk 

∂ψ̇ 

∂Jk 
∂ψ 

∂Jk 
∂γ̇ 

∂Jk 
∂γ 

∂Jk 
∂δ 

 

= 

 

2q1(s − sref ) 

2q2(e − eref ) 

2q3(ψrel − ψrel,ref ) 

2q4(vx − vx,ref ) 

2q5(vy − vy,ref ) 

2q6(ψ̇ − ψ̇ 
ref ) 

2q7(ψ − ψref ) 

2q8(γ̇ − γ̇ref ) 

2q9(γ − γref ) 

22q10(δ − δref ) − 2wδ̇ aδ (δcmd − δ) 

 

(3.9)
∂Jk

bk = 
∂zk 

∂Jk 22q11δcmd + 2wδ̇aδ (δcmd − δ)
∂δcmd 

The gradient of J at each stage is then concatenated to create b, which is the gradient of J with 

respect to all of the decision variables, as shown below in Equation (3.10). 

  

b0 

. . . 

bk 

. . . 

bN 

 

(3.10)
∂J 

b = = 
∂z 

The hessian, H , of the cost is also created by taking the derivative of each row in the gradient 

with respect to each of the decision variables. The hessian for one timestep is shown in Equation 
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(3.11). 

 

Hk = 

 

2q1 

2q2 

2q3 

. . . 
. . . 

. . . 

2q9 

22q10 + 2wδ̇aδ 
2−2wδ̇aδ 

2−2wδ̇aδ 
22q11 + 2wδ̇aδ 

 

(3.11) 

The full hessian is created by concatenating the hessian from each time step as shown in Equation 

(3.12). 

 

H = 

 

H0 

H1 

H2 

. . . 

HN −1 

HN 

 

(3.12) 

The dynamics constraints are also converted to their discrete version, and the constraints are rear-

ranged to form the G matrix along with the upper and lower bounds required for the QP. To create 

G, it is useful to split the constraints into equality and inequality constraints, and then concatenate 

them together as shown in Equation (3.13). 
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 
Inx 

(0) (0)
Ad Bd −Inx 

(1) (1)Geq = 

 

 

(3.13)A B −Inxd d 

. . .. . .. . . 

(N ) (N)
Ad Bd −Inx 

The frst 10 rows of Geq applies the initial condition constraint X(k = 0) = X0. Each block 

afterwards enforces the dynamics constraint, Ad,kxk, +Bδcmd = xk+1. The matrix of inequality 

constraints, Gineq, has the structure shown in Equation (3.14). 

 

Gineq = 

 

(0)
Gineq 

(1)
Gineq 

 

(3.14). . . 

(N)
Gineq 

The block structure for time step k is shown in Equation (3.15), where Inx and Inu are identity 

matrices of size nx × nx and nu × nu, respectively. 
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0nu×nu 

0nu×nu 

  

−Inx 0nx×nu 

Inx 0nx×nu 

 

(3.15) 

 
(k)

G −Inu 

Inu 

δ(k) δ(k)− ∂ ˙ − ∂ ˙ 

∂x(k) ∂u(k) 

 

 

ineq,x 

(k)
Gineq,u 

G
(k) 
ineq = = 

(k)
G 
ineq,δ̇ 

∂δ̇(k) ∂δ̇(k) 

∂x(k) ∂u(k) 

(k) (k) 

−∂ay − ∂ay 

∂x(k) ∂u(k) 

(k) (k)
∂a ∂a y y 

∂x(k) ∂u(k) 

(k)
Gineq,ay 

Because δ̇ is an element of ẋ, the partial of δ̇ with respect to x is obtained by extracting the 

row of Ac that corresponds to δ̇. Similarly, to obtain the partial of δ̇ with respect to the input, u, 

the corresponding row of Bc is extracted. Equations (3.16-3.17) show the partial derivatives of δ̇ 

with respect to the state and control variables, where Ac 
(k)
(10, :) denotes the 10th row of matrix Ac 

(k) (k)at time step k, and Bc (10, :) indicates the 10th row of Bc at time step k. 

∂δ̇(k) 
= A(k) 

c (10, :) (3.16)
∂x(k) 

∂δ̇(k) 
= B(k) 

c (10, :) (3.17)
∂u(k) 

The partial derivatives of ay are also needed. However, ay is a function of both v̇y and ψ̇, so its 

partial with respect to the states is slightly more complex and is shown in Equation (3.18). 

∂ay 
(k) 

∂x(k) 

�� 
(k) (k) (k) (k) (k) (k)= Ac (5, 1) . . . Ac (5, 5) Ac (5, 6) + v Ac (5, 7) . . . Ac (5, 10) (3.18)

x,ref 

Because the equation for ay does not directly contain the input, u, the partial with respect to u is 

zero, as shown in Equation (3.19). 
(k)

∂ay 
= 0 (3.19)

∂u(k) 
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The complete constraint matrix, G, is obtained by concatenating Geq and Gineq, and is given in 

Equation (3.20). 

  
Geq G = (3.20) 
Gineq 

The lower and upper bounds on the decision variables of the QP are then defned to match the 

structure of the constraint matrices. First, the equality bounds are created by setting the lower and 

upper bound of the states at k = 0 to force the initial states to be equal to x0. All other values in 

the equality bounds are set to zero so that the dynamics constraints are enforced at each time step. 

The bounds on the equality constraints, denoted l for lower and u for upper, are given in Equation 

(3.21). 

 

leq = 

 

x0 

0 

0 

 

, ueq = 

 

x0 

0 

0 

 

(3.21) 

. . . . . . 
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The inequality bounds, given in Equation (3.22), are constructed to match the structure of Gineq 

with the desired maximum and minimum values at each time step. 

 
(0) (0)

x x 

 

, uineq = 

 

 

maxmin 

(0) (0)
u umaxmin 

(0) 
min 

(0) 
maxδ̇ δ̇ 

(0) (0)
a ay,max y,min 

. . . 
(k) 

. . . 
(k)

x xmaxmin 

(k) (k)
u umaxmin (3.22)lineq = 
(k) 
min 

(k) 
maxδ̇ δ̇ 

(k) (k)
a ay,max y,min 

. . . 
(N) 

. . . 
(N)

x xmaxmin 

(N ) (N )
u umaxmin 

(N) 
min 

(N) 
maxδ̇ δ̇ 

(N) (N)
ay,min ay,max 

The equality and inequality bounds, shown in Equation (3.23), are also concatenated, matching the 

structure of G. 

 

l =  
leq  , u =  

ueq  (3.23) 
lineq uineq 

The optimal solution to the QP defned by Equation (3.8) is referred to as z ∗ , and the optimal 

control and state variables in this solution are u ∗ and x ∗ respectively. 
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3.4 Calculation of Error Bounds from Parameter Sensitivity 

A constraint tightening method is also applied to improve the robustness of the design. To 

account for the uncertainty of the vehicle parameters, rather than creating error bounds based on 

an additive disturbance, a sensitivity based approach used for motion planning of a quadrotor in 

[15] and for closed loop MPC on a quadrotor in [16] was pursued instead. This method uses the 

closed loop sensitivity of the model with respect to its parameters to propagate approximate error 

bounds on the prediction. Ideally, the error bounds capture the spread of possible trajectories of the 

vehicle with different combinations of parameters. Figure 3.2 illustrates the error bounds around a 

nominal trajectory, where ρ represents the radius of the tube in a certain direction [16]. 

Figure 3.2: Visualization of Error Tube [16] 

The sensitivity based approach has the advantage that the size of the error tube scales with 

the magnitude of the bounds on the model parameters and the feedback gains that are applied. 

The size of the tube can also scale during different parts of the horizon where the parameters will 

have more effect. For example, when driving on a straight road where steer angles are small, a 

tube created based on an additive disturbance would give the same error bounds as it would during 
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an aggressive lane change maneuver. However, a tube created based on parameter sensitivity is 

able to predict very small errors during straight driving, when parameter error is not affecting the 

prediction, but larger errors during a lateral maneuver. 

To calculate the error bounds around a nominal trajectory using the sensitivity based approach, 

frst the closed loop state sensitivity, Π, is needed throughout the horizon. The closed loop state 

sensitivity is defned as the partial derivative of the states with respect to the parameters, and is 

shown in Equation (3.24). 
∂x(t)

Π = 
∂p 

|p0 (3.24) 

¯¯ 

This quantity represents the effect that variation in parameters has on the prediction of the states. 

