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Abstract

Understanding the gut microbiome and its link to human health is an important and
marketable topic in modern science. Because of the difficulties related to directly examining
and testing human guts, we turn to mathematical modeling. We use an Ordinary Differential
Equations (ODE) model and the Monod growth form to model several functional groups
and important products of fermentation. We modify an existing metabolite-explicit model
[1], adding a hydrogen term and modeling its interactions with the existing microbes. We
compare constant glucose inflow with three types of time-dependent glucose inflow. We
conclude that glucose input is an indispensable aspect of this model, and its modulation can

have substantial effects on each microbe.
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Chapter 1

Introduction
1.1 The Gut Microbiome

One of the most popular health topics in recent years has been the link between the
gut microbiome and human health. Because of this boom, the commercial probiotic market
is worth approximately 54 billion US Dollars worldwide [2|. Understanding the human gut
microbiome is one of the most important tasks in the twenty-first century. Microbiomes are
biological systems of varied communities of microorganisms that live in the same habitat
and host, engaging in non-linear and dynamic interactions [3]. The gut microbiome is a col-
lection of microorganisms that inhabit the human gastrointestinal tract, which is estimated
to be colonized by over 10 bacteria |4, 5|. The gastrointestinal (GI) tract is the collection
of organs involved in converting food into energy sources while removing additional waste
products. Digestion primarily happens in the upper gastrointestinal tract, while final nu-
trient extraction and fecal preparation occurs in the lower gastrointestinal tract. The main
organ of the lower GI tract is the colon [6]. The colon is often divided into three regions; the

proximal, transverse, and distal sections [7].

1.2 Factors that Affect the Gut Microbiome

There are numerous factors that can affect gut microbiome makeup, such as age, diet,
antibiotics, disease, and geographic location. Age is a crucial factor in microbiome
composition. Elderly individuals have unstable compositions, which can be altered by char-
acteristics such as residence cohort and geographic location [8]. The microbiota of infants is

extremely volatile, and varies based on gestational age, antibiotic use, feeding method, and



delivery method [8]. It can take infants who were delivered via C-Section up to two years
to reach the same amount of bacteria like Bifidiobacterium as infants who were delivered
naturally [9].

Generally, diet changes microbiota composition by affecting metabolic activity [8]. Ac-
tors in the food industry are invested in the effects of ingredients on the composition of the
microbiota [10]. Antibiotic treatment generally leads to a decrease in microbiota diversity,
but the microbiota typically returns to its pre-treatment state within a few days or weeks
8]

Disease plays a crucial role in gut health. Inflammatory Bowel Disease (IBD) is a
term for a group of conditions caused by an abnormal response against the commensal
microbiota in a susceptible host [11, 5]. Two diseases that fall under the category of IBD
are Ulcerative Colitis (UC) and Crohn’s Disease (CD). In UC patients, the disease is limited
to the colon, while CD is an autoimmune disease where the immune system attacks the
gastrointestinal tract, causing inflammation [11]. According to a study led by the Crohn’s
and Colitis foundation, nearly 1 in 100 Americans suffer from an IBD [12].

Another factor that affects microbiome makeup is geographic location. Winglee et al.
tested urban and rural residents of the Hunan province in China and found that urbanization
was associated with a loss of microbial diversity and an increase in gene diversity. The authors
claimed that similar lifestyles to American populations lead to a loss of beneficial bacteria

and an increase in potentially harmful genes [13].

1.3 Colon Health

More than 90% of the total microbial cells in the human body are located in the colon
[10]. The contents of the gut are not directly accessible for testing and examination, so fecal
matter is used to analyze changes in microbiome makeup [14]. Disruption to the microbiome
have been associated with metabolic disease, cancer, and inflammatory bowel disease [5].

Imbalance of the microbial population in the gut is known as dysbiosis [15]. Many clinical



trials have attempted to harness the gut in prevention and treatment of diseases, including
allergies, cancer, heart disease, and mental disease [16]. Thus, understanding how changes
in the microbiome affect health is of the utmost importance.

Recently, prebiotics and probiotics have been used as a treatment method for some dis-
eases [11]. Prebiotics are non digestible food ingredients that simulate growth and metabolic
activity of certain microorganisms that are already present in the colon [14]|. Most prebiotics
are non-digestible carbohydrates, like resistant starch, and fructo- and lacto- oligosaccha-
rides [17]. Probiotics are living non-pathogenic organisms used as food ingredients to benefit
the hosts’ health. Lactic acid bacteria, bifidiobacteria, and yeasts are used as probiotics
[18]. Using prebiotics to change microbiota composition has been shown to promote SCFA
production, which is associated with beneficial genera such as Bifidobacterium [19, 20].

The gut microbiome is also a target for making cancer treatments like chemotherapy
and immunotherapy safer and more efficient [21|. Correction of the gut microbiome of obese
subjects has been shown to protect against osteoarthritis, a degenerative disease that effects
the joints [22]. Restoring healthy members of the gut microbiome has been suggested as an
alleviation of risk for cardiovascular diseases and liver cirrhosis [23].

When considering the numerous organisms living in the gut, it is important to discuss
which are harmful and which are beneficial to human health. Butyrate is thought to be
important to impact the regulation of the immune system [10]. The fermentation products
of carbohydrates are regarded as healthy [10] It is considered healthy to have more undigested
carbohydrates than proteins in the colon [17]. Some undigested carbohydrates are also used
as prebiotics [17]. Through fermentation, prebiotics create an acidic environment unfavorable

for potentially pathogenic species like Clostridium and e. coli [14].

1.4 The Gut-Brain Axis

Another development that has brought attention to the gut microbiome is the explo-

ration of the Gut-Brain Axis. The GI tract influences brain function, and brain function



can influence the GI tract [24]. Results of dysfunction in the gut-brain network are gut
inflammation disorders, altered responses to acute and chronic stress, and altered behavior
[24].

The Gut-Brain axis has been used to treat learning and memory disorders [25], shown to

affect motor control and anxiety in mice [26], and used to treat nervous system disorders [9].

1.5 Fermentation

One of the main processes that occurs in the colon is fermentation. Fermentation is
the anaerobic breakdown of carbohydrates and proteins by bacteria [27]. In fermentation,
an actor transforms a substrate into an end product. A substrate is the substance affected
by the action of the catalyst. Substrates can be used as nutrients or support [28]. Often,
during fermentation, compounds other than the end product called byproducts are created.
Substrates are used up during fermentation and are typically the limiting resource that keeps
fermentation from happening indefinitely. In the colon, major end products are Short Chain
Fatty Acids, gases, ammonia, phenol, amines and energy [27]. Fermented foods have the
potential to impact gut microbiota by modifying levels of some compounds within food |29,
30].

Short Chain Fatty Acids (SCFAs) are considered the principal products of fermentation
in the large intestine of man and other animals [27]. Short Chain Fatty Acids work as an
energy source for colonic epithelial cells and help enhance gut barrier integrity [11]. The most
common Short Chain Fatty Acids (SCFAs) in the colon are acetate, propionate, butyrate,
lactate, and succinate. SCFAs stimulate mucus production. Mucus acts as an energy source
for gut microbes [29]. Most gut bacteria can produce acetate, formate and lactate, while

propionate and butyrate production is more restricted [31].



1.6 Mathematical Modeling for the Gut Microbiome

The gut microbiome is complex, with trillions of microbial cells taking residence inside
of it. In order to understand such a diverse system, we turn to mathematical modeling.
Mathematical modeling offers value because it integrates and compiles known information
and can complement new experimental data [3|. Using modeling as a form of understanding
a system can be inexpensive and convenient. Graph models, boolean models, constraint-
based models, and differential equation models have all been used to understand the gut
microbiome [3].

Adrian et al. argued that while using Ordinary Differential Equations (ODE) based
modeling for large systems can become impractical, pairing ODE modeling with other types
of modeling like agent-based modeling can lead to insights into microbial interactions in the
gut [32]. Agent-based modeling is a distinct modeling framework, often performed through
software [3|. Differential equations are useful because they track information over time and
importance of parameters and stability are able to be analyzed [32]. Many ODE models use
a reductionist approach, where a complex biological system is simplified using assumptions
that reduce the number or parameters and variables [33]. Of course, it is impossible to
create a model that accounts for every microbe in the gut. Kumar et al. acknowledged an
urgent need for model and experimental-based reductionist studies [33]. The predictions and
conclusions made by mathematical models are able to both confirm existing hypotheses and

to create new ones.

1.7 Notable Models

In a 2013 paper, Kettle et al. modeled microbial dynamics in the colon using Monod
Dynamics. They divided the bacteria into 10 bacterial functional groups (BFGs), simulating
variation in human microbiota composition [34]. In 2022, Kettle et al. introduced a process-

based model of the colon, dividing the colon into discrete compartments [7]. Smith et al. used



a tool called microPop:Colon which simulates the colon as a series of separate compartments,
dividing it into regions or as a continuous model. The food itself was modeled over time and
space during digestion. The base version of microPop uses Monod kinetics. The pH and
substrate preferences of the Microbial Functional Groups are also included [35].