∂x 

¯ 

The discrete time A and B matrices and two other quantities are needed to calculate Π throughout 

the horizon. The Jacobian of the control law with respect to the states is needed and is referred to 

as F . 
∂u(t)

F = (3.25) 

A constant gain feedback controller is assumed to be applied to track the trajectory produced by 

the MPC, which follows the equation shown in Equation (3.26). 

u = −Kxerr (3.26) 

Therefore, F is just the negative feedback gain matrix, K, from this control law, as shown in 

Equation (3.27). 

F = −K (3.27) 

The Jacobian of the parameters with respect to the discrete state space system, M , also needs 

to be computed for use in the calculation of Π, and the defnition is shown in Equation (3.28). 

∂fd
Mk = |xk ,uk,p (3.28)

∂p 

32 



With a large number of parameters and states, M can become diffcult to derive analytically. As 

in prior work that used this method, M was calculated using the Autodiff library in C++, which 

automatically calculates this Jacobian given the discrete state space equations [37]. 

Using the update equation defned below in Equation (3.29), Π can be calculated for each time 

in the horizon. 

Πk+1 = (Ak + BkFk)Πk + Mk (3.29) 

Note that the sensitivity of the states to the parameters at k = 0 is the zero matrix, because x0 is 

the current known state of the vehicle. In other words, there is an initial condition that Π0 = 0, 

which is needed to use the update equation given by Equation (3.29). 

Once Π is obtained at each point in the horizon, the deviation of the parameters can be mapped 

into an error in the prediction. For this method, the bounds on the parameter deviations are assumed 

to be ellipsoidal, and are defned by the matrix shown in Equation (3.30). 

W = diag(∆pmax 
2 ) (3.30) 

The matrix W is constructed by placing the squared maximum parameter deviations on the di-

agonal. This matrix could also be interpreted as the covariance of the parameter estimates if the 

parameter estimates are Gaussian. 

Finally, Equation (3.31) maps the parameter bounds into ellipsoidal bounds on the states, 

where Px is the matrix that defnes the ellipsoid. 

Px = ΠW ΠT (3.31) 

The radius of the bounds that correspond to each state can be extracted by taking the square root of 

the diagonal element corresponding to each state. This is shown in Equation (3.32), where Px(i, i) 

denotes the i’th diagonal entry of the matrix and ρx,i is the radius of the bound on the i’th state. 

p
ρx,i = Px(i, i) (3.32) 
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For tightening of the input constraints, frst the state sensitivity is mapped into an input sensi-

tivity matrix, Θ, as shown in Equation (3.33). 

Θ = −KΠ (3.33) 

In a similar way to how Π maps variation in parameters to deviation in states, Θ maps deviation 

in parameters into the deviation in control input that may result based on the control law. The 

input ellipsoid matrix and radius are then calculated in the same way as in Equation (3.31), and 

this process is completed using Equations (3.34-3.35). 

Pu = ΘW ΘT (3.34) 

ρu,j = 
p
Pu(j, j) (3.35) 

In Equation (3.35), ρu,j is the bound on the j’th input. 

When constraint tightening is applied, the original constraints on states and inputs are modi-

fed by subtracting the radius on the error bounds. The intuition is that by tightening the constraints 

based on the error bounds, the MPC is forced to fnd a solution that will satisfy the original con-

straints for any trajectory within the error bounds. As an example, the modifed constraints for the 

lateral position are shown in Equation (3.36). 

emin + ρx,2 ≤ e ≤ emax − ρx,2 (3.36) 

In addition to tightening the state and input constraints, it may also be necessary to tighten 

constraints on other values that are functions of the states and inputs, such as steer rate. This can 

be accomplished using the relationship shown in Equation (3.37) to calculate the sensitivity of the 

function to the model parameters. 
∂γ ∂γ 

Γ = Π+ Θ (3.37)
∂x ∂u 
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Here, similar to Π and Θ, if γ is a function of the states and control, Γ maps deviation in the 

parameters to deviation in the value of the function. As an example, Equation (3.37) was applied 

to the steer rate constraint. To summarize the process, the necessary partials of the steer rate 

equation are taken, and then inserted into Equation (3.37). The necessary partials are shown in 

Equations (3.38-3.39). 

∂δ̇ 

∂x 
= 

� 

0 0 0 . . . 0 

� 

−aδ (3.38) 

∂δ̇ 

∂u 
= aδ (3.39) 

Then, the resulting steer rate sensitivity is calculated using Equation 3.40. 

= −aδΠ+ aδΘ (3.40)Γδ̇ 

Once again, the ellipsoidal error bounds on the function are created as shown in Equations (3.41-

3.42). 

P ˙ = Γ ˙ W ΓT (3.41)δ δ δ̇ p 
= P ˙ (3.42)ρδ̇ δ 

In this case, Pδ̇ is a scalar, since the steer rate equation is only one dimensional. The radius of the 

error bound which is used to tighten the constraint is ρδ̇. Finally, the tightened steer rate constraint 

is calculated as shown in Equation (3.43). 

δ̇ min + ρ ˙ ≤ δ̇ ≤ δ̇ max − ρ ˙ (3.43)δ δ 

This process can be repeated for any constraint which is a combination of the state and control 

variables. In this thesis, this method was applied to calculate how much to modify each constraint 

at each time step in the horizon. 
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3.5 Implementation Procedure 

At each update of the MPC, the QP is solved and produces a trajectory based on the initial 

states of the vehicle and the constraints throughout the horizon. If the constraint tightening method 

is active, then this frst QP solution is used to calculate the error bounds around the nominal pre-

diction, and the QP is solved again with these tightened bounds. These constraints may include 

lateral position constraints that require the tractor to be at a certain lateral position with respect 

to the lane centerline at a specifed time in the horizon, They may also include constraints on the 

hitch angle of the trailer which can be related to constraints on the position of the entire vehicle. 

Throughout the maneuver, the trajectory produced by the solution of the QP is tracked by a feed-

back controller. The form of the feedback gains that was selected to be used in this thesis is shown 

in equation (3.44) and was chosen during tuning in the experimental testing. 

� � 

K = 0 ke kψrel 0 kvy kψ̇ 0 0 0 0 (3.44) 

The entire procedure is summarized below in Algorithm 1. The feedback controller linearly 

interpolates the state trajectory solution produced by the QP to obtain x ∗(t). The control solution 

is interpolated based on a zero order hold assumption, to obtain u ∗(t). The control solution, u ∗(t) 

is combined with the feedback law to produce the total control command, u, at each update of the 

feedback controller. This step is shown in line 7 of Algorithm 1. Note that the feedback control 

law can be calculated at a faster rate than the QP solution. It may also be possible to reduce the 

entire algorithm to one QP solve by using the previous solution to calculate the tightened bounds. 

However, this was not tested in this thesis. 
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Algorithm 1 Closed Loop MPC Procedure 
1: while Running do 
2: x ∗ , u ∗ ← SolveQP(x0, ConstraintBounds) 
3: if UseConstraintTightening then 
4: ConstraintBounds ← CalculateTightenedBounds(x ∗ , u ∗, ConstraintBounds) 
5: x ∗ , u ∗ ← SolveQP(x0, ConstraintBounds) 
6: end if 
7: u = u*(t) + K(x-x*(t)) 
8: end while 

Figure 3.3 shows a fowchart of the system as it may be implemented within an autonomy 

system. However, in some simulations in this thesis the MPC replanning rate is executed at a 

different rate than 10 Hz which is noted in each section of the thesis where this occurs. 

Figure 3.3: System Flowchart 

Although alternative methods may be able to produce a path that satisfes position constraints on 

the tractor and trailer based on geometry alone and assuming perfect path tracking, the procedure 

given in this section aims to ensure that all constraints will be satisfed even when the vehicle 

cannot track the path perfectly due to parameter uncertainty. 
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Chapter 4 

Constraint Satisfaction Simulation Results 

4.1 State Constraints 

4.1.1 Open Loop Validation 

First, to validate both the MPC design and the sensitivity-based error tube propagation, a 

500 run Monte Carlo validation was performed on the open loop MPC prediction. This was done 

to validate the error tube propagation by comparing the spread of the tracked trajectories to the 

bounds predicted by the sensitivity based tube. In this test, the MPC solution was only calculated 

once at the beginning of the maneuver, but the solution was tracked by the feedback controller. 