Labarthe et al. modeled the colon as a cylinder. They used convection-diffusion-reaction
equations that govern the volume of intestinal mixture components and concentration of
dissolved components [15].

Adrian et al. used the Monod form to model the growth of three important microor-
ganism populations; Bacteroides thetaiotaomicron, Methanobrevibacter smithii, and Fubac-
terium rectale. The authors considered growth with respect to butyrate production. They
modeled the human gut as a chemostat, a laboratory device where inflow and outflow can
be controlled. They suggested that incorporating inflow and outflow terms is a natural way
to represent the gut [32].

Shibasaki and Mitri used the generalized Lotka-Volterra (gLV) model, considering an
upstream patch and a downstream patch of the gut. They concluded that upstream species
with positive effects on downstream species can further increase downstream community
stability [36].

Budithi et al. introduced a data driven ODE model of a certain colon cancer treatment
called FOLFIRI (Folinic Acid, Flourouracil, and Irinotecan). They focused on the the types
of primary colon tumors based on patient’s immune profiles [37].

Cremer et al. represented the density of Bacteroidetes using a Partial Differential Equa-
tions (PDE) model. They used a reaction-diffusion model and represent active mixing, con-
vection and water uptake, and a Monod growth rate, which calculated the pH using the
nutrient concentration [38].

Bucci and Xavier modeled the gut microbiome as a series of completely mixed wastew-

ater reactors. They used pairwise Lotka-Volterra models to do this [39].



Fernandes and Kothare introduced a novel compartment model to simulate the gut-
brain axis, representing the stomach in compartments while considering neuron activity.
They used Michaelis-Menten growth (similar to Monod growth) with a Hill coefficient that

accounts for nonlinear behavior [40].



Chapter 2

The Microbes in the Colon

2.1 Carbohydrates

Around 40 grams of carbohydrates, which consist of resistant starch, non-starch polysac-
charides and oligosaccharides, reach the colon daily and are partially fermented by the gut
microbiota [41]. Carbohydrates enter the colon mainly in the form of polysaccharides that
either have not or cannot by hydrolyzed by host digestive enzymes in the small bowel [27].
Carbohydrates constitute 85% of the available substrates for colonic fermentation [42]. Car-
bohydrates are fermented by bifidiobacteria of the Phylum Actinobacteria. [18]. Products of
carbohydrate fermentation are formate, acetate, lactate, and butyrate [31]. Carbohydrates

are generally preferred by bacteria as a primary energy source if they are available [8|.

2.2 Butyrate

Butyrate is a Short Chain Fatty Acid. Butyrate is crucial to maintain a healthy gut.
It fuels enterocytes, signals to the host and is a mediator of colonic inflammatory response
[43].

A small number of butyrate producers can grow on lactate. They have an important
role in preventing the build-up of toxic lactate levels [31]. Butyrate producers are targeted by
diseases like inflammatory bowel disease and diabetes [43]. Known butyrate producers belong
to the Clostridium genus [43|. There is demand for studies that identify butyrate-producing

bacteria [11].



2.3 Acetogen

Acetogens are an important functional group in the gut that are responsible for hy-
drogen removal through the production of acetate [43|. Acetogens are a varied group of
microorganisms including bacteria from a diverse group of phyla.

Their most distinguishing feature is the ability to produce acetate from Hy plus COq
[44]. Acetogens produce approximately one-third of the colonic acetate from hydrogen,

carbon dioxide, or formic acid [45].

2.4 Glucose

Glucose is a simple sugar formed through hydrolysis of lactose [46]. Hydrolysis is the
chemical reaction of a compound with water [28].Often, glucose is used to represent carbo-
hydrate substrates [47|. It is crucially important to the human body due to its richness in
energy |44, 28|.

Substrates are the materials used up during a process such as fermentation. Glucose
is a soluble fiber. Primary fermenters, lactate consumers, acetogens, and methanogens all

depend on glucose, and thus are competing for it [1].

2.5 Acetate

Acetate is a Short Chain Fatty Acid. Acetate is the most abundant SCFA in the colon
and it makes up more than half of the total SCFA material detected in feces [45]. Many
organisms produce acetate as an end product during carbohydrate fermentation [44].

Acetate acts as a substrate for cholesterol synthesis [32]. Acetate has been shown to

modulate gut microbiota and reverse gut dysbiosis to some degree [29].



2.6 Formate

Formate is a common end product of fermentation, but, little is known about its role in
the gut |29, 48]. Although the entire gut microbiome affects tumor growth during colorectal

cancer, formate has been shown to drive colorectal cancer tumor invasion [49].

2.7 Carbon Dioxide (CO,)

COy is one of the major gases produced by colonic bacteria during fermentation of
dietary substrates in the colon [46]. It is either a by-product or a an intermediate product
that is formed through fermentation [46]. Unabsorbed C'O, can be excreted in flatus or

metabolized by resident microorganisms of the gut microbiome [46].

2.8 Hydrogen Gas (H>)

Hydrogen gas is a common product of carbohydrate fermentation. As the most predom-
inant gas produced by colonic bacteria, it is produced only by fermentation of non-digestible
substrates in the colon [46]. Its accumulation can modulate fermentation.

A high concentration of Hy can stimulate production of butyrate, an anti-inflammatory
metabolite. If Hy is consumed to create methane, it can decrease butyrate production [47].
Along with lactate, accumulation of hydrogen in the gut results in gastrointestinal disorders
[43]. Because of this, microbes in the gut remove excess hydrogen. It is used by other

microbes and passed as flatus or excreted through the breath [46].
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Chapter 3

The Model

3.1 Approaches of Microbiome Modeling

A popular Differential Equations model for the microbiome is the Generalized Lotka-
Volterra model (gLV) [3]. It handles changes in species abundance by balancing growth and
pairwise stimulative or inhibitory interactions [3]. The gLV model depends upon interaction
terms which are estimated by using community dynamics [4, 50].

Momeni et al. argued in their 2017 work that a single equation could not qualitatively
capture diverse pairwise microbial interactions [50|. Microbes are competing for space and
nutrients, and are controlled by microbial densities and resource concentrations [51]. Due to
the complexity of microbial communities, it is difficult to express their relationships with a
pairwise approach, which only considers two species at a time. Initiatives such as the Human
Microbiome Project (HMP) were formed to find and catalog relationships between microbial
inhabitants [52]. This data is used to determine the values of the interaction terms. Stein
et al. extended the gLV model, adding an extra term that accounted for environmental
variations. The authors used this variation term to infer microbiota ecology and predict
temporal dynamics [53, 54|. Even with these developments, issues still arise with using the
gLV form to model microbial dynamics. Thus, it is prudent to consider other options that
incorporate multiple species interactions simultaneously to model the microbiome. One of
these is the Monod form, which represents growth using the idea of actors and substrates.
Although it is acknowledged as a stronger depiction of microbiome growth, criticisms of
Monod growth still exist [1]. Some concerns are its basis on assumptions like fixed cell

composition and saturation kinetics as well as the effort required to parameterise and simulate

11



the model [55]. Alternatives to mathematical modeling are artificially produced environment
(in vitro) experiments, or in some cases human and animal (in vivo) experiments [56]. In
vivo experiments are restricted and costly. Because of the difficulty and effort required to
conduct these experiments, it is often prudent to use mathematical models instead of these
other methods. To complicate the matter further, most microbes that are present in the
microbiota are uncultivated in a lab setting [53|. Additionally, cost and repeatability, issues
that are prevalent in in vitro and in vivo studies, are not a factor when using mathematical
modeling. Models might not completely replace human trials, but they provide powerful

tools for proof of concept studies before in vivo validation [57].

3.2 The Metabolite-Explicit Model

Rios Garza et al. presented a metabolite-explicit modeling approach as an alternative
to the usual gLV model. They described the use of a kinetic model which focused on growth-
limiting nutrients [1]. Rios Garza et al described relationships between microbes in four
ways. They used the popular Monod function to represent growth with a single limiting

substrate.

S

H = ,umaxm

1 is the growth an the organism. fi,,,, is the maximum specific growth rate, S is the concen-
tration of the substrate, and K is the half saturation constant, which is the concentration
of a substrate required in order for an actor to act at half of its maximum growth rate [28].
K measures the affinity of the actor for a certain substrate [28].