This was done to match the assumptions used by the constraint tightening method. 

The simulation environment was developed in MATLAB. For all simulation work, the auto-

matic differentiation library CasADi with its interface to the nonlinear programming solver IPOPT 

was used to solve the optimization problem [38, 39]. The nonlinear lateral dynamic model given 

previously by Equation (2.8) was used as the vehicle model in this validation. The nominal vehicle 

parameters used are shown in Table 4.1. The parameter deviations were sampled from a Gaussian 

distribution at the beginning of each run with the standard deviation also shown in Table 4.1. In 

the tube propagation, the maximum parameter deviations were considered to be the 5σ value. 
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Table 4.1: Parameters and Deviation for Monte Carlo Analysis 

Parameter Nominal Value 1 σ Deviation Units 
Cα,1 2.58e5 1e5 N/rad 
Cα,2 1.68e5 1e5 N/rad 
Cα,3 1.68e5 1e5 N/rad 
Cα,4 1.17e5 1e5 N/rad 
Cα,5 1.17e5 1e5 N/rad 
m1 6,493 0 kg 
m2 8,196 1000 kg 
J1 19,665 0 2kg × m
J2 204,104 10000 2kg × m
a 1.384 0 m 
b1 3.616 0 m 
b2 4.886 0 m 
c 4.251 0 m 
d 7.0 0.5 m 
f1 12.308 0.2 m 
f2 13.596 0.2 m 
aδ 10.0 0.5 −1sec
κ 0 5e-5 −1m

The weighting for Q shown below in Equation (4.1) was chosen for the simulations based on 

experimental hand tuning. 

� � 

Q = diag( 0 100 1e4 0 100 0.01 0 100 0 0 ) (4.1) 

Additional weights and parameters for the MPC and feedback controller, including the discretiza-

tion size dt, and the length of the time horizon tf , are given in Table 4.2, where |δ̇|max is specifed 

in degrees per second at the ground wheel. 

To simulate what may be required for an avoidance maneuver, constraints on the states were 

applied for this test, where a box shaped region was chosen to be avoided during a period of time 

in the horizon. This maneuver was chosen to demonstrate a scenario in which constraint tightening 

is likely to improve constraint satisfaction. This is because for an avoidance maneuver that is not 

a full lane change, the reference conficts with the constraints. The desired lateral position is zero 

meters from the lane centerline, but the constraint forces the MPC to plan a trajectory that moves 
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Table 4.2: Controller Parameters for MC Analysis 

Parameter Value Units 
ke 0.1 -
kψ 1.0 -
kvy 0.0 -
k ψ̇ 0.0 -
wδ̇ 1.5e5 -
R 1e3 -

|δ̇|max 45 deg/sec 
dt 0.1 sec 
tf 5.0 sec 

away from the reference. In these situations, the MPC is likely to plan a trajectory that is close to 

the constraint boundary. 

Speed was maintained at 70 mph throughout the maneuver. Heading of the vehicle was 

aligned with respect to the path at the beginning of the maneuver to ensure feasibility of the QP 

at the initial point. In addition to the lateral position constraints, a maximum hitch angle of two 

degrees was applied to demonstrate the capability of positional constraints on the trailer. Although 

the precise hitch angle needed to avoid the trailer entering the obstacle region was not calculated 

for this maneuver, two degrees was chosen as this produces approximately 0.5 meters of lateral 

offset at the rear of a standard 53 foot trailer. 

Figure 4.1 shows the lateral position over time for nominal MPC where the constraint tighten-

ing method was not used. The red shaded area shows the obstacle region, and the solid orange line 

is the nominal predicted trajectory. Figure 4.2 shows the hitch angle for this case, where the verti-

cal green dashed lines show the beginning and end of the time that the constraint is active, and the 

red dashed line is the constraint boundary. In each plot a solid orange line shows the initial optimal 

solution produced by the MPC. It can be seen that, when regular MPC is used, the solution lies 

as close as possible to the constraint in some instances. In the open loop case, without constraint 

tightening, the hitch angle constraint was violated in 99.6 percent of runs while the lateral position 

constraint was violated in 8.0 percent of runs. 
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Figure 4.1: Lateral Position, Regular Constraints Figure 4.2: Hitch Angle, Regular Constraints 

Next, tightened constraints were applied, and the 500 run Monte Carlo was performed. Figure 

4.3 shows the lateral position for the constraint tightened case, where Figure 4.4 shows the hitch 

angle for the constraint tightened case. In the constraint tightened case, the lateral position con-

straint was not violated in any runs, while the hitch angle constraint was violated in 0.4 percent of 

cases. 

Figure 4.3: Lateral Position, Tightened Figure 4.4: Hitch Angle, Tightened 

When the MPC is executed only once and the feedback controller alone is active throughout 

the trajectory, the assumptions made by the tube propagation are matched and the coverage of the 

error tubes compared to the real spread of trajectories can be analyzed. Figures 4.5-4.6 show the 

comparison of the Monte Carlo statistics to the MPC’s nominal prediction and tube boundaries 

for the lateral position state, while Figures 4.7-4.8 show the comparison of Monte Carlo statistics 
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against the MPC’s prediction and tube boundaries for the hitch angle state. Table 4.3 summarizes 

Figure 4.6: Monte Carlo Statistics vs Prediction,
Figure 4.5: Tube Comparison, Lateral Position Lateral Position 

Figure 4.8: Monte Carlo Statistics vs Prediction,Figure 4.7: Tube Comparison, Hitch Angle 
Hitch Angle 

the differences in the Monte Carlo results and the predictions from the MPC and tube propagation 

in terms of maximum absolute error and RMSE. The tube radius over and under estimates the 

uncertainty in different parts of the trajectory. However, it provides enough of a buffer to improve 

constraint satisfaction. This difference is partially explained by the fact that the tube propagation 

method used in this thesis is a frst-order approximation of how parameter error affects the system. 

Higher order methods could be explored in future work as a way to improve the accuracy of the 

tube propagation. 
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State Comparison Maximum Absolute Error RMSE Units 
Lateral Position 
Lateral Position 

Hitch Angle 
Hitch Angle 

MC Mean vs Prediction 
MC 5σ vs Tube Radius 
MC Mean vs Prediction 
MC 5σ vs Tube Radius 

12.89 
22.29 
6.0839 
5.1855 

5.14 
7.47 

0.0514 
2.5539 

cm 
cm 
deg 
deg 

Table 4.3: Summary of Monte Carlo Results 

4.1.2 Closed Loop Validation 

The 500 run Monte Carlo analysis is now performed with the MPC running in closed loop, 

and two different update rates were compared. It was found that with higher update rates of the 

MPC, constraint tightening becomes somewhat less of a necessity as the entire control scheme 

becomes inherently more robust. However, even at rates of 2 Hz the robust method is necessary, 

and at 10 Hz some improvement in constraint satisfaction is still seen. Note that the vehicle is 

controlled at 20 Hz by the feedback controller in all cases, so the MPC update rate mentioned here 

is the rate at which re-planning occurs. In closed loop, the initial predicted trajectory and error 

tubes are replaced with updated plans as the MPC calculates new solutions. These are therefore 

omitted in the rest of the fgures. 

Figure 4.9 shows the lateral position and Figure 4.10 shows the hitch angle for the 2 Hz case 

of regular MPC. In this case, the lateral position constraint was violated in 99.0 percent of the runs, 

although this is in part due to discretization error, and the magnitude of the constraint violation is 

very small and for a short duration. Additionally, the hitch angle constraint was violated in 65.4 

percent of cases. 