However, when several limiting substrates are present, kinetic models employ logic of

nutrient use, which is acquired through experiments [1].
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Obligate resources are resources that are simultaneously required for the growth of

an organism. The growth rate is described as

Si Sy
K+ 51 Ko + S5

K = HUmaz

Alternative resources are resources that can be replaced by one when the other is

depleted. The growth rate is described as

= HUmaz | W w s
p=n 1K1 + 51 2K2—|-Sz

where the w; terms are weights expressing nutrient contributions.
Boosting resources are resources where the presence of one nutrient can boost the

growth of another. The growth rate is described as

2 Hmaz Kl +Sl 1 2K2 +S2

The diauxic shift introduces a threshold term K, where the growth switches from
growth on S; (when S; is high )to growth on Sy ( when S; is below Kj). The growth rate

is described as

uzumax<—1+ws L )
K, +5; Kr+ ST Ky + Sy

In the model [1], actors of fermentation were represented as separate functional groups.
For each substrate utilization, a certain microbial group catalyzed the conversion. Identifying
and utilizing functional groups is a common approach for modeling ecological systems [42].
Rios Garza et al. chose a carbohydrate fermenter, an acetogen, and a butyrate producer for
their functional groups. Each requires glucose and is thus competing for it. The relationships
between the functional groups are described in Table 3.1.

Based on these relationships, the authors introduced this model,

13



Actor End Product Substrate Boosting Resource
Carbohydrate | Acetate and Formate Carbohydrates
Fermenter and Glucose
Acetogen Acetate Glucose
( Alt. Formate, CO2 )
Butyrate Butyrate Glucose Acetate
Producer
Table 3.1: Relationships between Functional Groups
ac G
max —C C
At e qC
dB
— = fpaze—— | 1 —— | B—¢B
dt H 2K21+G( +w22K22+E> ¢
dA G F COq
77 = Mmax A—9A
dt K 3K31+G <w33K33+F+w 002) ’
G
G) = mazxl 7 - .~
11(G) = finaat N
G E
Ga E) = mar2 7~ | 1 +w
a2 )= 2K21 G ( 22[(22 +E> (31)
G CO,
G,F,COs) = pimazs—— | w +
J 2) = p 3K31 e ( 33K33 I 34K34 —1—002)
dG
— = G — —C — Pp B4 sa
dt ¢ Y11 Yo Y3 ¢
dFE Hmaax2 G E
= C A— B — ¢F
’ = a2 C + asais Yoo w22K21 Y GEpt E o)
ar Hmaa3 G F
— = C — A—oF
di Q31 Yis W33 Ko+ G Kas + F 0
dCOQ Hmaz3 G C102
= B — A—¢pCO
kB ey e G Ky 0,
The parameters in Equation (3.1) are as follows.
Parameter C B A G E F COq
Meaning | Carbohydrate | Butyrate | Acetogen | Glucose | Acetate | Formate | Carbon
Fermenter Producer Dioxide
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Parameter Meaning
10) Flow Rate
Hmazj Maximum Growth Rate of j
Y Yield of i over j
Qi Production rate of i by j
K;; Half Saturation Constant of i and j
Wi Weight of j Contribution to i Growth
Gin Concentration of Incoming Glucose

Table 3.2: Parameters used in the Rios Garza model. i is the actor, j is the substrate.
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Figure 3.1: The Rios Garza Model. Parameter Values: ¢ = .8 thnazt = -9, hmazz =
Ty bmazs = 9, K11 = .6,Ky = 8, Ky = 1, K51 = 1, K33 = 1, K34 = Liwy = Liwss =
Lwss = 1,Gi = 9,11 = 1,Yer = .9,Y51 = .7, Y0 = .9, V53 = 1,V31 = Lang = 5,03 =
1,&13 = .7, oy — 9

In Figure 3.1, the carbohydrate fermenter and butyrate producer parameters are higher
than the acetogen, which is consistent with the high glucose content, as the carbohydrate
producer depends on glucose alone in the model. The few dips and steadying effect of the

functions is due to the constant glucose inflow term. Since all of the microbes depend on

glucose, its constant inflow has a direct impact on each of their growth functions.

3.3 The Revised Model with added H,

This model is an excellent beginning point to understand the Gut Microbiome. In
this work, we are interested in considering more microbes that are relevant to fermentation.
Hydrogen gas has been identified as an important driver in carbohydrate fermentation, which

is a major aspect of this model [47, 35]. Because of its significance, we extend the model

15



Actor End Product Substrate Boosting Resource
Carbohydrate | Acetate, Formate and Carbohydrates
Fermenter Hydrogen and Glucose
Acetogen Acetate Glucose
( Alternate: CO3, Formate, Hydrogen )
Butyrate Butyrate Glucose Acetate,
Producer Hydrogen

Table 3.3: Relationships between Functional Groups with Hydrogen added.

to include hydrogen gas (Hs). The acetogen consumes hydrogen, so its growth rate includes

Hydrogen. Additionally, the butyrate producer is boosted by hydrogen. The new dynamical

system is described in Table 3.3.
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Thus, the new model is

acC
- m(G)C —oC

dB
dt
dA
dt

= NQ(G7 E7 HQ)B - ¢B

= 113(G, F,COq, Hy) A — ¢ A

_ G
— [Lmaxlm

G E Hy
= o (1 v i )

G ( F N CO, N H, )
= fimaas = | W3 + Wy — W35 ————
Ha =H 3K31+G 33K33‘|'F 34K34+002 35K35+H2

H1

G G, — Mo Mg Py g

dt Y You Y1
dE Hmaz2 G E
— = C A— B —oF
gt a12i1C + aizapis Yoo Wa2 Kor t G Ky 1+ E ¢
ar Hmaz3 G F
— = C - A—oF
ar i Ve PRy 1 GRnr B0
dCOQ Hmaz3 G C'()2
= B — A—o¢CO
ar e Yar UMK £ G Kot COp 9002
@ — C . :uma:r3w G H2 A
ae e Yas K + G Ky + Ho
_,umaxQ G H2

w B — oH
Yos 25K21+GK25+H2 H:

In Figure 3.2, we observe a coexistence state for all eight parameters. Glucose is the
parameter with the highest biomass. Because it is necessary for each microbes’ survival, it is
necessary for glucose to exist at a higher rate than the other microbes. All of the parameters
except for the acetogen appear to exhibit periodic behavior, but the up-and-down motion

begins to lessen as time passes, particularly after t = 1800. This graphical behavior may be

a sign that our solutions tend toward a limit cycle.
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Figure 3.2: Rios Garza model with added Hy Parameter Values: ¢ = .83, ttymaz1 = -9, fhmaz2 =
.7, Mmax3 = .92,K11 = .81,K21 = .79,K22 = .8,K31 = .12,K33 = .]_,K34 = 17K25 = 1,K35 =
.6,w22 = .2,11}33 = .9,21}34 = .2,11}25 = .35,11}35 = 05,Gm = 15,}/11 = .9,Y21 = .7, Y31 =
002,}/22 = .9,}/33 = 1,}/34 = .1,}/},5 = .01,}/25 = .15,&12 = .9,0&32 = .6,&13 = .99,0(24 =
Mo =9

3.4 Alternative Glucose Inflow Approaches

The existence of a constant (7, in this model has led to some complication when cal-
culating numerical simulations. In particular, glucose persists when other microbes reach
extinction, which does not correspond with our knowledge of the microbiome. In fact, glu-
cose absorption peaks 30 to 40 minutes after a meal is ingested and peaks again 120 to 150
minutes after ingestion [58|. Therefore, we propose a few alternatives to a constant glucose
inflow term that attempt to model such a phenomenon. The goal is to compare dynamical
behavior of constant input to time dependent input with the same amount of glucose during

a fixed period of time.

3.4.1 Periodic G,

First, we propose a periodic GGy, term. Then,

This periodic function may more accurately follow the glucose peaks discussed by Ferrannini

[58].
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Figure 3.3: Periodic G, term plots. Note that these are the same parameters used in Table
3.2. Parameter Values: ¢ = .83, thmazt = -9, hmazz = -7, fhmazs = 92, K11 = 81, Ky =
.79,K22 == .8,K31 == .12,K33 == .1,K34 == 1,K25 == ]_,K35 == .6,1022 == .2,11)33 == .9,11)34 ==
2,wys = .35, w35 = .05,Gy, = 15, Y = .9, Y = 7, Y3 = .002,Ye = .9,¥33 = 1,V3y =
.1,1/35 = .01,1/25 = .15,0&12 = .9,0./32 = .6,0(13 = .99,0[24 = .7, 15 — .9,w = .2, )\1 = O,)\Q =
50.

In Figure 3.3, because the parameter values are identical to those used in Figure 3.2
with the added vertical shift from Ao, the plots are remarkably similar. We can observe
periodic behavior that persists over time, unlike the periodic looking behavior in Figure 3.2

that begins to taper into a straight line. The size of Ay is most likely responsible for the

large peak at the beginning for the carbohydrate fermenter, butyrate producer, and glucose.