Figure 4.11 shows the lateral position and Figure 4.12 shows the hitch angle for the 2 Hz case 

of constraint tightened MPC. In this case, the lateral position constraint was never violated in any 

runs while the hitch angle constraint was violated in 0.2 percent of runs. 
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Figure 4.9: Lateral Position, 2 Hz, Regular Figure 4.10: Hitch Angle, 2 Hz, Regular 
Constraints Constraints 

Figure 4.11: Lateral Position, 2 Hz, Tightened Figure 4.12: Hitch Angle, 2 Hz, Tightened 

The Monte Carlo runs were repeated with the MPC running at 10 Hz. Figure 4.13 shows 

the lateral position and Figure 4.14 shows the hitch angle for the 10 Hz case of without constraint 

tightening. The lateral position constraint was violated in 95.8 percent of runs, but once again this 

can be attributed partially to discretization error due to the fact that the constraint is only violated 

when the time until the constraint is deactivated is less than the discretization used in the MPC. 

The hitch angle constraint was violated in 46.6 percent of cases. Note that there is signifcantly 

less hitch angle violation compared to the 2 Hz update rate. 

Figure 4.15 shows the lateral position and Figure 4.16 shows the hitch angle for the 10 Hz 

case with constraint tightening. Unsurprisingly, this case demonstrates the best performance with 

zero violations of the lateral error or hitch angle constraints. 
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Figure 4.13: Lateral Position, 10 Hz, Regular Figure 4.14: Hitch Angle, 10 Hz, Regular 
Constraints Constraints 

Figure 4.15: Lateral Position, 10 Hz, Tightened Figure 4.16: Hitch Angle, 10 Hz, Tightened 

The results show that improved robustness can be achieved either by increasing the update 

rate of the MPC or by applying constraint tightening. However, in cases where the update rate 

of the controller is limited by computing power, applying constraint tightening is an effcient way 

to ensure robustness. Furthermore, even when the MPC is run at 10 Hz, constraint tightening 

eliminated constraint violations. It is possible that at a high enough update rate the regular MPC is 

robust enough without additional constraint tightening. 

4.1.3 High Fidelity Simulation 

An additional simulation environment was developed in MATLAB that interfaced with a ve-

hicle dynamics model provided by TruckSim. TruckSim is a professional simulation software that 
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provides a high fdelity vehicle dynamics model and allows the user to specify parameters of the 

vehicle and environment [11]. The MATLAB environment was created to modify confguration 

fles of the TruckSim software to vary the vehicle parameters between runs, so that Monte Carlo 

analysis could be performed. The parameters were varied as closely as possible to what was shown 

in the previous section. However, the friction parameter of the road, µ, was varied with a 1σ of 

0.05 around a mean value of 0.8 instead of varying tire cornering stiffness as done in the previous 

simulations. 

Additionally, zero mean Gaussian noise was added to the states that were fed into the MPC 

and the feedback controller throughout all simulation runs. Note that measurements of heading 

relative to a local frame and along track position are not directly needed, and the current steer 

angle is assumed to be measured accurately. The standard deviation of the measurement noise 

added to each state is shown in Table 4.4. 

Table 4.4: Measurement Noise in Simulation 

Measurement 1 σ Units 
Lateral Position (e) 5 cm 

Relative Heading (ψrel) 0.2 Degrees 
Lateral Velocity (vy) 0.01 m/s 

Yaw Rate (ψ̇) 0.001 deg/s 
Hitch Rate (γ̇ ) 0.002 deg/s 

Hitch Angle (γ) 0.4 Degrees 

A 100 run analysis was frst completed without constraint tightening active, and the MPC 

running at 2 Hz. The lateral position constraint was violated in 53 percent of runs, while the hitch 

angle constraint was violated in 12 percent of the runs. Figure 4.17 shows the lateral position over 

time for the regular MPC case, while Figure 4.18 shows the hitch angle. Figures 4.19 and 4.20 

show the steer angle and lateral acceleration respectively throughout the maneuver for the regular 

MPC case. 
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Figure 4.17: Lateral Position, Regular Figure 4.18: Hitch Angle, Regular Constraints, 
Constraints, TruckSim TruckSim 

Figure 4.19: Steer Angle, Regular Constraints, 
TruckSim 

Figure 4.20: Lateral Acceleration, Regular 
Constraints, TruckSim 

The simulation was repeated with constraint tightening active. With constraint tightening 

active, the lateral position constraint was violated in zero runs, while the hitch angle was violated 

in 2 percent of the runs (2 runs). Figure 4.21 shows the lateral position for the constraint tightened 

case, and 4.22 shows the hitch angle. Figures 4.23 and 4.24 again show the spread of steer angles 

and lateral accelerations respectively throughout the maneuver for the constraint tightened case. 

The constraint tightened cases show a major improvement in robustness compared to regular 

MPC. However, they also produce noticeably more aggressive changes in steer angle and lateral 

accelerations. With tighter constraints applied, more aggressive changes in control input are re-

quired to ensure the tighter constraints are always met. This also demonstrates a tradeoff between 

conservativeness with respect to constraints and other performance metrics such as ride comfort. 
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Figure 4.21: Lateral Position, Tightened Figure 4.22: Hitch Angle, Tightened 
Constraints, TruckSim Constraints, TruckSim 

Figure 4.23: Steer Angle, Tightened Constraints, 
TruckSim 

Figure 4.24: Lateral Acceleration, Tightened 
Constraints, TruckSim 

Although use of constraint tightening prevents the vehicle from violating hard constraints, 

this can come at a cost of aggressive control action. This also demonstrates the need for error 

tubes that are not overly conservative. The smallest possible tube that covers the spread of possible 

trajectories is desired, so that performance is not sacrifced. For this reason, the sensitivity based 

tube propagation can ft this task well. Additionally, while the measurement noise was not ex-

plicitly accounted for, in practice the constraint tightening method still works well. It should also 

be noted, that the constraint tightening method demonstrated cannot show an improvement in all 

cases. In cases where the original problem is infeasible or very close to being infeasible, constraint 

tightening will only serve to make the problem more infeasible. This method instead shows beneft 
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in situations where the optimal solution would otherwise lie close to the constraint boundary, but a 

safety buffer is desired. 

The error tube then serves as a way to choose the necessary safety buffer based on physically 

meaningful quantities that represent the uncertainty on the prediction. This process differs from 

just adding a constant size safety buffer to each constraint, or from increasing the size of the 

obstacle region, however. This method instead adds a buffer to constraints separately at each time 

in the horizon based on how much the prediction will be affected by the parameter uncertainty. 

For example, the constraints will be tightened more during aggressive lateral maneuvers where the 

accuracy of the prediction is more affected by model parameters such as the trailer’s yaw moment 

of inertia. Furthermore, the constraints should be tightened most only during points in the horizon 

where the accuracy of the prediction is most affected by parameter error. The advantage of this 

method is that conservatism should be added to the constraints only where it is needed. 

4.2 Trailer Position Constraints 

The previous sections demonstrated constraints on the tractor’s lateral position and the trailer 

hitch angle. However, with some assumptions, the hitch angle constraint can be changed to a trailer 

position constraint instead to more accurately model an obstacle avoidance scenario. Figure 4.25 

illustrates the avoidance scenario that the trailer position constraint intends to capture. 

The lateral position of the midpoint of the trailer bumper with respect to the reference line on 

a straight road can be described by Equation (4.2). 

etr,bumper = e − c sin(ψrel) − L sin(ψrel + γ) (4.2) 

Recall that e is the lateral position of the tractor’s center of mass, c is the distance between tractor 

CG and hitch point, and L is the length of the trailer from hitch to rear bumper. A linearized version 

of this constraint is applied, in which a small angle assumption is applied to the hitch angle, so that 
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Figure 4.25: Obstacle Avoidance Scenario 

sin(γ) ≈ γ. The linearized relationship is given by Equation (4.3). 

etr,bumper = e − (c + L)ψrel − Lγ (4.3) 

For this simulation study, the linear constraints on hitch angle were replaced with a constraint on 

the midpoint of the trailer bumper as defned by Equation (4.3). 

4.2.1 Open Loop Validation 

The tube propagation was again validated by a 500 run Monte Carlo simulation in which the 

feedback controller tracks the frst MPC prediction. The nonlinear vehicle dynamic model given by 

Equation (2.8) was again used for the simulation. The trailer position constraint is applied starting 

at 2.1 seconds into the horizon and ending at 3.65 seconds. The lateral trailer position and tractor 

position during this time are constrained to be greater than or equal to 1.25 meters with respect to 

the road reference line. These values are chosen because they provide a feasible scenario while still 
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requiring some signifcant input to move the vehicle safely out of the way. Furthermore, a greater 

than constraint forces the solution to lie to the left of the obstacle. Alternatively, a constraint 

forcing the path to lie to the right of the obstacle could be chosen. This is a choice that is assumed 

to be made before or during the planning step. While not explicitly handled in this thesis, this 

decision is a simple binary choice, and could be handled by solving the QP with either constraint 

active and using the solution with lower cost. Solving the QP an additional time would also add to 

the computation time however. 