3.4.2 Average G;,

If we are evaluating the system over the timesteps [0, T,
A
Gon= 7 / (sin(wt + M) + \o) dt.
0

In Figure 3.4, we can observe similar graphical behavior to the Periodic G, from Figure
3.3. Since the term is now an average, we see a much earlier halt of periodic looking behavior

in comparison to Figure 3.2.
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Figure 3.4: Average G, term plots. Note that these are the same parameters used in Table
3.2. Parameter Values: ¢ = .83, thmazt = -9, hmazz = -7, fhmazs = 92, K11 = 81, Ky =
.79,K22 = .8,K31 = .12,K33 = .1,K34 = 1,K25 = ]_,K35 = .6,1022 = .2,11)33 = .9,11)34 =
.2,?1)25 = .35,21)35 = 05, Gm = ]_5,Y11 = .9,}/21 = .7, YEﬂ = 002,Y722 = .9,YE))3 = 1,}/34 =
.1,1/35 = .01,1/25 = .15,0&12 = .9,0./32 = .6,0(13 = .99,0[24 = .7, 15 = .9,w = .2, )\1 = O,)\Q =
50,T = 500.

3.4.3 Piecewise G,

If we evaluate the system over the timesteps [0, 7], and we divide the function into n

intervals, our G, will be

L ifte[kI (k+1)L)
Gin =

0 iftel[k+1)L, (k+2)L)

This works from 0 to g, where k = 2¢, and k = 3, and n > 2.
This type of inflow simulates a "stop-and-start" process that might better simulate how
humans eat. Food inflow - and therefore glucose inflow - is not ordinarily constant in humans
as meals are eaten at separate and distinct times of the day.

In Figure 3.5, we can observe how the piecewise G;,, affects each microbe. Each microbe
biomass hits a distinct peak and valley before spiking back up. Interestingly, at about
t = 250, the glucose biomass peaks. As glucose peaks, the rest of the parameters seem to

almost flatten, specifically the carbohydrate fermenter and butyrate producer. However, as
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Figure 3.5: Piecewise G;, term plots. Parameter Values: ¢ = .3, tmaer = -9, lmazz =
9 tmazz = 9, K11 = 6, K91 = 8, Koo = 5, K31 = 1, K33 = .1, K34 = 1, Ko5 = 1, K35 =
.6,’11)22 = .2,’11)33 = .9,'1,034 = .2,'11}25 = .35,’11)35 = 05,L = 3,Yv11 = 1,}/21 = .9,}/31 = .7, }/22 =
.9,}/33 = 1,3/34 = .1,}/35 = .5,Y25 = 1,@12 = .5,0&32 = 1,@13 = .99,0624 = .9,0(15 = 6,T
500, n = 50.

glucose begins to decrease, all of the parameters increase until ¢ = 500. This seems to imply

that an overabundance of glucose leads to a decrease of all other biomasses.

3.4.4 Comparison of (G;, Modeling Methods

In Figure 3.6, we can observe how the difference in Glucose Inflow result in drastic
differences in the biomass of one parameter, the butyrate producer. The constant and
average glucose inflow terms act similarly, while the periodic inflow term causes the butyrate
producer to rise above the other versions. Because the piecewise G, turns glucose inflow
"oft" at ¢t = 10, the butyrate producer does not have a chance to recover from this loss and
dies.

In Figure 3.7, we can observe the different Glucose Inflow terms impacting the biomass
of Hy. Much like Figure 3.6, the average and constant functions function in the same way.
However, the periodic function yields in a higher biomass for Hy than the other four terms,
just like in Figure 3.6. The piecewise plot paints a picture of the different utility of the G,
term. The "on and off" nature of glucose is clearly impacting the Hy term. At first, there is
a noted increase after the valleys of glucose loss, but by ¢ = 120, the biomass of H, begins

to flatten.
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3.5 Equilibrium Points

We consider the following non-negative equilibria:
1. Ey=(0,0,0,G7%, EY, FY, CO;‘(I),HQ‘(I)), where

dC
E_O
dB
— =0
dt
dA
%—0

dG

7 o) ¢
dE_
at
dF
— = —0F
dt ¢
dCO,

dt
dH,

dt

—E

— —$CO,

~ —¢H,

Setting each expression equal to zero, we get that

G=Gu,E=0F=0,CO,=0,H,=0. Therefore, our set of equilibrium points will
be
(Oa 07 07 Gi'm 0, 0, O, 0)

Therefore, when there are no Functional Groups, only glucose persists at the population it
is when it enters. Glucose is not being consumed when the fermentation process ends. This

is why it is important to consider different G, options.

2. E2 = (C§7O7O7G§7E57 F2*7 005(2)7H§((1))7 where

ac

o 1 (G)C — ¢C
dB

o 0
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dA

= 0
= G~ H-C— o6
a;—lf = apuC — oF
C;—]; = a3 C — oF
dCO
dt - = —600;
% = a5 C — ¢Hy

Setting each expression equal to zero, we get that u; = ¢,G = G, — %,E = Caq, F' =

Cay3,C0O, = 0, and Hy = Cays. Additionally, from the p; = ¢ statement, we get that

P K11

G=—"""-—.
Hmazl _(b

Therefore, our set of equilibrium points are

K
(0*7 07 07 &7 C*a127 C*al?n 07 C*Qlf)) )
Hmazl — (b
where
K
" = VG — Vi — 22
Hmazl — Cb
3. By = (0,B;,0,G3, B3, Fy, COj5), Hy ), where
dC
i
dt
dB
— = ,B — ¢B
di 2 ¢
dA
=0
dt
dG M2
& — 4G — L2B - ga
Ty, e
dE Hmazx2 G E
— = B - ¢E
dt Yoo 2K+ GEo+ E ¢
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dF

— = —oF
dt ¢
dCO
dt 2 = CY24MQB - ¢002
dH2 Hmaz2 G H2
e B — ¢oH
dt Ve UBEy Gl 0 O

Setting each expression equal to zero, we get that us = ¢, B = Y5, (Gi, — G), E =0, F

COy = a9y B, and Hy = 0. From the fact that u, = ¢, we get that

Ky

G=—-".
Hrmaz2 —Qb

Then, we can find B and C'O,. Thus, our set of equilibrium points are

K K K
(Oa }/21 (Gzn - &) a07 &7 Oa Oa Oé24}/21 (Gzn - &)>
Hmaz2 — ¢ Hmaz2 — ¢ Hmaz2 — ¢

dC

— =0

By

dt

Y

dG

E:gme—%A—¢G

% = agpizA — OF

dF F

dt —”;”2:311;33](3161 GKy+F i

d(iﬁO - = _#;:: g K31G+ G K34C+O(i‘02 — 000

chQ =~ K31G+ a K35H+2 o
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Setting each expression equal to zero, we get that us = ¢, G = G, — %, A== F =0,

COy =0, and Hy = 0.

Then, from % =0, we get that

_Mma;r?)w G 1 .
Yz Ks+GKs

¢,

and
OK31Y33K34
—maz3W3z — @Y33K34

G:

. Then, A = —Y3:G + Y3:1G;,,, and E = a3sA. Thus, our set of equilibrium points are

(07 OJ _}/31G* + }/:rﬂGiﬂn G*7 0632<—S/31G* + Y:”;lGin); 07 07 0) )

where
OK31Y33K34

G" =
—maz3W3z — @Y33K 34

5. Remaining Equilibrium Points. We acknowledge the existence of other equilibrium points:

Es = (C;vBg’()?G;?Eng;vCO;(B)’ ;(5))7
Eg = (C§, 0, Ag, Gg, Eg, Iy, OO;(G)’ H;(@),
Er = (O’ B;aA;G;?E;’ F7*7 003(7),[{;(7)),

Es = (Cék’ B;, A;, G;, Ega F8*7 CO;(S)a H;(S))
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Chapter 4

Discussion and Conclusions

In this paper, we have explored the world of the gut microbiome and its members as
well as the various modeling approaches. We used the Rios Garza [1] metabolite-explicit
ordinary differential equations model.

We introduced a new parameter, Hs, and modeled its interactions with the existing
microbes. We examined the differences between constant glucose intake and three types of
time-dependent glucose intake functions.

Through extensive numerical experiments, we observed that glucose intake is a vital
aspect of this model. Even as a constant, the survival of all eight biomasses often completely
changed when the G, term was modulated. Often, to ensure the coexistence of all microbes,
it was necessary to find an appropriate GG;,, term relative to the flow rate and initial conditions
that balanced the model. If the constant was too high, all of the microbes would die, besides
glucose. If the constant was too low, all of the microbes would also die, besides glucose. This
phenomenon is observable in Figure 3.5, where a higher G, term leads to lower biomasses
for all other parameters, but the lower G;, causes the other biomasses to thrive.

We hope that this work will function as a means to further understand the health of

the human gut, eliminating the difficulty of analysis for researchers.
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