Note that the constraints are applied to the midpoint of the trailer bumper and to the center of 

mass of the tractor respectively. To fully avoid the obstacle in this work, half the trailer width is 

considered to be included in the constraint value. All other simulation parameters and controller 

settings are identical to those in Sections 4.1.1 and 4.1.2. The additional parameter in Equations 

(4.2) and (4.3) is the trailer length, L, which was chosen to be the same as the hitch point to rear 

axle distance, f2, for the purpose of this simulation. 

Figures 4.26 and 4.27 show the tractor CG position and trailer bumper position respectively 

without constraint tightening applied. The orange line shows the MPC prediction, and the blue 

lines show the result from each simulation run. The linearized relationship for trailer position, 

Equation (4.3), is used for the constraint in the MPC, while the simulation result for trailer bumper 

position was calculated using the nonlinear relationship given by Equation (4.2). Here, the tractor 

position constraint was violated in 100 percent of cases, and the trailer constraint was violated in 

87.4 percent of cases. The large number of violations indicates that the deviation from the predicted 

trajectory is not only caused by parameter uncertainty. 
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Figure 4.26: Tractor Lateral Position, Regular Figure 4.27: Trailer Bumper Position, Regular 
Constraints Constraints 

Figures 4.28 and 4.29 show the tractor CG position and trailer bumper position respectively 

with tightened constraints applied. The tractor position constraint was violated in zero cases and 

the trailer position constraint was violated in 0.6% of the runs. 

Figure 4.28: Tractor Lateral Position, Tightened 
Constraints 

Figure 4.29: Trailer Bumper Position, Tightened 
Constraints 

4.2.2 Closed Loop Validation 

The analysis was repeated with the MPC executing at 10 Hz. First, the simulation was per-

formed without constraint tightening active. In this case, the tractor constraint was violated in 

96.7 percent of runs. However, as in Section 4.1, these violations only occurred between the last 

sample the constraint was enforced and the next sample at which the MPC replanned. Because of 

the discretization used in the MPC, the constraint was satisfed at every point in the horizon, but 
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was violated in the simulation only in between MPC executions. Disregarding these violations, 

which were only due to the MPC discretization, the tractor position constraint was satisfed in all 

runs. The trailer position constraint was violated in only a single simulation run. As expected, the 

feedback introduced by updating the MPC at 10 Hz improves robustness signifcantly. 

Figure 4.30: Lateral Position, Regular 
Constraints, 10 Hz 

Figure 4.31: Hitch Angle, Regular Constraints, 
10 Hz 

The simulation was run again with the constraint tightening method active. In this case, the 

tractor position constraint was violated in a single run and the trailer position was violated in 

zero runs. Although increasing the MPC feedback improves robustness signifcantly, using the 

tightened constraints adds a reasonable safety buffer to the initial planned trajectory that improves 

constraint satisfaction even when sources of error other than parameter uncertainty, such as may 

cause the constraints to be violated. 

Figure 4.34 shows a visualization of the tractor and trailer during a successful maneuver, with 

zoomed regions showing areas where the vehicle is close to the obstacle which were created using 

the ZoomPlot package in MATLAB[40]. The approximate bounding regions of the tractor and 

trailer are represented by the green and blue rectangles whose dimensions are set to approximately 

match the length and width of a Peterbilt 579 and 53 foot van trailer. The spatial constraint that 

corresponds to the time based constraints on tractor and trailer position is marked by the red region, 

which occupies almost half of the lane’s width for a short duration. This region was calculated 
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Figure 4.32: Lateral Position, Tightened Figure 4.33: Trailer Position, Tightened 
Constraints, 10 Hz Constraints, 10 Hz 

using the relationships shown in Equations (4.4-4.5). 

xobs,min = x0 + t1v (4.4) 

xobs,max = x0 + t2v − (c + L) (4.5) 

In these equations, t1 and t2 mark the times between which both constraints are active, c is the 

distance from the tractor CG to the hitch point, and L is the trailer length. Note that this is an 

approximate conversion from the time based constraints to their spatial equivalents. Additionally, 

the time based constraints are a conservative approximation of the obstacle region as the tractor 

constraint remains active longer than necessary. However, the vehicle can be constrained to avoid 

a box shaped spatial region using the time based constraints that are demonstrated in this section. 

The trailer constraints are also placed at the midpoint of the vehicle’s bumper. Therefore, the width 

of the vehicle is accounted for when calculating the constraint value using the maximum van trailer 

width of 8.5 ft (≈ 2.6 m). 
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Figure 4.34: Obstacle Avoidance Visualization 

4.2.3 Comparison to Nonlinear Constraint 

To validate the accuracy of the linearized trailer position constraint, the trailer position was 

calculated throughout the MPC’s planned trajectory using both the nonlinear relationship from 

Equation (4.2) and the linearized relationship from Equation (4.3). Figure 4.35 shows the direct 

comparison of the nonlinear and linearized trailer rear bumper position calculations, which are 

nearly identical. 

55 



Figure 4.35: Linearized vs Nonlinear Trailer Position 

Figure 4.36 shows the error on the linearized trailer bumper position, which is less than 0.5 mil-

limeters throughout the horizon. 

Figure 4.36: Trailer Position Approximation Error 

Due to the accuracy of the linearization of sin at the values of heading and hitch angle in this range, 

the error on the linearized constraint is negligible. 
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Chapter 5 

Lane Keeping Experimental Results 

5.1 Experimental Setup 

Experimental validation of the system was performed on a GPS and Vehicle Dynamics Lab 

(GAVLab) test vehicle. This experimentation was performed to demonstrate the capability of the 

MPC design for automated control of a class 8 tractor trailer vehicle in an environment that is 

similar to on-road driving. The vehicle used in this experimentation was a Peterbilt 579 with a 53 

foot van trailer attached referred to as A2, and is shown in Figure 5.1. 

Figure 5.1: Peterbilt 579 (A2) 
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Both the cab and trailer were outftted with a Honeywell eTalin, shown in Figure 5.2. The 

eTalin is a drop-in navigation solution that can provide a precise estimate of attitude and body-

frame velocities of a vehicle [41]. The eTalin was used as the source of heading estimates with 

respect to the North for both the tractor and the trailer. The trailer and tractor heading estimates 

from the eTalin were differenced to obtain the hitch angle. The eTalin was also used as the source 

of yaw rate for both the tractor and trailer, and these were differenced to obtain hitch rate. Although 

the eTalin can provide a global position from GPS as well, in this work a Novatel FlexPak6, shown 

in Figure 5.3, was used with corrections from a Real-Time Kinematic (RTK) base station to provide 

precise positioning [42]. 

Figure 5.3: Novatel FlexPak6 [42] 
Figure 5.2: Honeywell eTalin [41] 

The vehicle is also equipped with a ZF steering motor at the steering column, which receives 

a commanded steer angle over the vehicle’s Controller Area Network (CAN) bus. An onLogic 

computer, running Ubuntu 18 and Robot Operating System (ROS), is used to receive all of the 

information from the sensors and the vehicle’s CAN bus, run the autonomy software, and send 

actuation commands over CAN [43]. The vehicle is also equipped with a CAN gateway device 

used to enable or disable actuation and to interface with a physical emergency stop button. The 

architecture of the system is shown in Figure 5.4. 
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Figure 5.4: Test Vehicle Confguration 

5.2 Real-Time Implementation 

The MPC design was implemented in C++, and the Operator Splitting QP (OSQP) solver was 

used to solve the QP [36]. The osqp-cpp wrapper library was used to interface with the OSQP 

solver in C++ [44]. OSQP was chosen based on its effciency compared to other available solvers, 

and its capability for real-time or embedded applications [36]. For the real-time implementation, 

rather than using automatic differentiation software such as CasADi, the analytical gradients and 

hessian of the cost and constraints derived in Chapter 3 were used to form the QP which was then 

passed to the solver. Automatic differentiation was not used for the real-time implementation, 

since faster run-times can be achieved by using the analytically derived gradients and hessian. 

The C++ class used to construct the QP and call the solver was integrated into a ROS node, 

which was used to receive the sensor feedback and send actuation commands. The ROS node 

consists of two threads, one of which was used to calculate the MPC solution at approximately 

10 Hz, and the other was used to interpolate the latest available MPC solution and calculate the 

additional feedback command at 20 Hz, as described in Algorithm 1. The C++ Lanelet2 library 

was used to manage the map containing the lane centerlines and boundaries. This library was used 

to load a previously surveyed map of the lane centerlines and boundaries in the OpenStreetmap 

(OSM) format, and was also used to calculate curvatures of the lane online [45]. Upon receiving 
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a global position and heading solution, the ROS node calculated the relative position and relative 

heading of the vehicle with respect to the desired lane centerline selected by the user. 

The weights and gains for the MPC and feedback controller were chosen through a process 

of experimental tuning. First, the feedback gains were set to zero while the performance of the 

MPC alone was tuned. The relative heading weight was set much higher than the lateral position 

weight, which had the effect of adding damping and reducing steering oscillation. Other weights 

were slowly increased until satisfactory performance was achieved, but it is possible that better 

performance could be achieved with a different combination of weights. Equation (5.1) shows the 

tuning of the Q matrix during experimental testing. 

�� �� 

Q = diag 0 5e2 1e4 0 1.0 10.0 0 10.0 0 0 (5.1) 

Equation (5.2) shows the tuning of R that was used in these tests. 

R = 1e4 (5.2) 

The parameters of the truck and trailer used are given in Table 5.1. Trailer axle locations were 

measured, and a previously identifed parameter for the steering actuator, aδ, was used. However, 

all other parameters were duplicated from the TruckSim model of a Peterbilt 579. Additionally, 

the following discretization, horizon length, and feedback gains that were used in the experimental 

testing are shown in Table 5.2. 
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Table 5.1: Test Vehicle Parameters 

Parameter Nominal Value Units 
Cα,1 2.58e5 N/rad 
Cα,2 1.68e5 N/rad 
Cα,3 1.68e5 N/rad 
Cα,4 1.16e5 N/rad 
Cα,5 1.16e5 N/rad 
m1 6,493 kg 
m2 3,196 kg 
J1 19,665 2kg × m
J2 179,000 2kg × m
a 1.384 m 
b1 3.616 m 
b2 4.886 m 
c 4.251 m 
d 7.0 m 
f1 10.7 m 
f2 11.4 m 
aδ 12.0 −1sec

Steering Ratio 18.2 -

Table 5.2: Controller Parameters for Experimental Testing 

Parameter Value Units 
ke 

kψ,rel 
kvy 

k ψ̇ 

wδ̇ 
|δ̇|max 

dt 
tf 

0.02 
0.2 
0.05 
0.05 
1e4 
400 
0.1 
3.5 

-
-
-
-
-

deg/sec 
sec 
sec 
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5.3 Results 

Two tests of the real-time implementation are shown in this section, with differing settings for 

the lateral position constraints. The procedure given in Algorithm 1 was run throughout both tests. 

Although the constraint tightening technique has little or no noticeable impact on the performance 

of the MPC when run in closed loop in normal lane keeping operation, the constraint tightening 

was kept active throughout both tests to demonstrate the capability of solving both QP’s per update 

of the MPC during real-time operation. Both tests were run at Auburn University’s 1.7 mile long 

National Center for Asphalt Technology (NCAT) test track near Opelika, Alabama. This is an oval 

track with lane markings that are similar in width to what is found on interstates and highways. 

Additionally, this track has an approximately 8 degree bank angle in the turns, and the effect of 

this was not explicitly accounted for in the control design. 

The position of the vehicle over the entire frst test at NCAT is shown in Figure 5.5, covering 

approximately two laps of the track. Note that the geoplot imagery provided from MATLAB is not 

high enough fdelity to align perfectly with the GPS track of the vehicle. However, the vehicle 

maintained tracking within the inner lane of the track throughout each run. 

In the frst test that is shown, the lateral position constraint in the controller was set to ±1.0 

meters of the centerline of the inner lane. The speed throughout both runs was controlled by the 

safety driver, while the steering was controlled by the autonomy system. The driver targeted 35 

mph for these tests and speed varied slightly between 30-38 mph. However, an additional test 

is shown in Appendix B, with relaxed constraints and a top speed of 45 mph, demonstrating the 

capability towards higher speed control. The results of lateral position with respect to the lane 

centerline, and the absolute value of the lateral error for Test 1 is shown Figure 5.6. Throughout 

this test the mean of the absolute value of the lateral error was 18.95 cm, with a standard deviation 

of 11.91 cm. 

The commanded and actual steer angle at the hand wheel throughout this test are shown in 

Figure 5.7. While the steer command had some amount of oscillation through the turns, there was 
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Figure 5.5: NCAT Test Track and Vehicle Position During Test 1 

not enough jerk felt in the vehicle to cause great discomfort to the driver or passengers, and the 

controller remained in operation without intervention throughout all tests shown. 

Figure 5.8 shows the hitch angle and hitch rate throughout the run. From the plot it can 

be determined that the hitch angle has a slight bias of approximately negative 1.0 degrees which 

becomes apparent on the straight sections of the track. This bias is due to the combination of the 

slight biases in the tractor and trailer heading estimates by the eTalin in each part of the vehicle, 

and was not accounted for in this experiment. However, the hitch angle itself was not weighted 

highly in the MPC, and therefore the bias appears to have had little impact on the performance. 

Figure 5.9 shows the relative heading with respect to the lane centerline and Figure 5.10 shows 

the yaw rate and lateral velocity of the tractor. 
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Figure 5.6: Test 1, Lateral Position & Error 

Figure 5.7: Test 1, Steer Angle at Hand Wheel Figure 5.8: Test 1, Hitch Angle 
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Figure 5.9: Test 1, Relative Heading Figure 5.10: Test 1, Yaw Rate & Lateral Velocity 
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A second test was conducted with a smaller lateral position constraint of plus or minus 0.5 

meters from the centerline of the inner lane. In this case, the mean of the absolute value of position 

error was 15.46 cm with a standard deviation of 10.06 cm, and the plots of lateral position and 

error are shown in Figure 5.11. The lateral position constraint was violated briefy in one instance 

at around 250 seconds into the test, and was likely caused by an external disturbance such as rough 

patches of road or potholes, unmodeled effects from road bank, or other similar disturbances. The 

steer angle and hitch angle are shown in Figures 5.12 and 5.13 respectively, and both had similar 

performance to test 1. 

Figure 5.11: Test 2, Lateral Position & Error 
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Figure 5.12: Test 2, Steer Angle at Hand Wheel Figure 5.13: Test 2, Hitch Angle 

Relative heading for this test is shown in Figure 5.14. Once again, the range is similar to the 

frst test, and is larger in the turns than the straight sections of track. Yaw rate and lateral velocity 

of the tractor are shown in Figure 5.15. 

Figure 5.15: Test 2, Yaw Rate & Lateral Velocity Figure 5.14: Test 2, Relative Heading 

For greater detail, the lateral position and relative heading for the frst 200 seconds of this test are 

shown in Figures 5.16 and 5.17 respectively. The steer angle at the hand wheel for the frst 200 

seconds is shown in 5.18. This time frame covers roughly one lap around the NCAT track. 
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Figure 5.16: Test 2, Lateral Position 0-200 Figure 5.17: Test 2, Relative Heading 0-200 
Seconds Seconds 

Figure 5.18: Test 2, Steer Angle 0-200 Seconds 
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Relative heading oscillation with a magnitude of roughly 0.5 deg is seen in the straight sec-

tions of the track. On the turns, this magnitude is somewhat increased because the heading is 

calculated from the tangent of the lane centerline. Although the error remained small and bounded 

throughout all of the testing, the oscillatory behavior may cause issues as speed is increased. Table 

5.3 summarizes the lateral error throughout the experimental tests. 

Test # Mean Absolute Error 1σ 
1 
2 

18.95 cm 
15.46 cm 

11.91 cm 
10.06 cm 

Table 5.3: Lateral Error Summary 

In both tests, the truck was maintained within the lane lines throughout without any inter-

vention by the driver. While there is room for improving the smoothness of the steering input in 

the turns specifcally, there was not enough jerk or oscillation felt in the vehicle to cause major 

discomfort. Slight oscillatory behavior around the centerline of the road could also be improved 

and may allow for operation at higher speeds if resolved. However, these tests demonstrated the 

feasibility of the overall control method. 

5.4 Computation Time 

An analysis of the computation time was conducted in post-process on similar hardware to 

the OnLogic computer that was used in the testing. The inputs from the test were replayed from 

a ROS bag and the time to compute the solution was recorded using the C++ library Chrono [46]. 

The computer used for this analysis used an AMD Ryzen 5 8645hs processor with 6 CPU cores 

and a 4.2 GHz clock speed, and 32.0 GB RAM. The inputs from the entire frst test were replayed 

and the computation time recorded. The histogram of the computation times is shown in Figure 

5.19. Note that the constraint tightening method was active, so two QP solves are present in each 

total computation time that was recorded. Table 5.4 summarizes the computation time statistics. 
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Figure 5.19: Histogram of Computation Times, Test 1 

Mean 19.187 ms 
Median 18.285 ms 
1σ 5.597 ms 

Max 92.314 ms 

Table 5.4: Computation Time Statistics 

Even in the worst case, the computation time was below the chosen sample rate of 10 Hz. 

However, if the algorithm is run on lower quality hardware, the sample rate may be exceeded in 

the worst cases. The worst cases are caused by scenarios where the solver’s internal algorithm for 

solving the QP takes a large number of iterations or when the initial guess is far from the solution 

[36]. Providing intelligent initial guesses to the solver could be explored as a way to mitigate the 

number of solve times that are far above the average. The MPC horizon length or sample rate could 

also be modifed to accommodate increased computation times. 

5.5 Error Source Analysis 

An analysis was performed in simulation to determine the possible causes of lateral position 

bias and oscillations seen in the experimental data. This lateral bias was in the range of 15-19 cm as 

summarized previously in Table 5.3, and was consistent throughout the tests. The relative heading 
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oscillated with a maximum magnitude of roughly 0.5 degrees on the straight sections of the track. 

The same simulation that was used in Chapter 4 was used to perform this analysis, which used 

the CasADi library in MATLAB to interface with the IPOPT solver, and used the nonlinear tractor-

trailer vehicle model from Chapter 2 [38, 39]. The MPC was run at a 10 Hz sample rate, with the 

feedback controller at 20 Hz to match the sample rates used in the live tests. Each simulation was 

started with a negative 0.5 meter lateral offset from the centerline so that the transient can be seen. 

Baseline performance was established by simulating tracking with perfect knowledge of the state 

estimates. The effect of the lever arm between the CG of the tractor and the GPS antenna, and the 

effect of biased heading estimates, were then analyzed. 

5.5.1 Baseline 

First, a simulation was performed on a straight road without bias or noise added to the state 

feedback. This test established the performance under ideal conditions, and the results of lateral 

position, relative heading, and commanded steer input at the ground wheel are shown in Figures 

5.20, 5.21, and 5.22 respectively. As expected, when given perfect state estimates and no other 

sources of error the lateral position converges to zero, tracking the centerline without bias. 

Figure 5.20: Tractor Lateral Position, Baseline 
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Figure 5.21: Relative Heading, Baseline Figure 5.22: Steer Input, Baseline 

5.5.2 Antenna Lever Arm 

A simulation was performed to show the effect of an unaccounted lever arm between the 

tractor CG and the GPS antenna. Because the antenna on the test vehicle is mounted in line 

with the longitudinal axis of the tractor, the most likely error in the lever arm would be in the 

longitudinal direction rather than the lateral direction. Any error in the lateral component of the 

lever arm is likely to be on the order of a few centimeters. A 1.0 meter longitudinal offset in the 

vehicle’s body frame was calculated from the CG position in simulation using Equations (5.3-5.4), 

before cross track position was calculated. In Equations (5.3-5.4), lx is the longitudinal offset of 

the antenna position from the CG in the vehicle’s body frame, while xcg and ycg represent the 

tractor’s CG position in the simulation frame, and ψ is the heading in the simulation frame. The 

resulting antenna position in the simulation frame is represented by xant and yant. 

xant = xcg + lxcos(ψ) (5.3) 

yant = ycg + lxsin(ψ) (5.4) 

The true lateral position result, calculated using the true tractor CG position alongside the lateral 

position calculated using the simulated antenna position, is show in Figure 5.23. Even with the 

large longitudinal offset of one meter that was applied, the difference between CG and antenna 
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lateral positions is negligible. The relative heading and steer inputs are shown in Figures 5.24 and 

5.25. 

Figure 5.23: Tractor Lateral Position, Antenna Lever Arm 

Figure 5.24: Relative Heading, Antenna Lever 
Figure 5.25: Steer Input, Antenna Lever Arm

Arm 
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5.5.3 Heading Bias 

The simulation was repeated with a minus 1.0 degree bias added to the feedback of the tractor 

heading instead of an antenna lever arm. Figure 5.26 shows the lateral position during this simu-

lation, and Figures 5.27 and 5.28 show the true and biased relative headings and steer command at 

the ground wheel. 

Figure 5.26: Tractor Lateral Position, Biased Heading Feedback 

Figure 5.27: True Relative Heading, Biased Figure 5.28: Steer Input, Biased Heading 
Heading Feedback Feedback 

Applying a bias to the heading feedback produces a bias in lateral position that is similar to 

what was seen in the experimental data, although not identical in magnitude. When presented with 
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a biased source of heading, the MPC eventually settles onto a constant zero steering command 

even while lateral position is non-zero. This is because the MPC predicts that the lateral position 

will move towards zero because of the incorrect heading, so holding a steer angle of zero is the 

optimal solution. Heading bias from the navigation solution was also seen in the experimental data, 

indicating that this is the likely cause of the lateral position bias that was seen in the experimental 

testing. 

5.5.4 Heading Bias and Lateral Position Measurement Noise 

A simulation was also performed with a negative 0.5 degree heading bias and measurement 

noise applied to lateral position with a 5 cm standard deviation. The resulting lateral position is 

shown in Figure 5.29, the relative heading in Figure 5.30, and the steer input in Figure 5.31. 

Figure 5.29: Tractor Lateral Position, Biased and Noisy Feedback 
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Figure 5.30: Relative Heading, Biased and Figure 5.31: Steer Input, Biased and Noisy 
Noisy Feedback Feedback 

When a heading bias is combined with noisy lateral position measurements, a result simi-

lar to what was seen in the experimental data is produced, in which heading and lateral position 

both showed oscillation and lateral position also had a mean error. This result indicates that im-

proving the heading estimate would likely improve the mean error in lateral position seen in the 

experimental data, and is an avenue of future work. 
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Chapter 6 

Conclusions and Future Work 

6.1 Conclusions 

While autonomy in the world of commercial trucking is becoming more prevalent, methods 

for automated control of these vehicles in the context of SAE Level 2-3 features is still an active 

area of research and development. Practical methods for motion planning and control are espe-

cially relevant given the unique requirements for class 8 tractor-trailers, and the computational and 

sensing restrictions on the vehicles that are currently being produced. 

This thesis presented an Linear Time-Varying Model Predictive Control (LTV-MPC) design 

that is capable of being solved as a Quadratic Program (QP), which is useful for real-time or em-

bedded environments. When combined with a constraint tightening method, the control design is 

capable of executing avoidance maneuvers while respecting position constraints even with error 

on the model parameters. The method for creating an error tube and tightening constraints, while 

somewhat overly conservative, provided satisfactory coverage of the spread of possible trajecto-

ries in most scenarios. The simulation study consisted of avoidance maneuvers at high speeds 

while varying parameters of the trailer payload and tires. This validated the design and demon-

strated the strengths and limitations of using the sensitivity based error tube. Furthermore, the 

control system was also validated through real-time experimental testing. Although the constraint 

tightening method does not have a noticeable impact during normal driving conditions, these tests 

demonstrated the capability of the system for real-time operation. This study demonstrated the 

performance of the MPC as a lane keeping controller when run at 10 Hz with full feedback of the 
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trailer states. The complete design was implemented in C++ and tested on a Peterbilt 579 with a 

trailer attached. The system was capable of extended periods of lateral control without the driver 

intervening to steer, with the worst tests having mean absolute lateral errors of 18.95 cm, with a 

standard deviation of 11.91 cm. 

6.2 Future Work 

This thesis leads to several additional areas of future work. First, alternative methods of Ro-

bust MPC could be explored for this application and compared to the method presented in this 

work. The tube construction could be expanded to include more types of uncertainty following 

the method shown in recent work [17]. There are also a wide variety of methods for improving 

robustness, and it is possible that there are methods which would enhance safety and performance 

in a wider range of scenarios. Furthermore, extreme scenarios such as jackknifng, very low fric-

tion surface conditions, and large external disturbances from road conditions or cross-wind should 

be analyzed, which would provide more valuable areas of research for the application of RMPC 

methods to tractor trailer control. Based on applications in prior literature, RMPC methods stand 

out when the vehicle is pushed to limits that standard MPC cannot recover from [20]. 

In addition to different types of RMPC, alternative approaches could be explored for ensuring 

constraints are satisfed. Control Barrier Functions (CBFs) are one alternative method that have 

been proposed. These are intended to be used in combination with a controller, and modify the 

control input by the minimal necessary amount to prevent the system from violating constraints 

[47]. CBFs have demonstrated potential for automotive control due to their ability to maintain 

robustness while being computationally inexpensive. 

Aside from satisfying constraints, uncertainty from parameter estimates, unmodeled effects, 

and external disturbances have an impact on the control performance even when constraints are 

not active. Instead of only modifying constraints, methods of adapting for these effects could be 

used. Disturbance observers are one technique that could be employed. These aim to model the 

difference between the prediction model and the real vehicle’s performance [48]. The effect of the 
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disturbance can then be accounted for by the controller. Online adaptation of the model parameters 

could also be implemented to improve performance during operation. 

The existing design could likely achieve better performance through an automated tuning 

process. The weights in this study were selected by a hand tuning process based on knowledge of 

the effect of each weight on the closed loop performance. The constraints should prevent dangerous 

behavior regardless of the weights that are chosen. However, in practice the weights have an impact 

on the performance and comfort for drivers and passengers. Bayesian Optimization is one method 

that has been implemented for this task, with previous work demonstrating it as a method for 

automated tuning of a vehicle platooning controller [49]. 

The model used in the design of the LTV MPC was linearized so that the optimization problem 

can be solved as a QP, which has computational advantages. However, Real-Time Iteration (RTI) 

schemes can allow for more accurate NMPC formulations to be solved online while still only 

requiring one QP solution per update of the controller [50]. RTI works by treating each update 

of the controller as one step of a Sequential Quadratic Program (SQP), which is a technique for 

solving optimization problems that can have nonlinear constraints. Implementation of MPC within 

this framework may prove to be a valuable direction for future work on this application. This would 

provide an effcient way to solve optimal control problems online and on low cost hardware without 

restricting the problem to quadratic cost and linear constraints. 

In this thesis, longitudinal control was done manually by the driver in experimental tests, 

and held constant in simulation studies. Therefore, including longitudinal control is an important 

next step in this work. This could be accomplished by adding an additional control variable to the 

model, and would be expected to improve feasibility in object avoidance scenarios. This is because 

the controller would have a greater ability to avoid obstacles by commanding braking and steering. 

Due to imperfect braking control this introduces another source of uncertainty, and may require 

different techniques for maintaining robustness. 
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[12] Carl Hynen Ulfsj´ ö ̈o and Theodor Westny. Modeling and lateral control of tractor-trailer vehi-

cles during aggressive maneuvers. Master’s thesis, Linköping University, 2020. Supervisor: 
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Appendix A 

Lateral Dynamics Matrices 

The values of the mass, stiffness and input matrices used in this thesis are from Revision 4 

of the model presented in [26]. This revision includes a small hitch angle assumption (cos(γ) ≈ 1). 

The mass matrix is shown in equation (A.1). The variable naming has been adapted to match the 

notation used throughout this thesis. 

  

 
m1 + m2 −m2(c + d) vx(m1 + m2) −m2d 0 

−m2(c + d) J1 + J2 + m2(c + d)2 −m2vx(c + d) J2 + m2d
2 + m2cd 0 

0 

 

M = (A.1)0 0 0 1 

−m2d J2 + m2d
2 + m2cd −m2vxd J2 + m2d

2 0 

0 0 0 0 1 

The stiffness matrix is given by equation (A.2), where the entries of the matrix are shown in 

equations (A.3)-(A.14). 

 

K = 

 

k11 k12 0 k14 k15 

k21 k22 0 k24 k25 

0 1 0 0 0 

 

(A.2) 

k41 k42 0 k44 k45 

0 0 0 1 0 
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1 
k11 = [−Cα,1 − Cα,2 − Cα,3 − cos(γ)Cα,4 − cos(γ)Cα,5] (A.3) 

vx 

1 
k12 = [−Cα,1 + Cα,2b1 + Cα,3b2+ 

vx 

cos(γ)Cα,4(c + f1cos(γ)) + cos(γ)Cα,5(c + f2cos(γ)) (A.4) 

k14 = 
1
[cos 2(γ)f1Cα,4 + cos 2(γ)f2Cα,5] (A.5) 

vx 

k15 = cos(γ)Cα,4 + cos(γ)Cα,5 (A.6) 

1 
k21 = [−aCα,1 + b1Cα,2 + b2Cα,3 + (f1 + ccos(γ))Cα,4 + (f2 + ccos(γ))Cα,5] (A.7) 

vx 

k22 = 
1
[−a 2Cα,1 − b1

2Cα,2 − b2Cα,3−2 vx 

(f1 + ccos(γ))Cα,4(c + f1cos(γ)) − (f2 + ccos(γ))Cα,5(c + f2cos(γ))] (A.8) 

1 
k24 = [−(f1 + ccos(γ))Cα,4f1cos(γ) − (f2 + ccos(γ))Cα,5f2cos(γ)] (A.9) 

vx 

k25 = −(f1 + ccos(γ))Cα,4 − (f2 + ccos(γ))Cα,5 (A.10) 

1 
k41 = [f1Cα,4 + f2Cα,5] (A.11) 

vx 

1 
k42 = [−f1Cα,4(c + f1cos(γ)) − f2Cα,5(c + f2cos(γ))] (A.12) 

vx 

k44 = 
1
[−f12Cα,4cos(γ) − f2

2Cα,5cos(γ)] (A.13) 
vx 

k45 = −f1Cα,4 − f2Cα,5 (A.14) 

The input matrix is shown in equation (A.15). 

 

F = 

 

cos(δ)Cα,1 

acos(δ)Cα,1 

0 

 

(A.15) 

0 

0 
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Appendix B 

Additional Experimental Results 

This appendix shows results from an additional experimental test with higher speed and re-

laxed lateral position constraints. This test was intended to stress some of the assumptions of the 

design by applying larger longitudinal accelerations, and taking somewhat higher speeds through 

the turns. This test ranged in speed from approximately 25 mph to a brief maximum speed of 45 

mph on a straight section of the track. However, a longer period of time was spent at roughly 37-40 

mph. Figure B.1 shows the wheel speed throughout the duration of the test. 

Again the goal was to track the centerline of the lane without leaving the lane boundaries. 

Constraints on lateral position and hitch angle were relaxed so that they were effectively inactive. 

The lateral error results are shown in Figure B.2. The vehicle had a mean absolute lateral error of 

20.27 cm throughout the test, with a 1σ of 13.54 cm. The maximum lateral error was approximately 

0.7 m which was quickly recovered from. Relative heading with respect to the road centerline and 

hitch angle are shown in Figures B.4 and B.5 respectively. The steer angles are given in fgure B.3, 

and the yaw rate and lateral velocity are shown in Figure B.6. 
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Figure B.1: Wheel Speed 

Figure B.2: Lateral Errors 
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Figure B.3: Steer Angle 

Figure B.4: Relative Heading 
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Figure B.5: Hitch Angle 

Figure B.6: Yaw Rate and Lateral Velocity 
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